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ISOMETRIES OF SPACES OF
UNBOUNDED CONTINUOUS FUNCTIONS

JESUs ARAUJO AND KRZYSZTOF JAROSZ

By the classical Banach-Stone Theorem any surjective isometry between Banach
spaces of bounded continuous functions defined on compact sets is given by a homeo-
morphism of the domains. We prove that the same description applies to isometries of
metric spaces of unbounded continuous functions defined on non compact topological
spaces.

Let X, X' be topological spaces and let A (X), A{(X’) be metric vector spaces of
continuous functions on X and X', respectively. If A (X), A (X') consist of only bounded
functions, for example if X, X’ are compact, then, in most cases, we have a complete
description of all surjective linear isometries T : A (X) — A(X'). One may check
2, 3, 4, 5, 6, 7, 10, 11, 12, 13] for descriptions of isometries of spaces of bounded
continuous scalar and vector valued functions, bounded analytic functions, absolutely
continuous functions, bounded Lipschitz functions, differentiable functions, and many
other classes of bounded functions. Usually (but not always, see for example [1] or
[9]) any such an isometry is given by a homeomorphism ¢ : X' — X followed by a
multiplication by a continuous scalar valued function «; that is,

Tf=xfopforal fe A(X).

Any map of the above form will be called canonical. The most classical result in this area
is the Banach-Stone Theorem which states that any surjective isometry of the space of
all bounded continuous functions on a compact set X equipped with the usual sup norm,
onto the space of bounded continuous functions on a compact set X', is canonical. In
this paper we discuss isometries of spaces of unbounded continuous functions.

Assume that X is a o-compact topological space and let X;, X5, ... be a sequence of
compact subsets of X such that

X1 GX2G ... G X G .., and [ JXa= X,

n=1
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The two metrics most often considered on the space of unbounded continuous functions

on X are:
1 £l =3 aallfll,, and
n=1
= lf = gll,
(2) d(f,g) = nz;:an—l =l

where ||-||,, is the usual sup norm on the set X, and (a,),, is a fixed sequence of positive
o0

numbers such that 3" a, < oo; for example, a, = 1/2". The formula (1) defines a Banach
n=1

space norm; for fixed sequences (Xy) and (a,) we shall denote this space by C (X). The
space C (X)) contains unbounded continuous functions of restricted rate of growth; it does
not contain all the continuous functions. The second formula defines a complete metric
on the space C (X) of all the continuous functions on X. In this paper we prove that all
surjective isometries of the spaces (5 (X),II) and (C(X),d(-,-)) are canonical. The
results are valid both in the real and in the complex case; however at some crucial points
the arguments will be different in the two cases. We denote by K the set of scalars (R or
C), and by K, the set of scalars of absolute value one.

THEOREM 1. Let (C(X),|-||) be the Banach space of continuous functions on
a o-compact set X with the norm given by (1) . Let (C~’ (X’),||v||) be the analogous
space on X'. Assume that T is a linear isometry from C (X) onto C(X'). Then there
is a homeomorphism ¢ of X' onto X with ¢(X]) = X, forn € N, and a unimodular,
continuous, scalar valued function & on X' such that

Tf=c-n-fo<p[ora11f€5(X),

o0
where ¢ = (Z an>/< ?:1 a;). Moreover, a, = ca;,, forn € N.
n=1

PROOF OF THE THEOREM

DEFINITION 1: We call a nonempty subset Q of C (X) a peaking set if

W+ ..+ fpll = A+ .. + | fpll for all fi, ..., f €8

A subset of C (X) is called a mazimal peaking set if it is a peaking set and it is not
contained properly in any other peaking set.

The definition of a peaking set involves only the norm and the addition operation
of the vector space. Since surjective isometries preserve both the metric and the lin-
ear structure they map peaking sets onto peaking sets and maximal peaking sets onto
maximal peaking sets.
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DEFINITION 2: For a given peaking set {2 we define the complement Q2+ of Q by
={geC(X):Ir>0 3feQ Vaek |f+ragll=]|fll}

Again, linear isometries map complements of peaking sets onto complements of peak-
ing sets.

DEerFINITION 3:  For z € X we define the indez of z by
ind(z) =min{n:z € X,,}.
We shall say that (z,)s., is an increasing sequence in X if ind (z;) = 1, and for any
n € N, we have
ind (zn41) > ind(z,) or  Zpy = T,
and the set {z, : n € N} has no limit points. 0

LEMMA 2. A subset Q of C (X) is a maximal peaking set if and only if there is

an increasing sequence (Zn)pe, in X and a sequence (8,)o, of scalars of absolute value
one such that

Q= Q((za), 62) £ {f € C(X): VR EN, ||fll, = 6f (za)}.

