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Maps Preserving Complementarity of
Closed Subspaces of a Hilbert Space

Lucijan Plevnik and Peter Semrl

Abstract. Let H and X be infinite-dimensional separable Hilbert spaces and Lat I the lattice of all
closed subspaces oh JH. We describe the general form of pairs of bijective maps ¢, ¢: Lat I — Lat K
having the property that for every pair U,V € Lat Hwehave H = U DV <= K = p(U)DY(V).
Then we reformulate this theorem as a description of bijective image equality and kernel equality
preserving maps acting on bounded linear idempotent operators. Several known structural results for
maps on idempotents are easy consequences.

1 Introduction

Throughout the paper H{ and X are separable infinite-dimensional Hilbert spaces
over F € {R,C}. Denote the lattice of all closed subspaces of H by Lat }{ and the
algebra of all bounded linear operators on H by B(JH). For any positive integer n, we
introduce

Lat, X = {U € LatH : dimU = n},

that is, the set of all n-dimensional subspaces, and
Lat_, 5 = {U € LatH : dimU™* = n},

that is, the set of all subspaces of codimension n. Here, U+ stands for the orthog-
onal complement of U. Further denote the set of all closed subspaces with infinite
dimension and infinite codimension by Lat,, H and the set of trivial subspaces by
Lato{ = {{0},3}. Then {Lat,3},c7ufc0} is @ partition of the set Lat 3. The set
of indices Z U {co} will be shortly denoted by Z. It will be convenient to use the
following arithmetic: —co = oo and co = 1 = 0o. We will sometimes represent
finite-dimensional subspaces as [x), . . ., x,], the linear span of vectors xy, ..., x, .

The subject of our interest is the set of unordered pairs of closed subspaces of
that are complemented, that is, C5¢ = {{U,V}: U,V € LatH,U &V = H}. Here,
the direct sum need not be orthogonal. Our aim is to characterize pairs of bijective
maps ¢, 1: Lat H — Lat K that preserve complementarity of subspaces:

(1.1) {U,V} ey <= {oU),v(V)} €Cx, U,V € LatH.
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We mention here that it is natural to consider this problem in the Hilbert space set-
ting. Indeed, [9, Theorem 1] states that if every closed subspace of a Banach space X
is complemented, then X is a Hilbert space.

Clearly, a pair (¢, ©) satisfies (1.1) if and only if the pair (1, ¢) satisfies (1.1). Note
that {U,V} € Cyc and U € Lat, X for some n € Zo, imply V € Lat_,H. For every
n € L~ and any set § C Lat,J, we introduce

8" ={V elat_,H:{U,V} & Cqc foreveryU € 8} and 8" =(8’)".

Let us give some examples of pairs of maps satisfying (1.1). First, define the set
BCI(H,K) = {A: H — X : Aisbounded, invertible, linear, or conjugate linear}.
Note that in the case F = R, operators from BCI(JH, K) are linear. If A € BCI(F, K),
then the maps ¢(U) = ¥(U) = A(U), U € LatX, clearly fulfil (1.1). We can get
further examples if we notice that the behavior of ¢ and v on sets Lat,JH and Lat,,JH
are completely unrelated if m # —n. Thus, we may define ¢ and ¢ as follows. Let
(An)nez,, be asequence in BCI(H, K). For everyn € Zo, and U € Lat,H define
P(U) = A,(U) and (U) = A_,(U). Then the maps ¢ and v satisfy (1.1). Another
class of examples comes from the orthogonal complementation. Let U,V € Lat J.
Then

(1.2) {U,V} €@y = {U,Vt} e Cy.

Indeed, it is enough to prove implication in one direction. Assume that { = U @ V.
Let P be the idempotent operator with im P = U and ker P = V. Then H = ker P* @
imP* = Ut @ V. Thus, we may construct a pair of complementarity preserving
maps ¢, 1: Lat H{ — Lat X in the following way. We will call a partition of Z., into
a disjoint union of two subsets Z~, = Zoo(id) U Z~ (L) regular if for every n € Z
we have n € Z(id) <= —n € Zs,(id). Assume that Z,, = Z,.(id) UZ. (L) isa
regular partition. Then the pair of maps ¢, : LatH{ — Lat X defined by

e ifU € Lat,H for some n € Z.,(id), then ¢(U) = ¥(U) = U;
o ifU € Lat,J for some n € Zoo (L), then ¢(U) = »(U) = UL,

obviously satisfies (1.1). Our main theorem states that any pair of bijective maps ¢, v
satisfying (1.1) is a composition of pairs of maps described in the last two examples.
We remark that (1.1) and (1.2) yield the equivalence

(1.3) {U,V} €@y = {o(UH L, v(vhHtY eCx, U,V €lat¥,

which will prove useful.

The motivation for this research is twofold. Denote by G(m, m + n), m,n > 1,
the Grassmannian consisting of all m-dimensional subspaces of a vector space V
with dimV = m + n. Two elements U,W € G(m,m + n) are said to be adja-
cent if dim(U N W) = m — 1 (or equivalently, dim(U + W) = m + 1). The
classical Chow’s theorem [3] states that if ¢ is an adjacency preserving bijection of
G(m, m + n) onto itself, then it is induced by a semilinear automorphism of V,
or m = n and ¢ is induced by a semilinear isomorphism from a dual space V'
onto V. For a pair of different subspaces of the same dimension, one extremal
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position is when they are adjacent, and the other extreme is that they are comple-
mentary subspaces. This motivated Blunck and Havlicek [1] to investigate bijective
maps ¢ on G(m,2m) with the property that for every pair U,W € G(m, 2m) we
have V=U® W <<= V = ¢U) & ¢(W). They proved that such maps
preserve adjacency, and therefore one can apply Chow’s result to describe the gen-
eral form of such maps. They have also included the infinite-dimensional case in
their considerations as much as possible. In particular, they pointed out that their
proof techniques cannot be extended to the infinite-dimensional case. These obser-
vations certainly made the infinite-dimensional case interesting. When dealing with
the infinite-dimensional case we have two possibilities, either to work in a purely alge-
braic setting or to work, say, with Hilbert spaces, where some analysis is involved. We
believe that the second possibility is more interesting, and, as we shall soon see, it is
also more important because of applications. If we followed Blunck and Havlicek, we
would restrict ourselves to bijective mappings acting on the set of all closed subspaces
of infinite dimension and infinite codimension. But there is no reason to restrict to
such subspaces. So we consider the whole lattice of closed subspaces. Of course, this
makes the problem more difficult as we first need to show the somewhat surprising
fact that the subspaces of a finite dimension # are mapped into subspaces that either
have dimension m or codimension #1, while the subspaces of infinite dimension and
infinite codimension are mapped into subspaces of the same type. Next, with each
pair of complementary closed subspaces we can associate a pair of bounded idempo-
tent operators whose images and kernels are these two subspaces. This observation
brings us to the second motivation for our research. Namely, an easy consequence
of our main result is a structural theorem for bijective maps on the set of bounded
idempotent operators preserving the equality of images and the equality of kernels.
We will also prove the dual form of this result. In fact, because of these two appli-
cations it is more natural to work with a complementarity preserving pair of maps
on Lat H instead of with a single map as in the result of Blunck and Havlicek. Once
we have the description of image equality and kernel equality preserving bijections
on the set of idempotent operators we can reprove a whole set of characterizations of
various maps on idempotent operators. We will illustrate this with two examples.

For a given Hilbert space H{ we denote the set of all bounded idempotent operators
on H by I(H),

J(H) = {P € B(X): P> =P}.

It is well known that J(JH) is a poset with the partial order defined by
P<Q < PQ=QP=P

It is easy to verify that for P, Q € J{ we have P < Q if and only if there is a direct
sum decomposition of H into a direct sum of closed subspaces H = H; @ H, & H;
(here, some of subspaces H;, j = 1,2, 3, may be trivial) such that P and Q have the
following matrix representations with respect to this decomposition:

P =

S O~
S O O
S O O

1
and Q= |0
0

O~ O
o O O
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A bijective map ¢: I(H) — I(XK) is a poset isomorphism if for every pair of idem-
potents P, Q € J(H) we have P < Q if and only if ¢p(P) < ¢(Q). Motivated by some
problems in mathematical physics, Ovchinnikov [11] described the general form of
such maps. We will show that this beautiful result can be quickly deduced from our
main theorem.

