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A SINGULAR INTEGRAL ON L*(R")

DASHAN FAN

ABSTRACT.  We consider a convolution singular integral operator Tf} associated to
a kernel K(x) = b(x)Q(x)|x| ™", and prove that if b € L*°(R") is a radial function and
Q € H(Z,_) with mean zero condition (1), then Tiz is a bounded linear operator in the
space L2(R").

Let R” be the n-dimensional real Euclidean space. The unit ball B, is the set {z €
R",|z| < 1}, and the unit sphere Z,_, is the boundary of B,. Let do(x’) be the element
of Lebesgue measure on X, _; so that the measure of £,_; is 1. Let L”(R") and L (Z,—))
be the spaces of Lebesgue LP-integrable functions on R" and %,,_;, respectively. Besides
considering these L? spaces, we are also interested in the Hardy spaces on both R” and
DI

The Poisson kernel P,(x) on R” is defined by

P(x) = Cut( + x|~V ¢, =T((n+1)/2)n"/2,
For any f € s'(R"), we define the radial maximal function P*f by

P'f(x) = sup|P; * f(x)],
>0

where s'(R") is the space of Schwartz distributions on R".

The Hardy space H(R") is the linear space of distributions f with the finite norm
W llawny = |P*fllr@s < 00. More details about the Hardy space on R” can be found in
[8].

The Poisson kernel on %, is defined by

Py(x)=(1—=7r)/|ry =",

where 0 < r < land x',y’ € X,_;. Forany f € s'(X,_1), we define the radial maximal
function P*f(x') by

Pe) = sup | [ 6P dot).
0<r<1YZn1

where §'(Z,_) is the space of Schwartz distributions on X,,_;. The Hardy space H(Z,_)

is the linear space of distributions f € s'(Z,—;) with the finite norm ||f||ps, ) =

IP*fll,.,) < oo. Various properties of Hardy space on Z,_; were studied in [5]. In

particular, a well-known resultis L'(Z,_1) D H(Z,_1) D LY(Z,_;) for any g > 1.
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Suppose €2 is a homogeneous function of degree zero and satisfies
1 Q') do(x') = 0.
) J QW) dot)
Let b be a bounded and radial function. We define a kernel K by
@) K(x) = b)Q(x)[x| ™"

and consider the singular integral (T3})(x) = p.v.(K * f)(x). This operator was first
studied by Calderén and Zygmund in their pioneer papers [1] and [2] for the case b(x) =
1. in [2], Calderén and Zygmund proved that if b(x) = 1 and Q satisfies (1), then this
operator T? is I’(R") (1 < p < 00) bounded provided Q € LY(Z,_,) for some ¢ >
1. Coifman and Weiss [4] improved Calderén and Zygmund’s result under a weaker
condition Q € H(Z, ).

In [6], R. Fefferman generalized this singular operator by considering any L* function
b. In this Ph.D. thesis, (see [3]) K. Chen proved that Tf is a linear bounded operator in
the space LP(R") (n > 2,1 < p < o0) if Q € LI(Z,_) for some ¢ > 1 and satisfies
the condition (1). The first step of Chen’s proof is to prove the L? boundedness of T5%;
then the L? result follows by an interpolation argument. Recently, Jian and Lu (see [7],
p. 140) improved Chen’s L? result by using a weaker assumption on €. They proved that
if Q satisfies the mean zero condition (1) and € is in the block space B,(Z,_1), then T,‘}
is a bounded operator in L2(R") (n > 2).

Comparing the early result [4] of Coifman and Weiss, we find a more natural condition
on £ should be Q € H(X,_;). The following theorem then is the main purpose of this
short note.

THEOREM. Suppose that Q is a homogeneous function of degree zero, and satisfies
(1). If b is a bounded radial function and Q € H(Z,_1), n > 2, then the operator TIS} is
bounded in L>(R") and its operator norm is bounded by C||b|| ||| u,_,), where Cis a
constant independent of function b(x) and (x).

PROOFE. By the Plancherel theorem, we need only to prove that

3) 1Kl < ClIBllool| Q|-
In fact, 1
KGOl < Cllblloo [)| L Q€€ 1) do()|r" ar
(o e] sl ol gl
+Cb]|oo /1 | /2 y Q") do(e|r ! dr.

