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Riemann Extensions of Torsion-Free
Connections with Degenerate Ricci Tensor

E. Calviño-Louzao, E. Garcı́a-Rı́o, and R. Vázquez-Lorenzo

Abstract. Correspondence between torsion-free connections with nilpotent skew-symmetric curva-

ture operator and IP Riemann extensions is shown. Some consequences are derived in the study of

four-dimensional IP metrics and locally homogeneous affine surfaces.

1 Introduction

Manifolds whose Riemann curvature has a high degree of symmetry are important

in many contexts. Usually this symmetry arises from an underlying symmetry of the

metric tensor. Locally homogeneous and locally symmetric spaces are typical exam-

ples. Also, symmetries arise from properties of natural operators associated with the

curvature tensor. In considering the spectral geometry of the Riemann curvature

tensor, one studies when a certain natural operator associated with the curvature

has constant Jordan normal form on the natural domain of definition. A pseudo-

Riemannian manifold (M, g) is said to be Osserman if the spectrum of the Jacobi

operators is constant on the unit pseudo-sphere bundles. Any isotropic pseudo-

Riemannian manifold is Osserman, but the converse does not hold. (See [10, 11]

for more detailed information.)

Let R be the curvature tensor of a pseudo-Riemannian manifold (M, g). Let π be

an oriented non-degenerate 2-plane in the tangent space over a point p ∈ M with an

oriented orthonormal basis {X,Y}. Then the skew-symmetric curvature operator is

defined as the operator R(π) : Z 7→ R(X,Y )Z. (M, g) is called IP (Ivanov–Petrova) if

the eigenvalues of R(π) depend only on the basepoint p ∈ M, but not on the choice

of π ⊂ TpM [15]. Metrics of constant curvature are IP, but there are IP metrics that

do not have constant sectional curvature [11, 12, 14]. Three-dimensional IP metrics

have been investigated in the Riemannian and Lorentzian setting (cf. [8,15]) where a

complete algebraic description is available. In the affine setting, one says that (M, D)

is affine IP if R(X,Y ) is nilpotent for any linearly independent {X,Y}.

Our aim in this work is twofold. First, we investigate IP metrics in signature (2, 2),

where only partial results are known [3, 7, 13], with special attention to Walker met-

rics. Our second purpose is to study locally symmetric and locally homogeneous

affine surfaces with symmetric and degenerate Ricci tensor. Locally homogeneous

affine surfaces were described by Opozda [20] (see also [17, 18]). It is shown in [20]
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that any such connection is either the Levi-Civita connection of a metric of constant

curvature or corresponds to one of two families A and B where all the Christoffel

symbols are explicitly given by (5.1) and (5.2), respectively. We consider the equiv-

alence problem for such connections, showing that besides the flat ones, there is a

explicit family of locally homogeneous torsion-free connections that is of both types

A and B, thus answering to a question posed by Kowalski. Such a family is contained

in the class of projectively flat and recurrent homogeneous connections with sym-

metric and degenerate Ricci tensor (cf. Theorem 5.12).

The paper is organized as follows. After recalling some preliminaries in Section 2,

Riemann extensions of torsion-free connections are studied in Section 3, where a cor-

respondence between the pseudo-Riemannian and the affine IP conditions is shown

(cf. Theorem 3.1). Riemann extensions have a special significance in dimension four,

where all such metrics are self-dual. As a partial converse, it is shown in Section 4 that

any four-dimensional self-dual IP Walker metric is necessarily a Riemann extension

of a torsion-free affine surface (cf. Theorem 4.2). Affine IP surfaces are character-

ized by having symmetric and degenerate Ricci tensor. This is a large class of affine

surfaces, and our purpose in Section 5 is to develop a systematic study of the locally

symmetric and locally homogeneous ones.

2 Preliminaries

Throughout this paper we adopt the following general notational conventions. Let

(M, g) be a pseudo-Riemannian manifold and (M, D) and affine manifold, i.e., M is

a differentiable manifold equipped with an affine connection D that is assumed to be

torsion-free. M ≡ Σ is used in the particular case of an affine surface. We choose the

following convention for the curvature tensor, R(X,Y ) = Ξ[X,Y ] − [ΞX,ΞY ], where

Ξ denotes the Levi-Civita connection associated with g or with the torsion-free affine

connection D and, as usual, ρ(X,Y ) = Tr{U Ã R(X,U )Y} is the Ricci tensor.

For any oriented, non-degenerate 2-plane π on (M, g), the skew-symmetric curva-

ture operator, defined by

R(π) =
∣

∣g(X, X)g(Y,Y ) − g(X,Y )2
∣

∣

−1/2
R(X,Y ),

is a skew-adjoint operator that is independent of the oriented basis {X,Y} of π.

(M, g) is said to be spacelike (respectively, timelike or mixed) Ivanov–Petrova (IP

for short) if the eigenvalues of R(π) are constant on the Grassmannian of all ori-

ented non-degenerate spacelike (respectively, timelike or mixed) 2-planes. In signa-

ture (p, q), the following are equivalent conditions [11]:

(i) spacelike IP if p ≥ 2, (so there are spacelike 2-planes),

(ii) mixed IP if p ≥ 1, q ≥ 1, (so there are mixed 2-planes),

(iii) timelike IP if q ≥ 2, (so there are timelike 2-planes).

As a consequence, one simply says that (M, g) is IP. Note that although the space-

like, timelike, and mixed IP conditions are equivalent, the eigenvalue structure may

change among the three groups of spacelike, timelike, and mixed 2-planes. (We also

refer to [3, 11, 15, 26] for more details and further references.)
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In this paper we generalize this notion to the affine setting. Let (M, D) be an affine

manifold where D is a torsion-free connection on TM. Let R(π) = R(X,Y ) be the

skew-symmetric D-curvature operator associated with D. In the pseudo-Riemannian

setting, a rescaling of R(X,Y ) is carried out by the metric tensor as in the above.

However, such normalization is not available in the affine setting, and thus one says

that (M, D) is affine Ivanov-Petrova (affine IP) if R(π) is nilpotent.

3 The Riemann Extension

Let T∗M denote the cotangent bundle of M (dim M = n) and let π : T∗M → M

be the projection. A point ξ of the cotangent bundle is represented by an ordered

pair (p, ω), where p = π(ξ) is a point on M and ω is a 1-form on TpM. For each

coordinate neighborhood (U , (xi)) on M with p ∈ U , denote by xi ′ the components

of ω in the natural coframe dxi . Then, for any local coordinates (U , (xi)) on M,

(xi , xi ′) are natural induced coordinates in π−1(U ) ⊂ T∗M. (See [25, Ch. 7] for

more details and further references on the geometry of cotangent bundles.)