Recently, quite a lot of attention has been paid to the study of 2-local automor-
phisms (see [8] and the references therein). Let S be a ring. A map ¢: S — Sis
called a 2-local automorphism if for every pair of elements a,b € S there exists an
automorphism ¢,: S — S (depending on a and b) such that ¢(a) = ¢,(a) and
d(b) = ¢ap(b). Of course, the natural question is whether for a given ring S each 2-
local automorphism is an automorphism. Clearly, if ¢ is a 2-local automorphism of
S, then ¢ maps every idempotent element of S into some idempotent element. And
clearly, for every pair of idempotents p,q € S, the product pq is a nonzero idem-
potent if and only if ¢(p)@(q) is a nonzero idempotent. The study of maps having
this property is also motivated by a well developed theory of additive, linear, and
multiplicative preservers (see [2,7,12] and the references therein). We will conclude
our paper by reproving a structural result for bijective maps on J(JH) preserving the
nonzero idempotency of the products of idempotent operators.

2 Maps on Lat H

This section is devoted to our main result. We start with some definitions.

ForU,V € Lat H denoteU ©V =U NVL.IfU,V € Lat,H for some n € Zoo,
then we say that U and V are adjacent if dmU e (UNV)=dimVae(UNV)=1.
Note that this is equivalent to dim(U+V)©SU = dim(U+V)©V = 1. When n # oo,
the definition simplifies to: U and V are adjacent if and only if U NV € Lat,_ 3 if
and only if U + V € Lat, H.

Let U and V be distinct elements of Lat,H for some n € Z, \ {0} and let k
be a positive integer. We call a sequence Uy, Uy, ..., Uy € Lat,JH an adjacent chain
between U and V if Uy = U, Uy = V,and U}, U}y, are adjacent forall j = 0,... , k—
1. Furthermore, we say that k is the length of a chain.

We continue with a few lemmas about adjacent subspaces that we will need in the
sequel.

Lemma 2.1 Letk be a positive integer, n € 7,\{0}, and let Uy, Uy, ..., Uy € Lat,H
be an adjacent chain. Then for j =0,...,k—1,

dimUj@(UoﬂU1ﬂ~--ﬂUk):dimUjH@(UoﬂUlﬂ---OUk)gk.
Proof Forevery j € {0,1,...,k} define
Vj:Uj@(UoﬁUlﬂ"'ﬂUk).
ThenV; NV = (U;NUjy) © (UgN--- N Uy) implies

Vie(VinVi) =U;e (UgN---NU)+ ((U;NUjn) © (UgN---NUY) )
= Uj@(UjﬂUjH),
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where the last equality holds because Uy N --- N Uy C U; N Ujy;. Analogously we
get Vi © (ViNVin) = Ui © (UjNUjy). Because U; and Ujy are adjacent,
the same is true for V; and V ;. In particular, dim V; = dim V,,, and it remains to
show that dim Vy < k. In order to do this, note that for every j € {0,...,k — 1},
there exists u; € U; \ {0} such that U; NUj;; = U; © [u;]. Moreover, let P € J(H)
be the projection onto Uy. Then

Vo=Uo© ((UgN---NUk1) © [g—1]) = -+ =Uo © (U © [ug, - . ., tik—1])
= [Puo, e ,Puk_l]
is at most k-dimensional. |

Lemma 2.2 LetU,V € LatH be such that
dmUsUNV)=dmVeUnV)=d

for some positive integer d. Then

o there exists an adjacent chain between U and V of length d;
* any adjacent chain between U and V has length at least d.

Proof We start by proving the first statement in the lemma. Set Uy = U and Uy =
V. If d = 1, then U and V are adjacent and we are done. If d > 1, choose a
basis uy,...,us 0f U & (U N V) and a basis v;,...,vg of V& (U NV). For every
je{l,...,d—1}defineU; = [vy,...,vj,ujs1,...,uq] & (U NV). Then clearly

Uy, Uy, ...,Uy,is an adjacent chain between U and V.
Turn now to the proof of the second statement. Let r be a positive integer and
Vo, ..., V, an adjacent chain between U and V. By Lemma 2.1 we have

r>dimUS (VoNViN---NV,) >dmUc(UNV)=d,

as desired. |

Lemma 2.3 Let U,,U,,Us € LatH be pairwise adjacent. If Uy N U, ¢ Us, then
Us cU+Uyanddim(U, +U,) 6 U; = 1.

Proof We will first show that U; N U, ¢ Us; implies
(21) U1 N U3 §Z U2 and U2 N U3 §Z U].

Indeed, denote U = U; N U, N Us. Suppose that U; N Us C U,, or, equivalently,
U = U, N Us. Since U; and Us are adjacent, this yields dim U; © U = 1. This and
the adjacency of U; and U, now imply U = U, N U,. It follows that Uy N U, C Us,
a contradiction. By exchanging the roles of U; and U, in the previous argument we
also get U, N U3 ¢ Uy, as desired.

We next claim that

dmU;0U =2, j=12,3.
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The inclusions (2.1) guarantee that the assumptions on Uy, U,, and U; are completely
symmetric, so it is enough to show that dimUs; & U = 2. Since U;,U,, U3 is an
adjacent chain, Lemma 2.1 implies that dim Us © U < 2. Itis clear that dim U; © U
cannot equal 0. Moreover, neither can it equal 1, because this would imply U =
U, N Us, a contradiction with (2.1).

Because Uy, U,, and Uj; are pairwise adjacent, the previous paragraph yields the
existence of linearly independent u1, u,, and u3 such that

Ui =U®[u,uz], Uy=U®®[up,uz], Us=UG®D [uy,u3].

Hence, U, +U, = U @ [uy, up, u3] contains U; as a subspace with codimension 1. M

Forany U € LatH \ {3} denote
Ay ={VeLatH:V O U,dmVoU=1}={U® [x] :xe U\ {0}},
and for any U € Lat H \ {{0}} denote
By={VelatH:VCU,dmUeV =1}={Uc [x]:x€ U\ {0}}.
We remark that
(2.2) By ={VelatH:V+t e Ay}

A subset 8 C Lat,J{ is called a maximal adjacent set if any two distinct elements
of 8 are adjacent and 8 is maximal among all such sets. Clearly, Lat, 3 = Ay and
Lat_;H = Bg are maximal adjacent sets.

Lemma 2.4 Let8 C Lat,H, wheren € 7 \ {—1,0,1}. Then the following two
statements are equivalent:

8 is a maximal adjacent set;
o cither there exists U € Lat,_H such that 8 = Ay, or there exists U € Lat,, | H
such that § = By.

Proof Itis clear that Ay, U # H, and By, U # {0}, are adjacent sets. If, moreover,
U ¢& Lat_,H U Lat_; X, then Ay is a maximal adjacent set. Indeed, for every W €
Lat H such that W ¢ Ay we will find V € Ay so that V and W are not adjacent. So,
let W € Lat H \ Ay. We distinguish three cases.

Casel W DUanddimW U >2.  Choose any nonzero w € W & U and set
V =U & [w] € Ay. Then V is contained in W and is therefore not adjacent to W.

Case2 W p UandU+W # H. Choose nonzero v € (U + W)+ and set
V =U@ [v] € Ay. It follows from W 2 U that U + W strictly contains W, hence
W has codimension at least 2in V+W = [v] & U + W. Thus, W and V are not
adjacent.

Case3 U+ W = 3.  Because U has codimension at least 3 in H{, any V € Ay
has codimension at least 2 in V + W = H. Hence, V and W are not adjacent.
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Suppose now that U ¢ Lat;H U Lat, . We already know that Ay 1 is a maximal
adjacent set. Since orthogonal complementation preserves adjacency, (2.2) implies
that By is also a maximal adjacent set.

