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Riemann Extensions of Torsion-Free
Connections with Degenerate Ricci Tensor

E. Calvino-Louzao, E. Garcia-Rio, and R. Vazquez-Lorenzo

Abstract. Correspondence between torsion-free connections with nilpotent skew-symmetric curva-
ture operator and IP Riemann extensions is shown. Some consequences are derived in the study of
four-dimensional IP metrics and locally homogeneous affine surfaces.

1 Introduction

Manifolds whose Riemann curvature has a high degree of symmetry are important
in many contexts. Usually this symmetry arises from an underlying symmetry of the
metric tensor. Locally homogeneous and locally symmetric spaces are typical exam-
ples. Also, symmetries arise from properties of natural operators associated with the
curvature tensor. In considering the spectral geometry of the Riemann curvature
tensor, one studies when a certain natural operator associated with the curvature
has constant Jordan normal form on the natural domain of definition. A pseudo-
Riemannian manifold (M, g) is said to be Osserman if the spectrum of the Jacobi
operators is constant on the unit pseudo-sphere bundles. Any isotropic pseudo-
Riemannian manifold is Osserman, but the converse does not hold. (See [10, 11]
for more detailed information.)

Let R be the curvature tensor of a pseudo-Riemannian manifold (M, g). Let 7 be
an oriented non-degenerate 2-plane in the tangent space over a point p € M with an
oriented orthonormal basis {X, Y }. Then the skew-symmetric curvature operator is
defined as the operator R(7): Z — R(X,Y)Z. (M, g) is called IP (Ivanov—Petrova) if
the eigenvalues of R(7) depend only on the basepoint p € M, but not on the choice
of 1 C T,M [15]. Metrics of constant curvature are IP, but there are IP metrics that
do not have constant sectional curvature [11, 12, 14]. Three-dimensional IP metrics
have been investigated in the Riemannian and Lorentzian setting (cf. [8,15]) where a
complete algebraic description is available. In the affine setting, one says that (M, D)
is affine IP if R(X,Y) is nilpotent for any linearly independent {X, Y }.

Our aim in this work is twofold. First, we investigate IP metrics in signature (2, 2),
where only partial results are known [3, 7, 13], with special attention to Walker met-
rics. Our second purpose is to study locally symmetric and locally homogeneous
affine surfaces with symmetric and degenerate Ricci tensor. Locally homogeneous
affine surfaces were described by Opozda [20] (see also [17,18]). It is shown in [20]
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that any such connection is either the Levi-Civita connection of a metric of constant
curvature or corresponds to one of two families A and B where all the Christoffel
symbols are explicitly given by (5.1 and (5.2)), respectively. We consider the equiv-
alence problem for such connections, showing that besides the flat ones, there is a
explicit family of locally homogeneous torsion-free connections that is of both types
A and B, thus answering to a question posed by Kowalski. Such a family is contained
in the class of projectively flat and recurrent homogeneous connections with sym-
metric and degenerate Ricci tensor (cf. Theorem [5.12)).

The paper is organized as follows. After recalling some preliminaries in Section 2,
Riemann extensions of torsion-free connections are studied in Section 3, where a cor-
respondence between the pseudo-Riemannian and the affine IP conditions is shown
(cf. Theorem[3.1]). Riemann extensions have a special significance in dimension four,
where all such metrics are self-dual. As a partial converse, it is shown in Section 4 that
any four-dimensional self-dual IP Walker metric is necessarily a Riemann extension
of a torsion-free affine surface (cf. Theorem [4.2]). Affine IP surfaces are character-
ized by having symmetric and degenerate Ricci tensor. This is a large class of affine
surfaces, and our purpose in Section 5 is to develop a systematic study of the locally
symmetric and locally homogeneous ones.

2 Preliminaries

Throughout this paper we adopt the following general notational conventions. Let
(M, g) be a pseudo-Riemannian manifold and (M, D) and affine manifold, i.e., M is
a differentiable manifold equipped with an affine connection D that is assumed to be
torsion-free. M = ¥ is used in the particular case of an affine surface. We choose the
following convention for the curvature tensor, R(X,Y) = Exy] — [Ex, Zy], where
= denotes the Levi-Civita connection associated with g or with the torsion-free affine
connection D and, as usual, p(X,Y) = Tr{U ~~ R(X, U)Y } is the Ricci tensor.

For any oriented, non-degenerate 2-plane 7 on (M, g), the skew-symmetric curva-
ture operator, defined by

R(r) = |g(X, X)g(Y,Y) — g(X, Y)2| "> R(X, V),

is a skew-adjoint operator that is independent of the oriented basis {X,Y} of .
(M, g) is said to be spacelike (respectively, timelike or mixed) Ivanov—Petrova (IP
for short) if the eigenvalues of R(7) are constant on the Grassmannian of all ori-
ented non-degenerate spacelike (respectively, timelike or mixed) 2-planes. In signa-
ture (p, q), the following are equivalent conditions [11]:

(i)  spacelike IP if p > 2, (so there are spacelike 2-planes),

(ii) mixed IPif p > 1,q > 1, (so there are mixed 2-planes),

(iii) timelike IP if ¢ > 2, (so there are timelike 2-planes).

As a consequence, one simply says that (M, g) is IP. Note that although the space-
like, timelike, and mixed IP conditions are equivalent, the eigenvalue structure may
change among the three groups of spacelike, timelike, and mixed 2-planes. (We also
refer to [3,11,15,26] for more details and further references.)

https://doi.org/10.4153/CJM-2010-059-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-059-2

Riemann Extensions of Torsion-Free Connections with Degenerate Ricci Tensor 1039

In this paper we generalize this notion to the affine setting. Let (M, D) be an affine
manifold where D is a torsion-free connection on TM. Let R(w) = R(X,Y) be the
skew-symmetric D-curvature operator associated with D. In the pseudo-Riemannian
setting, a rescaling of R(X,Y) is carried out by the metric tensor as in the above.
However, such normalization is not available in the affine setting, and thus one says
that (M, D) is affine Ivanov-Petrova (affine IP) if R(r) is nilpotent.