PROOF: Assume = Q((z,), (6,)). For any fi,..., f, € Q, we have

Wi+ o+ foll =D anllfi + o+ foll,

n=1

_Zan fl xn + . +fp(zn)) = ”fl”++”fP“v

so 2 is a peaking set. Assume that g is a strictly larger peaking set and let fo € Q¢ —Q
Since fo ¢ € then we have two cases:

1. There is a positive integer k such that || foll, > |fo (z&)[, or
2. there is a positive integer k such that [lfoll, = |fo(zx)|, but
ll follx # Ok fo ().

Let (y») be a sequence of nonzero scalars such that for any n, |y,| = 6,yn, the series
(=]

Y Gn |yn| is convergent, and yn = Yn41 if Tn = Tny1 and |yn| < |Yns1l, if Tn # Tupr. In
n=1

the first case we introduce a continuous function f on X such that

f(z) =0 for any z € X with |fo (x)l = ||foll, , and
Ifll,, = 0nf (z4) = Onyn, for any n € N,
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To construct such a functlon f we first construct inductively a continuous function f on

X: after it is defined on U X; we extend it to U X;U{Zn+1} by putting f (Zn+1) = Yna1
n+1 =

and then extend to |J X; with the same sup norm [8]. Put
i=1

K ={z € X: |fo(@)] = full }.

K is a closed set and does not contain z, nor any z,, for n > k; since (z,) is an increasing
sequence neither does it contain any z,, with n < k. Let ¢ be a continuous function on X
with norm one and such that g =0on K and g =1 on {z,:n € N}. Put f = gf. The
function f belongs to @ however |1 + foll < [|£]| + I foll since |f + foll, < Ifll, + Il foll»
so () is not a peaking set.

In the second case using the same method, and the same function f, we construct a
continuous function f on X such that

f(x)=0 for any z € X; with |fo(z) + f(z)| = || foll, + Hﬂ'k and
Ifll, = 6nf (zn) = Onyn, foranyneN.

Again || f + foll < |IflI+ lifoll since If + foll, < llfll + [l follx, s0 S0 is not a peaking set.
Assume now that Q is a maximal peaking set. For any f € C (X) put

M, = {(zn,e,o & T %o x Ky : £, = 6 f (zn)}.

n=1
The sets M are compact and, since Q2 is a peaking set the family {M; : f € Q} has the
finite intersection property, consequently

M= {(z,,,en) € [T Xn x Ky : [|fll, = 6nf (za) forall f e Q}

n=1
is not empty. Assume M contains two distinct points (zl,0%) and (z2,62). The sets
{z} : n € N}, i = 1,2 can not have a limit point so we may select f € G(X) such
that (z.,6)) € M; and (z2,602) ¢ M;. Then Q U {f} is a peaking set contrary to our
assumption that Q is maximal. Hence M is a singleton, M = {(zn,60,)}, consequently
(zn) is increasing and Q is contained in

Q((n), (0n)) = {f € C(X):¥n €N, |Ifll, = 0af (za)}.

Again from the maximality of €, since by the first part of the proof Q((z,),(6,)) is a
peaking set, we have Q = Q((zx), (6,))-
LEMMA 3. For any maximal peaking set Q((z,), (6,)) we have

ﬂ ker &z, C O ((zn), (60)),

n=1

where the functional 8, on C (X) is defined by 6, (h) := h(z) for h € C (X).
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PRoOOF: Let g € () kerd,,. For any n € N let U, be an open neighbourhood of z,,

and k,, a continuous f&:(l:tion on X such that for alln,m € N
UnNUp=0if 2, # Tyn, and 0 < ku(z) € 1, kn(z,) =1, and k, =00n X \ U,.
Put -
£ = kal@)a (llgll, = |9(2)]). for € X.

n=1

It is clear that f € Q((zn), (6)). For each n € N and z € X,, we have
ka(2) (llgll, = [9(2)]) < lgll, = |9()],

50 kn(z) (llgll, = |9(2)]) + 9(z)] < llgll, hence

|£(@)] + |g(=)| < |f(zna)] = Wil
which proves that g € Q*((z,), (6a)). 0
LEMMA 4. AssumeK =C. Let f,g be elements of C (X) such that

Ir>0 VaekK, |f+ragl=]|fl
and let (z,) be an increasing sequence in X such that ||f], = |f (za)| for n € N. Then
g(zx) =0forneN

PRrRoOOF: We have

@3)  Nf+e )| = an|lf + €|, =Y anlf () + g (za)| L £(6).
n=1

n=1

By a simple computation one can check that for any nonzero scalar y we have

1
/ |1+ e*y|do > 1.
0

1t follows that if the g (z,) are not all equal to zero then

/0 £ (a)da = Za,,/o |f (zn) + €€™2g (z,)|de > Zan|f (za)] = I£Il-
n=1 n=1

Hence £ (6p) > [|f|| for some real number 6. From (3) ||f +€**g|| > ||f|| which
contradicts our assumption.
From the last two lemmas it follows that in the complex case

Q((zn), ( ﬂ ker 4., .

