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Leading terms of Artin L-functions at s =0 and s =1

Manuel Breuning and David Burns

ABSTRACT

We formulate an explicit conjecture for the leading term at s = 1 of the equivariant
Dedekind zeta-function that is associated to a Galois extension of number fields. We show
that this conjecture refines well-known conjectures of Stark and Chinburg, and we use
the functional equation of the zeta-function to compare it to a natural conjecture for the
leading term at s = 0.

1. Introduction

In this paper we continue the study of the leading terms at integer points of equivariant Dedekind
zeta-functions that was initiated in [Bur01].

To be more specific we fix a Galois extension of number fields L/K and a sufficiently large finite
set S of places of K which in particular includes all archimedean places and all places which ramify
in L/K. We set G := Gal(L/K) and write (y/x s(s) for the S-truncated equivariant zeta-function
of L/K which takes values in the centre Z(C[G]) of the group ring C[G]. The function (r/x g(s)
can be considered as the vector consisting of the S-truncated Artin L-functions for all irreducible
characters of Gi. For each rational integer m the element (7 /K, g(m) which is given by the leading
non-zero coefficients in the Taylor expansions of these Artin L-functions at s = m lies in the unit
group of Z(R[G]).

In this paper we shall formulate an explicit conjectural formula for the image of (7 /K, 5(1) under

the canonical homomorphism @ from the unit group of Z(R[G]) to the relative algebraic K-group
Ky(Z]G],R). Our formula involves the Euler characteristic (in the sense of [BrB05]) of a natural
perfect complex of Z[G]-modules that is constructed by using methods that are both explicit and
comparatively elementary. The explicit nature of this formula allows us to prove rather easily that it
simultaneously refines both the ‘main conjecture’ of Stark at s = 1 (as described by Tate in [Tat84])
and the ‘Q2j-conjecture’ formulated by Chinburg in [Chi85].

In a subsequent paper we will show that our formula is equivalent, under certain hypotheses,
to the ‘equivariant Tamagawa number conjecture’ of [BF01], as applied to the pair (h°(Spec L)(1),
Z[G]). The latter comparison result is interesting for several reasons: it will allow us to deduce
the validity of our conjectural formula for 3(@ /K, ¢(1)) in the case that L is an abelian extension
of Q, it answers a question raised by Flach and the second named author in [BF96], and it also
establishes the link between our explicit conjecture and the very general (and rather abstract) ‘main
conjecture of non-commutative Iwasawa theory’ that was recently formulated by Fukaya and Kato
n [FKO05]. Indeed, this comparison result combines with the philosophy described by Huber and
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Kings in [HK02, §3.3] (and by Fukaya and Kato in [FK05, §2.3.5]) to suggest that the validity of
our conjectural formula for 9(¢} K ¢(1)) for all Galois extensions L/K could itself provide a pivotal
step in proving the conjecture of Fukaya and Kato in full generality.

The main result in the present paper concerns the compatibility of our conjecture with the
explicit conjectural formula for 3((}: /K, 5(0)) that is studied in [Bur01]. Using the functional equation
of the equivariant zeta-function, we prove that the mutual compatibility of these conjectures is
equivalent to the validity of the ‘epsilon constant conjecture’ formulated in [BIB03]. This result
allows us to interpret results in [BIB03, Bre0O4a] and [Bre04b] as evidence for our conjecture. For
example, by these means we deduce that the conjectural formulas for 3({}5 e 5(0)) and 5({}5 e s(1))
are mutually compatible whenever L/K is tamely ramified or L is either an abelian extension of Q
with odd conductor or a non-abelian extension of Q of degree 6.

In this regard, we also prove that the validity of the epsilon constant conjecture of [BIB03] would
imply that epsilon constants of symplectic characters are uniquely characterized by a natural alge-
braic invariant of L /K. This result shows that the epsilon constant conjecture implies an affirmative
answer to a question that has been open ever since Cassou-Nogues and Taylor proved in [CT83a]
and [CT83b] that symplectic epsilon constants of tamely ramified Galois extensions of number fields
are characterized by algebraic invariants.

When taken together with the results of [Bur01, BIB03] and [Bur05] the present paper demon-
strates that the use of equivariant zeta-functions and of the Euler characteristic formalism of [BrB05]
provides a universal framework of leading term conjectures which incorporates as consequences a
wide variety of seemingly unrelated theorems and explicit conjectures ranging from Hilbert’s Theo-
rem 132 to the ‘Q-conjectures’ of Chinburg, the explicit Galois structure results on units and ideal
class groups proved by Frohlich in [Fré89] and [Fr692], the refinement of Stark’s conjecture formu-
lated by Rubin and the ‘refined class number formulas’ conjectured by both Gross and Tate. In turn,
such a universal approach gives new insight into various long-standing questions and conjectures.
For example, in the setting of the present paper, the results we prove in §§ 3 and 5 show that Chin-
burg’s ‘Q2;-conjecture’ and ‘€23-conjecture’ are consequences of leading term conjectures at s = 1
and s = 0 respectively, whereas his ‘(29-conjecture’ is most naturally interpreted as a consequence of
the compatibility of these leading term conjectures with respect to the relevant functional equation.
From a philosophical perspective, this qualitative distinction neatly accounts for the fact that the
Q5-conjecture is much easier to study than either of the €1-conjecture or 23-conjecture and also
provides a satisfactory answer to a problem emphasized by Frohlich in both [Fr689] and [CCEFT91,
§3]. Indeed, in [Fr689, Introduction] Frohlich writes of the ‘amazing analogy’ between the Galois
structure theories of, on the one hand, unit groups and ideal class groups and, on the other hand,
rings of algebraic integers, and he stresses that providing a natural explanation of this analogy is
‘an outstanding problem — possibly connected with a new interpretation of the functional equa-
tion’. The results we prove in §§3 and 5 now provide just such an explanation of this analogy (see
Remark 5.5 for further details in this regard).

In a little more detail, the basic contents of this paper are as follows. In § 2 we review some basic
algebraic K-theory and give a new (and more conceptual) description of the ‘extended boundary
homomorphism’ d that was introduced in [BFO1]. We also review relevant facts concerning homolog-
ical algebra and the Euler characteristic construction of [BrB05] and recall the definition and basic
properties of equivariant Dedekind zeta-functions. In §3 we formulate our conjectural description
of (‘9(@ /K, (1)), prove some of its basis properties and describe its relation to the conjectures of
Stark and Chinburg. In §4 we review the conjectural description of 9((} /K, 5(0)) that is formulated
in [Bur01]. In § 5 we use the functional equation of the equivariant zeta-function and the ‘additivity

criterion’ proved in [BrB05] to investigate the compatibility of the conjectures of §§ 3 and 4 with the
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conjecture of [BIB03]. We also prove that, if the central conjecture of [BIB03] is valid, then epsilon
constants of symplectic characters are uniquely characterized by natural algebraic invariants.

The present paper incorporates updated versions of the unpublished manuscripts [Bur98] and
[BrB03].

2. Preliminaries

In this section we summarize the necessary background from algebraic K-theory and homological
algebra. Furthermore we recall the definition of the equivariant zeta-function.

2.1 Algebraic K-theory

We recall the definition of the relative Ky-group and describe the extended boundary homomorphism
which takes values in such a group.

2.1.1 Relative Kg-groups. For any integral domain R of characteristic 0, any extension E of
the field of fractions of R and any finite group G let Ky(R[G], E) denote the relative algebraic K-
group associated to the ring homomorphism R[G] — E[G]; a description of Ko(R[G], E) in terms of
generators and relations is given in [Swa68, p. 215]. Writing Ko(R[G]) for the Grothendieck group
of the category of finitely generated projective R[G]-modules and K;(R[G]) for the Whitehead
group there is a long exact sequence of relative K-theory

ok 09
K1(R[G]) — K\(E[G]) =% Ko(R[G], B) =% Ko(R[G)) =5 Ko(E[G]) (1)
(cf. [Swa68, ch. 15] or [Bur04] for more details). The exact sequence (1) is functorial in the pair
(R, E). The projective class group CI(R[G]) of R[G] is defined to be the kernel of O, p and is in

fact independent of F. In the case R = Z and E = R we will often write 8G for the map 8Z[G}

Or[G),E

Let Z(E[G])* denote the multiplicative group of the centre of E[G]. The reduced norm map
induces a homomorphism nr : K;(F[G]) — Z(E[G])* and we denote its image by Z(FE[G])*". In
this paper FE will always be either R or an algebraically closed field or a finite extension of Q or
Q) for some prime number p. In all these cases the homomorphism nr : K1(E[G]) — Z(E[G])* is
injective (cf. [CR87, Theorem (45.3)]) and we will always identify K;(E[G]) and Z(E[G])*" via nr.
In particular we will consider 8}%[6’}, r as a map Z(E[G])*t — Ko(R[G],E). If E is algebraically

closed or a finite extension of Q, then Z(E[G])*" = Z(E[G])*.
We recall that in the case R = Z and E = Q the canonical maps Ky(Z[G], Q) — Ko(Z,[G],Qp)

induce an isomorphism
G),Q) = P Ko(Z,[G), Qp), (2)
P

where the direct sum is over all prime numbers p.

Our main interest will be the case R = Z and E = R. For every prime number p and every
embedding j : R — C, (where C, denotes the completion of an algebraic closure of Q) we obtain
induced maps j, : Ko(Z[G],R) — Ko(Z,|G],Cp) and j. : Z(R[G])* — Z(C,[G])*.

LEMMA 2.1. The map
G.R) — | [ Ko(z,[G),C

is injective. Here the product runs over all prime numbers p and all embeddings j : R — C,,.

Proof. We consider the exact sequence (1) for the pairs (R, FE) = (Z,Q), (Z,R), (Z,,Q,) and
(Zy,C,) and the maps between these sequences which are induced by the obvious inclusions and by
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an embedding j : R — C,. An easy diagram chase shows that there is a commutative diagram of
short exact sequences as follows.

0 — Ko(Z[G],Q) Ko(Z[G],R) K1 (R[G])/ K1 (Q[G]) ——0

| l |

0 — Ko(Zy[G], Qp) — Ko(ZpG], Cp) — K1(Cy[G])/ K1 (Qp[G]) —0

Therefore it suffices to show that the maps

6).Q) — [ £oZ:[G). Q) 3

and

K1 (RG])/K1(Q HK1 G])/K1(Qy[G]) (4)

are injective. The injectivity of (3) follows 1mmed1ately from (2).
Let z € Ki(R[G]) be such that j.(z) € K1(Q,[G]) € Ki(C,[G]) for all p and j. Using the
isomorphism nr : K1 (R[G]) = Z(R[G])*F we have x = 3 cyg € Z(R[G])*T such that
=D_ileg)g € Z(QIGD . (5)
geG

We claim that }° . cqg € Q[G]. Let g € G and consider the coefficient ¢ . If ¢, was transcendental
over Q then there would be an embedding j : R — C, such that j(c,) ¢ Q, contradicting (5).
Therefore ¢, is algebraic over Q. Now j(¢s) € Q, for all p and embeddings j implies that all primes
are completely split in the number field Q(c,) and therefore Q(c,) = Q. Hence

z € Z(R[G])* " NQ[G] = Z(Q[G])* T = K1(Q[G)).

This shows the injectivity of (4). O
2.1.2 The extended boundary homomorphism. We give a conceptual description of the ‘extended
boundary homomorphism’ introduced in [BF01, Lemma 9].

LEMMA 2.2. There is a unique homomorphism 9}, : Z(R[G])* — Ko(Z[G],R) such that for every
prime number p and every embedding j : R — C,, the diagram

Z(R[G])* % Ky(Z|G],R)
b ;
81 G C
[G < — KO(ZP[G]J (Cp)

commutes. The restriction of 8(1; to Z(R[G])** is the map 8%[6,] R

Proof. To define 3%;(3:) for x € Z(R[G])™ we choose A € Z(Q[G])* such that Az € Z(R[G])*" and
set

06(x) = Oy g Z 97,1610

Here the sum is over all prime numbers p, and 8 2,(G.Qp (A\) means the following: Consider \ as an
element of Z(Q,[G])* via the inclusion Z(Q[G])* € Z(Q,[G])* then apply 9} 7,1G1,0, 8nd consider the

result as an element of KO(Z[G] R) by the inclusion Ko(Z,[G],Q,) C KO(Z[G] Q) C Ko(Z|G],R).
One easily checks that 8G is well defined and a homomorphism. Obviously 8G( x) = 8Z[G} (x)
1430
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for z € Z(R[G])**. The diagram commutes for every embedding j : R — C, because for all
prime numbers ¢ # p one has j, ((‘%q ] Qq()\)) = 0 in K¢(Z,|G],C,). The uniqueness assertion is a
consequence of Lemma 2.1. O

Remark 2.3. The construction of the map 3%; in the proof of Lemma 2.2 shows that this map is the
same as the homomorphism 5%[(;} g introduced in [BF01, Lemma 9].

2.1.3 Change of group. Let R, E and G be as in §2.1.1 and let H be a subgroup of G. Since
R[G] is free as R[H]-module, restriction of scalars is a functor from projective R[G]-modules to
projective R[H]-modules and similarly from E[G]-modules to E[H]-modules. Therefore one obtains
canonical restriction maps resg for all K-groups in the exact sequence (1). Using the identification
via the reduced norm we also obtain a restriction map res$ : Z(E[G])** — Z(E[H])**.

The functor M — R[G]|®@pgg) M from projective R[H]-modules to projective R[G]-modules and
the corresponding functor from E[H]-modules to E[G]-modules induce induction maps ind$ for all

K-groups in the exact sequence (1). Again one also obtains an induction map ind% : Z(E[H])*+ —
Z(E[G])*T.

If H is a normal subgroup of G then the functor M ~— M from projective R[G]-modules to
projective R|G/H]-modules and the corresponding functor from E[G]-modules to E[G/H]-modules
induce quotient maps qg /H for all K-groups in the exact sequence (1). Again one also obtains a

quotient map qg/H . Z(E[G)** — Z(E[G/H])*.

The extended boundary homomorphism is compatible with the restriction, induction and quo-
tient maps. More precisely, the map res$ : Z(C[G])* — Z(C[H])* restricts to a homomorphism
res; : Z(R[G])* — Z(R[H])*, and one has d}; ores$ = res; 0 95 as maps Z(R[G])* — Ko(Z[H], R).
Similarly 95 o ind§ = ind% o 9 : Z(R[H])* — Ky(Z[G],R) and 35/H o qg/H = qg/H 0 0f :
Z(R[G))* — Ko(Z|G/H],R) if H is normal in G.