Next, for a given symmetric connection D on M, the cotangent bundle T∗M may

be equipped with a pseudo-Riemannian metric gD of signature (n, n): the Riemann

extension of D [21], given by

gD(XC ,Y C ) = −γ(DXY + DY X),

where XC , Y C denote the complete lifts to T∗M of vector fields X, Y on M. Moreover

for any vector field Z on M, Z = Zi∂i , γZ is the function on T∗M defined by γZ =

xi ′Z
i . In a system of induced coordinates (xi , xi ′) on T∗M, the Riemann extension is

expressed by

gD =

(

−2xk ′Γ
k
i j δ

j
i

δ
j
i 0

)

with respect to {∂1, . . . , ∂n, ∂1 ′ , . . . , ∂n ′} (i, j, k = 1, . . . , n, k ′
= k + n), where Γ

k
i j

are the Christoffel symbols of the connection D with respect to the coordinates (xi)

on M.

Riemann extensions provide a link between affine and pseudo-Riemannian ge-

ometries. Some properties of the affine connection D can be investigated by means

of the corresponding properties of the Riemann extension gD. For instance, D is pro-

jectively flat if and only if gD is locally conformally flat [1] (see [6, 9, 19, 23] for more

examples and further references).

From now on we will use a deformation of the Riemann extension above by means

of a symmetric (0, 2)-tensor field φ on M; more precisely, we will consider T∗M

equipped with the metric gD + π∗φ, which we go on calling Riemann extension since

it does not cause any confusion.

Theorem 3.1 Let (T∗M, gD + π∗φ) be the cotangent bundle of an affine manifold

(M, D) equipped with the Riemann extension. Then (T∗M, gD + π∗φ) is a pseudo-

Riemannian IP space if and only if (M, D) is affine IP for any symmetric (0, 2)-tensor

field φ.
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Proof Let g̃ = gD + π∗φ be a Riemann extension on T∗M. A straightforward calcu-

lation shows that the non-zero Christoffel symbols Γ̃
γ
αβ of the Levi-Civita connection

are given as follows

Γ̃
k
i j = Γ

k
i j , Γ̃

k ′

i ′ j = −Γ
i
jk, Γ̃

k ′

i j ′ = −Γ
j
ik,

Γ̃
k ′

i j =

n
∑

r=1

xr ′

(

∂kΓ
r
i j − ∂iΓ

r
jk − ∂ jΓ

r
ik + 2

n
∑

l=1

Γ
r
klΓ

l
i j

)

+ 1
2
(∂iφ jk + ∂ jφik − ∂kφi j) −

n
∑

l=1

φklΓ
l
i j ,

where Γ
k
i j are the Christoffel symbols of D and φi j denote the local components of φ.

Now, a long but straightforward calculation shows that the non-zero components of

the curvature tensor of (T∗M, gD +π∗φ) are determined (up to the usual symmetries)

by the following

(3.1) R̃h
k ji = Rh

k ji , R̃h ′

k ji , R̃h ′

k ji ′ = −Ri
k jh, R̃h ′

k ′ ji = Rk
hi j ,

Rh
k ji being the components of the curvature tensor of (M, D). Note that we omit the

expression of R̃h ′

k ji , since it is not necessary for our purposes in showing (3.2).

Next, let π̃ = 〈{X̃, Ỹ}〉 be an oriented, non-degenerate 2-plane on T∗M, with X̃ =

αi∂i + αi ′∂i ′ and Ỹ = βi∂i + βi ′∂i ′ an orthonormal basis of π̃. Then it follows from

(3.1) that the matrix of the skew-symmetric curvature operator R̃(π̃) with respect to

the basis {∂i , ∂i ′} is of the form

(3.2) R̃(π̃) =

(

R(π) 0

∗ −tR(π)

)

,

where R(π) is the matrix of the skew-symmetric D-curvature operator correspond-

ing to π = 〈{X,Y}〉, with X = αi∂i and Y = βi∂i on M, with respect to the basis

{∂i}. Note that the characteristic polynomials pλ(R̃(π̃)) of R̃(π̃) and pλ(R(π)) of

R(π) are related by pλ(R̃(π̃)) = pλ(R(π)) · pλ(−R(π)).

Now, assume that (T∗M, gD + π∗φ) is an IP space. If π is a 2-plane on M, we can

consider an oriented, non-degenerate 2-plane π̃ on T∗M, of a fixed signature, so that

(3.2) holds for a suitable orthonormal basis. Since pλ(R̃(π̃)) must be constant for

all planes π̃ of that fixed signature, (3.2) implies that pλ(R(π)) is independent of the

2-plane π chosen. Then, if π = 〈{X,Y}〉 and pλ(R(π)) = λn + an−1λ
n−1 + · · · + a0,

for πα = 〈{αX, αY}〉, α 6= 0, we get

pλ(R(πα)) = λn + α2an−1λ
n−1 + · · · + α2na0.

Hence, since pλ(R(πα)) = pλ(R(π)), it follows that an−1 = · · · = a0 = 0, and

therefore the skew-symmetric D-curvature operator of M is necessarily nilpotent,

thus showing that (M, D) is affine IP.

Conversely, if the affine manifold (M, D) is assumed to have nilpotent skew-sym-

metric D-curvature operator, then R(π) has zero eigenvalues for each π on M. There-

fore, it follows from (3.2) that the eigenvalues of R̃(π̃) vanish for every oriented,

non-degenerate 2-plane π̃ on T∗M. Thus (T∗M, gD + π∗φ) is IP.
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4 Four-dimensional Riemann Extensions

First of all, it is worth noting that the Riemann extension gD + π∗φ is necessarily

a Walker metric. We recall that a Walker manifold is a triple (M, g,D), where M

is an n-dimensional manifold, g an indefinite metric, and D an r-dimensional par-

allel null distribution. Of special interest are those manifolds admitting a field of

null planes of maximum dimension r =
n
2

. In this particular case, it is convenient

to use special coordinate systems associated with any Walker metric. By a result of

Walker [22], and using the notation of the cotangent bundle, there exist local coordi-

nates (x1, . . . , x n
2
, x1 ′ , . . . , x( n

2
) ′) around any point of M such that the matrix of g in

these coordinates has the following form

g(x1,...,x n
2

,x1 ′ ,...,x
(
n
2

) ′
) =

(

B Id n
2

Id n
2

0

)

,

where B is a symmetric
(

n
2
× n

2

)

-matrix and Id n
2

denotes the identity matrix.

