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PROJECTIVE APPROXIMATIONS

K. VARADARAJAN

Introduction. Let R be an associative ring with 1 # 0. Throughout we
will be considering unitary left R-modules. Given a chain complex C over
R, a free approximation of C is defined to be a free chain complex F over
R together with an epimorphism 7:F — C of chain complexes with the
property that H(r):H(F) ~ H(C). In Chapter 5, Section 2 of [3] it is
proved that any chain complex C over Z has a free approximation 7:£ —
C. Moreover given a free approximation 7:F — C of C and any chain
map f:F’ — C with F’ a free chain complex over Z, there exists a chain
map ¢:F’ — F with 71 0 ¢ = f. Any two chain maps ¢, ¢ of F’ in F with
70 ¢ = 7oy are chain homotopic. The proof given in [3, pp. 225-226] is
valid word for word when Z is replaced by a principal ideal domain R. A
projective approximation of C could be defined as a projective complex C
together with an epimorphism 7:P — C with H(r):H(P) ~ H(C).
Observing that any submodule of a projective module is projective
whenever R is a Hereditary ring, the proof on pages 225-226 of [3] yields
the result that any chain complex C over a Hereditary ring admits a
projective approximation 7: P — C. Moreover, given a chain map f:P’ — C
with P’ projective, there exists a lift g:P’ — P of f(i.e, 709 =f). lf ¢, ¢
are any two lifts of f then ¢ and ¢ are chain homotopic. In [2] A. Dold
proves the existence of a projective approximation 7:P — C of C under
any one of the following conditions:

(1) R is an arbitrary ring and C is a positive chain complex over R.

(2) R is a ring of finite global dimension and C is an arbitrary chain
complex over R. Actually he deduces this from a decomposition result
(Hilfssatz 3.7 in [2] ) which asserts the following: Let /2P’ — C be a chain
map with P’ projective. Assume either P’ and C are both positive or that R
has finite global dimension. Then there exists a factorization /' = g o i
where i: P’ — P is an injective chain map with P/i(P’) projective (hence P
also projective) and g:P — C an epimorphism with H(g):H(P) ~ H(C).
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In case P’ and C are positive, P could be chosen to be positive. His proof
uses techniques from double complexes.

Given a projective approximation 7:P — C of C and a chain map f:P" —
C with P’ projective, questions about the existence of a lift ¢:P" — P of f

and homotopy uniqueness of lifts are not dealt with in [2]. Under one of
the restrictions that either the chain complexes to be considered should all
be positive or the ring R has to have finite global dimension Dold states
the following result (Korollar 3.2 in [2]). Let [X, Y] denote the additive
group of chain homotopy classes of chain maps from X to Y, where X, Y
are chain complexes over R. Let ¢:X — Y be a chain map with H (¢): H(X)
~ H(Y) and P a projective chain complex over R. Then the map [f] — [¢
o f] yields an isomorphism [P, X] — [P, Y]. This is again deduced as a
consequence of Satz 3.1 in [2] which itself follows immediately from 4.3,
Chapter XVII of [1]. The proof of this result in [1] depends heavily on
powerful “Hyperhomology” techniques dealing with double complexes
and spectral sequences. As an immediate consequence of Korollar 3.2 of
[2] we see that if :P — C is a projective approximation of C and f:P' — C
is any chain map with P’ projective, then there exists a chain map ¢: P’ —
P with 7 0 ¢ ~ f(~ means chain homotopic). Korollar 3.2 does not imply
the existence of an actual lift of f.

The main results proved in our present paper could be stated as follows.
For any module M we denote the projective dimension of M by h.d M.

THEOREM 1. Let R be any ring and C a chain complex over R. Assume
either that C is positive or that there exists a fixed integer r with h.d H;(C)
= r for all i. Then there exists a projective approximation P ¥e of C. In
case C is positive there exists a free approximation F 5c of C.

THEOREM 2. Let C be a positive chain complex over a ring R and P 5 Ca
positive, projective approximation of C. Let f:P' — C be any chain map with
P’ positive and projective. Then there exists a lift :P" — P of f.

If 1, g are maps of P’ into C which are chain homotopic and ¢, ¥ are
arbitrary lifts of f, g then ¢ ~ 4.