2.1.4 Involutions. We recall the definition of the involution ¢, of Ko(Z[G],R) that is defined
in [Bur0O1, p. 217]. If P is a projective Z[G]-module then Homy(P,Z) is a projective Z[G]-module
when endowed with the contragredient G-action. Every element in Ky(Z[G],R) is represented by
a triple [Py, ¢, Po] where Py, P, are finitely generated projective Z[G]-modules and ¢ : P} @z R —
P> ®z R is an isomorphism of R[G]-modules. The involution ¢, is defined by

QZ)*G([Pl, QO,P2]) = [HomZ(PbZ))HOIHR(SOJR)_lvHOInZ(P%Z)]'

One can show that ¢, is compatible with the change of group homomorphisms deﬁned in §2.1.3,
i.e. for a subgroup H of G one has resH oYL = Uy oresH, de oYy = V& ode and qG/H oYL =
1/;G/H qu/H if H is normal in G.

Let Z(C[G]) denote the centre of C[G] and note that there is a canonical isomorphism Z(C[G]) =
[T enr(c) € where we write Irr(G) for the set of irreducible C-valued characters of G. On Z(C[G
there exists a natural involution x +— x# which is induced by the C-linear anti-involution of C[
which sends each element of G to its inverse. If x = (7y)yenr (@) under the isomorphism Z(C[G])
T cnr(c) C then 2% = (%) yem(c)- This involution of Z(C[G]) restricts to an involution of Z(R[G])
which is compatible with the change of group homomorphisms from §2.1.3.

xll@c

Up to sign the involutions on Ko(Z[G],R) and Z(R[G])* are compatible with the extended
boundary homomorphism. More precisely, if # € Z(R[G])* then one has ¥ (9% (z)) = —9% (%) in
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2.2 Homological algebra

We fix the sign conventions used for the homological algebra constructions in this paper. Further-
more we prove an important lemma concerning extension classes and recall the notion of an Euler
characteristic with values in a relative algebraic K-group.

2.2.1 Complezes. Let R be aring. By a complex we mean a cochain complex of left R-modules.
For any complex A we write A[1] for the shifted complex that is given by A[1]' = A™™! with
differential d 41)(a) = —da(a). The mapping cone cone(w) of a map of complexes w : U — V' is the
complex defined by cone(w)’ = V' @ U™ with differential deope (o) (v, u) = (dy (v) + w(u), —dy (u)).
Let D(R) denote the derived category of the abelian category of R-modules. A triangle

A% BL o2 A
in D(R) is called distinguished if it is isomorphic to a triangle of the form
UV 5 cone(w) & UL,

where w is a map of complexes, ¢ : V — cone(w) is the canonical inclusion ¢(v) = (v,0), and
7 : cone(w) — UJ[1] is the negative of the canonical projection, i.e. w(v,u) = —u. For typographic

reasons we often write a distinguished triangle as A = B 5, c .

For every short exact sequence of complexes 0 — A = B LN C' — 0 there exists a canonical map

v : C' — A[l] in the derived category such that A % B 505 A[1] is a distinguished triangle. Our
choice of triangulation guarantees that the cohomology sequences of the short exact sequence and
of the distinguished triangle are the same, i.e. that the map on cohomology induced by ~ coincides
with the connecting homomorphism of the short exact sequence.

2.2.2 Yoneda extensions. We always use injective resolutions of the second variable to identify
Yoneda Ext-groups (as defined in [HS97, IV, §9]) with derived functor Ext-groups. For a natural
interpretation of the connecting homomorphism for derived functor Ext-groups in terms of Yoneda
extensions see [BF98, Lemma 3].

We will frequently interpret certain complexes in the derived category in terms of Yoneda ex-
tension classes as in [BF98, p. 1353]. To a complex E which is acyclic outside degrees 0 and n > 1
one associates the class e(E) € Ext,™ (H"(E), H*(E)) which is given by the truncated complex
E' := 7<"720F with the induced maps H°(E) — HY(E') — (E')° and (E')* — H™(E') = H"(E)
considered as a Yoneda extension.

LEMMA 2.4. Let E and F' be complexes which are acyclic outside degrees 0 and n > 1. Let
a: HYE) — HYF) and 3 : H"(E) — H"(F) be homomorphisms of R-modules inducing
maps o, : Ext%™ (H(E), H'(E)) — Ext};™ (H™(E), H(F)) and 3* : Exts™ (H"(F), H'(F)) —
Extl" (H™(E), HO(F)). There exists a morphism ¢ : E — F in D(R) which induces o on H® and
B on H" if and only if a.(e(E)) = B*(e(F)). If in addition Extl,(H™(E), H'(F)) = 0, then the
morphism ¢ with this property is unique.

Proof. Without loss of generality we can assume that E? = 0 and F* = 0 unless 0 < i < n. By
interpreting the maps «a, and 5* in terms of Yoneda extensions and by the definition of equivalence
of Yoneda extensions it is easy to see that a,(e(E)) = 3*(e(F')) implies the existence of a morphism
E — F in the derived category with the required property. Conversely, if ¢ : F — F' is such
a morphism in D(R) then there exists a complex G with G = 0 unless 0 < i < n, a quasi-
isomorphism A : G — E and a map of complexes p : G — F such that ¢ = p o A~!. This easily
implies au(e(E)) = B*(e(F)).
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To show the uniqueness it suffices to prove that if ¢ : E — F induces the zero map on H° and
H" then ¢ = 0 in D(R). We first observe that there is a distinguished triangle

H"(F)[=n 1] — H(F)[0] — F — H"(F)[-n], (6)

which on cohomology induces the canonical maps. Indeed, if F denotes the complex F? — F1 —

-+ — F" — H"(F) with F” in degree 0 then (6) arises from the short exact sequence of complexes
0— H"(F)[-n—1] — F — F — 0 and the quasi-isomorphism H°(F)[0] — F. From (6) we obtain
an exact sequence of abelian groups

Hompg (E, H°(F)[0]) — Homp(g)(E, F) — Homp g (E, H" (F)[—n]).

The image of ¢ in Homp gy (£, H" (F)[-n]) = Homp(H"(E), H"(F)) is trivial, thus ¢ is the image
of a map ¢ € Homp(g)(E, H°(F)[0]). There is a distinguished triangle for E similar to (6) which
gives an exact sequence

Homp ) (H"(E)[~n], H’(F)[0]) — Hompg) (E, H’(F)[0]) — Hompg)(H’(E)[0], H°(F)[0]).

The image of ¢ in Hompg (H°(E)[0], H*(F)[0]) = Hompg(H°(E), H*(F)) is trivial and by
assumption Homp gy (H™(E)[—n], H*(F)[0]) = Ext}(H"(E), H°(F)) = 0. Thus ¢ = 0 and hence
also ¢ = 0. O

2.2.3 Euler characteristics. Let G be a finite group. For any object C' of D(Z[G]) we write

H®(C) and H°Y(C) for the direct sums € HY(C) and €, ,4q H*(C) where i runs over all even
and all odd integers respectively.

ieven

We write DP(Z[G]) for the full triangulated subcategory of D(Z[G]) consisting of those com-
plexes that are perfect (i.e. isomorphic in D(Z[G]) to a bounded complex of finitely generated
projective Z[G]-modules). Let C' be an object in DP*'{(Z[G]) and t a trivialization of C' (over R),
that is, an isomorphism of R[G]-modules ¢ : H*(C)®zR =8 HYC)@zR. We write xo(C,t) for the
Euler characteristic in K((Z[G], R) that is defined in [BrB05, Definition 5.5] (where it is denoted by
xza),r[¢)(C,1)). This Euler characteristic depends on C' only up to isomorphism. More precisely, if
¢ : C' — (O’ is an isomorphism in DP*!(Z[G]) and ¢ is the composite isomorphism of R[G]-modules

HY (o~ H®
—_—

od
L HY(O)oR S HOY(O) 9 R PR,

HeV(Cl) QR Hod(cl) QR
then XG(Ca t) = XG(C/7 t/)

To compute certain Euler characteristics and to compare our constructions to related results in
the literature we will occasionally use the explicit approach described in [Bur04] and [BrB05, § 6]. By
this approach we obtain an element x24(C, ¢t 1) € Ko(Z[G],R) for a complex C and trivialization
t as above. For the precise relation of x¢(C,t) and x34(C,t71) see [BrB05, Theorem 6.2].

Finally we recall the relevant case of the additivity criterion for Euler characteristics [BrB05,
Corollary 6.6].

LemMa 2.5. Let A% B2 o 2 A[1] be a distinguished triangle in DP*™(Z[G]) and let t 4, tp and
to be trivializations of A, B and C over R. The long exact cohomology sequence of the distinguished
triangle gives rise to exact sequences of R[G]|-modules

0 — ker(H®(a) @R) — H¥(A) @R — HY(B) @R — HV(C) ® R — ker(H*Y(a) ® R) — 0,
0 — ker(H*Y(a) ® R) — H°Y(A) @ R — H°Y(B)® R — H°Y(C) ® R — ker(H®"(a) ® R) — 0.
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We consider the R[G]|-modules and isomorphisms in the following (in general non-commutative)
diagram

H®(B) @ R @ ker(H® (a) @ R) @ ker(H°Y(a) ® R) SRR HY(A)@Rae HY(C)®R
ltg@id@(—id) ltAEBtC

HoY(B) ® R @ ker(H® (a) @ R) @ ker (H*(a)) @ R) 2= HI(A) @ R & H*Y(C) © R

where sV and s° are obtained from the exact sequences above by choosing splittings. If the auto-
morphism (t g@id®(—id))o(s°V) "Lo(tADtc)os® of H®Y (B)@R@ker( H (o) ®R)@ker( HoY(a)@R)
has reduced norm equal to 1 then

XG(BﬂtB) = XG(A7tA) + XG(O7 tc)
in Ko(Z[G],R).

2.3 The equivariant Dedekind zeta-function

We fix some basic notations for number fields which are used in the rest of this paper and define
the equivariant zeta-function of a Galois extension of number fields.

2.3.1 Notation for number fields. Let L be a number field. We write Oy, for the ring of integers
of L and S(L) for the set of all places of L. For any place w € S(L) we denote the completion of L
at w by L,,. For a non-archimedean place w we write O,, for the ring of integers of L,,, m,, for the
maximal ideal of Oy, A(w) := Oy /m,, for the residue field and Nw := |[A\(w)]| for the cardinality of

the residue field. Furthermore for i > 1 we let U SZJ denote the group of ith principal units in L,
ie. UY =1+ mi,

If L is an extension of K and v € S(K) then S,(L) is the set of all places of L above v. This
applies in particular to K = QQ where either v = p is a prime number or v = oo is the archimedean

place. We also use the notation S¢(L) for the set of all non-archimedean places, Sr(L) for the set
of real archimedean places and Sc(L) for the set of complex archimedean places.

From now on let L/K be a Galois extension of number fields with Galois group G. For w € S(L)
we write G, for the decomposition group of w. For a non-archimedean place w we denote the
inertia group by I, and we let o,, € G, be any lift of the (arithmetic) Frobenius in G, /I,,. For
any place v € S(K) we set Ly, := [[,eg, (1) Lw and (if v € Sp(K)) Oy = [l,es,) Ow and
my g, 1= HweSU(L) m,,. Note that L,, Or, and mp,, are G-modules in an obvious way.

Let S be a finite subset of S(K). The G-stable set of places of L that lie above a place in
S will be denoted by the same letter S. This should not cause any confusion because places of K
will be called v and places of L will be called w. For a finite subset S of S(K) which contains all
archimedean places we let Of, ¢ be the ring of S-integers in L. Note that O, g is again a G-module
and that in the case S = S (K) one has O, = O s.

2.3.2 The equivariant zeta-function. As in §2.1.4 we denote the set of all irreducible C-valued
characters of a finite group G by Irr(G) and identify the centre Z(C[G]) of C[G] with [, ¢ C-
Recall that a meromorphic Z(C[G])-valued function is a function of a complex variable s of the
form s — g(s) = (9(X,5))yemr(@) € llyem(e) € = Z(C[G]) where each function s — g(x,s) is
meromorphic.

From now on let L/K be a Galois extension of number fields with Galois group G. The equivari-
ant Dedekind zeta-function of L/K is a meromorphic Z(C[G])-valued function which is first defined
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on a right half plane as a product of equivariant Euler factors and then extended to the whole
complex plane by meromorphic continuation.

Let v € S(K). Choose a place w € S,(L) and denote its decomposition group by G,,. We define
a meromorphic Z(C[G,,])-valued function Ly, /f, (s) by
Lp,/k,(8) = (Lp, /K, (¥:8)pen(Ga)-

Here for each ¢ € Irr(G,,) (and more generally for each not necessarily irreducible character 1)) the
meromorphic function Ly, /k, (¢,s) is defined as follows. First we choose a C[G',]-module V;, with
character . In the case v € Sy(K) we then define

Ly, (:5) = dete(l — ou(Nv) V)7,
where (as in §2.3.1) I,, denotes the inertia group of w, o,, € G, is a lift of the arithmetic Frobenius
in Gy/I, and Nv is the cardinality of the residue field of v. In the case v € So(K) we set
ny = dime(Vy), n;f = dim@(Vf”) and n,, = ny — n;f, and define
[2(27m) 5T (s)]™ if v e Sc(K),
[r=5/20(s/2)]™ [~ TD/2D((s + 1)/2)]™  if v € Sp(K).

We note that Ly, x, (¥ + ', s) = Ly, /k,(,5) - Ly, k, (¢, s) for two characters 1,4'; thus one
can in fact define Ly, /i, (1, s) for any virtual character ¢ of G,.

Let indgw : Z(C[Gy]) — Z(C[G]) be the map

(aw)wEIrr(Gw)’—’< H a&w,x(;w)
Vel (Gu) X€EIrr(G)

LLw/K'u (1/}, S) = {

)

where (¢, x|, ) denotes the usual inner product of the characters ¢ and x|g,, of Gy,. The restriction
of this map to Z(C[G,])* is the induction map indgw : Z(C[Gy))* — Z(C[G])* defined in §2.1.3
so that using the same name for these maps is justified. The meromorphic Z(C[G])-valued function
S+ indgw(LLw/Kv(s)) depends only on the place v and not on the choice of w € S, (L).