3 The Riemann Extension

Let T*M denote the cotangent bundle of M (dimM = #) and let 7: T"M — M
be the projection. A point £ of the cotangent bundle is represented by an ordered
pair (p,w), where p = m(£) is a point on M and w is a 1-form on T,M. For each
coordinate neighborhood (U, (x;)) on M with p € U, denote by x;» the components
of w in the natural coframe dx;. Then, for any local coordinates (U, (x;)) on M,
(x;,x;s) are natural induced coordinates in 7~ }(U) C T*M. (See [25, Ch. 7] for
more details and further references on the geometry of cotangent bundles.)

Next, for a given symmetric connection D on M, the cotangent bundle T*M may
be equipped with a pseudo-Riemannian metric gp of signature (1, n): the Riemann
extension of D [21], given by

(X%, Y®) = —y(DxY + DyX),
where X¢, Y denote the complete lifts to T*M of vector fields X, Y on M. Moreover

for any vector field Z on M, Z = Z'0;, vZ is the function on T*M defined by vZ =
x;»Z'. In a system of induced coordinates (x;, x;:) on T*M, the Riemann extension is

expressed by .
— 22Xy FZ-(]- 51]
&b = i
5! 0
with respect to {0y,...,0,,01/y..., 00} (i, j, k=1,...,n, k" =k + n), where I’fj
are the Christoffel symbols of the connection D with respect to the coordinates (x;)
on M.

Riemann extensions provide a link between affine and pseudo-Riemannian ge-
ometries. Some properties of the affine connection D can be investigated by means
of the corresponding properties of the Riemann extension gp. For instance, D is pro-
jectively flat if and only if gp is locally conformally flat [1] (see [6,9,19,23] for more
examples and further references).

From now on we will use a deformation of the Riemann extension above by means
of a symmetric (0, 2)-tensor field ¢ on M; more precisely, we will consider T*M
equipped with the metric gp + 7* ¢, which we go on calling Riemann extension since
it does not cause any confusion.

Theorem 3.1 Let (T*M,gp + 7*¢@) be the cotangent bundle of an affine manifold
(M, D) equipped with the Riemann extension. Then (T*M, gp + 7*¢) is a pseudo-
Riemannian IP space if and only if (M, D) is affine IP for any symmetric (0, 2)-tensor
field .
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Proof Let § = gp + m*¢ be a Riemann extension on T*M. A straightforward calcu-
lation shows that the non-zero Christoffel symbols I" ; of the Levi-Civita connection
are given as follows

=k 1k =k i =k j
Fij = Fijﬂ Fi’j =l Fij’ = _Fik7

Ik = > (akr;j — Oy — 0T +2 ZZ Iy j)
= =1

+ 30k + ik — Ouhij) — > dull,

where Ffj are the Christoffel symbols of D and ¢;; denote the local components of ¢.
Now, a long but straightforward calculation shows that the non-zero components of
the curvature tensor of (T*M, gp+7*¢) are determined (up to the usual symmetries)
by the following
5h h 5h' 5h' ‘ 5h' k

(3.1) Ryji = Riji Ryjis Rjir = —Rijns Ry ji = Riijs
R,’j i being the components of the curvature tensor of (M, D). Note that we omit the
expression of EZ i since it is not necessary for our purposes in showing (3.2)).

Next, let # = ({X, Y}) be an oriented, non-degenerate 2-plane on T*M, with X =
0;0; + a;:0; and Y = 3;0; + 5;,9;+ an orthonormal basis of 7. Then it follows from

(B.1) that the matrix of the skew-symmetric curvature operator R(#) with respect to
the basis {0;, 9,/ } is of the form

(32) 2= (M ).

where R() is the matrix of the skew-symmetric D-curvature operator correspond-
ingtor = ({X,Y}), with X = ;0; and Y = [3;0; on M, with respect to the basis
{0;}. Note that the characteristic polynomials py(R(7)) of R(7) and py(R()) of
R(m) are related by p(R(7)) = pr(R(m)) - pr(—R(x)).

Now, assume that (T*M, gp + 7*¢) is an IP space. If 7 is a 2-plane on M, we can
consider an oriented, non-degenerate 2-plane @ on T*M, of a fixed signature, so that
(B.2) holds for a suitable orthonormal basis. Since p L(R(7)) must be constant for
all planes 7 of that fixed signature, (3.2)) implies that p)(R(w)) is independent of the
2-plane 7 chosen. Then, if 7 = ({X,Y}) and pA(R(7)) = \" + a, A" L+ +ag,
for m, = ({aX,aY¥}), a # 0, we get

PAR(T)) = A"+ Pa,_ A"+ + aay.

Hence, since p(R(7,)) = pa(R(m)), it follows that a,—; = -+ = ap = 0, and
therefore the skew-symmetric D-curvature operator of M is necessarily nilpotent,
thus showing that (M, D) is affine IP.