In case R has finite global dimension, say r then h.d M = r for any
R-module M. As a particular case of Theorem 1, we get the result that any
chain complex C over a ring R of finite global dimension has a projective
approximation. Thus Theorem 1 strengthens the result of Dold stated
earlier in the introduction. Our method of proof is quite direct and simple
and avoids complicated hyperhomology arguments involving double
complexes and spectral sequences.
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1. Positive chain complexes. As usual, for any chain complex C we
denote the module of i-cycles of C by Z,(C) and the module of
i-boundaries by B;(C).

LEmMmA 1.1. Let f:C — (' be a chain map and j a given integer.
Suppose

, H;(f)
f:Coy = Gy and Hj(C)——

Hi(C")
are onto. Then
JZACY-Z,(C) = Z,(C') and [|B,(C): B/(C) = B/(C")

are onto maps.

Proof. Writing 8’ for the boundary map in €’ and § for the boundary
map in C, from the assumption that /§+1:Cj+l — Cj+ 1s onto, we
immediately see that

8j+10fi+1:Cio1 = Bi(C)
is onto. But &4 o fj+| = f; 0 §;1|. Hence any element in B,(C") can be
written as f; (8, ) for some ¢ € C; . This proves that

Si|Bi(C):B;(C) — B;(C)

1s onto.

Let x* € Z(C’). Writing [x'] for the homology class of x’, the
assumption that H;(f/):H;(C) — H;(C’) is onto yields an element x &
Z,(C) with [f;(x)] = [x']. This means

x' = fi(x) € Bi(C).

Hence, there exists a b € B;(C) with x’ — fi(x) = f;(b). This yields x" =
fitx + b)and x + b € Z,(C).

Definition 1.2. A projective complex P together with an epimorphism
7:P — C will be called a projective approximation of C if

H(r):H(P) ~ H(C).
In case P is free, it will be called a free approximation of C.
CoroLLARY 1.3. If :P — C is any projective approximation of C then
7|B(P):B(P) — B(C) and |Z(P):Z(P)— Z(C)

are both epimorphisms.

https://doi.org/10.4153/CJM-1984-012-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-012-7

PROJECTIVE APPROXIMATIONS 181

Proof. This is immediate from Lemma 1.1.

From now onwards in Section 1, we will be dealing only with positive
chain complexes. A chain complex C will be said to be positive if C; = 0
for j < 0. Thus the word chain complex will mean a positive chain
complex for the rest of Section 1. For any complex C and any integer k =
0 C"‘) will denote the k-selection of C, namel(y = C;fori = k and

= 0 for i > k. The boundary map 8:C;”" — Cf,, is the same as
8 C — C;— fori = k. A complex C will be sald to be of dimension = k if
C; = 0 for i > k or equivalently if C = C*).

ProposITION 1.4. Let C be a chain complex and k an integer = 0. Let P
be a projective complex of dimension = k and f:P — C a chain map
satisfying the following conditions:

(1) fiP;— Cisonto fori = k

(1) filZi(P):Zi(P):Z, (P) — Z,(C) is onto, and
(iii)  H;(f):H;(P) — H;(C) is an isomorphism for i < k.

Then there exists a projective complex P’ with dim P’ = k + 1, P*) = P
and a chain map [":P' — C extending f and satisfying

(@) fir 1:Phr1 = Cryy is onto

(b) fir 1Zy 1 (P"):Zj +1(P") = Zy11(C) is onto, and

(¢) H(f"):H(P") =~ H(C).

Proof. Write g, for f;|Z,(P). By assumption g,:Z,(P) — Z,(C) is onto.
Let

-1

Ky = g (Bi(C)).
Choose an epimorphism a:S — K, with S projective. Writing 4, for g,|K;
= fi|K, we know that h,:K;, — B;(C) is onto. Since

O+

Cr1—> B (C) = 0
is exact and S is projective, there exists a map B:S — Cj 4, with
() 8+10B=hoa

Clearly hy o a:S — B (C) is onto.
Choose an epimorphism y:T — Z; 4 (C) with T projective. Define P’ as
follows:

PY =P Pl =S®T, P, =0fori>k+ 1
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and let
5, :S®T— P} =P,

be given by 8,4 (s, ) = afs). Observe that a(s) € K; C Z;(P) C Py.
Now

8¢ 08;41(5. 1) = 8;(a(s)) = 0

since a(s) € Z,(P). Thus P’ is a projective complex with dim P’ = k
+ L
Define f":P’ — C by

fi=f fori =k
and fj+1:S® T — C by
Siw1(s, 1) = B(s) + ¥(2).
We claim that f”:P" — C is a chain map. We have only to check that
S it 105 1) = fi By 41(s. 1) forany (s, 1) € S®T.
Now,
Sr+ 1Vl 1(s, 1) = 8p1B(s) + Sp17(1) = 8 4+1B(s)
(since y(t) € Z;+1(C)) and
Ji8i1(s. 1) = frals) = ya(s).
From (1) we see that
S flri(s 1) = fi8ai(s, 0).

Clearly (0,7) € Z,(P") forany t € T. Since f}4 (0, t) = y(¢) and y:T
— Z,+1(C) is onto, it follows that

() i tlZj A (P): Zy((P') = Zj11(C) is onto.

Let ¢ € Cy 4. Then, since §; 4+, 0 B:S — B, (C) is onto, we getan s € S
with 8k+|B(S) = 8k+1C. Hence

¢ = Bls) € Zp+1(O).

Since y:T — Z; 4+ (C) is onto, there exists a t € T with ¢ — B(s) = y(¢).
Hence

c=B@s) + y() = fir1 (5, ).
This shows that
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(3) f;(+1IP;(+1 =SOT— Ck+1 is onto.

Also, Z,(P") = Z,(P) and By(P) = Sf;l(S ©T) = alS) = K.
Thus

SHZi(P') = [l Zi(P) = g:Zy(P) — Z}(C)
is onto and By(P") = K; = g, (Bx(C)).
It follows that f7 induces an isomorphism of
H(P') = Z(P")/Bi(P') = Zy(P)/Kj
onto Hy(C). This completes the proof of Proposition 1.4.
ProPposITION 1.5. Let C be any positive chain complex. Then there exists a
positive, projective approximation f:P — C of C.

Proof. Choose an epimorphism fy: Py — Co with Py projective. Assume k
= 0 and that we have constructed projective complexes ()P and chain
maps f:0p — C for 0 = i = k satisfying the following conditions.

(a) VP = the i-th skeleton of “TVPfor0 =i =k — 1

(b) (+DAOp — (Of

(¢) Vf:OP, — C;is onto for 0 = j = i

(d) VA z.(VP):.Z2(DP) — Z,(C) is onto and

(e) H((i)f)II{j((i)P) — H;(C) is an isomorphism of j < i.

The construction of the epimorphism fy: Py — Cj starts the inductive step
at k = 0. Applying Proposition 1.4, we get a projective complex KT 1Dp
with X)P = the k-th skeleton of **DP and a chain map * T Df:k+bp — ¢
extending ) ;)P — C such that

FDfe:® TP = Cry1 and
E Vel Zi T OPYZ((FTVP) = Z41(C)
are onto and
H(FTUN:H(CTDP) =~ H(C).
Then P L C defined by P% = ®p and fJPK) — (f satisfies the
requirements of Proposition 1.5.

PROPOSITION 1.6. Let C be a positive chain complex and P -5 C a positive,
projective approximation of C. Then there exists a positive, free approxima-
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tion F L C with P a subcomplex of F, f|P = 7 and P; a direct summand of
F; for each i = 0.

Proof. Set Q| = 0. Choose a projective module Q, such that Py @ Q,
= F, is free. Assume k > 1 and that we have chosen projective modules
Q- Qx—y with P, ® Q,_1 ® Q; = F;is free for 0 = i < k. We can
choose a projective module Q, with P, © O, © Q, = Fy is free.
Define

3fF3Fi =P®Q 190 ~F 1 =P 1901200

by
P

Sf(xh gi—1, ;) = (8;x;, 0, g;i—1)
for any x; € Pi, q; € Qp ¢;—1 € Q;— ;. Then it is clear that (F, 87) is a
chain complex. Moreover

Kerd/ = Z(P)®0® Q; and Imd’', = B,(P)© 0O 0,
It follows that the obvious inclusion map j:P — F given by j(x) = (x, 0, 0)
for any x € P;is a chain map with H(j):H(P) ~ H(F). The map f/:F — C
given by

Jitxis gi—15 q1) = 7(x;)
for any (x;, ¢;—1, ¢;) € F;is a chain map satisfying the requirements of

Proposition 1.6.