For a finite subset S of S(K), the S-truncated equivariant Dedekind zeta-function (p,/x g(s) is
the meromorphic Z(C[G])-valued function which for Re(s) > 1 is defined by the product

Cyrs(s):= ] nd&, (Lr,/x,(5))- (7)
vES(K\S
For S = () the empty set we also write Zy /x(s) := (1/x,0(5)-
Remark 2.6. In the past various names and notations have been used for the equivariant Dedekind
zeta-function of L /K. The function Z; k(s) defined above agrees with the ‘completed equivariant
Artin L-function’ A(s) in [BIB03, §3.1], and the function {1,k g(s) defined in (7) agrees with

the function Lg(s) in [Bur01]. For simplicity we will sometimes abbreviate ‘equivariant Dedekind
zeta-function of L/K’ to ‘zeta-function of L/K’.

2.3.3 The functional equation. Onehas Zpx(s) = (Ar/x (X, $))yemr(@) Where Ap g (X, s) is the
completed Artin L-function of the character y as defined for example in [Fro83, ch. I, § 5] (where it is
denoted by L(s, L/K,x)). This implies that the function Zj /K (s) and more generally the functions
Cr/K,s(s) for any finite set S have meromorphic continuations to the whole complex plane.

We recall that Ay k(x,s) satisfies the functional equation
Ak (X, s) =err(X, ) A (X 1 — 5),

where €7k (x,s) = W(X) - (|dK/Q|deg(><)Nf(X))1/2_S with W (X) denoting the Artin root num-
ber, dg g the discriminant of the extension K/Q, deg(x) the degree of the character x and f(x)
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the conductor of y (cf. [Fré83, ch. I, p. 38]). We define a Z(C[G])-valued epsilon function by
er/k(8) = (er/k (X, 8))yemr(c)- From the functional equations for Ay, /x (x, s) one obtains the equiv-
ariant functional equation

Zr () =er k() Zr (1 — s), (8)
where # denotes the involution from §2.1.4.

2.3.4 The leading terms. For a meromorphic C-valued function g(s) of a complex variable s

which has algebraic order d at a point sg we set g*(sg) := lims 4 (s — s0) %g(s) € C*. For a
meromorphic Z(C[G])-valued function g(s) = (g(X, s))yenr(c) We set g*(so) := (9" (X, 50))yenr(@) €
Z(Cla) .

LEMMA 2.7. Let L/K be a Galois extension of number fields with Galois group G. Let sg € R.
(i) For each v € S(K) and w € S,(L) one has sz/KU(SO) € Z(R[Gy))*t.
(ii) Let S be a finite subset of S(K). Then CZ/KS(S()) € Z(R[G])* and moreover CZ/K,S(SO) €
Z(R[G])** if sp > 1.

Proof. Recall that an element = = (zy)yenr(a) € [1 @ C* = Z(C[G])* belongs to Z(R[G])*,

X

x€lrr
respectively Z(R[G])* T, if and only if Ty = zy for all x, respectively x € Z(R[G])
positive real number whenever y is symplectic.

and z, is a

To prove claim (i) we first note that L/, (¢,5) = Lr, /K, (1,3) which implies Ly k. (so) €
Z(R[Gy))* for sp € R. In the case v € So(K) the group G, has no irreducible symplectic characters.
If v € S§(K) and v € Irr(Gy) is an irreducible symplectic character then Vu{“’ = 0 and therefore

Ly ke, (.50) = 1> 0,

One has (1/x 5(s) = (Lr/k,5(X:8))yenr(@) Where Ly g s(X,s) denotes the usual S-truncated
Artin L-function of the character x. The statement (} /K, 5(s0) € Z(R[G])* for sg € R in claim (ii)
therefore follows from m = L1/k,s(X,3) as above. Now let x € Irr(G) be a symplectic
character. For sg > 1 one has indgw(LLw/KU (s0)) = indgw(L*Lw/Kv (s0)) € Z(R[G])* T by part (i) and
the fact that indZ maps Z(R[Gy])** to Z(R[G])*T. (This holds because indZ : Z(C[G,])* —
Z(C[G])* corresponds to the induction map ind% : Ki(C[Gy]) — Ki(C[G]) defined in §2.1.3
and therefore restricts to the induction map ind% @ Z(R[G,])*T — Z(R[G])** corresponding
to indgw : K1(R[Gy]) — Ki(R[G]).) Since the product (7) converges for sy > 1 this implies
L*L/Kﬁ(x,so) = Lp/k,s(x;80) > 0. It is well known that Lk ¢(x,s) has no zero or pole at

s = 1, hence it follows that L*L/Kﬁ(x, 1) = limg 1,551 Lk 5(X,s) > 0. This shows the result for
So = 1. Ol

3. The leading term at s =1

Let L/K be a Galois extension of number fields with Galois group G. Let S be a finite subset of
S(K) which contains all archimedean places and all places which ramify in L/K and is such that
Pic(Or,s) = 0. In this section we formulate an explicit conjectural description of 3};((}{ /K, ¢(1)), and
then describe some of its basic properties.

3.1 Statement of the conjecture

Recall that for a place v € S(K) we write Ly := [],¢g, (1) Lw and for v non-archimedean Op,, :=
HweSU(L) Oy and my, , = HweSU(L) my,. For each v € Sy (K) we let exp : L, — L denote the
product of the (real or complex) exponential maps L,, — L5 for w € S,(L). If v € S§(K), then for
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sufficiently large ¢ the exponential map exp : miLw — L is the product of the p-adic exponential
maps m{, — LX for w € S,(L).

To state our conjecture we need to choose certain lattices. For each v € Sy := 5N S¢(K), with
residue characteristic p, we choose a full projective Z,[G]-lattice £, C Or,, which is contained in a
sufficiently large power of my, , to ensure that the exponential map is defined on L,. Let £ be the
full projective Z[G]-sublattice of Oy, which has p-adic completions

E®ZZp:< 11 OLU> < 11 S£v>. 9)

veSH(K)\ veSH(K)N

We set Lg := [[,cq Lv and Lg := [[,cg Lo (Where L, := L, for each v € S, (K)) and we let expg
denote the map Lg — L§ that is induced by the product of the respective exponential maps. We
also write Ag for the natural diagonal embedding from L* to L.

Following the notation of [NSWO00, ch. VIII] we write I, for the group of ideles of L and regard
L* as embedded diagonally in I7. The idele class group is Cf, := I,/L* and the S-idele class group is
Cs(L) =1 /(L*UL,s), where Urs := [[,es{1} X [[,ygs On- We remark that since Pic(Op,s) =0,
the natural map L — Cg(L) is surjective with kernel Ag(Of ).

There exists a canonical invariant isomorphism

~

invp/ks: H(G,Cs(L)) — Z/Z

|G|
Indeed, since Uy, g is cohomologically trivial the short exact sequence 0 — Ur, ¢ — C, — Cs(L) — 0
induces an isomorphism H?(G, Cp) = 2(G,Cs(L)), and from class field theory one has a canonical
invariant isomorphism invy @ H*(G,Cp) = (1/|G))Z]Z (as defined, for example, in [NSWO00,
p. 379]). We let e‘% /;’( g (or egs;lo when L/K is clear from context) denote the global canonical class,
i.e. the element of Eth[G} (Z,Cs(L)) = H*(G,Cs(L)) that is sent by invy,x g to 1/|G|.

Let Eg be a complex in D(Z[G]) which corresponds (via §2.2.2) to eglOb By Lemma 2.4 there
exists a unique morphism ag : Lg[0] ® L[—1] — Eg in D(Z[G]) for Wthh H(ag) is the composite

Lg 225, L% — Cs(L) and H'(ag) is the restriction of the trace map tr: L — Q to £. Let Eg(L)
be any complex which lies in a distinguished triangle in D(Z[G]) of the form

Ls[0) @ £[-1] 25 Bg 25 Be() 25 . (10)

To describe the cohomology of Eg(L£) we use the following notation. Let Lo := [, (1) Luw
and define troo © Loo — R by (lw)wesw(r) = 2wes () WL, /r(lw). We set LY, := ker(tro,) and
LY := ker(tr : L — Q), and observe that one has a commutative diagram of short exact sequences
of R[G]-modules

tr®QR

0 L'®gR L®gR 0
| o H
0 Lo < J— 0

where 4}, denotes the canonical isomorphism and jy, its restriction to LY ®g R. We also use the
notation exp,, : Lo — LZ for the product of the exponential maps and Ay, : L* — LX for
the diagonal embedding. Finally we set log, (O] ) := {z € L : exp(x) € Ax(OF)}. Using the
proof of Dirichlet’s unit theorem (see [Neu92, Kapitel I, § 7, in particular Satz (7.3)]) it is not difficult
to show that log. (O is a full lattice in LY.
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Our conjectural formula for 8};(@ K 5(1)) uses the Euler characteristic defined in part (iii) of
the following lemma. In the sequel we shall abbreviate ‘cohomologically trivial’ to ‘c-t’.

LEMMA 3.1. The complex Eg(L) defined by the distinguished triangle (10) has the following prop-
erties.

(i) Es(L) is a perfect complex of Z[G]-modules.

(il) Es(L) ® Q is acyclic outside degrees —1 and 0, and there exist canonical identifications of
Q[G]-modules H~Y(Es(L)) ® Q = {x € Lg : expg(z) € Ag(0])} ® Q =2 log,.(O]) ® Q and
H(Es(L)) @ Q= L.

(iii) The identifications from claim (ii) and the canonical isomorphism log, (O}) @ R = L% allow
us to consider py, as a trivialization of Eg(L). The Euler characteristic xg(Es(L), ) in
Ky(Z[G],R) depends only upon L/K and S.

Proof. Since e%h)b is a generator of H%(G,Cs(L)), cup-product with e%h)b induces isomorphisms

between the (Tate) cohomology groups of Z and Cg(L) (with a dimension shift of 2) and hence in
D(Z]G]) the complex Eg is isomorphic to a bounded complex of G-modules each of which is c-t.
Since this is also obviously true for L£g[0]® £][—1], the triangle (10) implies that Eg(L) is isomorphic
to a bounded complex of G-modules each of which is c-t. We will show that the cohomology of Eg(L)
is finitely generated. Claim (i) then follows because a bounded complex of c-t Z[G]-modules with
finitely generated cohomology is perfect by a standard argument (similar to the constructions in the
proofs of [Lan02, ch. XXI, Propositions 1.1 and 1.2]). The exact cohomology sequence associated to
(10) implies that Eg(L) is acyclic outside degrees —1,0 and 1 and that there is an exact sequence

0 — H (Es(L)) = Ls — Cs(L) — H(Es(L)) — £ = Z — H'(Es(L)) — 0.

This immediately shows that H!(Eg(L£)) is finite and H'(Eg(£)) ® Q = 0. The map Lg — Cg(L)
in the exact sequence is the composite Lg s, L§ — Cg(L) whose cokernel is easily seen to be
finite; hence H°(Eg(L)) is finitely generated and there is an identification H°(Eg(£)) ® Q = L°.
Finally H '(Eg(L)) & {x € Lg : expg(x) € Ag(OF)} and the projection map L5 — Lo induces
an isomorphism between this set and log . (U) := {z € Ly : expy(z) € Ax(U)}, where U is a
subgroup of finite index in OF. Since log,,(U) is a full lattice in LY we see that H ' (Eg(L)) is
finitely generated, which completes the proof of claim (i). Moreover log  (U) ® Q = log . (O]) ® Q,
which completes the proof of claim (ii).

The element xg(Es(L), iur) does not depend on the choice of Eg or of the distinguished triangle
(10) because up to isomorphism in D(Z[G]) the complex Eg(L) is independent of these choices.
It remains to prove that xg(Es(L),pr) is independent of the choice of L. For each v € Sy we
let £, C Op,, be lattices giving rise to a lattice £ C Of, as above. We assume (as we may) that
L, C L, foralve Spso L CL Weset Ly :=[],cq L, and consider the following commutative
diagram of distinguished triangles in D(Z[G]) (the existence of such a diagram follows for example
from [BBD82, Proposition 1.1.11]).

L[] ® L'[-1] JT Es(L')
Ls[0] & L[-1] Eg Es(L) ———

Ls/LG[0]& L/L[-1] ——=0——Ls/LG[1] & L/L0] ==
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In this diagram the first two rows are distinguished triangles as in (10) and the first column is
induced by the obvious short exact sequence. Now the G-modules Lg/L'y and L/L" are c-t, finite
and isomorphic. Hence the zero map is a trivialization of Lg/L[1]&L/L’[0] and the associated Euler
characteristic is x¢(Ls/Ls[1]®L/L'[0],0) = 0 € K¢(Z[G],R). Upon applying [BrB05, Theorem 5.7]
to the third column of the above diagram we thus deduce that xq(Es(L'), pr) = xa(Es(L), 1r),
as required. O

Remark 3.2. Tt is occasionally convenient to give an explicit representative of Fg(L) in the following
way. Fix an extension 0 — Cg(L) NNy ; B SR 0, which represents egSlO]D € Ext%[G} (Z,Cs(L))
and in which the G-modules A and B are c-t. Then Fg can be taken to be the complex A 4 Bin
degrees 0 and 1, and the morphism Lg[0] & L[—1] — Eg in D(Z[G]) is represented by the map «
of complexes which in degree 0 is Lg ZPs, L§ — Cg(L) C A and in degree 1 is any lift £ LN B of
L7 through the given surjection B — Z.

The complex Eg(L) can be taken to be the mapping cone of this map a of complexes, that is

—1
Lo Ao ® B,

where Lg is placed in degree —1, d~! : Lg — A is as above and d® = (d, tr’). Note that for these
complexes the distinguished triangle (10) which gives rise to the identification of the cohomology of
Es(L£) ® Q in Lemma 3.1(ii) is

L0 @ L[-1] % Bs 2 Bg(£) 2 £s[1] @ £]0],

where « is as described above, [ is the identity on A and B, and « is minus the identity on Lg
and L.

We now formulate our conjectural description of 3%;(@ /K 5(1)).
CONJECTURE 3.3. In Ko(Z[G],R) one has 05(C} 5 5(1)) = —xa(Es(L), pur)-

3.2 Basic properties

To describe some basic properties of Conjecture 3.3 it is convenient to set
TQ(L/K, 1) == 05(( yxe,5(1) + xa(Es (L), ur) € Ko(Z[G), R).
PROPOSITION 3.4. The element T)(L/K,1) depends only upon L/K.
Proof. Since xg(Es(L), ) depends only upon L/K and S (by Lemma 3.1(iii)) it suffices to prove
that TQ(L/K, 1) is unchanged if one replaces S by S’ := SU{v'} where v’ is any element of S(K)\S.