From now on in this section we consider the 4-dimensional case. Hence, we

choose suitable coordinates (x1, x2, x1 ′ , x2 ′) where the metric expresses as

(4.1) g(x1,x2,x1 ′ ,x2 ′ ) =









a c 1 0

c b 0 1

1 0 0 0

0 1 0 0









for some functions a, b, and c depending on the coordinates (x1, x2, x1 ′ , x2 ′). Again

unifying with the notation used in the cotangent bundle, we denote by {∂i , ∂i ′} the

coordinate vectors, i = 1, 2. Also, hi... j ′... means partial derivatives ∂h
∂xi ...∂x j ′ ...

for any

function h(x1, x2, x1 ′ , x2 ′).

Remark 4.1 Self-dual Walker metrics have been previously investigated in [5],

showing that a metric (4.1) is self-dual if and only if the functions a, b, c have the

form

a(x1, x2, x1 ′ , x2 ′) = x3
1 ′A + x2

1 ′B + x2
1 ′x2 ′C + x1 ′x2 ′D + x1 ′P + x2 ′Q + ξ,(4.2)

b(x1, x2, x1 ′ , x2 ′) = x3
2 ′C + x2

2 ′E + x1 ′x2
2 ′A + x1 ′x2 ′F + x1 ′S + x2 ′T + η,

c(x1, x2, x1 ′ , x2 ′) =
1
2
x2

1 ′F + 1
2
x2

2 ′D + x2
1 ′x2 ′A + x1 ′x2

2 ′C + 1
2
x1 ′x2 ′(B + E)

+ x1 ′U + x2 ′V + γ,

where all capital, calligraphic, and Greek letters stand for arbitrary smooth functions

depending only on the coordinates (x1, x2).

As a direct consequence of the previous remark, we see that any Riemann extension

is necessarily a self-dual Walker manifold. Next we investigate some particular cases

where the converse also holds.
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Theorem 4.2 A four-dimensional IP self-dual Walker metric is necessarily a Riemann

extension.

Proof We start with a technical remark about the IP condition. For a general 4-di-

mensional pseudo-Riemannian manifold (M, g) with metric of neutral signature, it

is easy to check that the characteristic polynomial pλ(R(π)) of R(π) is given by

pλ(R(π)) = λ4 − 1
2

Tr(R(π)2) λ2 + det(R(π)),

and therefore the manifold is IP if and only if det(R(π)) and Tr(R(π)2) do not depend

on the oriented, non-degenerate, spacelike (respectively, mixed or timelike) 2-plane π
(see [3]). In the particular case of a Walker metric (4.1), a straightforward calculation

shows that the skew-symmetric curvature operator R(π) associated with any non-

degenerate 2-plane π, when expressed with respect to the coordinate vectors {∂i , ∂i ′},

i = 1, 2, has the matrix form

R(π) =

(

F(π) 0

G(π) − t F(π)

)

for certain (2 × 2)-matrices F(π) and G(π). Hence, the determinant of R(π) and

the trace of R(π)2 are determined by those of F(π) and F(π)2, respectively. In-

deed, det(R(π)) = ( det(F(π)))2, while Tr(R(π)2) = 2 Tr(F(π)2). Therefore, the

above characterization of IP (2, 2)-metrics means that a Walker 4-metric (4.1) is IP if

and only if det(F(π)) and Tr(F(π)2) do not depend on the oriented, non-degenerate

spacelike (respectively, mixed or timelike) 2-plane π. This characterization will be

repeatedly used in the rest of the proof; as a matter of notation, let

F(π) =

(

f11(π) f12(π)

f21(π) f22(π)

)

.

After this technical observation, and in view of Remark 4.1, assume that g is given

by (4.1)–(4.2) and that is IP. We start our analysis considering the non-degenerate

2-plane π1 = 〈{∂1, ∂1 ′ + λ∂2 ′}〉. We obtain:

f11(π1) = −x1 ′(λC + 3A) − x2 ′C − 1
2
(λD + 2B),

f12(π1) = −x1 ′λA − x2 ′(λC + A) − 1
4
(λ(B + E) + 2F),

f21(π1) = −x1 ′C − 1
2
D,

f22(π1) = −x1 ′(λC + A) − x2 ′C − 1
4
(2λD + B + E).

As a consequence, it follows that ∂1 ′∂1 ′(det(F(π1)) = 2λ2C2 + 6λAC + 6A2, so

A = C = 0 and one gets det(F(π1)) =
1
4
λ2D2 + 1

2
λBD + 1

4
(B2 + BE − DF), from

where D = 0. Hence, after this first analysis, (4.2) reduces to

a = x2
1 ′B + x1 ′P + x2 ′Q + ξ,(4.3)

b = x2
2 ′E + x1 ′x2 ′F + x1 ′S + x2 ′T + η,

c =
1
2
x2

1 ′F + 1
2
x1 ′x2 ′(B + E) + x1 ′U + x2 ′V + γ.
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Now, we consider the non-degenerate 2-plane π2 = 〈{∂1 + λ∂2, ∂1 ′}〉. In this case,

f11(π2) = − 1
2
(λF + 2B), f12(π2) = − 1

2
F,

f21(π2) = − 1
4
λ(B + E), f22(π2) = − 1

4
(2λF + B + E),

from where det(F(π2)) =
1
4
λ2F2 + 1

2
λBF + 1

4
B(B + E). Hence, F = 0 and (4.3)

reduces to

a = x2
1 ′B + x1 ′P + x2 ′Q + ξ,(4.4)

b = x2
2 ′E + x1 ′S + x2 ′T + η,

c =
1
2
x1 ′x2 ′(B + E) + x1 ′U + x2 ′V + γ

with

(4.5) det(F(π2)) =
1
4
B(B + E), Tr(F(π2)2) = B

2 + 1
16

(B + E)2.

Next we work with the non-degenerate 2-plane π3 = 〈{∂1 ′ − ∂2 ′ , ∂2 ′ − ∂1 + ∂2}〉,
for which

f11(π3) = − 1
8
(5B + E), f12(π3) = f21(π3) =

1
8
(B + E), f22(π3) = − 1

8
(B + 5E)

and therefore

(4.6) det(F(π3)) =
1

16
(B2 + E

2 + 6BE), Tr(F(π3)2) =
1

16
(7B

2 + 7E
2 + 6BE).

Comparing (4.5) and (4.6), we conclude that E = B. Hence, det(F(π3)) =
1
2
B2,

which implies B = κ, and thus (4.4) transforms into

a = x2
1 ′κ + x1 ′P + x2 ′Q + ξ,(4.7)

b = x2
2 ′κ + x1 ′S + x2 ′T + η,

c = x1 ′x2 ′κ + x1 ′U + x2 ′V + γ.