We end this section by remarking that Lemma 1.1 and Corollary 1.3 are
valid for all chain complexes C. We started assuming C to be positive from
Proposition 1.4 onwards.

2. Chain complexes C with h.d H;(C) = r for all i. We now deal with
chain complexes which are not necessarily positive.

PrOPOSITION 2.1. Let C be a chain complex which satisfies the condition
that h.d H;(C) = r where r is a fixed integer. Then there exists an exact

sequence 0 > A — P L C — 0 with P projective, H(f):H(P) — H(C)

onto and h.d Hi(A) = Max (0, r — 2) for all i.

Proof. Let n;:Z;(C) — H;(C) denote the canonical quotient map. Let
a;:S; — Z,(C) be an epimorphism with §; projective. Write K; for
a,fl (B;(C)). We then have a commutative diagram of exact rows with
vertical maps epimorphisms:
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M0
0 ;Ki )S,‘ _—'—)H,(C)_——)O

olK; Q;
0——B,(C)——>Z,(C)—/—> H;(C)—>0
ni

DiAGrRAM 1

Let T4, b K; be an epimorphism with 7,4, projective. Then clearly
(4)  a;0 Bi:T;+| — B;(C) is an epimorphism.

Since

it
Ciy1—>Bi(C) =0

is exact and T;1, is projective, there exists a map g+ :7,+1 — Ci4
with

(5)  8i+18+1 = @0 B
Let P, = S; © T, and define
8P =S, ®T, > P =S_,®T_,
by ‘
8/ (xiv ) = (Bi=1(3), 0).
Observe that
Bi—1(yi)) € Ki—y € S;—1.

Clearly S,P_I o S,F = 0. Hence {P, 8"} is a chain complex. Clearly each P,
is projective. Define f;:P; — C; by

Jilxin yi) = ai(x;) + gi( )
Then

i fivaixiv, viv1) = Sivigi(yiv)

(since a; 4 1(x;+1) € Z;+1(C)) and

8i18+1(¥iv1) = a0 Bi(yi+1)
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by (5). Also

P
Ji 81, yie) = fiBi(yie1), 0) = aBi(yi+).
This shows that §; 4 f;+| = f,~8f+1 proving that f:P — C is a chain map.
Givena € C;yq,since a; 0 8;:T;+ — B;(C)isonto,wefinday,;| € T4
with
8a = a; 0 Bi(yi+1) = 8gi+1(yi+1)-

Hence a — g+ 1(yi+1) € Z;+1(C). Since a;+1:S;+, — Z;+1(C) is onto, we
get

a— g+1(Vi+1) = &+1(xX+1)
for some x;1 € S;4+,. This means
a= a1 1(xi) + g(yie) = fivixiv1, yit):

Then f;;:P;+, — C;4+ is onto for each i.
Also

Zi(P) = Ker 8,?) = §,®Ker f;—; and

Bi(P) =1Im 8/ = B(Ti4) @0 = K; ©0.
Hence

H;(P) = (Si/K;) © Ker B,_).

Also the restriction of the map H,(f):H,(P) — H;(C) to S;/K; is the
isomorphism of §;/K; onto H;(C) induced by n; o a;. Hence H;(f):H;(P)
— H;(C) is a split epimorphism, with the inverse of the isomorphism S,/ K;
~ H,(C) as a splitting. It follows that Ker H;(f) and Ker B,_; are two
direct summands of S;/K; in H;(P). Hence

Ker H,(f) = Ker B,

under some isomorphism. The exact sequences
0—KerB_y,—>T,—K,_;y —>0 and
0—=K 1 —S8-1 = H(C)—0,

with T; and S;_; projective yield h.d Ker 8,—; = Max (0, r — 2). This
implies

h.d (Ker H,(f)) = Max (0, r — 2).

Let A = Ker /. Then in the exact homology sequence
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S Hid) - Hi(P)_THi(C) ; Hi\(4) = H;—\(P)
(/)

1

—>H,(C) =
H;\(f)

Since H,;(f):H;(P) — H,;(C) is an epimorphism for each i, it follows
that

HI(A) ~ Ker Hl(f).