Conversely, if the affine manifold (M, D) is assumed to have nilpotent skew-sym-
metric D-curvature operator, then R(7) has zero eigenvalues for each 7m on M. There-
fore, it follows from (3.2)) that the eigenvalues of R(#) vanish for every oriented,
non-degenerate 2-plane 7@ on T*M. Thus (T*M, gp + 7*¢) is IP. ]
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4 Four-dimensional Riemann Extensions

First of all, it is worth noting that the Riemann extension gp + 7*¢ is necessarily
a Walker metric. We recall that a Walker manifold is a triple (M, g, D), where M
is an n-dimensional manifold, ¢ an indefinite metric, and D an r-dimensional par-
allel null distribution. Of special interest are those manifolds admitting a field of
null planes of maximum dimension r = . In this particular case, it is convenient
to use special coordinate systems associated with any Walker metric. By a result of
Walker [22], and using the notation of the cotangent bundle, there exist local coordi-
nates (x1,...,Xz,%x1/,...,X(z)’) around any point of M such that the matrix of g in
these coordinates has the following form

B Idn
2

g(xl.,.“,xﬁ,xlz,u.,x(g)/) - Idg 0 9
2

where B is a symmetric (g X g) -matrix and Id: denotes the identity matrix.
From now on in this section we consider the 4-dimensional case. Hence, we
choose suitable coordinates (x, x, x;/, x,/) where the metric expresses as

(4.1) 82,1, %y0) =

S~ o
—_— o S o
[ e -
S O = O

for some functions 4, b, and ¢ depending on the coordinates (xi, x;,x;1/,x,/). Again
unifying with the notation used in the cotangent bundle, we denote by {9;, 9;/ } the

coordinate vectors, i = 1,2. Also, h; ;s means partial derivatives ﬁ for any

function h(x;, x;, X1/, x2/).

Remark 4.1 Self-dual Walker metrics have been previously investigated in [5],
showing that a metric ([4.I) is self-dual if and only if the functions a, b, ¢ have the
form

(4.2) a(xy, %3, %17, %27) :xf,A+xf,B +xf,x2/(3+x1/x2/D+x11P+x2/Q+§,
b(xy, x5, x17,%27) =x2,6+x§,8 +x1/x§,A+x1/xz/3'”+x1/5+x2/T+77,
c(x ) =13 F+ 13D+ xd A+ x0x5,C+ L (B+8)
1, X2, X17,X27) = 2X1/ 2.X2/ X11X27 X17/Xy, 2X1/X2/

+x1:U +x0V + 1,

where all capital, calligraphic, and Greek letters stand for arbitrary smooth functions
depending only on the coordinates (x;, x;).

As a direct consequence of the previous remark, we see that any Riemann extension
is necessarily a self-dual Walker manifold. Next we investigate some particular cases
where the converse also holds.
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Theorem 4.2 A four-dimensional IP self-dual Walker metric is necessarily a Riemann
extension.

Proof We start with a technical remark about the IP condition. For a general 4-di-
mensional pseudo-Riemannian manifold (M, g) with metric of neutral signature, it
is easy to check that the characteristic polynomial p(R(w)) of R(7) is given by

PAR(m)) = A* = I Te(R(7)%) A* + det(R(m)),

and therefore the manifold is IP if and only if det(R(7)) and Tr(R(7)?) do not depend
on the oriented, non-degenerate, spacelike (respectively, mixed or timelike) 2-plane 7
(see [3]). In the particular case of a Walker metric (4.1)), a straightforward calculation
shows that the skew-symmetric curvature operator R(7) associated with any non-
degenerate 2-plane 7, when expressed with respect to the coordinate vectors {0;, 9 },
i = 1, 2, has the matrix form

<F(7r) 0 )
R(m) =
G(m) —'F(m)

for certain (2 x 2)-matrices F(7) and G(7). Hence, the determinant of R(7) and
the trace of R(r)? are determined by those of F(r) and F(r)?, respectively. In-
deed, det(R(m)) = (det(F(m)))?, while Tr(R(7)?) = 2Tr(F(n)?). Therefore, the
above characterization of IP (2, 2)-metrics means that a Walker 4-metric (4.)) is IP if
and only if det(F(r)) and Tr(F(7)?) do not depend on the oriented, non-degenerate
spacelike (respectively, mixed or timelike) 2-plane . This characterization will be
repeatedly used in the rest of the proof; as a matter of notation, let

o fn(7T) flz(ﬂ')
F(”)‘(le(vr) fm))'

After this technical observation, and in view of Remark[4.1] assume that ¢ is given
by (AI)-(4.2) and that is IP. We start our analysis considering the non-degenerate
2-plane m; = ({0, 01/ + ADy }). We obtain:

fir(m) = =x1/ (A€ + 3A) — x,, € — 1(AD +2B),
fia(m) = —x1 AA — x (AC+ A) — i()\(‘B + &) +29),
fgl(ﬂ'l) = *Xl/e - %@,

fa(m) = —x1(AC+A) — x,C — i(Z)\D +B+E&).

As a consequence, it follows that 0;/0;/(det(F(m)) = 2X2C% + 6)\AC + 6A2, so
A = € = 0and one gets det(F(m;)) = 1\*D? + IABD + {(B* + BE — DTF), from
where D = 0. Hence, after this first analysis, (4.2]) reduces to
(4.3) a:xf,B+x1rP+x2/Q+§,
b= x§,8 + x50 F +x1:S+x T+,
1

c= 5xf&"+ %xllle(B + &) +xpU+xV +7.
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Now, we consider the non-degenerate 2-plane m, = ({9 + A0, 0+ }). In this case,
fir(m) = =3(\F +2B), fia(my) = -1,
fr(m) = =AB+E),  folm) = ;AT +B +8),
from where det(F(m,)) = 1A232 + IABF + LB(B + €). Hence, T = 0 and [@3)

reduces to
(4.4) a:xf,B +x1P+xQ+&,

b :x§,€ +x1/ S+ x0T+,

c= %xllle(B +E)+xU+xV+ry
with

45)  det(F(m)) = 1B(B+8),  Tr(F(m)) = B+ L(B + &)

Next we work with the non-degenerate 2-plane w3 = ({0y/ — 05/,0, — 01 + 02 }),
for which

fir(ms) = —3(6B+8),  fia(ms) = for(ms) = 5(B+E), fro(ms) = —5(B +58)
and therefore
(4.6) det(F(m3)) = L(B*+ &>+ 6BE), Tr(F(ms)*) = L(7B* +7E* + 6BE).