Assume on the other hand that § C Lat,J, n ¢ {—1,0, 1}, is a maximal adjacent
set such that § # Ay for every U € Lat,_;J{. We need to show that there exists
Z € Lat,y H such that § = B. Indeed, there exist Uy, U,, U; € § such that U; ¢
Auv,nu,. We assert that U; N U, ¢ Us. Suppose on the contrary that U; N U, C Us.
Then U; N U, and U; N U; are comparable and have both codimension 1 in Uj.
Hence, they are the same and consequently, Us € Ay,y,, a contradiction. Lemma
2.3 now yields that U; € By,,y,. Denote Z = U, + U, € Lat,,;H. By what we have
already proved we have

U]:Z@[V]]a j:1,273a

for some linearly independent vy, v,,v5 € Z.

Choose any V' € 8 different from U, Uy, Us. We will show that V€ B,. We
claim that V' does not contain at least one of U; N U, and U; N U;. Indeed, if V
contained both, Uy NU, = Z & [vi,v,] and U; N U3 = Z & [vy, v3], then it would
also contain (U; NU,) + (U; NU3) = Z 6 [v1] = Uj, which would contradict
adjacency of Uy and V. Suppose that U; N Uz ¢ V, as the other case is symmetric.
Then Lemma 2.3 implies that V' € By, y, = By, as desired. Thus, 8§ C By, and by
the maximality of 8, § = B. |

Let n € Z \ {0} and r be a positive integer, r > 2. We will investigate the set
{Uy,..., U}, where Uy, ..., U, € Lat,H. Recall that for U € Lat,H we have
U € {Uy,...,U,} ifand only if

(2.3) {U,V} ¢ Cy
for every V' € Lat_,J{ satisfying
(2.4) {Uj,V}¢Gg{, j:I,...,r.

We continue with several rather simple statements that will help the reader to easily
absorb the proof of the main theorem. In these statements we fix #, r and pairwise
distinct Uy, ..., U, as above.

Lemma 2.5 LetU € {Uy,...,U,}". IfV € LatH is finite-dimensional such that
VNU;j#{0} forevery j=1,...,r,then VN U # {0}.

Proof Assume on the contrary that V N U = {0}. Obviously, U & V is a closed
subspace of H, (U @ V)* NV = {0},and V @& (U & V) € Lat_,H. The subspace
V @ (U @ V)= satisfies (2.4) due to the assumption V N Uj#{0},j=1,...,r.On
the otherhand, K= (U®V)® (U @ V)L =U ¢ (V& (U ¢ V)1), and therefore
V @ (U @& V)1 satisfies (2.4), but not (2.3), a contradiction. [ |

Corollary 2.6 LetU € {Uy,...,U,}". Then

uin--—-NU,cUcCU +---+0,.
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Proof To prove the first inclusion we take a nonzero x € U; N - --NU, and apply the
previous lemma with V = [x] toget Uy N --- N U, C U. It follows from (1.2), (2.3),
and (2.4) that UL € {U{,...,Ut}”, and therefore, by what we have just proved,
we have (U} +---+U,)* =U{- N---NU+ C U™, or equivalently,

vcU;+---+U,. [ |
Lemma 2.7 IfUy,...,U, € Ay for someW € Lat,_H, then
{U],...,Ur}”: {UG.AW:UC U1+"'+U,}.

Proof Assume that U € {Uy,...,U,}"". Since U; + --- + U, is closed, we get
from the previous corollary that W C U C U, + --- + U,. We need to show that
dim(U o W) =1.

Choose U € LatH such that U; + - + U, = U @ U. Of course, U is finite-
dimensional. Because H = (U ® U) @ (Uy + - -- + U,) L, the subspace V = U o
(U + - -+ + U,)* does not satisfy (2.3), and consequently we have H = UiV =
(UjEBf])EB(Ul+---+U,)lforsomej e{1,...,r} Sincer,ﬁ cU+---+U,
we conclude that

UjgU=U+---+U,=UaU,

yielding that U; and U have the same finite codimension in U; + - - - + U,. It follows
that dim(U © W) = dim(U; © W) = 1, as desired.
To prove the opposite inclusion we first write

U=Welul, j=1,...r

for some nonzero vectors u; € W+, and then choose U € Ay withU C Uy+- - -+U,.
We must show that for each V' € Lat_,H such that X = U & V (in other words, V'
does not satisfy (2.3)) we have H{ = U; @ V for some j € {1,...,r}.

We claim that we have U; NV = {0} for some j. Suppose on the contrary that for
every j € {1,...,r} there exists anonzerov; € U;jNV. Wehave W N [v,...,v,] =
{0}. We also know that W N [uy, ..., u,] = {0}, because [u, . ..,u,] C W. Now,
v; €W ® [uy;], j=1,...,r, and therefore,

U+ +U, =W [uwg,...,u,] CWS [vy,...,v,] CU +---+U,.

SinceW C U C U; +---+ U, and W has codimension one in U, we have U N
[vi,...,v] # {0}, contradicting { =U & V.

Hence, thereis j € {1,...,r} such that U; NV = {0}. Because H = U @ V, we
have u; = u + v for some u € U and some v € V. We distinguish two cases.

Ifu € Uj, then because U;NV = {0}, we have u = uj, and consequently, U = U.
We are done.

If, on the other hand u € U, then clearly u ¢ W, and therefore, W @ [u] = U. It
follows that

Uit V=W+[uj] +V=W+[ul+V=U+V =X,

as desired. [ |
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Corollary 2.8 IfUy,...,U, € By for some Z € Lat,1H, then
{Uy,...,U,} ' ={Ue€Bz:UN---NU, CU}L

Proof This statement follows directly from the previous lemma, (1.2),and (2.2). ®

Lemma 2.9 If0 < n < ooandW &€ Lat,_,J(, then for every collection Uy, ..., U, €
Aw we have

{Uy, ..., UY" % Aw.

Proof From n > 0 we conclude that U; + - - - + U, # X, and then the statement is a
straightforward consequence of Lemma 2.7. ]

Lemma 2.10 If0 < n < randZ € Lat,,\ ), then there exist Uy, ..., U, € B such
that
{Uy,..., U} =B

Proof Sincen < r, one can choose Uy, ...,U, € Bz suchthatU; N---NU, = {0}.
Applying Corollary 2.8 we complete the proof. ]

A purely algebraic analogue of the next lemma can be found in [1, Theorem 3.2].

Lemma 2.11 Letn € 7 \ {0} and Uy, U, € Lat,H be distinct. Then Uy and U,
are adjacent if and only if {U,, U, }"" # {U;, U, }.

Proof Applying Lemma 2.7 with r = 2 and W = U; N Uy, we get {U;,U,}"" #
{U,,U,} if U;,U, € Lat,H are adjacent. Suppose now that for distinct Uy, U, €
Lat, X there exists U € {U;,U,}"’ such that U ¢ {U,,U,}. We will prove that U,
and U, are adjacent in four steps.

Stepl U; ¢ UandU, ¢ U.  Bysymmetry, it suffices to prove the first equation.
It holds automatically if n # ©o, so assume the opposite. Suppose that U; C U.
We will distinguish two cases. First, assume that we also have U, C U. If V €
Lato, H is such that {U,V} € Cq¢, then U; +V and U, + V are strictly contained in
U +V = 3. Thus, {U;,V} ¢ Cqc and {U,,V} ¢ Cqq, a contradiction with (2.3)
and (2.4). Turn now to the second case, when U, ¢ U. Choose u, € U, \ U and
set V.= [u] @ ([up] ® U)t € Lato, K. Then {U,V} € Cq¢, U, +V # H, and
U, NV # {0} again contradict (2.3) and (2.4).

Step2 Uy NU € By, and U, NU € By,. We will again prove only the first
equation and then refer to symmetry. The equation clearly holds if n = 1, so assume
that n # 1. Because U; ¢ U, U;NU is strictly contained in U;. Hence, it is enough to
show that for any pair of linearly independent u;, v, € U, we have [u;,v;]NU # {0}.
So choose linearly independent 1, v; € U,. Since U, ¢ U, there exists u, € U, \ U.
If u; and u, were linearly dependent, they would be contained in U; N U,, which
is contained in U by Corollary 2.6, a contradiction. Thus, u; and u, are linearly
independent and the same argument applies to v; and u,. It follows that u;, v;, u, are
linearly independent. Otherwise 1, would belong to [u, v;] and therefore we would
have u, € Uy NU, C U, a contradiction. Lemma 2.5 yields that there exist 0 # u €
[, u]NU and 0 # v € [vy, up]NU. We claim that u and v are linearly independent.
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Indeed, u = Aju; + \up and v = vy + ppuy for some Aj, Ay, iy, pp € F. It follows
from u, ¢ U that A1, 1 # 0. The linear independence of u; and v; now implies the
linear independence of u and v. So, [u, v] and [u;, v,] are two-dimensional subspaces
of [uy, uy, v] and have therefore non-trivial intersection. This completes Step 2.