Hence h.d H;(4) = Max(0, r — 2). This completes the proof of
Proposition 2.1.

Remark 2.2. 1t is perhaps worthwhile observing that in case C reduces to

6
a single module Cy — M with h.d M = 1, if 0 — K — P, = Py — M —
0 is exact with Py, P, projective, then h.d K = Max (0, r — 2). If P is the
complex

—>0—>P1-84P0—>0—>...
then e:P — M is a map with

Hy(e):Hy(P) = M,

H(P) ~ K = Ker Hi(¢) and

H(P) =0 forj # 0, 1; and

h.d K = Max (0, r — 2).

ProposITION 2.3. Let C be a chain complex which satisfies h.d H;(C) = 1
for all i. Then there exists a projective approximation f-P — C of C.

Proof. The proof is similar to that of Proposition 2.1. If ;:S; = Z;(C) is
an epimorphism with S; projective, whenever h.d H;(C) = 1, the module
K; = Ker 1; o «; 1s automatically projective. Hence we could take 7,4, =
K; and B; = ldg. Then for the complex P defined as in the proof of
Proposition 2.2, we would have H;(P) = S;/K; (since Ker 8;—, = 0, 8,
being the identity map of K;_;). The map f:P — C is an epimorphism with
H(f):H(P) ~ H(C).

3. Proof of theorem 1. Now, we take up the proof of Theorem I. Let C
be a positive chain complex. Then from Propositions 1.5 and 1.6 we see
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that there exists a positive free approximation F L C of C. Suppose on
the other hand C is not necessarily a positive chain complex but satisfies
the restriction h.d H;(C) = r for all i, where r is a fixed integer = 0. If r =
1, Proposition 2.3 guarantees the existence of a projective approximation
J:P — C of C. Suppose r = 2. We then use induction on r. By Proposition
2.1 there exists an epimorphism f:P — C with P projective,

h.d (Ker H,(f)) = r — 2 and H,(f):H,(P) — H,(C)
a split epimorphism for all i. Let Cy denote the mapping cone of f and j:C
— Cy the inclusion of C in Cy. Then we have an exact sequence
0-ch o3P
In the associated homology exact sequence
5 Ji 8 Ji
- Hi((2P) = H(C) = Hi(Cp) = Hi(EP) — H;—(C) = H; - (Cy)

“ /fwm H.-\(f)

H,(P) H; (P)
each of the maps 6:H; . (ZP) — H,(C) is onto. Hence
Hi(Cr) =~ Ker H; (/).

It follows that h.d H;(Cr) = r — 2. By the inductive assumption there
exists a projective approximation Q -5 Cr of Cp. Denoting the natural
epimorphism Cy — 2P by n we see that n o 7:Q — ZP is an epimorphism.
If L = Ker 5 o 7 then we have a commutative diagram

nT
0——L —> Q0 >>P >0
T7/L lT
0 >C 49 »>P -0
J n
DIAGRAM 2

where the two rows are exact sequences of chain complexes. Since 7:Q —
Cr is an epimorphism, it follows easily from the above commutative
diagram that 7/L:L — C is an epimorphism. Since
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H(r):H(Q) = H(Cy),

from the exact homology sequences and the five lemma we immediately
see that

H(r/L):H(L) ~ H(C).

Since Q, and (ZP), are projective for each 7, the top exact sequence splits
for each i and yields projectivity of L; for each i. Thus 7/L:L — C is a
projective approximation to C. This completes the proof of Theorem 1.

4. Proof of theorem 2. Since 7y:Py — Cj is onto and Pj is projective,
there exists a map ¢(: Py —> Py with 7y 0 @9 = fo. Let k = 0 and assume we
have constructed maps ¢;:P; — P, for 0 = i = k satisfying

1 T = /i and } .
V. : for 0 =
(i) ¢ 8" =8 0g) l

lIA

k.

Since 144 1:Pr+1 — Ci4 is onto and Pj | is projective, there exists a
map 0 :Pj1 = Py with 74y 0 0,1 = fi.+1. Consider the map

Bi:Sy i 18is1 — exdhs1:Piot = Py
Then
700 Be = Td1 4181 — Teardy 4
= 8/€+17k+|0k+1 _fkslf;l
= Siatfirr — S
(6) = 0 since f*P" — C is a chain map.