It is easy to see that the first term above is bounded by ||]|0|| ||y < C||b]|0ol|€2]| - Thus
now we only have to prove that

(4) /1' l/z"_‘ Q({/)eit(x',ﬁ’) dU(gl) t-l dt S CHQ”H(}:"_l).
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In order to prove (4), we need introduce the atomic decomposition of H(Z,_;). An ex-
ceptional atom is an L* function a(x) satisfying ||a|lcc < 1. A (1,00) atom is an L™
function a(x) which satisfies
(i) supp(a) C {x’' € Z,_1,|x — x}| < p for some x;, € X, and p > 0},

(i) f, , a(€)do(€) =0,

(iii) [|alloo < p7*.
By [5], we know that any Q € H(Z,—;) has an atomic decomposition Q(¢') = ¥ \ja;(§),
where the g;’s are either exceptional atoms or (1,00) atoms and ¥ |)j| < C||Q||ue, ,)-
Therefore it remains to prove that for all atoms a(¢”),

(5) Lo) = /lm ’ fz a(€)e™€) do(eh|r dr < €

with a constant C independent of a(¢’) and X' € X, ;. We will prove (5) in the two
different cases n > 2 and n = 2, respectively.

CASE n > 2. If ais exceptional, by [3], we have ||L;||c < C||a|l2 < C. Suppose a
is a (1, 00) atom; without loss of generality, we may assume that supp(a) is contained in
the ball B(1, p), where 1 = (1,0,...,0). By a rotation we also can assume x' = 1. Under
these assumptions, we let

5, = (S,§],£2,...,§,,).

Then
N < —1| g
L,(x)<C /0 1 F@)| dt,

where F(s) = (1—s2)"3/2x _y 1)(s) s, , a(s, (1—s»)'/%y') do(y') and F(7) is the Fourier
transform of F(s). Now we easily see that [z F(s)ds = 0 and supp(F) C (1 — p, 1).
Furthermore, we have ||Fl|o < ||al|oo f5,_,rBa,) d0(") < Cp~'. These imply that, up

to a constant independent of atom a(£’), F is a (1, 00) atom on R. Thus using the Hardy
inequality (see [8]), we obtain that L,(x") < C. Thus the case n > 2 of (5) is now proved.

CASEn = 2. Inthiscase X; = T, the one-dimension torus. We will first prove (5) for
any (1,00) atom a(f). As before, we may assume that supp(a) C (—p, p). Let X' = e
then

Lo) = { /:j + /lpfz}f" [ "ﬂ a(a)e"“"s("—‘“d()‘ dt < J, + 1.

We will only estimate J; and J, for the case cos  # 0; the estimate of the case cos « = 0
is easier than the prior case.

52
J = /l l_l

p~2cos a

us . o s .
/ a(g)ettcos OCoszxeztsm fsina de\ dt
—T

t—l /-7r a(g)eit(cow—l)eittanasinGdg’dt
—T

cosa

S p~2cosa t_l ‘/W a(g)eixtan asin @ dgi dt

cosa

072
+/0 [W|a(0)(cose— 1)|d6dt =1 +1I.
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It is easy to see that Il < C.

-2
p 2 cos
1< !

— Jeosa

<[Tr ] JO% d0| dt
-2

+/p cosaltanal/j |a(8)(sinf — 0)| d0 dt

0S8 (X

‘/ﬂ a(g)eittana(sin9~0)eittana0 46| dt
—

< (1 + /0 > ;a’(?)|t—‘dt) < C (by the Hardy inequality).

Next we estimate

n=[" t_1’ I a(0+a)eitc°sgd0‘dt.
p- -
By Holder’s inequality, we have
Ji < 2p%1 /°° /"+/0 0+ e o' ar e
1> 4p 2o _“a a)e

<20M9Jy +J12), where 1 <p=gq/(g—1) <3/2.

We will only estimate the above term

Jl,1=(/::)

the estimate of Jj ; is exactly same. After change variable u = cos 6, we know that

11,1=(/::

Thus by the Hausdorff- Young inequality, we have

T ) 1/
/0 a(0 + or)ecos? d9|q dt) q;

1 . a N1/
f a(o+cos ™ u)(1 — u?)~1/2¢im du‘ dt) q.
cos p

1/p
I < ([ xeosp®latec+ cos™ i1 =) 2P dr)

< p_l( (1— tz)‘l’/zdt)l/p < p_'(/oﬂ | Sin'_p(9)|d9>l/p

S p_zpz/p = p_2/q‘

cosp

This shows that J; < C. Therefore we complete the proof of (5) for any (1, 00) atom.
Finally we need to prove (5) for an exceptional atom a(f). But this case easily follows
by mimicking the estimate of J; in the above argument. Now the theorem is proved.
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