Step3 U, +U, = U @ [uy] forsome u, € U, \ U. We know from Step 2 that
U =UNU)®[u]and U, = (U, NU) @ [uy] for some uy,u, ¢ U. It follows
from Lemma 2.5 that the intersection [u;, u;] NU is non-trivial. Because u;, u; ¢ U,
this intersection must be equal to some [u] ¢ {[u;], [u2]}. Hence,

U +U, = (UlﬂU)+(U20U)+[u1,u2] C U+[u1,u2] :U+[u,u2] :U@[Hg]

But the latter term is contained in U, + U, by Corollary 2.6, and therefore U, + U, =

Step4 U, and U, areadjacent.  Letu, € U,\U be as in the previous step. Denote
V = [u]® (U, +U,)* € Lat_,H. ThenU BV = (UD [u]) D (U, +U,)* = Hand
0# u € UyNV. Hence, {Up,V} ¢ Cq¢, so (2.3) and (2.4) yield {U;,V} € Cy.
It is now clear that U; & [u,] C U + U,, and these two subspaces have a common
complement, namely (U, +U,)L. Hence, they are the same and consequently, U, +U,
is closed. Moreover, U; has codimension 1 in U; + U, and, by symmetry, the same is
true for U,. [ |

Corollary 2.12 Letn,m € Z, \ {0}, and ¢ : Lat,H{ — Lat,, X, ¢: Lat_,H —
Lat_,, XK be bijective maps such that

{U,V} €y <= {o(U),v(V)} € Cx, U € Lat,H,V € Lat_,H.
Then for all Uy, U, € Lat,J we have
U, and U, are adjacent <= ¢(U,) and ¢p(U,) are adjacent.
Moreover, for all V1,V, € Lat_,JH we have
V1 and V, are adjacent <= (V) and (V) are adjacent.
Proof The first statement is a direct consequence of Lemma 2.11 and the fact that

o({U, Uy }) = v ({U, Ur}) = {o(Uy), d(U,)}''. We get the second statement if
we exchange the roles of ¢ and 1 in the last argument. ]

Proposition 2.13 Let n be a positive integer. Suppose that ¢: Lat,JH{ — Lat,X and
¥: Lat_,H — Lat_,X are bijective maps such that

{U,V} € Cy — {o(U),yp(V)} € Cx, U € Lat,H,V € Lat_,H.
Then there exists A, € BCI(H, X) such that

o(U)=A,U), U € Lat,H, and (V)=A,(V), V € Lat_,H.
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Proof We apply induction on n. Start with # = 1. Lemma 2.7, applied to r = 2 and
W = {0}, tells us that for [x] € Lat;H and distinct [y], [z] € Lat; H we have

[x] C [yl +[z] <= [x] €{ly],[2]}".

Hence,

[x] C [yl +[2z] <= o([x]) C o(ly]) + &([2]).

By the fundamental theorem of projective geometry [4] there exists a bijective semi-
linear map A;: H — X such that ¢([x]) = [A1x], x € H \ {0}. In other words,
Pp(U) = A1(U), U € LatyH. Now (1.3) yields that the same is true for the map
U~ (UL, U € LatyH, s0 (V) = B(VH)1, V € Lat_ K, for some bijective
semilinear map By: H — K.

We next show that A; is linear or conjugate linear and is bounded. Note that for
any pair x, y € 3\ {0}, we have {[x], [y]1} ¢ Cy3¢ <= [x] N [y]* # {0} <=
x L y, which implies

(2.5) x1ly <= AxL1By xyeX.

Hence, A, carries closed hyperplanes in J{ into closed hyperplanes in X, and the
analogous statement is true for A;"'. If F = R, then A, is automatically linear and is
bounded by [10, Lemma B]. On the other hand, if F = C, the (conjugate) linearity
and the boundedness follow from [5, Lemmas 2 and 3]. We already know that for
every V € Lat_;JH we have (V) = B, (V1)L which equals A; (V) by (2.5).

Continue with the induction step. Let n > 2 and suppose that any pair of bi-
jective maps defined on Lat,_; 3 and Lat_,;JH that preserves complementarity is
induced by an operator from BCI(J{, K). We want to see that the same is true for the
maps defined on Lat,J and Lat_,H. Choose and fix an arbitrary W € Lat,_;J.
Corollary 2.12 and Lemma 2.4 yield that we have either ¢(Aw) = Aw/ for some
W’ € Lat,_ X or ¢(Aw) = By for some Z € Lat,;;K. Suppose that the second
condition is fulfilled. Let r be any integer greater that n. By Lemma 2.10 there exist
Ui,...,U, € By such that {Uy,...,U,}/" = Bz. After applying ¢! on the last
equation, we get {¢p~4(U;),...,¢ 1 (U,)}”" = Aw, a contradiction to Lemma 2.9.
Thus, for every W € Lat, 3 there exists (unique) W’ € Lat,_;X such that
¢ (Aw) = Aw-. Consequently, ¢ induces a map 7: Lat,_1H — Lat,_; XK, deter-
mined by

6(AW) = Arw), W € Lat, 5,

or equivalently
(2.6) WcCcU < 7(W)C ¢(U), W €lat, (H, U € Lat,H.

We assert that 7 is bijective. The injectivity follows directly from the injectivity of ¢.
In order to check the surjectivity choose an arbitrary W’ € Lat,_,X. Since ¢! has
the same properties as ¢, we get ¢~ (A /) = Ay for some W € Lat,_;H and finally
7(W) = W'. It now follows from (1.3) that the map U + ¢ (U*)+, U € Lat, XK,
also maps the sets of the form Ay, W € Lat,_ X, into such sets. This, together with

https://doi.org/10.4153/CJM-2013-025-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-025-4

1154 L. Plevnik and P. Semrl

(2.2), implies that ¢ induces a bijective map p: Lat_,;H — Lat_,; K, determined
by
V(Bz) = Byz), Z € Lat_,.H.

Of course, the last condition has an equivalent formulation:

(2.7) VCZ << ¢y(V)CpZ), Velat_,H, Zec Lat_,,H.
We claim that for any pair W € Lat,_1H, Z € Lat_,,; 3 we have

(2.8) {W,Z} € Cqg <= VU € AydV € B, : {U,V} € Cy.

Assume first that {W, Z} € Gy andlet U € Ay be arbitrary. Then U = W & [z] for
somez € Z\ {0}. Hence, forV =26 [z] € Bywehave UGV =W ([zZ] V) =
W @ Z = JH. Suppose now that the second condition in (2.8) holds. Because W is
finite-dimensional and Z has finite codimension in 3, one can choose z € Z \ W.
Let U = W @ [z] € Aw. Then there exists V € By suchthat W & ([z] V) =
UV =3H. Sincez¢ VandV € By, wehave [z] BV = Z,so W & Z = K, as
desired.

Equation (2.8) now yields that for any pair W € Lat,_13(, Z € Lat_,,; H we have

{W,Z} € Cq¢ <= VU € ¢(Aw)IV € (B) : {U,V} € Cx,
and furthermore,
{W,Z} € Cq¢ <= {T7(W),p(2)} € Cx.

By the induction hypothesis, there exists A, € BCI(H, X) such that 7(W) = A,(W),
W € Lat,_1 3, and p(Z) = A,(Z), Z € Lat_,41 3. Now (2.6) and (2.7) imply that
p(U) = A,(U),U € Lat,J(, and (V) = A,(V), V € Lat_, I, respectively. [ |

We are now ready to prove our main theorem.

Theorem 2.14 Let ¢, 1p: LatH — Lat K be bijective maps such that
{U,V} €y <= {o(U),v(V)} € Cx, U,V €LlatH.

Then there exist a sequence (Ay)nez., C BCIUIH,K) and a regular partition Lo, =
1o (id) U Zoo (L) such that

e ifU € Lat, X for some n € 2 (id), then ¢(U) = A,(U) and p(U) = A_,(U);

e ifU € Lat,H for somen € Zoo (L), then p(U) = A,(UL) and p(U) = A_,(UL).