The above formula is not true in the real case in general. However, the next lemma shows
that it remains true if (z,) is constant.
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LEMMA 5. Assume Q = Q((z4), (0n)) is a maximal peaking set, and assume that
the sequence (z,) contains only one value, that is z,, = z, for every n € N. Then

ot ((z,,), (9,,)) = ker 4,

PROOF: Suppose that g € C(X) satisfies g(z,) # 0. Then given any f €
Q((zn), (fn)) we can find an arbitrarily small o € K such that

|F(21)] < |ag(z1) + F(z1)].

Hence

o0 oo
1A =D anllfll, < D anllag+ fll, = llag + flI,
n=1

n=1
sog¢ Qt ((in), (6n)). This implies that Q*((za), (fa)) C kerd,,. The other inclusion
follows from Lemma 3. O

LEMMA 6. Assume that K = R and that Q = Q((z.), (6n)) is 2 maximal peaking
set. Then

Q4 ((2n), (6n)) = ker (i anonazn).

Proor: If the sequence (z,) is constant the lemma follows from the previous one
so we may assume that (z,) is not constant. For each n € N, let U, be an open neigh-
bourhood of z, such that U, N U, =@ if z, # z,,. Let g € C(X) be such that

o= oo
llgll,, = Ig(zn)| forn € N, Zanﬂng(zn) =0, and g=0on X\(U U,,).

n=1 n=1

If (z,) contains at least two values then we can always find a g that is not equal to
zero at these two points. Moreover, if h € c (X) is such that i an0.h (z,) = 0, then
we can always find a function g that satisfies all the above cor:ciitions and a function
g € ﬁ ker 6, such that g + ¢’ = h. From Lemma 3 we know that Q*((z,), (6,))

n=1

o0
contains [ kerd,, so to prove the lemma it is sufficient to show that the function g is

n=1
contained in Q*((z,), (6,)).
Let f € Q((zn), (8n)) be such that for some sequence of numbers (c,) with absolute
values equal to one, we have

f(x)=cng(z) ifzelU, and g(z,) #0,
f@ =0 itzex\(|Ju).
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Notice that ¢, is positive if and only if g (z,) 8, is positive. For any 0 € r £ 1 we have

If *rgll, = (1£ é)|f(zn)[ if g(24) #0, and
If £ rgll, = Ifll, otherwise,

hence
If £rgll = ian If £rgll, = ian 11l £ rilansgn (ca) |9 (za)]
T ri;aneng (@) = 111,
50 g € 2+ ((z), (6))- 0

ProoF OF THEOREM 1: Notice that the isometry T maps maximal peaking sets
onto maximal peaking sets. We shall show that T maps the maximal peaking sets
Q((zs), (6s)) that correspond to the constant sequence (z») = (z:), onto the same type
of maximal peaking sets: T(Q2((z1), (61))) = Q((z}), (8;)). We shall also show that z}
does not depend on the value of 8, but only on z;. :

In the complex case, by the previous lemmas, 2+ ((z4), (6r)) is of codimension one if
and only if (z,) is constant. Since T preserves the codimension and the maximal peaking
sets and their complements, it maps maximal peaking sets that correspond to constant
sequences in X, onto the same type maximal peaking sets. For a constant sequence (z,),
QL ((zn), (8,)) is equal to ker 6z, and hence it does not depend on ;.