But (}j/KS(l) = CZ/K o (1) -indgw(LEw/K (1)) where as in §2.3.2 we fix w € Siy(L) and let G, be
the decomposition group of w. Hence we must show that

xa(Es (L), u1) = xa(Es (L), pr) = 05(ind@, (L}, /5, (1)))- (11)

To simplify the notation we set O := Op v, U := Oiv' and, for each integer ¢ > 1, U'() :=
[L.c S,(L) U }2 Let O, be the ring of integers in the completion K, and let © be a uniformizing
parameter for O,,. We choose a lattice £ C L for S” such that £, = £, for v € S and L], = 70’
where m is a sufficiently large integer. Note that 7O’ is a projective Zy[G]-lattice since v’ is
unramified in L/K and that exp(£,) = exp(7™0') = U'(™).

There is a canonical short exact sequence 0 — U’ — Cg/(L) — Cg(L) — 0, and since the G-
module U’ is c-t one obtains an isomorphism H?(G,Cs/ (L)) = H?(G,Cs(L)). This isomorphism
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maps egsl,o b to e%lOb and hence Lemma 2.4 implies the existence of a morphism « : Fg — FEg in

D(Z[G]) which induces the identity on H' and the map Cg/(L) — Cs(L) on H". We consider the
following commutative diagram of distinguished triangles in D(Z[G]).

L, [0 ® (£/£9[=2] —— L&[0] © L[] — Ls[0] & L[-1] —

U'|0] Eg u Eg
B Bs
'/ u'tm)o] @ (£/L)[-1] Egs/(L') Es(L) —
Vst Vs

In this diagram the upper row is induced by the obvious short exact sequences 0 — LI, — L, —
Ls — 0and 0 — L — L — L/L" — 0; the first column is the distinguished triangle induced by

the exact sequence 0 — £/, =% U — U'/U'™ — 0; and the second and third columns are the

distinguished triangles defined as in (10). The existence of the diagram follows by applying [BBD82,
Proposition 1.1.11] to the upper right square, then rotating the resulting diagram and observing
that the arrow £!,[0] @ (£/L)[~2] — U’[0] is indeed as stated. Now the complex (U’/U"™)[0] @
(L£/L£")[—1] has finite cohomology groups and so by applying [BrB05, Theorem 5.7] to the third row
of the diagram we find that

X (Bs/ (L), 1) = xa(Es (L), u) = xa((U'/U"™)[0] @ (£/£)[~1],0). (12)

To compute further we recall that any finite c-t G-module M gives rise to a canonical element
(M) of Ko(Z[G],Q) C Ko(Z[G],R) and that if we consider M|[—i] as an object of DP*™(Z[G]), then
xa(M[—i],0) = (=1)""}(M). Hence one has

xa((U'/U"™)[0] @ (£/£))[-1],0) = —(U"/U""™) + (£ /L)
= —(U"/U'D)y — ('Y U™ 4 (O O + (2O’ [z O').

From the isomorphisms U'®) /U'0+) = 70" /zi 10 for all i > 1 one deduces (U’ /U'™) =
(r@'/7™O"). In addition, writing A\(w) for the residue field of O, one has the isomorphisms
O'/n0" = Z[G] ®zc,] Mw) and U /U’ = 7]q) ®7[G,] Mw)*, and so the last displayed formula
implies that

Xc((U'/U"™)[0] & (£/L£')[~1],0) = indg,, (—(A(w)*) + (A(w))), (13)
where (A(w)*) and (A(w)) are considered as elements of Ky(Z[G],R). Now the exact sequence
0 = Z[Gy] Y20 Z1G] — Aw)X — 0
implies
(A(w)*) = 9, ((detc(NV' — 0 | Vip))getre(Gu) )

where Nv', 0y, and Vj, are as in §2.3.2. Also, if v" has residue characteristic p and residue degree f
(i.e. Nv' = p/) then A(w) is a free (Z/p)[Gy]-module of rank f and so

(A(w)) = [Z[Gw]f’ 'va[Gw]f]
= [Z[Gy], NV, Z[Gy]] = 3%;w((det<c(Nv' | Vw))welrr(Gw))-
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It follows that
—(Aw)™) + (A(w)) = 9, ((dete(1 = ow(N0) ™ | V)™ pen(cn))
=05, (L1, x, (D). (14)
Equations (12), (13) and (14) imply (11) which completes the proof. O

We next describe the behaviour of TQ)(L/K, 1) under the maps discussed in §2.1.3.

PROPOSITION 3.5. Let M be an intermediate field of L/K and H = Gal(L/M). Then we have the
following:

(i) res&(TQ(L/K,1)) = TQ(L/M,1); and
(ii) if H is normal in G, then qg/H(TQ(L/K, 1)) =TQM/K,1).

Proof. Let S = Sk be a finite set of places of K satisfying all conditions necessary to formulate
Conjecture 3.3 for L/K. Then the set Sy; consisting of all places of M lying above a place in S
satisfies the corresponding conditions with respect to L/M. Further, if v € Sy has residue char-
acteristic p, then one can choose a full projective Z,[H]-lattice £, C Or,, for every u € S,(M)
such that £, = HueSU(M) L, C HueSU(M) Oru = O, is a full projective Z,[G]-lattice. We thus
obtain the same lattice £ C O, for the extensions L/K and L/M, and also Lg, = Lg,,. Now
e‘%}j&sM is the image of e‘%;’z’sK under the restriction map H?(G,Cg(L)) — H?(H,Cs(L)) and so
the complex Er/yr 5, can be taken to be equal to E7/k g, with the group action restricted from G
to H. It follows that the trivialized complex (Ep, /s g,,(£), j1r) for the extension L/M can be taken
to equal (Er kg, (L), pr) for the extension L/K (again with the group action restricted from G to
H) and so

resf (X (Er ks (L), 112)) = X1 (B a5, (L), 1) € Ko(Z[H], R).
Under the identifications Z(C[G])* = ][, e e € and Z(C[H])* = [[ep(a) C* the restriction
map resy : Z(C[G])* — Z(C[H])* is given by

(ax)xelrr(G)H< I a&x,indgw»)
x€lrr(G) Yelr(H)

)

where ind%(¢)) denotes the induced character (see [BreO4c, Lemma 2.4]). Furthermore one has
CZ/K,SK(l) = (L’E/K,SK(X, 1))x€1rr(G) and CZ/M,SM(l) = (LE/M’SM(z/J, 1))¢€Irr(H)' Hence the in-
duction property of truncated Artin L-functions (which is similar to the non-truncated version
in [Neu92, Kapitel VII, Satz (10.4)]) implies that resg((z/KﬁK(l)) = (s, (1) € Z(R[H])*, and
that therefore res%(é%;(gz/KﬁK(l))) = 3}{(CZ/M7SM(1)) € Ko(Z[H],R). From this, claim (i) follows.

To prove claim (ii) we fix a finite set S of places of K containing all archimedean places and all
places which ramify in L/K (and hence all which ramify in M/K) and which is sufficiently large
to ensure that both Pic(Or g) = 0 and Pic(Opr,5) = 0. Set @ := G/H. One has qg(Cz/K’S(l)) =
Chye.s(1) € Z(R[Q])™ and hence qg(ag(g;j/m(l))) = 05(Cyx.5(1) € Ko(Z[Q],R). In addition,
if we have chosen lattices £, C O, and £ C Oy, as in (9) with respect to (L/K,S), then £H C
Ogv = Opryp and L7 C Oy satisfy (9) with respect to (M/K,S), and so we need only show that
a3 (xa(BEryk,s(L), nr)) = xQ(Bayk,s(LY), par) € Ko(Z[Q],R).

We first make the following general observation which follows easily from the description of
Euler characteristics given in [BrB05, §6]. If C € DP(Z[G]) is a complex of c-t G-modules and
t: H®(C®R) — H°Y(C ®R) a trivialization of C then qg(x(;(C, t)) = xo(CH,t1) in Ky(Z[Q],R)
where C1 € DP(Z[Q]) is the complex of H-invariants and ¢ is the trivialization H¢'(CH @ R) =
(HY(C @ R)H L (H(C @ R)H = HY(CH g R).
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To apply this we note first that if we represent eng;)l;{ ¢ by an extension of Z[G]-modules

0-Cs(L) S AL BE7Z -0 (15)

in which A and B are c-t, then e‘%lf/bK ¢ is represented by the induced extension of Z|Q]-modules

0— Cs(M) S Al L gH 5.7, (16)

where &' := (1/|H|)x. Indeed, since the injective inflation map H?(Q,Cs(M)) — H?*(G,Cs(L))
sends e‘%lf/bK g to |H| -egL;l?}; > to conclude that (16) represents egﬁf}}{’ it is enough to note that there
is an equivalence of Yoneda extensions between the extension obtained by first regarding (16) as an
extension of G-modules and then taking the push-out under the inclusion Cs(M) — Cg(L) and the
extension obtained by taking the pull-back of (15) under the ‘multiplication by |H|" homomorphism
7 — Z. (It is a straightforward exercise to prove the claimed equivalence of Yoneda extensions
and so we omit details.) Thus we can take the complexes Ej k¢ and Ep; kg to be A 4 B

and A7 4 pH respectively (where in both cases the modules are placed in degrees 0 and 1).
When combined with the fact that try;q = (1/[H|)trz,q (on M) and the explicit construction of

Er/k,s(L) and EM/K,S(LH) in Remark 3.2 we see that EM/K,S(LH) = (EL/KS(E))H and py =
(ur)H. This gives the required equality qg(xg(EL/Kﬁ(ﬁ),,uL)) = XQ((EL/K,S(E))H,(ML)H) =
XQ(Enyr,s(LT), par).- O

3.3 The conjectures of Stark and Chinburg

We show that Conjecture 3.3 refines both Stark’s conjecture at s = 1 (as discussed by Tate in [Tat84,
ch. I, Conjecture 8.2]) and also Chinburg’s ‘Q;-conjecture’ (as formulated in [Chi85, Question 3.2]
and [CCFT91, §4.2, Conjecture 3]).

PROPOSITION 3.6. Let TQ)(L/K,1) be the element of Ky(Z|G],R) defined in § 3.2 (so Conjecture 3.3
is equivalent to an equality TQU(L/K,1) = 0). Then both of the following assertions are valid:

(i) TQL/K,1) € Ko(Z|G),Q) if and only if Stark’s conjecture at s = 1 is valid for L/ K;

09
(i) TQ(L/K,1) € ker(Ko(Z[G],R) —% Ko(Z[G))) if and only if Chinburg’s ‘Q;-conjecture’ is valid

for L/K.
Proof. Since the R[G]-modules L° ®g R and log,,(O;) @ R are isomorphic we may choose an

~

isomorphism x : L% = log (OF) ® Q of Q[G]-modules. Then x¢(Es(L),x ®g R) € Ko(Z[G],Q)
and so TQ(L/K,1) € Ko(Z[G],Q) if and only if xg(Es(L),x ®g R) — TQ(L/K,1) € Ko(Z|G],Q).
But [BrB05, Proposition 5.6.2] implies that

xc(Es(L), 5 ®g R) = xa(Es(L), pr) = 05(IL° @g R, A])
with A := p;' o (k ®g R). Since Z(Q[G])* is the full pre-image of Ko(Z[G],Q) under the map
dL + Z(R[G])* — Ko(Z[G],R) and 95([L° @g R, \]) = d%(nr())), it follows that TQ(L/K,1) €
Ky(Z|G],Q) if and only if CZ/KS(l)_l -nr(\) € Z(Q[G))*.

Now Z(Q[G])* is equal to the subgroup of elements (zy)yen(c) of Z(C[G])* = [l enma) C
with the property that w(zy) = Zwey for allw € Aut(C) and all ¢ € Irr(G). Since for each ¢ € Irr(G)
one has (7 e (1) = L 5 6(1h,1) and nr(A)y = dete(A | Homgg)(Vyp, LY ®@g C)), where we write
A for the C-linear automorphism of HomC[G}(Vd,,LO ®qg C) that is induced by A ®r C, we deduce
that TQ(L/K,1) € Ko(Z|G],Q) if and only if for each ¢ € Irr(G) and each w € Aut(C) one has

(det@()\ | Homgjg(Vp, L’ ®q (C))) detc (A | Homgjg)(Vivoy, L ®¢ C))
w =
L*L/K,S(w’ 1) L*L/Kﬁ(w o1, 1)
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To show that this condition is equivalent to the validity of [Tat84, ch. I, Conjecture 8.2] for each
¥ € Irr(G) one need only mimic the proof of [Tat84, ch. I, Proposition 6.1]. Indeed, the last displayed
equality is the variant of [Tat84, ch. I, Conjecture 8.2] that is alluded to in [Tat84, top of p. 35].
This proves claim (i).

Chinburg’s ‘Q2;-conjecture’ asserts the vanishing of the element Q(L/K,1) of CI(Z[G]) that is
defined in [Chi85, Definition 3.1]. Since Lemma 2.7(ii) implies that 8%((‘%((1’1:/[{75(1))) = 0, claim
(ii) will follow if 0% (xc(Es(L), ur)) = Q(L/K,1). After enlarging S if necessary, we may assume
that £ is a free Z|G]-module (indeed one can take £ to be a suitable integer multiple of any free
Ok |[G]-submodule of Or, and then define £, by (9)). We choose an extension 0 — Cg(L) S44
B — 7Z — 0 representing e%lOb as in Remark 3.2 but with the additional condition that B is a finitely
generated free Z[G]-module. We set Ly := [[,c s; Lo, We write exp(Ly) for the image of L C Lg
under the composite Lg —2 L — Cg(L) and note that the induced map exp : L5 — exp(Ly) is
an isomorphism. We also consider exp(Lf) as a submodule of A and set Az := A/exp(Ly). Then
one has a short exact sequence of complexes (with vertical differentials) of the form

0 0 B=——218

o]

0—exp(Ly) —ADL— AL BL—0

(d‘170)T (d/,O)T

0 Ly ——Lg Lo 0

0

exp

where the central column is the representative of Eg(L) described in Remark 3.2. Since the left
complex is acyclic this sequence implies that xo(Fs(L), ur) = xa(Es(L)’, i) where Eg(L)" denotes
the complex given by the right column of the diagram. From [BrB05, Proposition 5.6.1] we may

therefore deduce that 9% (xa(Es(£L), L)) = xzic) (Lo 4, Ar) mod F(Z[G]) where we write x7zq

for the Euler characteristic with values in Ky(Z[G]) and F(Z[G]) for the subgroup of K(Z[G])
which is generated by the class [Z[G]].