Proof Our first goal is to show that ¢ and ¢) map sets of the form Lat,JH, n € Z,
into sets of the same form. Of course, this can be done in the easiest way for n = 0.

Indeed, observe that U € LatyJ{ if and only if there is exactly one V' € Lat J{ such
that {U,V} € Cq¢. Hence, ¢(LatoH) = LatoX and ¢)(LatyH) = LatoXK. It is clear
that either both ¢ and 1 act like the identity on the set LatyJH or they both act like
orthogonal complementation. Thus, any A, € BCI(J, K) satisfies the conclusion of
the theorem.

We next claim that for any pair of distinct U, V' € Lat J{, the following are equiv-
alent:
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e dne’Zy: U € lat,H, V € Lat_,H;

e W, ZeLatH : {U,W} € Cqc, {W,Z} € Cq,{Z,V} € Cye.

A trivial verification shows that the second condition implies the first one. Assume
now that the first condition is satisfied. We distinguish three cases.

Casel n = 0. In this case one of U, V, say U, equals {0} and the other one
equals 3. So, the second condition is fulfilled for W = 3 and Z = {0}.

Case2 n € 7\ {0}. Without loss of generality assume that n > 0. Set Z =
V< € Lat,H. We have to prove that U and Z have a common complement. Indeed,
if U N Z is non-trivial, choose its basis B = {wy, ..., w,}. Otherwise set r = 0 and
B = @. Now extend the set B to a basis of U with u,41,...,u, € U and analogously
with z,41,...,2, € Z to get a basis of Z. One can easily verify that W = [u,4; +
Zeils ..oy Uy +2,] © (U + Z)* is a common complement of U and Z, as desired.

Case3 n = oo. In this case the second condition is proved in [6, Theorem
1.4]. m

For any pair of distinct U, V' € Lat H the following equivalence holds:

(2.9) IneZ\{0}:U,V € Lat, I,

)

dW,Z,Y € Lat H : {U,W} S 69{7{W,Z} € Cyqq, {Z,Y} S 69{7{Y,V} € Cy.

The second condition again trivially implies the first one. To get the other direction
we apply the previous equivalence for the pair U € Lat,H{ and Y = V+ € Lat_, 7.
Consequently, for every n € Zy, \ {0} there exists m € Z \ {0} such that
¢(Lat,H) = Lat, X and ¥ (Lat_,H) = Lat_,, K. We assert that either m = n or
m = —n. In order to prove this, choose arbitrary n € Z\ {0} and m € Z, \ {0}.
We claim that the following two statements are equivalent:
(a) m € {—n,n}.
(b) For every pair of distinct U,V € Lat,,J there exists an adjacent chain between
U and V of length at most |n|. Moreover, there exists a pair of distinct U,V €
Lat,,H such that any adjacent chain between U and V has length at least |n|.

Proof We distinguish four cases.

Casel m = |n|. Let U,V € Lat), 3 be distinct. Then dimU © (UNV) =
dimV e (UNV) = |n| —dim(U NV). By Lemma 2.2, there exists an adjacent chain
between U and V of length |n| —dim(UNV) < |n|. By the same lemma, any adjacent
chain between U and V has length at least || if U NV = {0}.

Case2 m = —|n|.  For any pair of distinct U,V € Lat_,;H we have dimU ©
(UNV)=dimV o UNV) = |n —dim(U+ N V'), We finish the proof in the
same way as in the previous case.

Case3 |m| < |n|. LetU,V € Lat,J be distinct. Suppose that m < 0, as the
other case is analogous. By Lemma 2.2 one can find an adjacent chain between U
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and V of length |m| — dim(U+ N V1) < |m| < |n|. Thus, the second statement in
(b) does not hold.

Case4 m = oo or |m| > |n|. One can find U,V € Lat,X such that |n| <
dimU e (UNV) =dimV 6 (UNV) < co. By Lemma 2.2, any adjacent chain
between U and V has length greater than |#|, contradicting the first statement in (b)
and proving our claim.

Let n be a positive integer. Using Corollary 2.12 we now conclude that ¢(Lat,H)
equals either Lat,X or Lat_,X. In the first case we must have also ¢(Lat_,H) =
Lat_, X, ¢(Lat_,H) = Lat_,XK, and ¢(Lat,JH) = Lat, X, while in the other we have
¢(Lat_,H) = Lat, X, ¢(Lat_,H) = Lat,X and ¥ (Lat,H) = Lat_,X. Hence, there
exists a regular partition Zo, = Z(id) UZ~ (L) such that ¢(Lat,H() = ¢ (Lat,H) =
Lat,X if n € Zy,(id), while ¢(Lat,H) = z/J(Lat H) = Lat_, K ifn € ZOO(L)
Instead of a pair (¢, 1), consider now a pair ((;S 1/)) where ¢(U) = ¢(U) w(U) =
Y(U) if U € Lat,H for some n € Zs(id) and QS(U) = ¢(UL), 1/}(U) = Y(UY)
otherwise. After doing this we may assume that ¢(Lat, ) = Lat,X and ¢(Lat,H) =
Lat,X for every n € Z

Let again n be a positive integer. Then Proposition 2.13 guarantees the existence
of A, € BCI(H,X) for which ¢(U) = A,(U), U € Lat,H, and (V) = A,(V),
V € Lat_,J. By (1.3), we can also apply Proposition 2.13 to a pair of maps U +—
HUNHL U € Lat, 3, and V — (V) V € Lat_,H. Thus, there exists B, €
BCI(H, K) such that (V) = B,(V+)+, V € Lat_, 3, and »(U) = B,(UH)*+, U €
Lat,J. By setting A_,, := (B}) ™!, we therefore get (V) = A_,(V), V € Lat_,H,
and Y(U) = A_,(U), U € Lat,H, as desired.

It remains to describe the behavior of ¢ and 1 on the set Lat,, H. Corollary 2.12
and Lemma 2.4 yield that for every W € Laty, H there exists W’ € Laty, K so that
either p(Aw) = Aw: or p(Aw) = By . We define an equivalence relation on the set
of maximal adjacent subsets of Lat,, H by 8§; ~ &, if and only if there exist W;, W, €
Lato, H such that either {8;,8,} = {Aw,,Aw,} or {81,8:} = {Bw,, Bw,}. Our
next aim is to show that ¢ and ¢ preserve this relation; that is

P(81) ~ @(8) = 81~ 8 = Y(81) ~ P(8y).

In order to do this we start with some observations. We claim that for W, Z &<
Lat,, H we have

(a) {(W,Z} €Cq¢ < YU € AyIV € B, : {U,V} € Cyq,
(b) {W,Z} € Cy¢ < VYU € ByIV € Az :{U,V} € Cyq,
(c) 3U € AwWV € Az : {U,V} ¢ Cqq,
(d) U € By VWV € B, : {U,V} ¢ Coe.

Let us prove (a). The first condition implies the second in the same way as (2.8) in
Proposition 2.13. Assume now that the second condition holds. We can again copy
the proof of (2.8), with the only difference being that we have to change the proof of
the existence of z € Z \ W. Assume that such a z does not exist, that is Z C W. Then
foranyU € Ay and V € B we have V. C U. Thus, for such a pair we can have
{U,V} € Cqconlyif V= {0} and U = H, a contradiction with W, Z € Lat, H.
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It follows from (a) and (1.2) that

{W,Z} € Cy¢ = {Wt,Z1} €y

— YU € Ay13V € By : {U,V1} e Cy.

To complete the proof of (b) we use (2.2). We further choose U € Ay withUNZ #
{0} to prove (¢),and U € By with U + Z # H to prove (d).

It follows from (a)—(d) that ¢(Aw,) ¢ ¥(By,) for any pair W, W, € Lat,, H
with {W;,W,} € Cgc. Now let Wi, W, € Laty, H be arbitrary. By (2.9) and the
previous statement, there exist W3, Wy, W5 € Lat,, H such that

P(Aw,) 2% (Bw,) o ¢(Aw,) 7 Y(Bw,) # ¢(Aw,).