In the last step, we will show that κ = 0. To do this, take the non-degenerate 2-plane

π4 = 〈{∂2 − c∂1 ′ − 1+b
2

∂2 ′ , ∂1 + 1−a
2

∂1 ′}〉. A long but straightforward calculation

shows that

f11(π4) = − 1
4
(x1 ′x2 ′3κ2 + (x1 ′U + x2 ′V )3κ + QS −UV + 4κγ − 2P2 + 2U1),

f12(π4) = − 1
4
(κ + κη + S(V − P) − TU + U 2 + 2S1 − 2U2),

f21(π4) = − 1
4
(κ − κξ + Q(T −U ) + PV −V 2 − 2Q2 + 2V1),

f22(π4) = − 1
4
(x1 ′x2 ′3κ2 + (x1 ′U + x2 ′V )3κ − QS + UV + 2κγ + 2T1 − 2V2),

from where we check that ∂1 ′∂1 ′∂2 ′∂2 ′(det(F(π4))) =
9
4
κ4, which shows that κ = 0.

This reduces (4.7) to

a = x1 ′P + x2 ′Q + ξ, b = x1 ′S + x2 ′T + η, c = x1 ′U + x2 ′V + γ,

and therefore the metric corresponds with a Riemann extension.
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Theorem 4.3 A four-dimensional Ricci flat self-dual Walker metric is necessarily a

Riemann extension.

Proof Assume the Ricci flat metric g is given by (4.1) and (4.2). Then a straightfor-

ward calculation shows that

ρ11 ′ =
1
4
(16x1 ′A + 8x2 ′C + 5B + E), ρ12 ′ = 2x1 ′C + D,

ρ22 ′ =
1
4
(8x1 ′A + 16x2 ′C + B + 5E), ρ21 ′ = 2x2 ′A + F,

and therefore all the calligraphic letters vanish in (4.2), showing the result.

Remark 4.4 Ricci flat self-dual Walker metrics have been investigated in [9], show-

ing that they correspond to Riemann extensions of torsion-free connections with

skew-symmetric Ricci tensor (see also [4, 17]).

On the other hand, Walker metrics with nilpotent Ricci operator are not necessar-

ily Riemann extensions. For instance, a Walker metric of the type

a = 0, b = x1 ′x2 ′A(x1, x2), c =
1
2
x2

1 ′A(x1, x2),

has two-step nilpotent Ricci operator and it does not correspond to a Riemann ex-

tension.

5 Affine Surfaces with Nilpotent Skew-symmetric Curvature
Operator

The curvature of an affine surface is encoded by its Ricci tensor. Hence, it is nat-

ural to investigate affine surfaces whose Ricci tensor shares some kind of pseudo-

Riemannian property (i.e., it is symmetric). In such a case (equiaffine geometry),

the Ricci tensor defines a pseudo-Riemannian metric whenever it is non-degenerate

and thus a special situation occurs for those affine connections whose Ricci tensor is

symmetric and degenerate. This is our case of study.

Theorem 5.1 Let (Σ, D) be an affine surface. Then (Σ, D) is affine IP if and only if

the Ricci tensor is symmetric and degenerate.

Proof Fixing coordinates (x1, x2) and taking a 2-plane π = 〈{X,Y}〉 on Σ, with

X = a1∂1 + a2∂2, Y = b1∂1 + b2∂2, it is easy to check that the skew-symmetric

D-curvature operator R(π) expresses, with respect to the basis {∂1, ∂2}, as

R(π) = (a1b2 − a2b1)

(

−ρ21 −ρ22

ρ11 ρ12

)

,

where ρi j = ρ(∂i , ∂ j). Hence, the characteristic polynomial of R(π) is given by

pλ(R(π)) = λ2 + λ(a1b2 − a2b1)(ρ21 − ρ12) + (a1b2 − a2b1)2 det ρ,

which implies that the skew-symmetric D-curvature operator is nilpotent if and only

if ρ12 = ρ21 and det ρ = 0, showing the result.
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Recall that a tensor field K is said to be recurrent if there exists a 1-form σ such

that DXK = σ(X)K for each vector field X. Further, an affine surface (Σ, D) is said

to be recurrent if its Ricci tensor is recurrent.

Theorem 5.2 Let (Σ, D) be an affine IP surface. Then (Σ, D) is recurrent if and

only if around each point there exists a coordinate system (x1, x2) in which the non-zero

component of D is given by

D∂1
∂1 = a(x1, x2)∂2,

for some function a(x1, x2). Moreover, (Σ, D) is locally symmetric if and only if

a(x1, x2) = α x2 + ξ(x1), with α ∈ R and ξ a smooth function depending on x1 and

(Σ, D) is flat if and only if ∂2a(x1, x2) = 0.

Proof Decomposing ρ = ρs + ρa into the symmetric and the anti-symmetric parts,

Theorem 5.1 implies that (Σ, D) is affine IP if and only if ρa = 0 and det ρs = 0. Now

it follows from [24] that the only possibility for a non-flat recurrent affine surface is

the one in which around each point there exists a coordinate system (x1, x2) with the

non-zero component of D given by

D∂1
∂1 = a(x1, x2)∂2,

with ∂2a(x1, x2) 6= 0. Now, one easily checks that the only non-vanishing compo-

nent of the Ricci tensor is ρ11 = ∂2a(x1, x2), and therefore it follows that the local

symmetry of (Σ, D) is equivalent to a(x1, x2) = α x2 + ξ(x1).

Remark 5.3 Observe that all locally symmetric connections at Theorem 5.2 are

projectively flat.

5.1 Homogeneous Affine Connections

In [18] it is shown that if an affine surface (Σ, D) is locally homogeneous, then either

D is a Levi-Civita connection of constant curvature, or around each point there exists

a coordinate system (x1, x2) and constants a, b, c, d e, f such that D is expressed by

one of the following:

D∂1
∂1 = a∂1 + b∂2, D∂1

∂2 = c∂1 + d∂2, D∂2
∂2 = e∂1 + f ∂2, or(5.1)

D∂1
∂1 =

a
x1

∂1 + b
x1

∂2, D∂1
∂2 =

c
x1

∂1 + d
x1

∂2, D∂2
∂2 =

e
x1

∂1 +
f

x1
∂2.(5.2)

Following the terminology in [18], from now on we refer to the two cases above as

Type A and Type B locally homogeneous affine connections, respectively. Also, recall

that an affine surface (Σ, D) is said to be equiaffine if around each point there exists

a parallel volume 2-form.
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5.1.1 Type A Locally Homogeneous Affine Connections

The Ricci tensor of a Type A locally homogeneous affine surface is given by

ρ11 = −d2 + ad + ( f − c)b,(5.3)

ρ12 = ρ21 = cd − eb,

ρ22 = −c2 + f c + (a − d)e,

which shows that it is symmetric. An immediate consequence of (5.3) is the follow-

ing.