Let L = Ker 7. Since H(7):H(P) ~ H(C) we immediately get H(L) = 0.
Since L is a positive chain complex, there exists a positive projective
approximation, say Q -5 L of L. Then Q is a positive, projective complex
with H(Q) = 0. Hence Q is chain contractible. Let §,:Q; — Q, yield a
contraction of Q.

From 7, o By = 0 (from (6) ) we see that B, (Pi+1) C Li. Also

P P P P
8Bk = 8, Bk 10k+1 — @ibi11)
PP

= = Operly 1
b
= — @—10k 854

= 0.
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Thus B, (Pj+1) € Zi(L). Since e:Q — L is a projective approximation to
L, from Lemma 1.1 it follows that

&l Zi(Q):Z1(Q) = Zy(L)
is onto. The projective nature of Pj, now yields a map
ap:Plyy = Zi(Q) with g 0 ap = By
Consider the map ¢+ 1:Pj+| — Py+, defined by
ok+1 = Ok — € 1Spay
We then have
P P P
Okt 19k+1 = Op 1k — Opvrex+1She
P L
= 8+ 10k+1 — Of 1€+ 15k
(since L is a subcomplex of P)
P
= 8y 01 — @dfs 1Sk
(since e:Q — L is a chain map)
P
= 8 1bi1 — e (Idg, — Sp—180)y
P
= 8101 — ey + @S- 1600y

= 8,10k — Bi (because 8fa; = 0)

P P P
= 8 1bk+1 — {Ok+1bk+1 — @xOr+1}
>
= @b
P P
Thus 6, +10,+1 = @i+ . Moreover,
Tht19k+1 = The 1041 = Tht 160150

From €.+ (Qx+1) = Li+; = Ker 1,4, we see that

Th+1Pk+1 = 7k+10k+l :fk+l-

This completes the proof of the inductive step in the construction of the
chain map ¢:P’ — P satisfying ¢ = f.
Suppose ¢, g are any two lifts of /. Then (¢ — ¢) = 0. Hence

(¢ — 9)(P) C L.

Thus ¢ — ¢:P” — L is a chain map. Since e:Q — L is a positive, projective
approximation of L, by what we have proved already there exists a chain
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map y:P’ — Q with ¢ — ¢ = € y. Now Q is chain contractible. Hence y ~
0. It follows that ¢ — ¢ ~ 0 or ¢ ~ ¢. This shows that any two lifts ¢, ¢ of
the same map f are chain homotopic.

Now, let f ~ g:P’ = C and let D;:P; — C;, yield a chain homotopy
between f and g. Since

Ti+1
Piyy—>Civ1 —0

is exact, and P} projective there exist maps E;:P; = P, with 7, |E; = D;.

Then
1Ok B + E18]) = 8 im B + 7 i8]
M = 81D + Dy
=g/

Let A;:P; — P; be given by
N = 8/ \E + E 8] .
Then
8/\ = 8,8/ \E, + 8/E,_\8] = 8] E,_\0P
and
Noid] = OTE—y + E—28] )8 = 8/ E,_ 8] .

Hence the A;’s yield a chain map A:P’ — P. From (7) we get TA = g — f.
However, we know thaty — ¢ is also a lift of g — f. Since A and ¢ — ¢ are
lifts of the same map g — f, by what we have proved already we see that A
and ¢ — ¢ are chain homotopic. Let G;:P; — P, satisfy

8/41Gi + G—18] =¥ — @ — .
Thus we get
U~ @ = 8/1G, + Gi18] + A
= 811G, + G 18 + 8/, \E + E_, 5 .
Hence J; = G; + E;:P; — P, satisfy the condition that
81idi + Jimi8] =¥ — w

This shows that ¢ and ¢ are chain homotopic. This completes the proof of
Theorem 2.
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/

COROLLARY 4.1. Let P 5 C and P' > C be any two positive, projective
approximations of a positive chain complex C. Then there exists a chain map
¢:P — P with 7 o ¢ = 7. Any such chain map ¢:P — P’ is a chain
equivalence.
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