Hence, ¢(Aw,) ~ ¢(Aw,), and similarly ¢(Bw,) ~ ¢(Bw,), ¥(Aw,) ~ ¥(Aw,),
and ¥(Bw,) ~ ¥(Bw,), as desired.

We may now assume that for any W, Z € Lat,, I there exist W', Z’ € Lato, K
such that ¢(Aw) = Aw: and Y(Bz) = By, respectively (otherwise we consider a
pair of maps (U, V) — (¢p(UL),(V1)), U,V € Laty, H, instead of a pair (¢, 1))).
Consequently, ¢ and v induce bijective maps 7, p: Lat,, H — Lat X, determined
by

(2.10) o(Aw) = .AT(W),W € Lato,o H, and ¢(Bz) = 3/)(2),2 € Lat,, H,
respectively. It follows from (a) that

(2.11) {W,Z} € Cqy = {7(W),p(2)} € Cx, W,Z € Laty H.
Choose any W, Z € Lat,, H with {W,Z} € Cg¢. Then any element of Ay can
be uniquely written as W & [z], where [z] € Lat; Z. By (2.11), we also have
{r(W),p(Z)} € Cx. Therefore, it follows from (2.10) that any element of ¢(Ay)
can be uniquely written as 7(W) & [z'], where [z'] € Lat; p(Z). Hence, ¢ induces a

bijective map £: Lat; Z — Lat; p(Z), determined by ¢(W @ [z]) = 7(W) @ &([2]),
[z] € Lat; Z. One can easily show that (2.11) implies

{lz],V} ey = {&(z]),v(V)} € Cpz), [zl €laty Z, V € By.

We use Proposition 2.13 for n = 1 and Hilbert spaces Z and p(Z) to establish that
there exists Aw,z € BCI(Z, p(Z)) such that

£([z]) = Awz([2]), [z] € lati Z, and (V) = Awz(V), V € Bz
We claim that the last equation yields that Ay 7 is independent of W up to a multi-
plication with nonzero scalars. Indeed, let A € BCI(Z, p(Z)) be some other operator

satisfying (V) = A(V), V € Bz. Because any [z] € Lat; Z is an intersection of
closed hyperplanes in Z, it follows that Ay z([z]) = A([z]), [z] € Lat; Z. A rather
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easy argument (see e.g., [4, Lemma 2.4]) shows that A = AAyy z for some X € F\ {0},
as desired.

Thus, for every Z € Lat,, H there exists Ay € BCI(Z, p(Z)) such that for any
W € Lato, H with {W, Z} € Cg¢ we have

oW @ [z]) = T(W) ® Az([2]), [2] € Lat, Z,
Y(V)=Az(V), V € By.

(2.12)

Our next aim is to show that for any pair of distinct Z,,Z, € Lat,, H with
Zy N Z, # {0} there exists A € F \ {0} such that

(2.13) Az |nnz = Mz |70z,

Let z € (Z; N Z,) \ {0}. Using the same argument as when proving that Ay 7 is
independent of W, we conclude that it is enough to show that [Az (2)] = [Az(2)].
We will distinguish two cases.

Casel There exists W € Lato, H such that {W, 2}, {W,2Z,} € Cqc. By (2.12),
T(W) @ Az ([2]) = 7(W) @ Az, ([z]). Consequently, there exists a € F \ {0} such
that w := Az, (2) + aAz (z) € T(W). This, together with (2.11), shows that for every
U € Laty, K with

(2.14) {U,p(2))} € €x and {U,p(Z)} € Cx

there exists ay € F\ {0} such that Az (z) + ayAz(z) € U.

If w = 0, we are done, so assume the opposite. We will show that this assumption
yields a contradiction. We start by providing some technical tools.

Note that p(Z;) @ (1(W) © [w]), j = 1,2, are hyperplanes in X. We claim that
there exist linearly independent x, y € X such that

(i) xyépZpeTW)olw),j=12
(i) [x, y]N7T(W) = {0}.

Indeed, note that p(Z;) and p(Z,) are different and have a common comple-
ment 7(W). Hence, they are not comparable. Choose z; € p(Z;) \ p(Z,) and
2y € p(Zy) \ p(Z;) such that z;, z;, w are linearly independent. Then we have zj +
w & p(Z;) @ (1(W) © [w]), j = 1,2. Furthermore, we can choose z; in such a
way that z; + w ¢ p(Z;) @ (1(W) © [w]). Indeed, if this was not true, p(Z,) ®
(r(W) © [w]) would contain z; + w, —z; + w, and consequently w. This would
contradict p(Z;) ® 7(W) = K. Symmetrically, we can choose z, such that z, + w ¢
p(Z1) ® (1(W) © [w]). Thus, x = z; + wand y = z, + w satisfy (i).

Turn now to the proof of (ii). Let z; and z; be as before. We can find z] €
p(Z1) \ p(Z,) such that z; and z{ are linearly independent and so are z{, z, w. After
multiplying z{ with —1, if necessary, we may again assume that a pair z{ + w, z, + w
satisfies (i). Then one can easily check that not both, [z;, z;] and [z7, 2] can intersect
7(W) non-trivially. So, we may suppose that [z1,2,] N 7(W) = {0}, otherwise we
replace z; by z{. Since w € 7(W), we also have [z; + w,z, + w] N 7(W) = {0}, as
desired.
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Let x, y be as in (i) and (ii). SetU = (t(W) o [w]) @ [x] andV = (t(W) ©
[w]) @ [y]. Then U,V € Lat,, K are distinct and both satisfy (2.14). Hence,

AZI (Z) + 51422 (Z) €U and AZ1 (Z) + 'YAZZ(Z) ev

for some 3,y € IF\ {0}. Therefore, there exist w;, w, € 7(W) © [w] and A\, u € F

such that

w+ (8 — )Az(2) = Az (2) + BAZ(2) = wi + Ax
and

w+ (v — a)Az(2) = Az (2) + YAZ(2) = wy + py.
Furthermore,

Y=Bw—-—(—aw +(B—a)w, = (y —a)x— (B —a)uy € [x,y] N T(W).
By (i1),
(v=Bw=(y—a)w; — (B—a)w € T(W) & [w] C [w]".

Thus, v = 3, which yields w; + Ax = w, + uy. Hence, w; — wy, = py — Ax €
[x,y] N T(W) = {0}. Consequently, w; = w, and A = p = 0, because x and y are
linearly independent. Moreover, (5 — a)Az,(z) = w; —w € p(Z) NT(W) = {0}.
Finally, w = w; € [w]* implies w = 0, a contradiction.

Case2 Z; and Z, are arbitrary. Equation (2.9), applied to the Hilbert space
[z]* yields that there exist W;, W,, W3 € Lat,, H such that (Z; © [z]) @ W, =
W, W, =W, B W; =W;5 & (2,8 [z]) = [z]*+. For W = W, & [z] we therefore
have {Z;, W1}, {W, W}, {W, W3}, {W3,2,} € Cq. It follows from Case 1 that
[Az (2)] = [Aw(2)] = [A4(2)], as desired.

We now define the operator A, : H — X in the following way. Fix Z, € Lat,, H
and an operator Az, from (2.12). For x € Z; we define Aoox := Azx. Forx ¢ Z,
set Asox := Azx, where we choose Z and Ay such that x € Z, Z N Z, # {0}, and
Az|znz, = Az|znz, (we achieve the latter by scalar multiplication if neccessary). It
follows from (2.13) that the definition is independent of the choice of Z and that
either all the operators Az, Z € Lat,, H, are linear or all are conjugate linear. Con-
sequently, A, is linear or conjugate linear. It is easy to see that A, is bijective, and
it is bounded because the restriction of A, to any Z € Lat,, H is bounded. It re-
mains to show that p(U) = )(U) = A (U), U € Laty, H. So, choose an arbitrary
U € Laty, H. Then one can find Z € Lat, H such that U € B, and Z N Z, # {0}.
By (2.12), ¥(U) = Az(U) = Axo(U). Therefore,

{V'€late K : {¢(U),V'} € Cx} = {Ax(V) : V € Lato, H,{U,V} € Cq}
={V’' €late. K: {A(U),V'} € Cx},

and consequently, p(U) = A (U). [ |
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3 Maps on J(H)

Let n be an integer. Set

{P € J(H) : rankP = n} ifn >0,
J(3) = ¢ {P € J(H) : dimkerP = —n} ifn <0,
{071} ifn= 0,

and

Joo(H) = {P € J(H) : dimim P = co and dimker P = co}.