Theorem 5.4 Let (Σ, D) be a Type A locally homogeneous affine surface. Then either

the Ricci tensor defines a flat metric on Σ, or (Σ, D) is affine IP.

A straightforward calculation from (5.3) shows that

1
2
ρ11;1 = −da2 + (d2 − b f + cb)a + (be − cd)b,(5.4)

1
2
ρ11;2 =

1
2
ρ12;1 = −acd + (c2 − f c + de)b,

1
2
ρ12;2 =

1
2
ρ22;1 = bce − (ae + c f − de)d,

1
2
ρ22;2 = f c2 − (de + f 2)c − (a f − be − d f )e,

with ρi j;k = (D∂k
ρ)(∂i , ∂ j).

Proposition 5.5 Any Type A locally homogeneous affine surface is projectively flat.

Proof Note that any Type A locally homogeneous affine surface (Σ, D) is equiaffine

and around each point there exists a coordinate system (x1, x2) such that

ρ22;1 = ρ12;2 = 2(bce − (ae + c f − de)d),

ρ11;2 = ρ12;1 = 2(−acd + (c2 − f c + de)b).

Hence, it follows that (Σ, D) is projectively flat.

Theorem 5.6 Let (Σ, D) be a Type A locally homogeneous affine surface. Then (Σ, D)

is affine IP if and only if it is recurrent.

Proof Assume that a Type A locally homogeneous affine surface (Σ, D) is affine IP,

i.e., the Ricci operator is symmetric and degenerate (see Theorem 5.1). First note that

(5.3) implies that the Ricci tensor ρ is always symmetric, and it is degenerate if and

only if

(5.5) b2e2 −
{

d3 − 2ad2 + (a2 + 3bc − b f )d + ( f − c)ab
}

e

+
{

f d2 + a(c − f )d − b(c − f )2
}

c = 0.
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Next we investigate the solutions of the above equation and, combined with (5.4),

we show that all the cases lead to a recurrent affine connection. Starting with the case

b = 0, (5.5) reduces to

(5.6) d ·
{

ac2 − (a − d) f c − (a − d)2e
}

= 0,

and therefore one of the following cases occurs:

(A.1) d = 0 and, in such a case, Dρ = ω ⊗ ρ, with ω = (−2 f )dx2.

(A.2) d 6= 0 and a = 0. In this case, e = d−1c f and Dρ = 0.

(A.3) d 6= 0 6= a. Hence, (5.6) gives

ac2 − (a − d) f c − (a − d)2e = 0

and therefore c = (2a)−1(a − d)( f + ε( f 2 + 4ae)
1
2 ), with ε ∈ {−1, 1} (c being

real). Hence, if d = a, Dρ = 0 is obtained, while for d 6= a a straightforward

calculation shows that Dρ = ω⊗ρ, with ω = (−2a)dx1−( f +ε( f 2+4ae)
1
2 )dx2.

Now, for b 6= 0, viewing (5.5) as a quadratic equation for e we have the following

last case:

(A.4) Note that, in this case,

e =
1

2b2

{

d3 − 2ad2 + (a2 + 3bc − b f )d + ( f − c)ab + ε(d2 − ad + (c − f )b)ζ
1
2

}

,

with ζ = (a − d)2 + 4bc and ε ∈ {−1, 1} (e being real). Now, a long but straight-

forward calculation shows that if c = b−1(−d2 +ad+b f ), then Dρ = 0 is obtained.

Otherwise, Dρ = ω ⊗ ρ, with

ω = (−a − d − εζ
1
2 )dx1 + b−1(−d2 + ad − 2bc − εdζ

1
2 )dx2.

So, in any case, any Type A locally homogeneous affine IP connection is recurrent.

Conversely, a recurrent Type A locally homogeneous affine connection has nilpo-

tent skew-symmetric D-curvature operator, since

det ρ = − 1
2
e(ρ11;1 − ω1ρ11) + 1

2
(c − f )(ρ12;1 − ω1ρ12) + 1

2
d(ρ22;1 − ω1ρ22),

where Dρ = ω ⊗ ρ, with ω = ω1dx1 + ω2dx2.

Remark 5.7 Type A locally homogeneous affine connections need not be recurrent,

as it can be easily checked in (5.1) by considering b = c = 0. In such a case, ρ12 = 0,

but ρ12;2 = 2de(d − a), which shows that the connection is not recurrent in general.
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5.1.2 Type B Locally Homogeneous Affine Connections

A direct calculation shows that the Ricci tensor of a Type B locally homogeneous

affine surface is given by

ρ11 =
1
x2

1
{(a − d + 1)d + ( f − c)b},(5.7)

ρ12 =
1
x2

1
{cd − be + f },

ρ21 =
1
x2

1
{cd − be − c},

ρ22 =
1
x2

1
{(a − d − 1)e + ( f − c)c}.

Note that a Type B locally homogeneous affine connection need not be equiaffine.

Indeed, the equiaffine condition is equivalent to f = −c.

Theorem 5.8 Let (Σ, D) be an equiaffine Type B locally homogeneous affine surface.

Then, either the Ricci tensor defines a metric of constant Gauss curvature on Σ, or oth-

erwise (Σ, D) is affine IP.

Proof A straightforward calculation shows that if the Ricci tensor defines a metric

on Σ, then its Gauss curvature satisfies

K =
−1
x2

1

ρ22

det(ρ)

=
2c2 + e(d − a + 1)

4bc3 + (d2 − 2ad − 1)c2 + 2(2d − a)bec + e
(

((a − d)2 − 1)d − b2e
) ,

from where the result follows.

Next we show that, contrary to the Type A case, Type B locally homogeneous affine

surfaces are not projectively flat in general.

Theorem 5.9 Let (Σ, D) be a Type B locally homogeneous affine surface. If (Σ, D)

is projectively flat, then around each point there exists a coordinate system (x1, x2) such

that D is expressed by one of the following:

(i) e = f = c = 0, or

(ii) e 6= 0, f = −c, a =
3c2+2de+e

e
, b =

−c3−ce
e2 .

Proof From (5.7) we determine the covariant derivative of the Ricci tensor of an

equiaffine Type B locally homogeneous affine connection, which satisfies

x3
1

2
ρ11;1 = (a + 1)(d − a − 1)d + (2a − d + 3)bc + b2e,(5.8)

x3
1

2
ρ11;2 = 2bc2 − adc + bde,

x3
1ρ12;1 = (a + 4bc − 2(a + 1)d + 2)c + (2d + 3)be,

x3
1

2
ρ12;2 = c2d + bec + (d − a)de,

x3
1

2
ρ22;1 = (d + 1)(d − a + 1)e + (d + 3)c2 + bce,

x3
1

2
ρ22;2 = −2c3 + be2 + (a − 2d)ce,
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with ρi j;k = (D∂k
ρ)(∂i , ∂ j).