Comparing (@3] and ([4.6), we conclude that & = B. Hence, det(F(m3;)) = %Bz,
which implies B = «, and thus (£4) transforms into

(4.7) a=x>kK+x/P+xQ+E,
b= x%m; +x1:S+x T+,
c=x1x0Kk+xU+xV 4.

In the last step, we will show that k = 0. To do this, take the non-degenerate 2-plane
Ty = ({0 — cOy — B29,/, 0, + 520,/ }). A long but straightforward calculation
shows that

fir(ms) = = (x1x236% + (x1/U +x2/ V)36 + QS — UV + 4kry — 2P, +2U),
fiz(my) = —i(lﬁ +kn+S(V —P) — TU +U?* + 2§, —2U,),

hi(ms) = =2k — K€+ Q(T — U) + PV — V? — 2Q, +2V7),

fa(ms) = = (x1x036% + (x1/U + %2/ V)36 — QS+ UV + 2Ky + 2Ty — 2V7),

from where we check that 0y,0,:0,, 0,/ (det(F(my))) = 354, which shows that k = 0.
This reduces ([4.7) to

a=xP+xQ+E b=x/S+xyT+n, c=xU+xV+7,

and therefore the metric corresponds with a Riemann extension. ]
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Theorem 4.3 A four-dimensional Ricci flat self-dual Walker metric is necessarily a
Riemann extension.

Proof Assume the Ricci flat metric g is given by (4.1) and ([4.2]). Then a straightfor-
ward calculation shows that

P11 = i(16x1/A+8x2/G+SB +€), P12 = 2x1/€'+®,
P2 = i(leu‘l+ 16x,/C+ B + 58), P21 = ZXZ/.A‘FSF,

and therefore all the calligraphic letters vanish in (4.2)), showing the result. ]

Remark 4.4 Ricci flat self-dual Walker metrics have been investigated in [9], show-
ing that they correspond to Riemann extensions of torsion-free connections with
skew-symmetric Ricci tensor (see also [4,17]).

On the other hand, Walker metrics with nilpotent Ricci operator are not necessar-
ily Riemann extensions. For instance, a Walker metric of the type

2
a=20, b= x1x0 A(x1,%2), c= %xl/ﬂ(xl,xz),

has two-step nilpotent Ricci operator and it does not correspond to a Riemann ex-
tension.

5 Affine Surfaces with Nilpotent Skew-symmetric Curvature

Operator

The curvature of an affine surface is encoded by its Ricci tensor. Hence, it is nat-
ural to investigate affine surfaces whose Ricci tensor shares some kind of pseudo-
Riemannian property (i.e., it is symmetric). In such a case (equiaffine geometry),
the Ricci tensor defines a pseudo-Riemannian metric whenever it is non-degenerate
and thus a special situation occurs for those affine connections whose Ricci tensor is
symmetric and degenerate. This is our case of study.

Theorem 5.1 Let (X, D) be an affine surface. Then (3, D) is affine 1P if and only if
the Ricci tensor is symmetric and degenerate.

Proof Fixing coordinates (x;,x;) and taking a 2-plane 7 = ({X,Y}) on X, with
X = 2101 + 4,05, Y = b101 + b0, it is easy to check that the skew-symmetric
D-curvature operator R(w) expresses, with respect to the basis {91, 0, }, as

R — (ab — arb —p21 —pzz)
() (a1by — axby) ( o o )

where p;; = p(9;, ;). Hence, the characteristic polynomial of R(r) is given by
PA(R(m)) = N+ Narb, — arby)(p21 — p12) + (arby — axby)’ det p,

which implies that the skew-symmetric D-curvature operator is nilpotent if and only
if p12 = pa1 and det p = 0, showing the result. [ |
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Recall that a tensor field K is said to be recurrent if there exists a 1-form o such
that DK = o(X)K for each vector field X. Further, an affine surface (2, D) is said
to be recurrent if its Ricci tensor is recurrent.

Theorem 5.2 Let (X, D) be an affine IP surface. Then (X, D) is recurrent if and
only if around each point there exists a coordinate system (xy,x,) in which the non-zero
component of D is given by

Dy, 01 = alx1,%,)0,,

for some function a(xi,x;). Moreover, (X,D) is locally symmetric if and only if
alxi, %) = ax; + &(xy), with o € R and & a smooth function depending on x; and
(X, D) is flat if and only if 0ya(x, x,) = 0.

Proof Decomposing p = p; + p, into the symmetric and the anti-symmetric parts,
Theorem[G.Ilimplies that (X, D) is affine IP if and only if p, = 0 and det p; = 0. Now
it follows from [24] that the only possibility for a non-flat recurrent affine surface is
the one in which around each point there exists a coordinate system (x1, x,) with the
non-zero component of D given by

D(()lal = a(xlvxz)ala

with dya(x;,x,) # 0. Now, one easily checks that the only non-vanishing compo-
nent of the Ricci tensor is p1; = 0,a(x;, x2), and therefore it follows that the local
symmetry of (X, D) is equivalent to a(x;,x;) = ax; + £(x1). [ |

Remark 5.3 Observe that all locally symmetric connections at Theorem are
projectively flat.

5.1 Homogeneous Affine Connections

In [18] it is shown that if an affine surface (X, D) is locally homogeneous, then either
D is a Levi-Civita connection of constant curvature, or around each point there exists
a coordinate system (xi, x,) and constants 4, b, ¢, d e, f such that D is expressed by
one of the following:

(5.1) Dalal =a0 + haz, Dalaz =c0; + daz, Daﬁz =e0 + faz, or
(52) Dalal = %al + %823 DalaZ = ial + %82, Dazaz = ﬁ@l + %(92
Following the terminology in [18], from now on we refer to the two cases above as
Type A and Type B locally homogeneous affine connections, respectively. Also, recall

that an affine surface (X, D) is said to be equiaffine if around each point there exists
a parallel volume 2-form.
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5.1.1 Type A Locally Homogeneous Affine Connections

The Ricci tensor of a Type A locally homogeneous affine surface is given by
(5.3) pn = —d* +ad+ (f — o)b,
p12 = py1 = cd — eb,

pn = —c+ fc+ (a—d)e,

which shows that it is symmetric. An immediate consequence of (5.3)) is the follow-
ing.