Theorem 3.1 Let H and X be infinite-dimensional separable Hilbert spaces and let
w: I(H) — I(K) be a bijective map such that for all P, Q € I(H) we have

imP=imQ <= imp(P) = im p(Q),
ker P = ker Q <= ker p(P) = ker ¢(Q).

Then there exist a sequence (Ay)nez., C BCUIH,K) and a regular partition 2, =
oo (id) U Zoo (L) such that

o if P € J,(H) forn € Z(id), then o(P) = A,PA,’;
o ifP€J,(H)forn € Lo (L), then p(P) = A,(I — P*)A, L.

Proof For U € LatH let Py be the projection onto U. We will show that the pair of
maps ¢,1: LatH — LatK, ¢(U) = im p(Py), Y(U) = ker (I — Py), satisfies the
assumptions of Theorem 2.14. Indeed, it is easy to verify that they are bijective. Let
H =U @V for some U,V € Lat H. Denote by P the idempotent operator whose
image is U and whose kernel is V. It follows from im Py = im P and ker(I — Py) =
im Py = ker P that ¢(U) = im p(Py) = im@(P) and ¥(V) = kerp(I — Py) =
ker ¢(P), and consequently, X = ¢(U) & (V). If on the other hand, K = ¢(U) &
(V) forsome U,V € LatH, Q is the idempotent operator whose image is ¢(U) and
whose kernel is 1)(V), and P = ¢~ 1(Q), then im ¢(P) = im Q = ¢(U) = im ¢(Py)
and ker ¢(P) = ker Q = (V) = ker (I — Py), and consequently, im P = U and
kerP = ker(I — Py) = V. Thus, H =U @ V.

Therefore, by Theorem 2.14 there exist a sequence (A,)ncz,, C BCI(I,K) and a
regular partition Z., = Z(id) U Zoo (L) such that
e if U € Lat,H for some n € Z,(id), then p(U) = A,,(U) and Y(U) = A_,(U);
e ifU € Lat,H forsomen € Zo. (L), then p(U) = A,(UL+)and(U) = A_,(UL).

First let P be an idempotent with P € J,,(H) for some n € Z,(id), or equivalently,
its image U belongs to Lat,J for some n € Z,(id), and then its kernel V belongs to
Lat_,H. On one hand we know that im p(P) = im ¢(Py) = ¢(U) and ker p(P) =
ker (I — Py) = (V). On the other hand, for every y € ¢(U) = A,(U) we have
y = Ayu for some u € U, and therefore, A,PA, 'y = y, while for every z € (V) =
A,(V) we have z = A,v for some v € V, and consequently, A,PA, 'z = A,Pv = 0.
Thus, p(P) = A,PA; !, as desired.

Assume finally that P is an idempotent whose image U belongs to Lat,J{ for some
n € Zoo(L). Then for every y € imp(P) = ¢(U) = A,(UL) we have y =
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A,u(L) for some u(_L) € U™, and therefore, A, (I — P*)A; 'y = A,(I — P*)u(L) =
Au(L) = y. And for every z € ker p(P) = ¥(V) = A,(V") thereis v(L) € V*
such that z = A,v(), and consequently, A, (I — P*)A; !z = 0. It follows that in this
case we have p(P) = A,(I — P*)A L. [ ]

Of course, the dual form of this statement reads as follows.

Theorem 3.2 Let H and K be infinite-dimensional separable Hilbert spaces and let
©: J(FH) — I(X) be a bijective map such that for all P, Q € J(H) we have

imP=imQ <= kerp(P) = ker p(Q)
and

ker P = ker Q <= im p(P) = im ¢(Q).

Then there exist a sequence (Ap)ncz,, C BCUIH,K) and a regular partition 7., =
7o (1d) U Zoo (L) such that

e if P € J,(H) forn € Z(id), then o(P) = A,P*A;Y;

o ifP e J,(H) forn € Zoo(L), then p(P) = A, (I — P)A L.

The proof is almost the same as that of Theorem 3.1. Another possible proof is to
compose ¢ with the map P — P* and then apply Theorem 3.1.

It is now easy to reprove the main result from [11]. The first part of the proof is
based on the same arguments as in [11].

Theorem 3.3 Let H and K be infinite-dimensional separable Hilbert spaces and let
w: J(H) — I(XK) be a bijective map such that for all P, Q € J(I) we have

P<Q <= ¢(P) < 9(Q).
Then there exists A € BCI(H, X) such that either
o(P) =APA™', PecI(H), or ¢(P)=AP*A"', PecI(H).

Proof We first introduce some notation. For every pair of nonzero vectors x, y € H
we denote by x ® y* the rank one operator from H into itself defined by (x ® y*)z =
(z, y)x. Every rank one operator can be written in this form. Clearly, the image of
this operator is the one-dimensional subspace [x], and its kernel is the orthogonal
complement of y, y= = {z € H : (z,y) = 0}. It is trivial to verify that x ® y* is an
idempotent if and only if (x, y) = 1.

Two rank one idempotents x ® y* and u ® w* have the same image if and only if x
and u are linearly dependent, while they have the same kernel if and only if y and w
are linearly dependent. We write x ® y* &~ u ® w* if and only if these two rank one
idempotents have the same image or the same kernel. Let x and y be nonzero vectors
in J{. We denote by L(x) the set of all rank one idempotents whose image is [x], that
is,

Lix) ={x®w" :we Hand (x,w) = 1},
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and by R(y) the set of all rank one idempotents whose kernel is y=, that is,
R(y)={u®y*:ueHand (u,y) =1}

Let M be a subset of J; (3(). We say that M is a ~-set if for any two elements P, Q € M
we have P =~ Q. We claim that if M is a ~-set, then either there exists a nonzero
x € H such that M C L(x), or there exists a nonzero y € H such that M C R(y).
There is nothing to prove if M is a singleton. So, assume that M contains at least
two distinct elements x ® y* and u @ w*. They have either the same image or the
same kernel. We will consider just the second possibility. Then, after absorbing the
constant in the tensor product, if necessary, we may assume that y = w. Because
x®y* #u®y*and (x, y) = (u, y) = 1, the vectors x and u are linearly independent.
In other words, x ® y* and u ® y* have distinct images. It follows that any projection
P € M has the same kernel as x ® y* and 4 ® y*, and therefore P € R(y). We have
proved that M C R(y).

Clearly, L(x) and R(y) are =~-sets. Hence, for every pair of nonzero vectors
x,y € H the sets L(x) and R(y) are maximal ~-sets, and each ~-set is contained
either in some L(x), or in some R(y). A direct consequence is that every bijective
map 7: J;(H) — J1(K) with the property that for every pair P, Q € J,(H) we have
P~ Q <= 7(P) =~ 7(Q) has the following property: for each nonzero x € { ei-
ther there exists a nonzero u € X such that 7(L(x)) = L(u), or there exists a nonzero
y € K such that 7(L(x)) = R(y).

Since the zero idempotent is the least element of J(HH{) we have ©(0) = 0. Clearly,
rank one idempotents are minimal nonzero elements, and, therefore, ¢ maps the set
of all rank one idempotents on J{ bijectively onto the set of all rank one idempotents
on X, and similarly, ¢(J,(H)) = Jo(X). In fact, we have ¢(J,(H)) = J,(K) for
every n € Zoo.

In the next step we will show that for any pair P, Q € J;(J) the following two
statements are equivalent:

* P=(Q;
e there exist infinitely many idempotents R € J,(3() such that P < Rand Q < R.

Indeed, assume first that P ~ Q. Then either P and Q have the same images, or
they have the same kernels. We will treat only one of these two cases, say the first
one. Then P = x ® y* and Q = x ® w* for some x, y,w € H with (x,y) = 1 and
(x,w) = 1. Obviously, there are infinitely many idempotents R € J,(¥) such that
P < Rand Q < Rwhen P = Q. So, assume that P # Q. Then w = y + u for some
nonzero u € x*. In particular, y and u are linearly independent, and therefore we
can find infinitely many vectors z € H satistying

(z,y) =0 and (z,u)=1.