Now, recall that (Σ, D) is projectively flat if and only if (T∗
Σ, gD) is locally confor-

mally flat, which is equivalent to the vanishing of its Weyl conformal curvature ten-

sor, W . It follows that if a Type B locally homogeneous affine surface is projectively

flat, then its Ricci tensor ρ is necessarily symmetric, since W (∂1, ∂2, ∂1, ∂1 ′) =
c+ f

2x2
1

,

which shows that f = −c, which is exactly the necessary and sufficient condition for

ρ to be symmetric. Assuming this condition, f = −c, (5.8) implies that (Σ, D) is

projectively flat if and only if

ρ21;1 − ρ11;2 =
c(a − 2d + 2) + 3be

x3
1

= 0,

ρ22;1 − ρ12;2 =
2(3c2 − ae + 2de + e)

x3
1

= 0.

Finally, (i) and (ii) are obtained solving the previous equations.

In the last part of this subsection we classify Type B locally homogeneous affine

surfaces with nilpotent skew-symmetric D-curvature operator. Contrary to the

Type A case, the next result shows that those surfaces need not be recurrent in gen-

eral.

Theorem 5.10 Let (Σ, D) be a Type B locally homogeneous affine surface. Then

(Σ, D) is affine IP if and only if either (Σ, D) is recurrent, or otherwise around each

point there exists a coordinate system (x1, x2) in which D is expressed by

D∂1
∂1 =

a
x1

∂1 + b
x1

∂2, D∂1
∂2 =

c
x1

∂1 + d
x1

∂2, D∂2
∂2 =

e
x1

∂1 − c
x1

∂2,

for real constants a, b, c, d, and e satisfying one of the following:

(i) b = 0 and

(i.1) d 6= 0, e = 0, c 6= 0, a =
d2−1

2d
, or

(i.2) d · e 6= 0, c = 0, a = d ± 1, or

(i.3) d ·e 6= 0, c 6= 0, e 6= − c2

d
, a =

d(c2+de)±ζ
1
2

de
, with ζ = d(c2d+e)(c2 +de) ≥ 0,

or

(ii) b 6= 0 and

(ii.1) d = 0, c 6= 0, e =
−abc±(b2c2(a2+4bc−1))

1
2

b2 , with a2 + 4bc − 1 ≥ 0, or

(ii.2) d 6= 0, a 6= ±(d − 1), c =
(a−d+1)d

2b
, e =

(a−d+1)(d−1)d
2b2 , or

(ii.3) d 6= 0, c /∈ {0, ad
b
, (a−d+1)d

2b
}, e =

((d−a)2+4bc−1)d−2abc±ζ
1
2

2b2 , with ζ = ((d −
a + 1)d + 2bc)((d − a − 1)d + 2bc)((d − a)2 + 4bc − 1) ≥ 0, or

(ii.4) d 6= 0, c = 0, a 6= d − 1, e =
d3−2ad2+(a2−1)d±|d||(a−d)2−1|

2b2 6= 0, or

(ii.5) d 6= 0, c =
ad
b

, a 6= 1 − d, e =
d3+2ad2−(a2+1)d±|d||(a+d)2−1|

2b2 6= − a2d
b2 .

Proof First, using (5.7), we get that ρ is symmetric if and only if f = −c, which we
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assume from now on, and hence ρ is degenerate if and only if

(5.9) b2e2 −
{

d3 − 2ad2 + (a2 + 4bc − 1)d − 2abc
}

e

−
{

d2 − 2ad + 4bc − 1
}

c2
= 0.

Next we analyze the solutions of this equation proceeding as in Theorem 5.6 and

using (5.8). First, if b = 0, equation (5.9) reduces to

(5.10) dea2 − 2d(c2 + de)a + (d2 − 1)(c2 + de) = 0,

so we have the following possible cases:

(B.1) d = 0. In such a case, c = 0, and it follows that Dρ = ω⊗ρ, with ω = − 2
x1

dx1.

(B.2) d 6= 0, e = 0, c = 0. In this case, Dρ = ω ⊗ ρ, with ω = − 2+2a
x1

dx1.

(B.3) d 6= 0, e = 0, c 6= 0. For this case, necessarily a = (2d)−1(d2 − 1), and

it follows that the affine connection is never recurrent (case (i.1)). Indeed,

writing Dρ = ω ⊗ ρ, with ω = ω1dx1 + ω2dx2, first we get

ρ22;2 − ω2ρ22 =
2c2(x1ω2 − 2c)

x3
1

,

so ω2 =
2c
x1

and, under this condition, ρ12;2 − ω2ρ12 =
2c2

x3
1

, which does not

vanish.

(B.4) d 6= 0 6= e. Note that for d 6= 0 6= e, (5.10) can be viewed as a quadratic

equation for a; therefore, a = (de)−1(d(c2 + de) + εζ
1
2 ), with ε ∈ {−1, 1}

and ζ = d(c2d + e)(c2 + de) ≥ 0. Now, a straightforward calculation shows

that if such an affine connection is not recurrent, then case (i.2) or (i.3) holds.

Indeed, write Dρ = ω ⊗ ρ, with ω = ω1dx1 + ω2dx2. Taking c = 0, we see that

ζ = d2e2 ≥ 0 always holds, while a = d ± 1, and we compute ρ12;2 − ω2ρ12 =

−2ε|d||e|
x3

1
, which is always not null (case (i.2)). Now, for c 6= 0, we get

x3
1(ρ12;1 − ω1ρ12) =

c3d(1 − 2d) − cde(2d2 + d − 2) − εc(2d − 1)ζ
1
2

de
(5.11)

− c(d − 1)x1ω1,

x3
1(ρ12;2 − ω2ρ12) = −2εζ

1
2 − c(d − 1)x1ω2.

For d = 1, the second expression above reduces to ρ12;2 − ω2ρ12 =
−2ε|c2+e|

x3
1

;

hence, if e 6= −c2, the affine connection is not recurrent (case (i.3) with d = 1),

while for e = −c2, one checks that Dρ = 0. Now, for d 6= 1, ω1 and ω2 are

determined by (5.11), and we get

dx3
1(ρ22;1 − ω1ρ22) = c2 + de − εζ

1
2 ,

1
2
c(d − 1)ex3

1(ρ11;2 − ω2ρ11) = (c2 + de)(d(c2 + e) + εζ
1
2 ),

1
2
c(d − 1)dx3

1(ρ22;2 − ω2ρ22) = (c2 + de)(d(c2 + e) − εζ
1
2 ).
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Note that the three expressions above do not vanish simultaneously for

e 6= − c2

d
and hence, in such a case the affine connection is not recurrent (case

(i.3) with d 6= 1); for e = − c2

d
we have ω = − 2

x1
dx1 and a straightforward

calculation shows that Dρ = ω ⊗ ρ holds.