For each v € So(K) we now fix a place w of L above v and a finitely generated Z|G,,]-submodule
W, of L) which satisfies the conditions of [Chi85, Lemma 2.1(i), (ii)]. We let W, denote the Z[G]-
submodule [[ cq (i) Z[G] ®z,) Wo of L. Both As(Of g) and expg(Ly) lie in the subgroup
Woo X [Twes, Lu of L, and we set C’£7S = (Woo % [yes, Lu)/(As( L.s) - expg(Ly)). Then we
may construct a commutative diagram of the following form.

0 0
0 cf s Al B Z 0
0—=Cs(L)/exp(Ly) Al B Z 0 (17)
L3/ W L3/ W
0 0
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In this diagram the exactness of the left-hand column is clear and hence, since (by definition of
Wso) the G-module LY /Wy is c-t, this column induces an isomorphism ¢ : Extém (Z, C}j g) =
Ext%[G] (Z,Cs(L)/exp(Ly)). The upper row is chosen to be a representative of the pre-image under

¢ of the element corresponding to the exact sequence
0 — Cs(L)/exp(Ly) — Az 5 B — 7 —0, (18)

and the second row of (17) is then constructed via the push-out of the given maps C}j g — Al and

C’£ s — Cs(L)/exp(Ly). The second column of (17) is thus exact and hence, since Az and L2, /W
are both c-t, the G-module A’, respectively Al is finitely generated and c-t, respectively c-t. Now
the complexes Ly, 4, Ap and Lo, — Al (where d” is the composite of Ly e, X — Cg(L)/
exp(Ly) and the map e from (17)) are isomorphic in DP(Z[G]) since (18) and thed/second row of
(17) represent the same element of Eth[G] (Z,Cs(L)/exp(Ly)), and hence xziq1(Loc — Ar) = Xz/q)
(Loo LNy 7). In addition, by its very definition, Q(L/K,1) = xzi¢)(A" — B) = xzjc)(A’[0]) mod
F(Z|G)). From the exact sequence of perfect complexes (with vertical differentials)

0 A’ Ap L3/ Weo ——0
] d//T expooT

(where the upper row comes from (17)) we may therefore deduce that

) w
0% (xc(Bs(L), ur)) = xzje)(Loo Az:)
= xz0)(Loo L L AL
= Xz (A'[0]) + Xz (Loo —2 L/ Wao)

exp

=QL/K, 1)+ ) indg, (xzie,)(Le —> L3 /W),
VES (K)

where, for each v € Sy(K), indg is the natural induction map Ko(Z[Gy]) — Ko(Z[G]). But
XZ[G] Lw 2P, L /W,) = 0mod F(Z[G,)) for every v € Soo(K) because CL(Z[Gy]) = 0 (since
|G| < 2). So the last displayed formula implies that 0% (xa(Es(£), ur)) = Q(L/K, 1) mod F(Z[G)),
and since both sides lie in C1(Z[G]) this shows that 0% (xa(Es(L), ur)) = Q(L/K, 1) as required. O

4. The leading term at s =0

As in §3 we consider a Galois extension L/K of number fields with Galois group G and a finite
set S of places of K containing all archimedean places, all places ramified in L/K, and for which
Pic(Or,s) = 0. In this section we formulate a conjectural description of 3};((1’{/K7S(0)) in terms
of a natural Euler characteristic. An equivalent form of this conjecture has already been studied
in [Bur01], see Remark 4.3 below.

We shall use the following standard notation. If T is any finite set of places of K then Yr denotes
the G-module Y7 := [], o Z where the product is over all places w of L lying above a place in T'.
There is a natural augmentation map aug : Y7 — Z and we define X7 to be its kernel.

Let Ps be a complex in D(Z[G]) which corresponds to Tate’s canonical extension class in
Ext%[G] (Xs,Of ) that is defined in [Tat66] (see also [Chi85] and [Tat84, ch. II] for a discussion of
this class). Then Ps is a perfect complex which is acyclic outside degrees 0 and 1, and there are
isomorphisms H(Pg) = Oy ¢ and H(Ps) = Xg. Let Regg : Of ¢ — Xs ®z R be the regulator
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map Regg(u) := (log|u|w)wes, where the absolute values ||, are normalized as in [Tat84, ch. 0, §0].
It induces an isomorphism O ¢ ®7R — Xg ®z R of R[G]-modules which we again denote by Regg.
We take the negative of this régulator as trivialization of the complex Pg. Recall that in §2.1.4 we
defined an involution 9}, of Ky(Z[G],R).

CONJECTURE 4.1. One has 3};((}:/[(75(0)) = —¢&(xa(Ps, —Regg)) in Ko(Z[G],R).

To study Conjecture 4.1 it is convenient to set
TQ(L/K,0) := ¥5(06(CF i, 5(0)%) — xa(Ps, —Regg)) € Ko(Z[G],R).

Since 1[)5(3%;((2/[{5(0)#)) = —8};((2/[{5(0)) (see §2.1.4), Conjecture 4.1 is equivalent to the equal-
ity TQ(L/K,0) = 0. The element TQ(L/K,0) and therefore also Conjecture 4.1 depend only on the

extension L/K, as can be seen by an argument similar to the proof of Proposition 3.4. Alternatively
this follows from [Bur0O1, Theorem 2.1.2] and Remark 4.3 below.

Remark 4.2. The invariant TQ(L/K, 0) is functorial in the field extension, i.e. if M is an intermediate
field of L/K and H = Gal(L/M) then:

(i) res%(TQUL/K,0)) =TQL/M,0); and

(i) qg/H(TQ(L/K, 0)) =TQ(M/K,0) if H is normal in G.
To show this one can apply an argument similar to the proof of Proposition 3.5, or alternatively
use [Bur01, Proposition 2.1.4] and the following remark.

Remark 4.3. In [Bur0Ol, Theorem 2.1.2] an invariant TQ(L/K,0) € Ko(Z[G],R) is defined by (in
our notation) TQ(L/K,0) := 1,[)’(*;(3(1;((2/[{’5(0)#) + x24(¥g, (—Regg)™1)). The complex ¥g used
here is defined in [BF98, Proposition 3.1] (see also [Bur01, Proposition 2.1.1]). Now the extension
class of g in Ext%[G} (Xs, (’)2 g) with respect to an injective resolution of (’)2 g is the negative of
Tate’s canonical class used to define Pg (this follows from [Bur0l, Lemma 2.3.5] since there the
extension class is computed with respect to a projective resolution of Xg). Therefore

X2 (U, (~Regg) ™) = —xa(Ps, —Regg) + 05[Xs @ R, —id] = —xg(Ps, —Regg),

which shows that our definition of the invariant TQ(L/K, 0) agrees with the definition in [Bur01].
Thus from [Bur01, §2.2 and §2.3] we can deduce the following results.

PROPOSITION 4.4. Let L/K be any Galois extension of number fields of group G.

(i) The invariant TQU(L/K,0) belongs to Ko(Z|G], Q) if and only if the main conjecture of Stark
at s = 0 (as interpreted by Tate in [Tat84, ch. I, Conjecture 5.1]) is valid for L/ K.

(ii) The invariant TQ(L/K,0) belongs to the torsion subgroup of Ko(Z|G|,Q) if and only if the
strong Stark conjecture (as formulated by Chinburg in [Chi83, Conjecture 2.2]) is valid for
L/K.

(ili) One has O%(VE(TQ(L/K,0))) = Wy — QUL/K,3) where Wy i is the ‘Cassou-Nogués—
Fréhlich root number class” and Q(L/ K, 3) is the element defined by Chinburg in [Chi85] (and
denoted by Q,,(L/K) in [Chi83]). In particular, the vanishing of 0%(TSUL/K,0)) is equivalent
to the ‘Q3-conjecture’ that is formulated in [Chi85].

(iv) The invariant TQ(L/K,0) vanishes if and only if the ‘lifted root number conjecture’ of
Gruenberg, Ritter and Weiss [GRW99] is valid for L/ K.

Remark 4.5. In [Bur01, §2.4] it is shown that Conjecture 4.1 is equivalent to the equivariant Tam-
agawa number conjecture for the pair (h°(Spec L), Z[G]). Although we expect this result to be true
without restriction it should be noted that in its proof and in the necessary constructions in [BF98]
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some relevant sign conventions relating to the Artin—Verdier duality theorem are not specified. It is
easy to check that there are no such sign ambiguities in the proof of Proposition 4.4. In this paper
we avoid these sign issues by working with complexes corresponding to canonical extension classes.

5. Functional equation compatibility

In the previous two sections we formulated conjectures for the leading terms of the equivariant
Dedekind zeta-function at s = 0 and s = 1. In this section we show that the compatibility of
these conjectures with respect to the functional equation of the zeta-function gives rise to a natural
conjecture for the epsilon constant.

5.1 Statement of the main result

Let L/ K be a Galois extension of number fields, G its Galois group and S a finite set of places of K
as in §§3 and 4. Before we can formulate the main result we must introduce an invariant encoding
certain semilocal information about the extension L/K.

5.1.1 Definition of the semilocal terms. The definition of the following invariants is motivated
by similar constructions in [BIB03]; see Remark 5.4 for a detailed comparison.

Let v be a place in Sy and denote its residue characteristic by p. We choose w € S,(L) and let
M,, be a complex in D(Z|G,,]) which corresponds to the local canonical class in Ext%[Gw](Z, LX) =
H?(Gy, LY), i.e. the pre-image of 1/|Gy,| under the local invariant isomorphism

) iHVLw/Kv 1
-

|Gl

Furthermore we choose a full projective Z,[G,]-sublattice £, of O,, which is contained in a suffi-
ciently large power of m,. The exponential map exp : £, — L) = H"(M,,) induces a morphism
exp : L,[0] — M, in D(Z]|G,]) and we define a complex M,,(L,,) by the distinguished triangle

H*(Gy, LY Z]Z.

L,[0] =2 My — My (Ly) — .
From the corresponding cohomology sequence we see that M, (L,,) is acyclic outside degrees 0 and
1, and that there are identifications H?(M, (L)) = L Jexp(Ly) and H' (M, (L)) = Z. Moreover
one easily sees that the complex M,,(L,,) is perfect. The (normalized) valuation L; — Z induces a

trivialization v, : HO(My(L,)QR) = | (My(Ly)®R) and we can consider the Euler characteristic
XGow (My(L), ) € Ko(Z[Gy), R). We also define

Qy - Lt 0)#
My = , Lu /5, () € Z(R[G])*T, (19)
Ly, ik, (D)

where aw = (Qw,x)yenr(Ga) € [yenr(c,) € = Z(C[Gw])™ is the element with o, = log(Nw) if x
is the trivial character and a,,, = 1 otherwise.

From the local lattices £,, € O,, we obtain a global lattice £ C Oy, as follows. For each v € Sy,
with residue characteristic p, we first define a Z,[G]-lattice £, by L, := Zy[G] ®7,[Gw] Lo € OL .
We then define the full projective Z[G]-lattice £ C O, by specifying its completions as in (9).

Let X(L) denote the set of all embeddings L — C. Then Hy, := [],c5 1) Z is a G x Gal(C/R)-
module and we write p, : L ®g C — Hp ®z C for the G x Gal(C/R)-equivariant isomorphism
I ® 2z (0(l)2)gex(r) (note that Gal(C/R) acts only on the second factor of L ®g C but on both
factors of Hj, ®z C). For any Gal(C/R)-module X we write Xt and X~ for the submodules on
which complex conjugation acts by +1 and —1 respectively. We define 7, to be the composite
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isomorphism of R[G]-modules

LogR=(LogC)t 2% (H, ®,C)*

= (Hf ®2R) @ (Hy ®z (iR) ~ (Hf @z R) ® (Hy ®zR)

= H; ®z R.
The map 77, depends on the choice of i = /—1 € C, but one can check that the element [£, 7, Hy] €
Ko(Z[G],R) is independent of this choice.
We now set
RO°(L/K,1) = L7, Ho ]+ > indg (e, (Muw(Lw), vw) + 04, (Ma))
vesy
and
TQlOC(L/K, 1) := 5&;(5L/K(O)) — RQlOC(L/K, 1)
in Ko(Z[G],R). One can show that RQ°°(L/K,1) and TQ°°(L/K,1) depend only on the exten-
sion L/K.

Remark 5.1. The invariant TQ"°¢(L/K, 1) is functorial in the field extension, i.e. if M is an inter-
mediate field of L/K and H = Gal(L/M) then:

(i) res$(TQI¢(L/K,1)) = TQ(L/M,1); and

(ii) qg/H(TQbC(L/K, 1)) = TQ"(M/K,1) if H is normal in G.

5.1.2 The comparison result. We can now state the main result which describes the relation of
the invariants TQ(L/K,0) and TQ(L/K, 1), and therefore of the conjectures for the leading terms
at s=0and s = 1.

THEOREM 5.2. One has
VE(TQL/K,0)) - T(L/K,1) = TO"(L/K, 1)
in Ko(Z|G],R).

We shall use the functional equation of the equivariant zeta-function and computations of various
Euler characteristics to prove Theorem 5.2 in §5.2. By this theorem the leading term Conjectures
3.3 and 4.1 force the following conjecture for the epsilon constant.

CONJECTURE 5.3. One has TQ°°(L/K,1) = 0 in Ko(Z[G], R). Equivalently, one has éé(sL/K(O)) =
ROPC(L/K,1) in Ko(Z[G],R).

Remark 5.4. Conjecture 5.3 is equivalent to the conjecture formulated by Bley and the second named
author in [BIB03, Conjecture 4.1]. To see this we first recall that, in the notation of that paper,
their Conjecture 4.1 is the conjectural equality &, /x = dp/x (L) + ZveSf Ig(v, L) in Ko(Z[G],R)
for S and £ as in §5.1.1. We claim that TQ°°(L/K,1) = Er/x — 0 k(L) — Zvesf Ig(v, L), which
then immediately implies the equivalence of the conjectures. It is straightforward to verify that
(e (0)) = Eryk and [L, 7, Hr] = 615 (L).