Theorem 5.4 Let (X, D) be a Type A locally homogeneous affine surface. Then either
the Ricci tensor defines a flat metric on X, or (X, D) is affine IP.

A straightforward calculation from (5.3) shows that
(5.4) %pn;l = —da* + (d* — bf + cb)a + (be — cd)b,
%pn;z = %Plz;l = —acd + (c¢* — fc+de)b,
%/712;2 = %pzz;l = bce — (ae+ cf — de)d,
Yoo = f& — (de+ f*)c — (af — be — df)e,
with p;jx = (Dg.p)(0;, 0;).
Proposition 5.5 Any Type A locally homogeneous affine surface is projectively flat.

Proof Note that any Type A locally homogeneous affine surface (3, D) is equiaffine
and around each point there exists a coordinate system (x;, x;) such that

P21 = prap = 2(bce — (ae + cf — de)d),

P = Pz = 2(—acd + (> — fc+de)b).

Hence, it follows that (X, D) is projectively flat. ]

Theorem 5.6 Let (3, D) be a Type A locally homogeneous affine surface. Then (3, D)
is affine IP if and only if it is recurrent.

Proof Assume that a Type A locally homogeneous affine surface (3, D) is affine IP,
i.e., the Ricci operator is symmetric and degenerate (see Theorem[5.). First note that
(5.3) implies that the Ricci tensor p is always symmetric, and it is degenerate if and
only if

(5.5) b*e? — {d3 —2ad* + (a* + 3bc — bfyd+ (f — c)ab} e

+{fdz+a(cff)dfb(cff)2}c:0.
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Next we investigate the solutions of the above equation and, combined with (5.4),
we show that all the cases lead to a recurrent affine connection. Starting with the case
b = 0, (5.5) reduces to

(5.6) d- {ac2 —(a—d)fc—(a—d)ze} =0,

and therefore one of the following cases occurs:

(A.1) d =0and, in such a case, Dp = w ® p, with w = (fo)dxz.
(A.2) d # 0and a = 0. In this case, e = d"!cf and Dp = 0.
(A.3) d # 0 # a. Hence, (5.6) gives

acz—(a—d)fc—(a—d)zezo

and therefore ¢ = (2a) " (a — d)(f + e(f2 + 4ae)7), with e € {—1,1} (c being
real). Hence, if d = a, Dp = 0 is obtained, while for d # a a straightforward
calculation shows that Dp = w®p, withw = (—2a)dx! — (f+e(f>+4ae)? )dx.

Now, for b # 0, viewing (5.5)) as a quadratic equation for e we have the following
last case:

(A.4) Note that, in this case,
e= ﬁ{(f — 2ad® + (a* + 3bc — bf)d + (f—c)ab-f—s(d2 —ad+ (c— f)b)C%},

with ¢ = (a — d)* + 4bcand € € {—1, 1} (e being real). Now, a long but straight-
forward calculation shows that if c = b~ (—d?+ad+bf), then Dp = 0 is obtained.
Otherwise, Dp = w ® p, with

w=(—a—d—eC?)dx' + b (—d® + ad — 2bc — £d(7)dx>.
So, in any case, any Type A locally homogeneous affine IP connection is recurrent.

Conversely, a recurrent Type A locally homogeneous affine connection has nilpo-
tent skew-symmetric D-curvature operator, since

detp = _%e(f)ll;l —wipn) + %(C — piz1 —wipn2) + %d(Pzz;l — w1p2),

where Dp = w ® p, with w = w;dx! + w,dx?. [ |
Remark 5.7 Type A locally homogeneous affine connections need not be recurrent,

as it can be easily checked in (&) by considering b = ¢ = 0. In such a case, p;; = 0,
but p12;, = 2de(d — a), which shows that the connection is not recurrent in general.
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5.1.2 Type B Locally Homogeneous Affine Connections

A direct calculation shows that the Ricci tensor of a Type B locally homogeneous
affine surface is given by

(5.7) P = ;%{(a_ d+1)d+ (f — b},
P12 = ;%{Cd—beﬁLf},
pat = L {ed — be — o},
P2 = ;1%{(61— d—1e+ (f —c)c}.

Note that a Type B locally homogeneous affine connection need not be equiaffine.
Indeed, the equiaffine condition is equivalent to f = —c.

Theorem 5.8 Let (3, D) be an equiaffine Type B locally homogeneous affine surface.
Then, either the Ricci tensor defines a metric of constant Gauss curvature on 3, or oth-
erwise (X, D) is affine IP.

Proof A straightforward calculation shows that if the Ricci tensor defines a metric
on 3, then its Gauss curvature satisfies

— =1 _pn
K= x2 det(p)

B 2 +e(d—a+1)
©4bed + (d2 — 2ad — 1) +2(2d — a)bec + e(((a —d)?—1)d— bze) ’

from where the result follows. [ |

Next we show that, contrary to the Type A case, Type B locally homogeneous affine
surfaces are not projectively flat in general.

Theorem 5.9 Let (X, D) be a Type B locally homogeneous affine surface. If (3, D)
is projectively flat, then around each point there exists a coordinate system (xy,x;) such
that D is expressed by one of the following:

(i) e=f=c=00r

. 2 — 3_
(11) e 7& 0, f =—ca= 3¢ +§de+e) b= ce2 ce.