Finally, for b 6= 0, we have the following last case:

(B.5) Viewing (5.9) as a quadratic equation for e we can clear e up. More precisely,

e =
1

2b2

{

((d − a)2 + 4bc − 1)d − 2abc + εζ
1
2

}

,

with ζ = ((d − a + 1)d + 2bc)((d − a− 1)d + 2bc)((d − a)2 + 4bc − 1) ≥ 0 and

ε ∈ {−1, 1}. Write Dρ = ω ⊗ ρ, with ω = ω1dx1 + ω2dx2. First, for d = 0, we

have
1

2b
x3

1(ρ11;2 − ω2ρ11) = c(2c + x1ω2).

Hence, for c 6= 0, it follows that ω2 = −2c/x1 and, under this condition, we get

ρ12;2 − ω2ρ12 = −2c2/x3
1, which does not vanish (case (ii.1)); in case of c = 0,

Dρ = 0 is obtained.

Finally, we examine the case d 6= 0. In this case, we compute

x3
1(ρ11;1 − ω1ρ11) = (a + d + 3)((d − a − 1)d + 2bc) + εζ

1
2

+ ((d − a − 1)d + 2bc)x1ω1,

x3
1(ρ11;2 − ω2ρ11) = b−1

{

((d − a − 1)d + 2bc)((d − a + 1)d + 2bc) + dεζ
1
2

}

+ ((d − a − 1)d + 2bc)x1ω2.

Now, if (d − a − 1)d + 2bc = 0, i.e, c =
(a−d+1)d

2b
, the expressions above vanish

and, moreover,

ρ12;1 − ω1ρ12 =
(a2 − (d − 1)2)d

2bx3
1

.

It follows that for a 6= ±(d − 1), the affine connection is not recurrent (case

(ii.2)), while for a = ±(d − 1), we get Dρ = 0. On the other hand, if c 6=
(a−d+1)d

2b
, then ω1 and ω2 are determined by the expressions above and a very

long but straightforward calculation leads to

2b−1d(ρ12;1 − ω1ρ12) − (ρ12;2 − ω2ρ12) =
2c(bc − ad)

bx3
1

.

Therefore, if c(bc − ad) 6= 0, then the affine connection is not recurrent (case

(ii.3)). If c = 0, then c 6= (a−d+1)d
2b

means a 6= d − 1 and Dρ = ω ⊗ ρ if and

only if e = 0 (case (ii.4)). If bc − ad = 0, then c 6= (a−d+1)d
2b

means a 6= 1 − d,

and Dρ = ω ⊗ ρ if and only if e = − a2d
b2 (case (ii.5)).
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Remark 5.11 Projectively flat Type B locally homogeneous connections are deter-

mined in Theorem 5.9 as follows:

(i) e = f = c = 0, or

(ii) e 6= 0, f = −c, a =
3c2+2de+e

e
, b =

−c3−ce
e2 .

Note that, in case (i), the Ricci tensor is always degenerate and connections are recur-

rent (Theorem 5.10). In case (ii) with c = 0, the Ricci tensor is degenerate for d = 0

or d = −2; d = 0 implies that the connection is flat, while for d = −2, the connec-

tion is not recurrent (Theorem 5.10(i.2)). Next, we analyze case (ii) with c 6= 0. In

this case, the Ricci tensor is degenerate if and only if d = −c2/e or d = −c2/e − 2.

For d = −c2/e the connection is flat. If d = −c2/e − 2 and b = 0 we have the condi-

tions a = −4, b = 0, c 6= 0, d = −1 and e = −c2 6= 0, so Theorem 5.10(i.3) holds,

and the connection is not recurrent. Finally, if d = − c2

e
− 2 and b 6= 0, a long but

straightforward calculation shows that, for d = 0, Theorem 5.10(ii.1) holds, while

for d 6= 0, (ii.5) or (ii.3) in Theorem 5.10 holds, depending on whether c equals ad
b

or not; in any case, again the connection is not recurrent.

5.1.3 Non-equivalent Locally Homogeneous Affine Connections

As an application of previous results, we answer a question posed by O. Kowalski

on whether or not types A and B are affinely inequivalent classes, by showing that

non-flat types A and B are completely inequivalent except the case corresponding to

(5.12) D∂1
∂1 =

1

x1

(a∂1 + b∂2), D∂1
∂2 =

1

x1

d∂2, D∂2
∂2 = 0.

First of all, recall that any Type A locally homogeneous affine connection is pro-

jectively flat (cf. Proposition 5.5). Moreover, the Ricci tensor is always symmetric

and defines a flat metric on the surface or, otherwise it is degenerate (cf. Theorem

5.4). Further note that in the later case, the Ricci tensor is always recurrent as shown

in Theorem 5.6.

In what follows, we use the properties above to study, and distinguish when pos-

sible, types A and B. Observe that projectively flat Type B locally homogeneous con-

nections are listed in Theorem 5.9 as follows:

(i) e = f = c = 0, or

(ii) e 6= 0, f = −c, a =
3c2+2de+e

e
, b =

−c3−ce
e2 .

In case (ii), if the Ricci tensor is non-degenerate, then it defines a metric of non-

zero curvature. Moreover, if the Ricci tensor is degenerate and the connection is

supposed to be non-flat, then Remark 5.11 shows that such a connection is not both

projectively flat and recurrent, and hence they cannot be affinely equivalent to any

Type A connection.

Next we show that (i) is affinely equivalent to a Type A connection. In doing so,

we recall the discussion at [2,18]. Any Type A locally homogeneous affine connection

admits a pair of linearly independent affine-Killing vector fields such that [X,Y ] =

0 (just put X = ∂1, Y = ∂2). Conversely, if there exist two linearly independent

commuting affine-Killing vector fields X, Y , then there is a local coordinate system
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(x1, x2) such that X = ∂1, Y = ∂2 and all the Christoffel symbols of the connection

are constant (i.e., of Type A).