Next we show that m,, as defined in (19) agrees with m,, defined in [BIB03, p. 561]. Recall that
in [BIB03, p. 561] m,, is defined to be

_ HGu/Tulec, ) (1 = ou(Nv) Mer, )
‘ “((1—ow)er,)
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where the notation *z for x € Z(Q[Gy]) is introduced in [BIB03, p. 560]. Now for x € Irr(G,,) a
direct computation of the leading term of Ly /x, (X, s) at s = 0 gives
(log(Nv))~t if x is trivial,
L7k, 0) =9 (1 - x(0w))™t if x is non-trivial but x|y, is trivial,
1 if x|z, is non-trivial.

Therefore

(- *Lw/K,, (0)#)x = Qux * L*Lw/Kv (x,0)
|G/ 1| if y is trivial,
=4 (1 —x(oz1)~t if x is non-trivial but x|z, is trivial,
1 if x|7,, is non-trivial,
_ ( “(1Gw/Iwlec,) >
(1= ow'er,) /y
for all x € Irr(Gy) which implies that

) ~ *(|Gw/lulec,)
Q- Lw/KU(O)# (1 —oxher,)

A similar argument shows that (L*Lw/Kv(l))_l = *((1 — ow(Nv) 1)ey,). Hence the definitions of
my, in (19) and (20) coincide.

Since by definition Ig(v, L) = indgw (8¢, (mw) — XoGli (K2 (exp(Ly)),vyt)) with K8 (exp(Ly))
as in [BIB03, (18)], it remains to show that xg,, (Muy(Lw), vw) = —X2 (K3 (exp(Ly)), vy'). Since
the complex Cone(u) in [BIB03, (18)] corresponds to the negative of the local canonical class in
Ext%[Gw](Z,Li) (in [BIB03, p. 558] it is stated that Cone(u) corresponds to the local canonical
class, however, this difference is explained by the fact that in [BIB03] extension classes are com-
puted with respect to a projective resolution of the first variable), it follows that the extension
class of K3 (exp(Ly)) in Ext%[Gw](Z,LX/eXp(ﬁw)) is the negative of the class of M, (L,). Hence

w

XGo (M (Low)s V) = _X%li (K;)(exp(ﬁw)), V;l) as required.

Remark 5.5. By combining Remark 5.4 with [BIB03, Remark 4.2(iv)] we may deduce the equality
O(TO(L/K, 1)) = Wi x — QL/K,2) in CIZ[G]) where Q(L/K,2) is the element defined by
Chinburg in [Chi85] and so Conjecture 5.3 is a refinement of the ‘Qq-conjecture’ that is formulated
in [Chi85, Question 3.1].

Now if L/K is tamely ramified, then Of, is a projective Z[G]-module and one has Q(L/K,2) =
[Or] - [K : Q]-[Z][G]] € Ko(Z|G]) (see [Chi85, Theorem 3.2]). The study of Q(L/K,2) can therefore
be regarded as a natural generalization of the Galois structure theory of rings of algebraic integers
that is described by Frohlich in [Fr683] (indeed, a similarly explicit interpretation of Q(L/K,2) is
also valid for wildly ramified extensions [HW94, Theorem 4.1]). On the other hand, the study of
Q(L/K,3) is a natural generalization of the explicit study of the Galois structures of unit groups
and ideal class groups that was undertaken by Frohlich in [Fr689] and [Fr692] (in this regard see,
for example, the formulas for Q(L/K,3) that are obtained in [Bur95, Theorems 1.2 and 1.7]).

From this viewpoint, Proposition 4.4(iii) shows that the ‘multiplicative’ Galois structure results
obtained by Frohlich in [Fr689] and [Fro92] are explicit consequences (for special families of exten-
sions) of the natural leading term conjecture for equivariant Dedekind zeta-functions at s = 0, whilst
Theorem 5.2 shows that the ‘additive’ Galois structure results that Frohlich discusses in [Fr683]
and [Fro89] reflect the compatibility of the leading term conjectures at s = 0 and s = 1 with respect
to the functional equation of the equivariant zeta-function. We thereby resolve the problem posed
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by Frohlich in [Fr689, Introduction] of using the functional equation to give a natural explanation
of the ‘amazing analogy’ between the Galois structure theories of unit groups and ideal class groups
and of rings of algebraic integers that he stresses in both [Fré89] and [CCFTI1, § 3].

Remark 5.6. Conjecture 5.3 is essentially of a local nature. More precisely, in [Bre04b] a conjecture
for the equivariant local epsilon constant of a Galois extension of p-adic fields is formulated. It is
then shown that the validity of this local conjecture for all non-archimedean completions L, /K,
of L/K implies the validity of Conjecture 5.3. Such a local approach lies (implicitly or explicitly)
behind the proof of the known cases mentioned in the following proposition.

PROPOSITION 5.7. For every Galois extension L/K, the invariant TQ¢(L/K,1) lies in the finite
group Ko(Z[G], Q)tors, the torsion subgroup of Ko(Z[G],Q) C Ko(Z[G],R). Moreover TQ¢(L/K, 1)
is known to vanish in each of the following cases:

(i) L/K is a tamely ramified extension;
(ii) L is an abelian extension of Q with odd conductor;

(iii) L is a non-abelian extension of Q of degree 6.

Proof. The first statement is [BIB03, Corollary 6.3(i)]. Case (i) is [BIB03, Corollary 7.7]. Cases (ii)
and (iii) follow by combining Remark 5.1 with [BIB03, Corollary 5.4(ii)] and [Bre0O4a, Theorem 1.1]
respectively. O

Recall that if x is a symplectic character of G then the Artin root number W (y) is either 1 or
—1. In the case where L/K is tamely ramified, this sign has been determined by Cassou-Nogues
and Taylor in terms of a natural algebraic invariant (see [CT83a, CT83b]). Assuming the validity
of Conjecture 5.3, one has the following generalization of this result to wildly ramified extensions.

THEOREM 5.8. If Conjecture 5.3 is valid, i.e. if the leading term conjectures at s = (0 and s = 1 are
compatible, then for every symplectic character x of G the Artin root number W(x) is determined
by the algebraic invariant RQ'°°(L/K, 1) in Ko(Z|G],R).

Theorem 5.8 was first shown in [BreO4c, §7] but for easier reference we have included the proof
in §5.3.

5.2 Proof of the main result

By the functorial properties of the invariants (see Proposition 3.5 and Remarks 4.2 and 5.1) it suffices
to show Theorem 5.2 for K totally real and L totally complex. We will assume this for the rest of
this section. We fix a finite set .S of places of K containing S (K), all places ramified in L/K and
for which Pic(Or,s) = 0. Furthermore for each v € Sy we fix a place w € S,(L), a complex M,
and a lattice £,, C O,, as in §5.1.1. These lattices give rise to £, C Or, and £ C Oy, as above. In
§5.2.1 we will use the functional equation of the equivariant zeta-function to compute the quotient
of the leading terms at s = 0 and s = 1. Then in §§5.2.2 to 5.2.5 we will apply the additivity of
Euler characteristics in distinguished triangles and some explicit computations to express the sum
xc(Ps, —Regg) + xa¢(Fs(L), 1) in terms of certain semilocal invariants. After these preliminary
steps the proof of Theorem 5.2 will be given in §5.2.6.

5.2.1 Functional equation of the equivariant zeta-function. We now consider the behaviour of
the leading terms of the S-truncated zeta-function with respect to the functional equation. To
simplify the notation we use the following convention. If W is a finitely generated Z[G]-module
(respectively R[G]-module) and o € R* then [W, o] denotes the element in K;(R[G]) which is rep-
resented by the R[G]-module W ®z R (respectively W) with automorphism given by multiplication
with a.
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LEMMA 5.9. One has

(GO (L)
(D) o 5 i, (el
* w w * #
CL/Kvs(l) UESf ‘LLHI/I{"U (0)
+ 0c(=[Hp, 7] = [H],2] + R, ~1])
in Ko(Z[G],R).
Proof. Taking the leading term at sy = 0 of both sides of the functional equation (8) we obtain the
equality
Z5 1 (0)* = ek (0) - a- Z} (1)

in Z(R[G])* where o = () yenn(a) € [yen(a) C* = Z(C[G])™ is the element with o = —1if x
is the trivial character and o, = 1 otherwise.

The relation to the leading term of the S-truncated zeta-function is given by

Z3 ic(50) = Chyies(s0) - [ ind€, (L7, /¢, (50))-
veS

Since the induction indgw and the involution x + 2% commute we find

¢t x50

Ly (1)
_ P . 1G Luy/Ky
7@1/&5(1) =erx(0) - Hdew <7sz/m O #>. (21)

The product of the leading terms of the archimedean Euler factors can be written in the following
more explicit form. Let v € Sy (K), ¢ € Irr(Gy,) and let n;f, n,, be as in §2.3.2. The well-known
properties of the I'-function imply that L} . (¢,0) = 2™ and Ly ke, (W, 1) = 7" From this
one easily deduces that

L 1
[[ indé, <%> = —[H 7]~ [H],2]
vESes (K) Lw/Kv( )

in Z(R[G])*t = K1 (R[G]). Therefore the lemma follows by applying 3&; to (21). O

5.2.2 The distinguished triangle. As in the case of a non-archimedean place in §5.1.1, for each
v € Soo(K) we fix w € S,(L) and let M, be a complex in D(Z|G,,]) which represents the canonical
class in Ext%[Gw](Z, LY) = H*(Gy,L}) = 5Z/Z. Then for every v € S the complex Z[G] @z, ] M
in D(Z[G)) is acyclic outside degrees 0 and 1, and there are isomorphisms H(Z[G] ®zc,,] Mw) =
Z|G] @zia,) Ly = Tlwes, ) Lw and HY(Z[G] @76, Mw) = Z[G] @z, Z = [Twes,(z) Z- Here
and in the following the letter w stands either for the fixed place in S,(L) (in expressions like
Z|G] ®z)a,,) L) or for all places in Sy (L) (in [[,eg, (1) Lw); this should not cause any confusion.
We set Msf = @vESf Z[G] ®Z[Gw} M, and MSoo = @UESM(K) Z[G] ®Z[Gw} M.

The local and global invariant maps are compatible, that is, for every w € S(L) the following
diagram commutes.

iHVLw/Kv 1

H(G, L) ek
inv Guw, 1
H?(G, Cs(L)) —2 e

Here the left vertical arrow is induced by the map L; — Cg(L) which is the composite of the
inclusion L) — I, and the canonical map I;, — Cgs(L). Therefore by Lemma 2.4 there exists a
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morphism M,, — Eg in D(Z[G,,]) which induces the map L} — Cs(L) on H° and the identity
Z — Z on H*'. From this we obtain a morphism Z[G] ®z(, ] Mw — Es in D(Z[G]) and adding over
all v € S gives a map Mg, & Mg,, — Es in D(Z|G]). One can show that the complex Pg lies in the
distinguished triangle

Ps — Mg, ® Ms,, — Eg — (22)
whose cohomology sequence identifies with the canonical sequence
0—Ofg— L5 —Cs(L) > Xs =Yg = Z—0
(compare [BF98, §3.1]).

5.2.3 Replacing the trace map by the zero map. From now on we simply write exp : Lg[0] — Eg
for the map in D(Z[G]) which induces Lg s, LY — Cs(L) = HY(Eg) on H°. Similarly we write
tr : L[—1] — Egs for the map which induces £ U, 7 H!(Es) on H'. Recall that the complex
Eg(L) is defined by the distinguished triangle

Ls[0] & £[-1] Z2F

whose cohomology sequence induces the identifications
| LY, ifi =—1,
H'(Es(L)@R) =< L°®R ifi=0,

0 otherwise,

Es — Eg(L) — (23)

and that we consider the canonical isomorphism sy : L° @ R — LY as trivialization of the complex
Es(L).

Instead of the trace map tr: £ — Z = H'(Eg) we now consider the zero map 0: £L — H'(Eg).
We define a complex Fg(L£) by the distinguished triangle

Ls[0] @ £[-1] 222,

whose cohomology sequence induces identifications

LY, ifi=-1,

Es — Fs(L) — (24)

; LR ifi=0,
H'(Fs(0) @ ) = M
0 otherwise.

We define a trivialization tp : L& R — LY @ R of Fg(£) by L& R B Lo LY, @ R, where the

last isomorphism is induced by the canonical splitting of the surjection L« Moo, R,ie. by R — Lo,
r = (z/[L: QD) wesw(r)-
LEMMA 5.10. One has

XG(Es(L), pr) = xa(Fs(L), tr)
in Ko(Z|G],R).
Proof. We will show below that there exists a distinguished triangle
clo] e £[-1] % Fs(2) S Es(c) 2 (25)

in D(Z[G]) whose cohomology sequence after tensoring with R identifies with the exact sequence
(starting with H~}(Fs(£) @ R))
91 L oRLLeRLLOGRS LoR LR
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On the complex L[0] & L][—1] we take the trivialization id : L ® R — L ® R. We want to show
that the distinguished triangle (25) with the trivializations id, ¢z and pj, satisfies the additivity
criterion in Lemma 2.5. Note that ker(H*(a) ® R) = 0 and that we can therefore omit this term
when applying Lemma 2.5. We consider the R[G]-modules and isomorphisms in the following (in
general non-commutative) diagram

(LOR) & (L°®R) > (L®R) @ (L’ ® R)
ltF@(—id) lid@uL

(L% B R) @ (L' @ R) —~ (L@ R) @ (L)

and we must show that the automorphism (tz @ (—id))~! o (s°¥) "L o (id @ puz) o s°¥ of the module
(L®R) @ (L° ® R) has reduced norm equal to 1.

The map s : (L@ R)® (L°®R) — (L®R) & (LY ® R) is induced by splittings of the exact
sequence
050 LoRLLoRLLOOR L O9R — 0.
Hence we have s®(a,b) = (a,b). The map s°¢: (LY @ R) @ (L’ ®R) — (L ® R) @ (LY,) is induced
by splittings of the exact sequence
0-L09R S LoR Y 10 gr % 10 g0,
As splitting of the surjection tr : L ® R — R we take the map R - L®R, b+— 1 ®b/[L : Q]. With
this choice of splitting we have s°4(a,b,c) = (c +1®b/[L : Q], a).