Proof From (5.7) we determine the covariant derivative of the Ricci tensor of an
equiaffine Type B locally homogeneous affine connection, which satisfies

(5.8) %p”;l =(a+1)(d—a—1)d+ (2a—d+3)bc+ e,
%p”;z = 2bc? — adc + bde,
xfplz;l = (a+4bc—2(a+ 1)d+2)c+ (2d + 3)be,
xzipu;z = 2d + bec + (d — a)de,
Lo = (d+1)(d — a+ e+ (d+3)c + bee,

3
Lposp = =20 + be® + (a — 2d)ce,
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with pije = (Do, p) (35, 0)).

Now, recall that (X, D) is projectively flat if and only if (T*3, gp) is locally confor-
mally flat, which is equivalent to the vanishing of its Weyl conformal curvature ten-
sor, W. It follows that if a Type B locally homogeneous affine surface is projectively
flat, then its Ricci tensor p is necessarily symmetric, since W(0y, 0», 01, 01/) = 2 2 ,
which shows that f = —c, which is exactly the necessary and sufficient condition for
p to be symmetric. Assuming this condition, f = —c, (5.8) implies that (3, D) is
projectively flat if and only if

cla—2d+2)+ 3be
P21;1 — P12 = e =Y
1

2(3¢* —ae+2de+e)
P22;1 — P12z = o =
1

Finally, (i) and (ii) are obtained solving the previous equations. ]

In the last part of this subsection we classify Type B locally homogeneous affine
surfaces with nilpotent skew-symmetric D-curvature operator. Contrary to the
Type A case, the next result shows that those surfaces need not be recurrent in gen-
eral.

Theorem 5.10 Let (3, D) be a Type B locally homogeneous affine surface. Then
(X, D) is affine IP if and only if either (X, D) is recurrent, or otherwise around each
point there exists a coordinate system (xy,x,) in which D is expressed by

b d
Dy 0y = £01+ £0s, Dy 0 =01+ 02, Dp0r= 00— 0,

for real constants a, b, ¢, d, and e satisfying one of the following:
(i) b=0and
11)d#0,e=0,c#0,a= zd L or
(i2)d-e#0,c=0,a=d=+1,or
(i3) d-e#0,c#0,e# —5,a=NHEC i ¢ — d(Pd+e)(+de) > 0,
or
(i) b#0and

_ 220 2 Y
(i) d=0,c#0, e = abd(bc; tabe 1))2,with a* +4bc—1>0, or

(ii2) d#0,a# +(d—1), c = a=dthd , _ la=dtDd=Dd ",

2b 20
(113 d 7£ 0 c ¢ {0’ al;i’ a— d;l d} — ((d—a)*+4bc— bl)d 2abci(2 Wlth( _ ((d—
a+1)d+2bc)((d—a—1)d+ Zbc)((d - a)2 +4bc—1) >0, or
(ii4) d#£0,c=0,ad—1,e= T2 NdEd@d=1] g o,

.. d &+2ad® — (@ +1)d=|d||(a+d)>—1 24
(ii5) d#0,c= 9, a# 1 —de= T2 @ed 1] o _ad

Proof First, using (5.7)), we get that p is symmetric if and only if f = —c, which we
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assume from now on, and hence p is degenerate if and only if

(5.9) b*e? — {d3 —2ad* + (a* + 4bc — 1)d — Zabc} e
— {dszad+4bcf 1}62 =0.

Next we analyze the solutions of this equation proceeding as in Theorem [5.6/and
using (5.8). First, if b = 0, equation (5.9) reduces to

(5.10) dea* —2d(* + de)a + (d* — 1)(* + de) = 0,

so we have the following possible cases:

(B.1) d = 0. In such a case, ¢ = 0, and it follows that Dp = w ® p, withw = —x%dxl.

(B.2) d #£0,e =0, c = 0. In this case, Dp = w ® p, withw = —Zi—f“dxl.

(B.3) d # 0,e = 0, c # 0. For this case, necessarily a = (2d)~'(d?> — 1), and
it follows that the affine connection is never recurrent (case (i.1)). Indeed,
writing Dp = w ® p, with w = w;dx! + w,dx?, first we get

2c%(xwp — 20)
P22 — W22 = 35

X1
SO Wy = )2715 and, under this condition, pi2, — wap12 = zx—?z, which does not
vanish.

(B.4) d # 0 # e. Note that for d # 0 # e, (5.10) can be viewed as a quadratic
equation for a; therefore, a = (de)~'(d(c* + de) + eCz), with e € {—1,1}
and ¢ = d(c?d + e)(c® + de) > 0. Now, a straightforward calculation shows
that if such an affine connection is not recurrent, then case (i.2) or (i.3) holds.
Indeed, write Dp = w ® p, with w = w;dx! + w,dx?. Taking ¢ = 0, we see that
¢ = d?¢* > 0 always holds, while a = d + 1, and we compute pjy, — wip1; =

%;He‘, which is always not null (case (i.2)). Now, for ¢ # 0, we get

Ad(1 = 2d) — cde(2d* +d — 2) — ec(2d — 1)(?
de

(5.11) x7(p1z; — wipr2) =
—c(d — Dxwy,

x?(plz;z —wyp12) = —ZSC% —c(d — Dxjw;,.