In the real case the situation is more complicated — by the previous lemma

@ 0 (20), (0)) = ker (Y- anfusi, ).
n=1

for any increasing sequence (z,), so the codimension of QL((zn), (6,,)) is always one.
Since T preserves the maximal peaking sets and their complements as well as the norm,
from (4) we get that for any ((z.), (fa)) there is a ((z},), (6,)) in X' x K; such that

[>] oo
T (Z ane,,a,,,,) =cY a0,
n=1 n=1

where ¢ = (Z a,,)/(z a;), and T* is the conjugate of 7. Denote by = the set of

n=1 n=1
00
all functionals of the form 3 a,0,6;,. We shall say that functionals Fy, F;, € = are

n=1
orthogonal if

NEl + DE2ll = 1By + Rl = 1Py = Pl

For F € = we put
Ft ={F € Z:F and F are orthogonal} .
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Since the definition of orthogonality involves only the norm and the linear structure it is
00 o0 ~
preserved by T*. On the other hand Fy = }_ an0,6;,and F> = Y a,6,0z, are orthogonal

n=1 n=1
if and only if the corresponding sequences (z,) and (Z,) do not have any common point.

Put
Zo={F':FeZ}).

The set =g is partially ordered by inclusion, F+ is a maximal element of Z; if and only
if F is defined by a constant sequence (z,) = (z;). All this is again preserved by T, so T
maps ker é;, £ € X,, onto kerd,, ' € X]. ‘

We proved that in both the complex and the real case there is a bijection ¢; from X
onto X such that T (ker 6,,(s)) = ker &, for z € X1, equivalently T* (6;) = k1 (%) 64 (2,
for z € Xj, or

(5) T (f) (z) = s(z) f(01(2)), for z € X],

n=1
continuous in the weak* topology the functions ¢; and k; must also be continuous.

We proved that T has the canonical form on X; C X, and

o0 (o]
where k; has the constant absolute value equal to ¢c = (E a.,.) / (Z a;). Since T* is
n=1

(6) ITFll, = cllfll, for f € C (X).

Now we need to extend ; and x; to the entire set X. Because of the symmetry we may

assume that o
ay < Zn:l Gn
PV CE
al Zn:l an

and define new norms on C (X) and C (X'), by

p(f) = Ifll— e llflly = D_anllfll,, for f € C(X), and

n=2

©0
a a ~ .
7 (9) = llgl = 2l = (i = 2) gl + 3 et lgl,, for g € € (X"

n=2

By (6) T is an isometry of (C(X), p(-)) onto € (Xx",p' (-))- If a} —(a1/c) # O, then,
based on what we already proved applied to this new isometry, there is a homeomorphism
2 from X{ onto X;, and a scalar valued function &; such that

T(f)(z) = r2(z) f (#2(z)), for z € X7,

but this contradicts (5). Hence a] — (a1/c) = 0 and ¢, and k,, are extensions to X} of

1 and k,, respectively. By continuing this process we extend ¢, to a homeomorphism
of X' onto X.
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We also get
oo o0
a, _ Zn.—: an a2 2n=2 an

7 9 R 7 0 T
a’l Zn: a’n a’2 Zn=2 a’n

hence for ¢ = (io: an) /(Z a;) we have

n=1 n=1

an = cap, forn e N. 0

THEOREM 7. Let (C(X),d(,)) be the metric vector space of all continuous func-
tions on a o-compact set X, where the metric is given by (2). Let (C(X'),d(;,")), be
the analogous space on X'. Assume that T is a linear isometry from C (X) onto C (X').
Then there is a homeomorphism ¢ of X’ onto X with ¢ (X)) = X,,, forn € N, and a
unimodular, continuous, scalar valued function k on X' such that

Tf=ckfoypforal feC(X),

o0
where ¢ = (Z a,n)/(z;“il n) Moreover a, = ca,,, forn € N.

n=1
PRroOOF: Let T : C(X) — C (X') be a surjective isometry. For a fixed f € C (X)
we define a function ay : Rt — R* by

Al _ s~ _thfll
oy (t) L d(tf,0) = Za‘"1+||tf|| Za"1+1t||flln'

n=1
It is easy to check that

o

day II£1]
= = a,———2— fort > 0.
dt ; 1+ [It£1l,)°

‘ daj ., & . .

For ¢t = 0 the value of d_t, is 3 an ||fll,,; it may by finite or may be equal to +oo. Since
n=1

the function oy is defined only in terms of the metric and linear structure it is preserved

by the isometry. Hence oy = ary and T preserves the quantity

daf

m-m-Z%m

Consequently T restricted to the Banach space

)= {recm): =L amlil, < oo}

is an isometry, with respect to that Banach space norm, onto

&)= {oe o) lll = 3 atlgl < oo}
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By the previous Theorem there is a homeomorphism ¢ of X’ onto X with ¢ (X)) = Xy,

for n € N, and a unimodular, continuous, scalar valued function ¥ on X’ such that

Tf=rfopforal feC(X).

Since C (X) is dense in (C(X),d(-,-)) the above formula holds for all functions from

C(X).
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