A vector field X = A(x1, x2)∂1 + B(x1, x2)∂2 on the coordinate domain U(x1, x2)

of a connection (i) is affine-Killing (i.e., [X, DY Z] − DY [X, Z] − D[X,Y ]Z = 0 for all

vector fields Y , Z) if and only if (cf. [18, Equation (6)])

A11 +
a

x1

A1 −
b

x1

A2 −
a

x2
1

A = 0, A12 +
a − d

x1

A2 = 0, A22 = 0,

B11 +
2b

x1

A1 +
2d − a

x1

B1 −
b

x1

B2 −
b

x2
1

A = 0,

B12 +
d

x1

A1 +
b

x1

A2 −
d

x2
1

A = 0, B22 +
2d

x1

A2 = 0.

Now, a direct calculation shows that

X = x1∂2, Y = x1∂1 + (x1 + x2)∂2, a − 2d = 0,

and

X = ∂2, Y = x1∂1 +
b

a − 2d
x1∂2, a − 2d 6= 0,

are linearly independent, commuting, affine-Killing vector fields, and hence the con-

nection is of Type A.

5.1.4 Recurrent and Projectively Flat Affine Connections with Degenerate
Ricci Tensor

Observe from Theorems 5.9 and 5.10 that locally homogeneous connections given by

(5.12) are projectively flat and recurrent with symmetric and degenerate Ricci tensor.

However, not every projectively flat and recurrent locally homogeneous affine con-

nection with symmetric and degenerate Ricci tensor is necessarily of Type B. In what

follows, we complete the analysis above by giving a complete description of all locally

homogeneous projectively flat and recurrent affine connections with symmetric and

degenerate Ricci tensor.

Theorem 5.12 Let (Σ, D) be an affine surface with symmetric and degenerate Ricci

tensor, which is recurrent and projectively flat. Then (Σ, D) is locally homogeneous if

and only if around each point there exists a coordinate system (x1, x2) in which the non-

zero component of D is given by

(5.13) D∂1
∂1 = x2

µ

(α + κx1)2
∂2,

for some constants µ, α, and κ. Moreover, any such a connection is locally homogeneous

of Type A, and it is also of Type B if and only if κ2 − 4µ ≥ 0.
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Proof It follows from Theorem 5.2 that a recurrent affine connection with symmet-

ric and degenerate Ricci tensor expresses, in suitable coordinates (x1, x2), as

(5.14) D∂1
∂1 = a(x1, x2)∂2,

for some function a(x1, x2). Now, a straightforward calculation shows that (5.14)

is projectively flat if and only if a(x1, x2) = x2θ(x1) + γ(x1), for some functions θ
and γ. Note that we may assume, without loss of generality, that γ(x1) ≡ 0, just by

using the equivalence theorem at [16, Theorem 7.2] since both the Ricci tensor and

its covariant derivatives are independent of γ.

Next, a vector field X = A(x1, x2)∂1 + B(x1, x2)∂2 is affine-Killing if and only if

A12 = 0, A22 = 0, B22 = 0,(5.15)

A11 − x2θ(x1)A2 = 0, B12 + x2θ(x1)A2 = 0,

B11 + 2x2θ(x1)A1 − x2θ(x1)B2 + x2θ
′(x1)A + θ(x1)B = 0.

We start by showing that the connection must be of the form (5.13). Integration of

the above equations shows that any affine-Killing vector field must be of the form

X(x1, x2) = (x1κ + α)∂1 + (x2β + b(x1))∂2

for some constants κ, α, β and a function b(x1) which is a solution of

(5.16) b ′ ′(x1) + b(x1)θ(x1) + 2x2κθ(x1) + x2(α + x1κ)θ ′(x1) = 0.

Now, taking the derivative in (5.16) with respect to x2, we obtain

(x1κ + α)θ ′(x1) + 2κθ(x1) = 0,

which shows that

θ(x1) =
µ

(x1κ + α)2

for some constants µ, κ and α, where κ and α are not simultaneously zero, thus

showing (5.13). Note that for κ = α = 0 any affine-Killing vector field must be of the

form X(x1, x2) = (x2β + b(x1))∂2, and hence there are no two-linearly independent

affine-Killing vector fields, in contradiction with local homogeneity.

In what follows, take a connection given by (5.13). Observe that such a connection

is of Type A, since a direct calculation shows that

X(x1, x2) = (x1κ + α)∂1, Y (x1, x2) = x2∂2

are linearly independent commuting affine-Killing vector fields.

Finally, we will show that a connection (5.13) is of Type B if and only if

κ2 − 4µ ≥ 0. From (5.15), and proceeding as above, an affine-Killing vector field

must be of the form

X(x1, x2) = (x1λ + ν)∂1 + (x2β + b(x1))∂2
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for constants λ, ν, and β, and a function b(x1), such that

λα − νκ = 0, µb(x1) + (x1κ + α)2b ′ ′(x1) = 0.

As a consequence, assuming κ 6= 0 in (5.13), if two affine-Killing vector fields X, Y

satisfy [X,Y ] = X, then

X(x1, x2) = C(x1κ + α)
β−1

λ ∂2,

Y (x1, x2) = λ(x1 +
α

κ
)∂1 + (x2β + b(x1))∂2

for some constants C , λ, β and some function b(x1), such that

(5.17) (β − 1)κ2(β − λ − 1) + λ2µ = 0, µb(x1) + (x1κ + α)2b ′ ′(x1) = 0.

Moreover, the first equation in (5.17) has real solutions if and only if κ2 − 4µ ≥ 0. In

this case, a choice of X and Y as follows

X(x1, x2) = (x1κ + α)
κ−

√
κ2−4µ

2κ ∂2,

Y (x1, x2) = (x1κ + α)∂1 + x2

(

1 +
κ −

√

κ2 − 4µ

2

)

∂2,

shows that D is locally homogeneous of Type B.

Next, put κ = 0 in (5.13). If two affine-Killing vector fields X, Y satisfy [X,Y ] = X,

then

X(x1, x2) = Ce
x1(β−1)

ν ∂2,

Y (x1, x2) = ν∂1 + (x2β + b(x1))∂2

for some constants C , ν, β and some function b(x1) such that

(5.18) α2(β − 1)2 + ν2µ = 0, µb(x1) + α2b ′ ′(x1) = 0.

Now, the first equation in (5.18) has real solutions if and only if µ ≤ 0. Moreover, in

such a case,

X(x1, x2) = e−
x1

√
−µ

α ∂2,

Y (x1, x2) = α∂1 + x2(1 −√−µ)∂2

are affine-Killing vector fields, with [X,Y ] = X, which finishes the proof.

Remark 5.13 A connection (5.13) is flat if and only if µ = 0 and locally symmetric

if and only if κ = 0. Hence, a projectively flat locally symmetric connection with

symmetric and degenerate Ricci tensor is of Type B if and only if the only non-zero

Christoffel symbol is Γ
2
11 = Kx2, with K ≤ 0.
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