—2¢e|P el |

3 >

For d = 1, the second expression above reduces to pi2, — wrpy = e
1

hence, ife # —c?, the affine connection is not recurrent (case (i.3) withd = 1),
while for e = —c?, one checks that Dp = 0. Now, for d # 1, w; and w, are
determined by (5.11), and we get

dx?(ﬂzzu —wipn) = & +de— 5&»
Le(d — 1ext (pip — wapn) = (2 + de)(d(c + e) +£¢2),

Le(d — 1)dx (prp — wapas) = (& + de)(d(c® +€) — £C2).
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Note that the three expressions above do not vanish simultaneously for
e+ —% and hence, in such a case the affine connection is not recurrent (case
(i.3) with d # 1); fore = —% we have w = —x%dxl and a straightforward
calculation shows that Dp = w ® p holds.
Finally, for b # 0, we have the following last case:

(B.5) Viewing as a quadratic equation for e we can clear e up. More precisely,

e= %M{((d—a)2+4bc—1)d—2abc+s§%},

with ¢ = ((d —a+1)d +2bc)((d — a — 1)d + 2bc)((d — a)*> + 4bc — 1) > 0 and
g € {—1,1}. Write Dp = w ® p, with w = w;dx' + w,dx?. First, for d = 0, we

have .

Zfbxf(pu;z —wyp11) = c(2c + xyw3).
Hence, for ¢ # 0, it follows thatw, = —2¢/x; and, under this condition, we get
P12 — wap12 = —2¢*/x7, which does not vanish (case (ii.1)); in case of ¢ = 0,

Dp = 0 is obtained.
Finally, we examine the case d # 0. In this case, we compute

(prg —wipn) = (a+d+3)((d —a— 1)d +2bc) +C?
+((d —a— 1)d + 2bc)x w,

x1(prip —wapi) = b {((d—a—1)d+2bc)((d — a+ 1)d + 2bc) + dggé}
+((d—a—1)d+ 2bc)x;w;.

Now, if (d —a — 1)d + 2bc = 0, 1i.e,c = W, the expressions above vanish
and, moreover,

(@> = (d—1)*d

P11 — WipP12 = be?
It follows that for a # +(d — 1), the affine connection is not recurrent (case
(ii.2)), while for a = £(d — 1), we get Dp = 0. On the other hand, if ¢ #
W, then w; and w; are determined by the expressions above and a very

long but straightforward calculation leads to

2¢(bc — ad
26~ d(p1og — wipr2) — (P12 — wapna) = %
1

Therefore, if c(bc — ad) # 0, then the affine connection is not recurrent (case
(ii.3)). If ¢ = 0, then ¢ # W meansa # d — 1 and Dp = w ® p if and
only if e = 0 (case (ii.4)). If bc — ad = 0, then ¢ # (“_jib“)d means a # 1 — d,

and Dp = w ® pifand only ife = —% (case (ii.5)). [ |
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Remark 5.11 Projectively flat Type B locally homogeneous connections are deter-
mined in Theorem[5.9 as follows:
(i) e=f=c=0,0r

.o 2 _3_
(ll) e # 0, f =—¢ca= 3¢ +§d(z+e’ b= cez ce

Note that, in case (i), the Ricci tensor is always degenerate and connections are recur-
rent (Theorem[5.10)). In case (ii) with ¢ = 0, the Ricci tensor is degenerate for d = 0
or d = —2; d = 0 implies that the connection is flat, while for 4 = —2, the connec-
tion is not recurrent (Theorem [5.10(i.2)). Next, we analyze case (ii) with ¢ # 0. In
this case, the Ricci tensor is degenerate if and only if d = —c?*/eord = —c?/e — 2.
For d = —c?/e the connection is flat. If d = —c?/e — 2 and b = 0 we have the condi-
tionsa = —4,b=0,c # 0,d = —1and e = —c? # 0, so Theorem [5.10(i.3) holds,
and the connection is not recurrent. Finally, if d = —% —2and b # 0, a long but
straightforward calculation shows that, for d = 0, Theorem [5.10(ii.1) holds, while
for d # 0, (ii.5) or (ii.3) in Theorem .10 holds, depending on whether ¢ equals %d
or not; in any case, again the connection is not recurrent.

5.1.3 Non-equivalent Locally Homogeneous Affine Connections

As an application of previous results, we answer a question posed by O. Kowalski
on whether or not types A and B are affinely inequivalent classes, by showing that
non-flat types A and B are completely inequivalent except the case corresponding to

1 1
(5.12) Dal o) = ;(aal + baz), Dal 0, = ;daz, D3282 =0.
1 1

First of all, recall that any Type A locally homogeneous affine connection is pro-
jectively flat (cf. Proposition 5.5). Moreover, the Ricci tensor is always symmetric
and defines a flat metric on the surface or, otherwise it is degenerate (cf. Theorem
[E.4). Further note that in the later case, the Ricci tensor is always recurrent as shown
in Theorem

In what follows, we use the properties above to study, and distinguish when pos-
sible, types A and B. Observe that projectively flat Type B locally homogeneous con-
nections are listed in Theorem [5.9]as follows:

(i) e=f=c=0,0r
(ll) e # 0 f = —c,a= 3 +2dete b _ _53_53.

e e’

In case (ii), if the Ricci tensor is non-degenerate, then it defines a metric of non-
zero curvature. Moreover, if the Ricci tensor is degenerate and the connection is
supposed to be non-flat, then Remark[5.11]shows that such a connection is not both
projectively flat and recurrent, and hence they cannot be affinely equivalent to any
Type A connection.

Next we show that (i) is affinely equivalent to a Type A connection. In doing so,
we recall the discussion at [2,18]. Any Type A locally homogeneous affine connection
admits a pair of linearly independent affine-Killing vector fields such that [X,Y] =
0 (just put X = 01, Y = 0,). Conversely, if there exist two linearly independent
commuting affine-Killing vector fields X, Y, then there is a local coordinate system
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(x1,x2) such that X = 0;, Y = 0, and all the Christoffel symbols of the connection
are constant (i.e., of Type A).