To simplify the description of the automorphism (tz @ (—id))~' o (s°¥)~! o (id @ pur) o s of
(L®R) @ (L° ® R), we replace (L ® R) @ (LY ® R) by the module (L’ ® R) ® R @ (L° ® R)
via the isomorphism (a,b) — (ay,a2,b) with ay = tr(a) and a1 = a — 1 ® ay/[L : Q]. Then
(tr @ (—id))"! o (s°) 7L o (id @ ur) o s° becomes the automorphism (ay,as,b) — (b,az, —ai) of
(L°@R)®R® (L°®R), and obviously this has reduced norm equal to 1. So we can apply Lemma 2.5
and find that

xa(Fs(L),tr) = xa(L[0] ® L[-1],id) + xc(Es(L), 1L).-
Since xg(L[0]® L[—1],id) = 0 in K¢(Z[G],R), the required equality xg(Fs(L),tr) = xc(Es(L), 1)
follows.

It remains to show the existence of the distinguished triangle (25) with the claimed cohomology
sequence. Consider the continuous arrows in the following diagram.

L0 & L[-1] - - & = = Fg(£) - - —'— = = Es(L) e o]
£[0] ® £[-1] —2~ £s[1] @ £]0] ~22% £o[1] @ £[0] 22 £[1] ® £]0]
exp B0 exp Gtr (26)
Eg[l] =———— Es|1]
Fe(o)] - - - By(o))

Here a : L[0] ® L][—1] — Lg[1] & L£[0] is the map (k,l) — (0,k), so clearly the second row is a
distinguished triangle. The two central columns are the distinguished triangles obtained from (24)
and (23) by rotation (without changing the signs of the maps; these are still distinguished triangles
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because we rotated twice), and ~ is the map making the top right-hand square commutative. It
follows from the octahedral axiom (more precisely, the version TR 4’ of the octahedral axiom
in [BBD82, bottom of p. 21]) that diagram (26) can be completed by the dashed arrows in such
a way that one obtains an octahedral diagram, i.e. such that the first row is also a distinguished
triangle, the diagram is commutative, and furthermore the square

Ls[l] @ cfo] 229 £y @ 2o]
lexp tr la[l] (27)
Es1] Fs(L)[1]

commutes.

The first row in diagram (26) is the required triangle (25). After tensoring with R, its cohomology
sequence has the form (starting with H!(Fs(£) ® R))

L85 LIRS LR B LP9R B LR 5 R.

We still have to compute the maps in this sequence. In diagram (26) we have a morphism from
the first row to the second row. After tensoring with R, the associated morphism of cohomology
sequences (starting with H~!(Fs(£)®R) in the first row and H ' ((Ls[1]@® £[0]) ®R) in the second
row) is as shown below.

u1 v1

Lo Lo LOR—>LOR—>["QR—>LOR—> R

FLE L Lk kL

LsOR—LLeoRL-LOR—I>LOR—2>LOR—9>L@R —> 0

We deduce that u; = id, v; = 0, w; = id, ugs = 0 and that vy is the inclusion L’ ® R ¢ L ® R.
It remains to compute the map wy : L ® R — R. Taking H° of the commutative square (27) and
tensoring with R gives the following commutative square.

LR LoR
ltr lUJQ
R—% > R
This implies that wy = tr and completes the proof. [l

5.2.4 The semilocal complezes. We now construct two complexes Mnite and A72reh in D(Z[G))
with trivializations ¢, anite and t,;aren respectively, and show that their Euler characteristics are
closely related to the terms defined in §5.1.1.

Recall that Mg, is the complex @vesf Z|G] ©z6,,) My and that H(Mg,) = [] LY and

H'(Msg,) = Yg,. Notice that for every v € Sy the lattice £, C O, . decomposes as Ly C
f £ f wESy(L)
Hwe Su(L )0 and that we can therefore talk about lattices £,, C O,, for all w € Sy (not just for

the fixed places w). We set Lg ;= [L.c S; L., and define Mt by the distinguished triangle

wESf

Ls,[0] = Mg, — Mt — (28)
From its cohomology sequence we see that for the non-zero cohomology groups there are identifica-
tions
HO(Mﬁnite) ~ H L1>1<)
L e
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and H'(M™i*) =Yg . On the complex Mi* we consider the trivialization

L
tMﬁnite : g m QR — YSf & R; («Tw)wESf = ('Uw(l’w) : logNw)wESf7
weo f

where v,, is the normalized valuation of L; and Nw is the cardinality of the residue field of w.

LEMMA 5.11. One has

xa (M ¢ e ) = Z indgw (X (M (L), v) + 04, [R, log Nw))
’UESf

in Ko(Z[G),R).

Proof. This follows easily from [BrB05, Proposition 5.6.2]. O

Before defining M®" we must introduce some notation. We shall write Sy, for both Ss (K) and
Soo(L); the meaning will always be clear by our convention to write places as v, respectively w. For
every w € So, we denote by R(L,,) and I(L,,) the real and imaginary axis in L,, respectively, i.e.
the R-line generated by 1 in L,, and the R-line generated by a square root of —1 in L,,. Furthermore
we set R(Loo) = [[es,. R(Lw) and (L) := [[,es.. I(Lw). Then R(Ly) and I(Ls) are R[G]-
submodules of L, and one has Lo, = I(Ls) @ R(Ls). Note that I(Ls) lies in the kernel of the
trace map tro : Loo — R. We let R%(Ly,) be the kernel of the restriction of tro, to R(Ls); thus

troo

there is a short exact sequence 0 — R%(Loo) — R(Ls) —= R — 0. Using the canonical splitting
R — R(Ls),  — (z/[L : Q])wes.. We obtain the direct sum decomposition R(Ls) = R%(Loo) B R.

We identify R(Lq,) with Ys_ ®zR by the isomorphism of R[G]-modules which sends (2, )wes.. €
R(Lso) to (224)wes., € Ys.. ® R. Then there is a commutative diagram

troo

0 R%(Lo) —= R(Loo) R 0
0—> X5, OR— > Y5 @R—25>R 0
troo aug

and the above splitting of R(Ly) —= R corresponds to the canonical splitting of Vg  ® R — R.
Recall that Mg, is the complex @, c5_ Z[G]®7q,) Mw- One has H°(Mg. ) = L% and we define
M#h by the distinguished triangle

Lool0] @ £]—1] Z22% prg . — Mok (29)

From its cohomology sequence we see that for the non-zero cohomology groups there are identifi-
cations H~H (M) =] o 2m\/=1Z C Loo, HO(M*) = £ and H'(M*") = Yg_. Note that

[lues, 2mv—1Zis a full lattice in I(Lo) and therefore (][ ,cq 27V —1Z) @R = I(Ls). We define
the trivialization ¢, aren by

ide(—id)@id

LORM [ = I(Lo) ® R(Loo) & R (L) ®R%(L.) &R
=1(Loo) ® R(Loo) — I(Loo) ® Ys_ @ R.
LEMMA 5.12. One has
XG(M™ P tyuen) = [C, 7, Hi) + 05 (= [Hp, —7] — [H], 2] + [R, —1])
in Ko(Z[G],R).
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Proof. First we choose a special representative of the complex M*% in D(Z[G]). We note that for
each v € Sy the complex M, (L) in D(Z[G,,]) defined by the distinguished triangle

Ly[0] 22 My, — My (Ly,) —
has non-zero cohomology modules H (M, (L)) = 2nv/—~1Z C L., and H'(M,(Ly)) = 7Z, and
that its extension class in EXt?Z)[Gw}(Z7 2m\/—1Z) = 1Z/Z is non-trivial. On the other hand let
Hy = [l,es(1,) Z where X(Ly,) is the set of continuous isomorphisms L,, — C, and consider the

complex of G-modules N,, : Hy, 7, H, 1, H,, with non-zero terms in degrees —1, 0 and 1,

where 7 € Gal(C/R) denotes complex conjugation. Then N,, is acyclic outside degrees —1 and 1,
and one has H _I(N )= H,, H'(N,) = H,/H, . Moreover N,, has non-trivial extension class in
Eth G ]( w/Hy,Hy) = $Z/Z. Thus by fixing isomorphisms 27/—1Z = H,, and Z = H,,/H,, we

obtaln an 1nduced isomorphism My, (Ly) = Ny in D(Z[Gy)). Applying Z[G]®z,,) and summing
over all v € S, we see that M*! is isomorphic to N @ £[0] in D(Z[G]) where N is the complex

11l

H, 2% g, 20 H,

The trivialization ¢ aren corresponds to the following trivialization ¢t on N & L[0]:

t arc!
LOR M I(L)®Ys, @R

=N H (Z[G) ®zc,) 2nvV—12Z)) @R & [] (Z[G] @76, Z) ® R
€500 VESso

= H G @6, Hy) @R & [] (ZIG] @26, Ho/Hy) @ R
€S00 VESoo

:HL @R& Hp/Hp @R.

We compute the Euler characteristic xg (M, aen) = X6 (N @ L£[0],t) by using splittings, i.e.
we use the refined Euler characteristic XOId dlscussed in [BrB05, §6]. The relation of y¢ and X‘)ld
given in [BrB05, Theorem 6.2]. With the canonical splittings (given by the direct sum decomposition
H, @R =H; @ R® H; ®R) we find that x34(N & L[0],t7}) = [HL & Hy,g,Hy & L], where
g:(Hp® HL) QR — (HL ® L) @ R is the isomorphism

H @ROH,9R=(H, 9R®H} ®R)® (H, @ R® H} ®R)

19201/201 _ -
—/>HL OR® (Hf @R®H, ®R)® Hf @R

%H_®R@HL®R@(HL/HL_)®R

Mo H, 9R®LOR.

Here the isomorphism H;} @ R 2 (H,/H; ) ® R is induced by the embedding H; — Hp/H; and
for the arrow marked id @ ¢t~! we have first used the obvious permutation and then the identity on
H; ® R and the isomorphism ¢t~ !. Let h: LR — H, ®R@HL/HL_ QR = H;r, ® R be defined as
t except that we omit —id on R%(Ls,). One then has

[HL@HLagaﬂL@E]:_[‘CﬂhﬂﬂL]"’_aé?([XSoo?_ ] [HL7 ] [Hz_ﬂ ])
Finally we claim that
[L,h,HL] =L, 7TL,HL] aé[HL_,Zw]. (30)
1
Indeed, the map Lo % L®R C L® C — Hp ® C gives an identification of L., with

(Hp, ® C)*. Under this identification one has R(Loo) ~ H ®R and I(L) & H; ®R. In the
case K = Q it easily follows that for the correct choice of ¢ = v/—1 € C in the deﬁnition of mp, the
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map h: LR — Hy @ R agrees withﬁ@RgHZr ®R@HZ®RMHZF®R@HE®R,
which implies (30). In the case of a general totally real field K the two maps still agree if one chooses
the correct ¢ in the definition of 7y, for each v-component of H, = HveSw(K)(Han(L),a\K:v 7)~
separately; one can check that [£, 7, Hy] is independent of all such choices.

Summarizing we find
X (M ) aen) = xa (N @® L£[0], )
= X&' (N @ L0t + 0 [HE, 1]
= [£.h, Hi] + 05 (~[Xs., —1] + [Hp, =2 — [Hf , —2])
= £, Hi] + 06(=[Hp, =] = [H[, 2] + [R, ~1]).
This completes the proof of Lemma 5.12. O

5.2.5 Relation of Fuler characteristics. Here we prove two lemmas.
LEMMA 5.13. One has
X (M™% 4y tnine) + Xa (M, tyraan) = xa(Ps, —Regg) + xa(Fs (L), tp)
in Ko(Z[G],R).
For the proof of Lemma 5.13 we need the following result.
LEMMA 5.14. There exists a distinguished triangle
Pg & pyfinite g pparch B, Fs(L) 2, (31)

in D(Z|G]) whose cohomology sequence after tensoring with R identifies with the exact sequence
(starting with H—'((Mfnite ¢ prareh) @ R))

Cex L
I(Ly) S L% =2 0 oR L < [] ﬁ) QROL®R
b X w
wESf

aug

—>L®R—>X5®R——>YS®R—>R
Here the map —exp:Loo—>OLS®R1's the composite
Lgozlogoo((’)x)@?R_—iddogoo((’) )R 220X @R S OF sOR,

the map n is induced by the canonical maps OL g — Lg;, and the map § is the identity on L ® R
and zero on the first summand.

Proof. Consider the continuous arrows in the following diagram.

[,5[0] ) [,[—1] ﬂ Msf G Mg, finite D March — o ES ]

|
8
%MlMA]‘M% Es Fo(£) H £[o]
:“/ (32)
Ps|1] Psv[l]
- i—am

MSf [1] ) MSoo [1] [ Mﬁnite[l] @ March[l]
1456

https://doi.org/10.1112/50010437X07002874 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002874

LEADING TERMS OF ARTIN L-FUNCTIONS

The first row is the direct sum of the distinguished triangles (28) and (29), and the second row
is (24). The first vertical triangle is the rotation of (22) (the arrow labelled with a minus sign is
the negative of the shift of the first arrow in (22)), and —a«[l] is the map making the bottom
square commutative. It follows from the octahedral axiom that the diagram can be completed by
the dashed arrows in such a way that one obtains an octahedral diagram, i.e. such that the second
vertical triangle is also distinguished, the diagram is commutative, and furthermore the square

Fs(L) Ls[1] & L]0]

lv lexp 50 (33)
Po[1] —— Mg, [1] & Ms__1

commutes.
We obtain the required distinguished triangle (31) as the rotation of the triangle

Mﬁnite ® March ﬂ FS(»C) l} Ps[l] —afl] Mﬁnite[l] ® March[l] (34)
in diagram (32). We will compute the cohomology sequence of (34). Taking into account the sign
change coming from the rotation, it then follows that the cohomology sequence of (31) has the
stated form.

After tensoring with R the cohomology sequence of (34) has the following form (starting with
H—l((Mﬁnite o March) ® R))

L><
(L) 2 0 2 or ®Rﬂ>< 7w>®R@L®R
(L) 2 L 2 Of iz

2 LR E XsR 2 Yy oR 5 R,

We must compute the maps in this sequence. In diagram (32) we have a morphism from the first
row to the second row. After tensoring with R, the associated morphism of cohomology sequences
is as given below (starting with H~1((Mnite @ Marh) @ R) in the first row and H~*(Fs(£) ® R)
in the second row).

exp

LX
<H 7w>®R@L®R

wESf eXp( w)

-

LR

I(Lo) —=> L5 @R

L

L0 — > Lo @R Cg(L) ®R

L;®R

—§>L®R—O>YS®RL>YS®R

H laug lud
id 0 id

— LR R R

We deduce that u; : I(Ls) — LY is the inclusion, us = € and u3 : Y@ R — R is the augmentation.