Because (x,y) = 1, the vectors x and z are linearly independent. It follows that
R, =x® y* + z® u* is of rank two. Straightforward computations show that

RE=R,, RP=PR,=P, and R.Q=QR,=Q,

Z
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which completes the one direction in the proof of the above equivalence.

To prove the other direction assume that P % Q and that P < R, Q < R,
P < §,and Q < S for some rank two idempotents R and S. In particular, we have
imP C imR, imQ C imR, imP C imS, and imQ C imS. AsimP and imQ
are linearly independent one-dimensional subspaces of a two-dimensional subspace
imR, we have imR = im P @ im Q, and, of course, im S = im P @ im Q. Similarly,
ker R = ker PNker Q = ker S. As R and S have the same images and the same kernels,
we conclude that R = §, as desired.

The above characterization of /-pairs of idempotents of rank one and the above
statement concerning the map 7 imply that for each nonzero x € J{ either there exists
anonzero u € X such that ¢(L(x)) = L(u), or there exists a nonzero y € X such that
@(L(x)) = R(y). Assume that there is a nonzero x € JH such that ¢(L(x)) = R(y)
for some nonzero y € X (the case when ¢(L(x)) = L(u) for some nonzero u € X
can be treated in the same way). We claim that then for each nonzero u € H there is
anonzero w € X such that

(3.1) ¢(L(u)) = R(w)

and for each nonzero z € H there is a nonzero v € X such that
(3.2) ©(R(2)) = L(v).

Clearly, we may assume that 1 and x are linearly independent. We know that either
@(L(4)) = R(w) for some nonzero w, or ¢(L(u)) = L(w) for some nonzero w. We
need to show that the second possibility cannot occur. Assume on the contrary that
we have the second possibility. We choose a vector a € H such that (a,x) = 1 =
(a,u). Then L(x) N R(a) = {x ® a*} and L(u) N R(a) = {u ® a*}. It follows that
both sets

R(y) N ¢(R(a)) and L(w)N ¢(R(a))

are singletons. And we further know that either ¢(R(a)) = L(b) for some nonzero
b € X, or ¢(R(a)) = R(b) for some nonzero b € K. In the first case we have
L(w) N ¢(R(a)) = L(w) N L(b), and L(w) N L(b) is either empty (when w and b are
linearly independent), or L(w) = L(b) (when w and b are linearly dependent). This
contradicts the fact that L(w) N ¢(R(a)) is a singleton. Similarly, we get a contradic-
tion in the second case. This proves (3.1). The proof of (3.2) is now trivial.

We next claim that for an arbitrary nonzero idempotent P € J(H) and an arbi-
trary nonzero x € JH the following are equivalent:
e x€imP;
o there exists Q € L(x) such that Q < P.
Indeed, if x € im P, then x ¢ (im P*)L+ = ker P. Therefore, we can find y € im P*
such that (x,y) = 1. It follows that Q = x ® y* < P. If, on the other hand,
Q = x® u* € J;(H) satisfies Q < P, then PQ = Q yields that x € im P. Similarly,
we see that for an arbitrary nonzero idempotent P € J(H) and arbitrary nonzero
y € H we have y € (ker P)* if and only if there exists Q € R(y) such that Q < P.
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This, together with the above obtained properties of the map ¢, yields that for all
P,Q € J(H) we have

imP=imQ <= kerp(P) = ker p(Q),
ker P =kerQ <= imp(P) = im p(Q).

Hence, we can apply Theorem 3.2. Using also the fact that ¢(J,(3H)) = J,,(X) for
every n € 7 we conclude that there exists a sequence (A,),cz C BCI(H, K) such that
©(P) = A,P*A; ! for every P € J,(H), n € Z. After composing ¢ by the map from
J(X) onto J(H) defined by P +— Aflp*Al, P € J(X), we may assume that ¢ maps
J(3H) bijectively onto itself and ¢(P) = P for every operator of rank one. It is then
trivial to conclude that ¢(P) = P for every P € J(J). [ |

Many other structural results for maps on idempotents can be deduced from our
description of image equality and kernel equality preserving maps. As another ex-
ample we reprove one of the results from [12].

Theorem 3.4 Let H and X be infinite-dimensional separable Hilbert spaces and let
w: J(H) — I(XK) be a bijective map such that for all P, Q € J(IH) we have

PQ is a nonzero idempotent <= @(P)p(Q) is a nonzero idempotent.
Then there exists A € BCI(H, K) such that
©(P) = APA™!, PeI(H).

Proof Clearly, 0 is the only idempotent operator having the property that its product
with each idempotent is not a nonzero idempotent. And PQ is a nonzero idempotent
for each nonzero idempotent Q if and only if P = I. Hence, ¢(0) = 0 and ¢(I) = I.
We next claim that for every idempotent P # 0, I the following are equivalent:

¢ Pis of rank one;
e for each Q € J(J) the product PQ is a nonzero idempotent if and only if QP is a
nonzero idempotent.

Indeed, if P is of rank one, P = x ® y*, and Q an arbitrary idempotent, then PQ =
x®(Q*y)* is a nonzero idempotent if and only if (x, Q*y) = 1, while QP is a nonzero
idempotent if and only if (Qx,y) = 1. Thus, the nonzero idempotency of PQ is
equivalent to the nonzero idempotency of QP. If, on the other hand, P is a non-trivial
idempotent that is not of rank one, then after applying a similarity transformation we
may assume that P is a projection whose image is at least two-dimensional and whose
kernel is nonzero. Take orthonormal vectors x, y € im P and a unit vector u € ker P
and set Q = x®x* +(y+u) ®u*. Clearly, Qis an idempotent, PQ = xQ@x* +y@u™* is
not an idempotent, while QP = x ® x* is an idempotent. This proves that the above
two statements are equivalent, and consequently, ©(J;(H)) = J;(X).
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It was proved in [12, Lemma 2.8] that for two rank one idempotents P, Q € J;(H),
P # Q, the following statements are equivalent:

s P=Q;
e there exists R € J,(H) \ {P, Q} such that for every T € J,(H), if PT and QT are
both nonzero idempotents, then RT is a nonzero idempotent.

It follows that for every pair P, Q € J;(JH) we have P ~ Q if and only if p(P) =~ ¢(Q).
As in the proof of the previous theorem we conclude that either

e for every pair of nonzero vectors x, y € J there exist nonzero vectors u,v € K
such that ¢(L(x)) = L(u) and ¢(R(y)) = R(v), or

e for every pair of nonzero vectors x, y € J{ there exist nonzero vectors u,v € K
such that ¢(L(x)) = R(u) and @(R(y)) = L(v).

We will consider just the first possibility.

Let P € J(J) and let x € H{ be a nonzero vector. Then x € im P if and only if PQ
is a nonzero idempotent for every Q € L(x). Indeed, if x € imPand Q = x ® y*
with (x, y) = 1, then PQ = Q. If, on the other hand, x ¢ im P, then either Px = 0
or Px and x are linearly independent. In both cases we can find y € I such that
(x,y) = 1and (Px,y) = 0. Consequently, Q = x ® y* € L(x) but PQ is not a
nonzero idempotent.

It follows that for every pair P, Q € J(H) we have imP = im Q <= im(P) =
im ¢(Q). And similarly, for every pair P, Q € J(J) we have kerP = kerQ <=
ker ¢(P) = ker ¢(Q). Hence, we can apply Theorem 3.1. We also know that rank one
idempotents are mapped into rank one idempotents. Hence, after composing ¢ with
an appropriate isomorphism (see the proof of the previous theorem) we may assume
that ¢ maps J(3H) onto itself and satisfies o(P) = P for every idempotent P of rank
one. We once again use the fact that for an arbitrary P € J(H) we have x € im P if
and only if PQ is a nonzero idempotent for every Q € L(x), together with the fact
that for every rank one idempotent Q the product PQ is a nonzero idempotent if and
only if ¢(P)Q is a nonzero idempotent, to conclude that im ¢(P) = im P. Similarly,
ker o(P) = ker P. The proof is complete. ]

Let us conclude with the remark that Theorem 2.14 plays an essential role in the
proof of Theorems 3.1 and 3.2, while the remaining two theorems in this section
could be derived directly from Proposition 2.13.
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