A vector field X = A(xy,x,)01 + B(x1,x,)0; on the coordinate domain U(x1, x)
of a connection (i) is affine-Killing (i.e., [X, DyZ] — Dy[X, Z] — Dixy;Z = 0 for all
vector fields Y, Z) if and only if (cf. [18, Equation (6)])

b —d
Ay + iAl - —A, - %A =0, A + a Ay = 0, Axn =0,
X1 X1 X7 X1

2 2d— b b
B+ —A + B — 2B — ~A=0,
X1 X1 X1 X7

X X1 x3

d b d 2d
B+ —A+—A,— A=0, Bp+—A,=0.
X1
Now, a direct calculation shows that

X:xlﬁz, Y =x,01 + (x; +x2)62, Q—Zd:(),

and

X =0,, Y =x10, +

0 —-2d#0
a—2 dxl 2 a 7& ’
are linearly independent, commuting, affine-Killing vector fields, and hence the con-
nection is of Type A.

5.1.4 Recurrent and Projectively Flat Affine Connections with Degenerate
Ricci Tensor

Observe from Theorems[5.9land[5.10/that locally homogeneous connections given by
(5.12)) are projectively flat and recurrent with symmetric and degenerate Ricci tensor.
However, not every projectively flat and recurrent locally homogeneous affine con-
nection with symmetric and degenerate Ricci tensor is necessarily of Type B. In what
follows, we complete the analysis above by giving a complete description of all locally
homogeneous projectively flat and recurrent affine connections with symmetric and
degenerate Ricci tensor.

Theorem 5.12 Let (3, D) be an affine surface with symmetric and degenerate Ricci
tensor, which is recurrent and projectively flat. Then (3, D) is locally homogeneous if
and only if around each point there exists a coordinate system (x1,x,) in which the non-
zero component of D is given by

(5.13) Dy 0, = 232,

Xy)————
(o + Kxq)

for some constants i, , and k. Moreover, any such a connection is locally homogeneous
of Type A, and it is also of Type B if and only if k* — 4y > 0.
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Proof It follows from Theorem[5.2]that a recurrent affine connection with symmet-
ric and degenerate Ricci tensor expresses, in suitable coordinates (x1, x;), as

(5.14) Dy, 01 = alx1,%,)0,,

for some function a(x, x;). Now, a straightforward calculation shows that (5.14)
is projectively flat if and only if a(x1,x;) = x0(x1) + y(x1), for some functions 6
and 7. Note that we may assume, without loss of generality, that y(x;) = 0, just by
using the equivalence theorem at [16, Theorem 7.2] since both the Ricci tensor and
its covariant derivatives are independent of +.

Next, a vector field X = A(x;,x,)01 + B(x1, x2)0, is affine-Killing if and only if

(5.15) Ap =0, Ap =0, By =0,
A — x0(x1)A; = 0, Bz +x,0(x1)A; = 0,
Bll + 2X29(X1 )Al — xzﬁ(xl )Bz + x29’(x1 )A + 9(x1 )B =0.

We start by showing that the connection must be of the form (5.13). Integration of
the above equations shows that any affine-Killing vector field must be of the form

X(x1,%) = (x1k + @) + (0 + b(x1))0,
for some constants , «, (3 and a function b(x;) which is a solution of
(5.16) b (x1) + b(x1)0(x1) + 2x,0(x1) + %2 (a0 + x1£)0" (1) = 0.
Now, taking the derivative in with respect to x,, we obtain
(16 + )0 (x1) + 260(x;) = 0,
which shows that

I
bx) = (x1K + @)?
for some constants y, k and a, where x and « are not simultaneously zero, thus
showing (5.13). Note that for K = o = 0 any affine-Killing vector field must be of the
form X(x1,x;) = (%08 + b(x1))0,, and hence there are no two-linearly independent
affine-Killing vector fields, in contradiction with local homogeneity.

In what follows, take a connection given by (5.13)). Observe that such a connection
is of Type A, since a direct calculation shows that

X(x1,%) = (x5 + a)0, Y (x1,%) = %20,

are linearly independent commuting affine-Killing vector fields.

Finally, we will show that a connection (5.I3) is of Type B if and only if
k* —4p > 0. From (5.I3), and proceeding as above, an affine-Killing vector field
must be of the form

X(x1,x%2) = (A + )01 + (008 + b(x1))0,
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for constants \, v, and (3, and a function b(x;), such that
A — vk =0, pb(xy) + (6 + )b (x1) = 0.

As a consequence, assuming x # 0 in (5.13), if two affine-Killing vector fields X, Y
satisfy [X,Y] = X, then

X(x1,%) = Clxik +a) T 0y,
Y (x1, %) = Ax; + %)a1 + (23 + b(x1))0,
for some constants C, A, 3 and some function b(x;), such that
(5.17)  (B—DK*B—-A—=1)+Nu=0, pb(x)) + (x5 + @)?b" (1) = 0.

Moreover, the first equation in (5.17)) has real solutions if and only if x* — 44 > 0. In
this case, a choice of X and Y as follows

T
X(xi, %) = (ak+a) 7,

oV,

Y(xl,xz):(x1m+a)81+x2<l+K 5

shows that D is locally homogeneous of Type B.
Next, put k = 0in (513). If two affine-Killing vector fields X, Y satisfy [X,Y] = X,
then

X (B=1)

X(x1,%) =Ce v 0y,
Y (x1,%) = v0; + (28 + b(x1)) 02

for some constants C, v, 3 and some function b(x;) such that

(5.18) A (B-1)7+1 =0, pub(x1) +ob” (%) = 0.
Now, the first equation in (5.I8) has real solutions if and only if < 0. Moreover, in
such a case,
X(x1,%) = 6_@82,
Y (x1,%) = ady + x(1 — /=)0
are affine-Killing vector fields, with [X, Y] = X, which finishes the proof. [ |

Remark 5.13 A connection (5.13) is flat if and only if i = 0 and locally symmetric
if and only if K = 0. Hence, a projectively flat locally symmetric connection with
symmetric and degenerate Ricci tensor is of Type B if and only if the only non-zero
Christoffel symbol is ['}; = Kx,, with K < 0.
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