A similar argument using the morphism of the cohomology sequences of the two vertical triangles
in diagram (32) shows that w; = —n and that wy : Xg @ R — Yg®R is the negative of the inclusion
map. It immediately follows that vy = 0. Finally, taking H~! of the commutative square (33) and
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tensoring with R gives the following commutative square (where we use the maps expg and Ag

from §3.1).
LY < Ls®R
lvl lexps ®R
Ofs@R—0 L0 oR—252 _ pxgR

Now we recall from the proof of Lemma 3.1 that the inclusion LY C Lg ® R is obtained via
L =log, (0O;) @R = {z € Lg : expg(z) € Ag(Of)} @R C Lg ® R. It easily follows that vy :

exp

Lo — Of ¢®R is the composite LY =log (O )®R -, log, (O] ) @R — Of @R =N Of s®R.
This completes the proof of Lemma 5.14. O

Proof of Lemma 5.13. We want to apply the additivity criterion of Lemma 2.5 to the distinguished
triangle in Lemma 5.14. Note that ker(H°%(a) ® R) = 0 and that we can therefore omit this term
when applying Lemma 2.5. We have to consider the R[G]-modules and isomorphisms in the following
(in general non-commutative) diagram.

L o
<H m@R@L@R)@(Of@R) (OE,S(@R)@(L@R)

l/tMﬁnite@tMarch @id (—Regs)@tF (35)

(I(Lso) ® Ysr) ® (OF @ R) : (Xsr) @ (L, & R)

Here we write Ygr := Y5 ® R etc., and for the left vertical map we have composed tsinite © € arcn
with the canonical isomorphism Yg, g @ I(Loo) © Vs g = I(Loo) © Ysr. The maps s and 5°d are
given by splittings of the exact sequences

L><
0—>05®R—>(9;7S®R$ H ﬁ@&@L@RQL@RHO_A)

wESf (Ew)

and
0—0— Xgg — I(Loo) @Ysr — LL @R 2 OF @R — 0
respectively. Lemma 5.13 will follow from Lemma 2.5 once we have shown that the automorphism
(tMﬁnite EB tMarch @ ld)_l o) (SOd)_l o ((_Regs) @ tF) o Sev (36)
of

X
[[ —%~®ReLeR OF @R
<eS eXp([’w)® vhe )GB( L® )
wes f

has reduced norm equal to 1.

To compute the reduced norm of (36) we use the following isomorphisms to replace various of
the modules:

—Regg 1 O] @R Z, X5 R,
—Regg : (’)23 QR = XSR,

Ly o
IT wu() -log Nw) = ] Py ®R — Yy, R,
wESf wESf
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Ysr=Ys; RO Y5, R =Ys; R ® X5, R DR,
LY =T(Le) @ R (Loo) 2 1(Loo) @ X5 v

and
LOR ™ Log = I(Loo) ®R(Loo) ® R = I(Loo) & Xs.ox ® R.

Diagram (35) then becomes

(Yop ©I(Lo) ® Xspo g ® R) @ (X0 ) > (X58) © (I(Leo) ® Xs,o r O R)

: g

zod

(I(Leo) @ Ys; R @ X g O R) @ (X5, R) = (Xsr) D (I(Loo) ® Xs.or B R)

and we must show that the automorphism ¢ o (5°4) 71 ot50 5% of (Y, r ® I(Loc) ® Xs.,r DR) @
(Xs. r) has reduced norm equal to 1. For this it is necessary to give explicit descriptions of the
maps 5, tg, (5°4)~! and tl_l. It is easy to see that t1(a,b,c,d,e) = (b,a,—c,d,e) and to = id.

Next we compute the map 5. It is induced by splittings of the exact sequence
0— XSOO,R — XS,R — YSf,R D I(Loo) D XSOO,R OR — I(Loo) &) XSoo,R OR —-0— 0,

which consists of the canonical short exact sequence Xg _r — Xgr — YS,-,R and the identity
I(Loo) ® Xsor @ R — I(Loo) ® Xg,or @ R. As splitting of the surjection Xgr — Ys,r we
choose the map Ys, g — Xgr given by a = (aw)wegf — (Gw)wes where g, = ay, if w € Sy and
gw = —aug(a)/|S«| if w € Sy (here aug(a) = zwesf ay, is the augmentation of a). With this
splitting we obtain

gev(aa b7 C, d7 6) = ((fw)wESa b7 C, d)
with

ew —aug(a)/|Se| if w € S,
fw = .
Qo if we Sy,

where we write a = (aw)wegf €Ys,rand e= (ew)weSw € X5 R-
Finally we compute the map §°¢. It is induced by splittings of the exact sequence
0—0— XS,R — I(Loo) D Ygf’R D XSOOJR OR — I(Loo) D XSOO,R OR — XSoo,R — 0,

which consists of the canonical short exact sequences Xsr — Ys,r ® X5 g @ R — R (recall
that Ysg = Ys;r @ Xs g ©® R) and I(Le) — I(Le) © X5 g — X, r. As splitting of the
surjection Yg, » ® Xg r ®R = Ygr — R we choose the map R — Yg, r ® Xg r @ R given by
d— ((d/|S)wes; (0)wes., d|S|/[S|). With this splitting we obtain

(3°) ™ a, by, d) = (b, (aw + d/|SDwes;, (Gw — aUgae(@) /S0 Jwesa s Ao (@) + Sl /IS, )
where we write a = (ay)wes € Xsr and aug,(a) = >, c5.. Gw-

It follows that the automorphism #; o (3°4) "t oty05°Y of (Ys; ROI(Loo) ® X5, ROR) B (X, ) 18

(a7 bv ¢ d7 e) = ((1 + (d/|S|)w€Sf’ bv -6, _aug(a) + d|SOO|/|S|7 C)'

Therefore its reduced norm can be computed as the product of the reduced norm of the automor-
phism (a,d) — (a+ (d/[S|)wes;, —aug(a) + d|Sx|/|S]) of Ys, g ® R and of the reduced norm of the
automorphism (b,c,e) — (b, —e,c) of I(Lo) ® Xg. . r ® Xg. r. It is straightforward to verify that
both of these reduced norms are equal to 1. ]
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5.2.6 Completion of the proof. We now collect all the previous results to complete the proof of
Theorem 5.2.

Proof of Theorem 5.2. By the definitions of TQ(L/K,0) and TQ(L/K,1), and by Lemmas 5.10
and 5.13 we have

Ya(TQL/K,0)) —TQ(L/K, 1)
= éé‘(CZ/K,S(O)#) — Xxc(Ps, —Regg) — é(l}(CZ/K,S(l)) —xc(Fs(£),tr)
_ Al (gz/K,S(O)#
NG ks
Lemmas 5.9, 5.11 and 5.12 show that this is equal to

04 (erk(0)) = [, 7, H]

L (D
= 3 a0k, (G ) + xeu (M), i) + 0, R log N

> - XG(Mﬁnite, tMﬁnite) - XG(MarCh7 tMarch ) .

ves; Lu/Ko
+ aé(_[H[_mﬂ-] - [HZ_72] + [R¢ _1] + [HE7 _7T] + [Hz_’z] - [Ra _1])7
which is 7Q°¢(L/K, 1) since 95[H, ,—1] = 0. O

5.3 Proof of Theorem 5.8

The following proof of Theorem 5.8 is taken from [BreO4c, § 7]. As a preliminary step of independent
interest we show that the invariant RQI°(L/K,1) in Ky(Z[G],R) allows one to determine the
absolute norm of the Artin conductor of every character of G.

5.3.1 Determining conductors. In the following result |-| denotes the usual absolute value on
the complex numbers C.

LEMMA 5.15. Let a = (o) yenn(c) € [lyem(e) C© = Z(C[G])* and assume that [w(cy)| = |ay| for
all x € Irr(G) and all automorphisms w of C. Then for every x € Irr(G) the absolute value |o, | is
determined by 8%[G] cla) € Ko(Z[G],C).

Proof. The hypothesis implies that all «, are algebraic over Q. Therefore there exists a finite
extension E of Q in C such that 8%[@ cla) € Ko(Z|G],E) and which is big enough to ensure
that every irreducible representation of G is realizable over E. This implies that a € Z(E[G])* =
HxEIrr(G) B

Using the hypothesis and the product formula for the field E we obtain
‘ax‘[E:Q} = H laylo = H ‘ax|;l7
VESa (E) vESy(E)
where the valuations ||, are normalized as usual. It therefore suffices to show that 8%[(;} gl

determines |, |, for every non-archimedean place v of E.

Let v be a non-archimedean place of E and let p be the residue characteristic of v. We write
j: E — E, for the embedding of F into its completion at v. Then j induces maps j, of the centres of
the group rings and of the relative algebraic K-groups making the following diagram commutative.

a%[c],E

Z(E[lG])X KO(Z[lG],E)
Z(EU [G])X a%p[G].,Ev KO(ZP[G], Ev)
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But it is well known that 8% G]. B (j«(@)) determines ji()joy = j(cvy) up to a unit in E, for every
x € Irr(G), hence it determines |ay|,. O

COROLLARY 5.16. For each character x of G the absolute norm of the Artin conductor of x is
determined by RQ°¢(L/K,1) € Ko(Z|G],R).

Proof. Let n be the order of the finite group Ko(Z[G], Q)tors- Since the invariant TQY(L/K,1) =
aé(sL/K(O))—RQbC(L/K, 1) lies in K¢ (Z[G], Q)tors (cf. Proposition 5.7) and EL/K(O)% € Z(R[G])**
one has 2n - RQ°°(L/K,1) = 2n - 3(1;(€L/K(O)) = 8%[G]7R(EL/K(O)2YL)' Furthermore

er/x (0% = (WEN 00" ldk /ol “* " vem@ € [[ €
x€lrr(G@)

by definition, and since N f(x) and |dg/q| are both rational integers and W () is an algebraic
number with absolute value equal to 1 for every archimedean place (this follows for example
from [Tat77, Remark on p. 110]), one sees that e/, (0)*" satisfies the hypothesis of Lemma 5.15.
Thus Lemma 5.15 shows that 2n - RQ°¢(L/K,1) determines

WP N F () il 500" = NF () e 50"

for every x € Irr(G). This allows us to find |dg /g| because the conductor of the trivial character is
equal to 1. We then get N f(x) for every x € Irr(G) and finally N f(x) for arbitrary characters y
because the Artin conductor is multiplicative. O

5.3.2 Determining symplectic epsilon constants. We denote the group of all complex-valued
(virtual) characters of G' by Rg and the subgroup of symplectic characters by R{. Let o =
(o )xemr(@) € [lyenre) ©* = Z(C[G])*. The map Irr(G) — C* given by x — oy has a unique
extension to a homomorphism of abelian groups Rg — C* and thus defines o, for every x € Rq.

LEMMA 5.17. Let o € Z(R[G])* be such that o, € {£1} for all x € R. If(‘%(a) =0 € Ky(Z|G],R)
then o, = 1 for all x € Rf,.

Proof. We reduce to [CT83a, Proposition (6.1)] and use the same notation as there. In particular,
J denotes the idele group of the algebraic closure Q of Q in C. We write +1,, for the idele with
component 1 at all places and —1., for the idele with component —1 at all non-archimedean places
and component 1 at all archimedean places. Let f € Hom(Rg,, 1) be the homomorphism given by

[ ey =1
X 1o ifay =1,

for x € Rg. To apply [CT83a, Proposition (6.1)] we must show that f € Det®(Z[G]*) where
Z|G] = R[G] x [1,Zp|G] with p running through all rational prime numbers and Det® denot-
ing the restriction of the determinantal homomorphisms to R, as discussed in [CT83a, §3]. The
archimedean component of f is obviously contained in Det®(R[G]*).

Let p be a prime number. Let j : Q— @p be any embedding and extend it to an embedding
j : C — Q. Then j induces maps j, : Z(R[G])* — Z(Q,[G])* and j. : Ko(Z[G],R) — Ko(Zp|G],Qp)

such that
ZR[G))* ——¢—+ Ko(Z[G], R)
Jx o1 T
2(@y[G)* — 2 Ko (2,[G, Q)
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commutes (cf. Lemma 2.2). From the assumption 3%;(04) = 0 it follows that
J(a) € im(K1(Zy|G]) — Z(Qy[G]) ). (37)
In particular j,(a) € Z(Q,[G])* which implies aj-10,0j0y = @y for all x € R, and w € Gal(Q,/Qp).
Since_ this is true for all p and embeddings j we find that a,., = oy for all x € R, and w €
Gal(Q/Q).
The p-component of f is the map f, : x — a, € (@@Q Qp)* for x € RE,. By the argument above
fp lies in HomGal(Q Q) (RG, (Q ®g @,)*). Denote the group of symplectic Q,-valued characters by

RZ, - An embedding j : Q — Qp induces an isomorphism

j* : HomGal(@/Q) (RSG’ (Q ®Q QP)X) - HomGal(@/Qp) (RSGvP’ QTPX)’

and to show that f), lies in Det®(Z,[G]*) it suffices to show that j.(f,) lies in Det®(Z,[G]*) (compare
the diagram in [CT83a, p. 254]). But j.(fp) is the homomorphism which corresponds to j. (o) €
Z(Q,[G))* and therefore lies in Det*(Z,[G]*) by (37).

We have shown that f € Hom(Rg,+1.) N Det*(Z[G]*). By [CT83a, Proposition (6.1)] this
intersection consists only of the trivial homomorphism; hence o, = 1 for all x € R,. U

Proof of Theorem 5.8. By the proof of Corollary 5.16 the element GG(EL/K(O)) € Ko(Z|G],R) de-

termines Nf(x)\dK/Q|deg for every x € Irr(G). We set §, := \/ FOOldg jgldes®) (positive square
root), 0 := (0y)yer(c) and a := e (0)6~'. Then § and o lie in Z(R[G])* and a = (W (X)) yem(c)-
Since W (x) € {£1} for every x € R{, we can apply Lemma 5.17 to  and conclude that the root
numbers W (x) for x € R, are determined by 3%;(04) = éé;(s 1/ (0)) — 3%;(5) and therefore also
by éé(EL /k(0)). Thus assuming the validity of Conjecture 5.3, the symplectic root numbers are
determined by RQ°(L/K,1). O
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