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Submartingales and
stochastic stability

Phil Diamond

Sufficient conditions, involving the existence of a Lyapunov
function which is a submartingale of special type, are given for

the instability of stochastic discrete time systems.

1. Introduction

The stability of the origin for a random nonlinear system on B .
(1) T = f(xn, n, rn] .
where xl = x 1s a given random vector variable and rn markovian, has

been studied by Bucy [7] and Kushner [5], using Lyapunov functions which

are supermartingales along the solutions ¢(»n, x)
E(v(¢(n, x)) | ¢(n-1, x)) = V(¢(n-1, x)) .

On the other hand, instability theorems have been discussed by Hahn

[2] for deterministic systems
T =9z, M),

requiring the existence of a Lyapunov function which is, roughly speaking,
increasing on the trajectories. By analogy with these ideas, it is
reasonable to conjecture that the system (1) is unstable at the origin if
there exists a Lyapunov function which is a submartingale (expectation
increasing) along the solutions. However, further conditions on the
submartingale are needed to prove instability. An example is given below
to show that these conditions cannot be greatly weakened.
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2. Definitions and notation

Solutions of the system (1), with initial vector =z, = x , are denoted

1
by ®¢(n, x) . The probability of an event A , in the probability measure

P, is P(A) , its expectation E(4) , whilst |lz|| is the usual norm of
z € R? . The following are more or less standard:

DEFINITION 1. A sequence of random variables v, s sigma fields Fn
and probability measure P , form a submartingale iff Fn is the minimal

F > almost

sigma field over (vl, ey vn) and E'(v n—l) 2V, 4

L |
everywhere P .

DEFINITION 2. The origin is stable with probability 1 if, for any
§ >0, €>0 there is a p(8, €) > 0 such that if [zl < p(8, €) then
P(ll¢(n, =)l = €] =8 . 1If the system is not stable it is termed unstable.

DEFINITION 3. The integrals of a sequence of random variables v,
are uniformly continuous if J vndP -+ 0 uniformly in n as P(4) >0 .
A

DEFINITION 4. A real valued, positive definite continuous function

v on R’ such that »(0) =0 and v(z) >« as [z|| » ® is called a

Lyapunov function. Let v, = v[¢(n, x))

3. Results

THEOREM 1. Suppose there exists a Lyapunov function v such that

v, 18 a submartingale, the integrals of v, are untformly continuous and

E(v, | =) is unbounded as n > . Then the system (1) is unstable.

Proof. Let A = [sup vn > 8] . Then
n

Efv, | z) = eP[szp v, < e] + JA v dP .

If the origin were stable and P(4) < § then, for small § , J vndP. is
A

small by uniform continuity. So E‘(vn | .'::) is bounded, a contradiction.

https://doi.org/10.1017/50004972700040880 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040880

Stochastic stabitity 273

COROLLARY. Let v, be a submartingale, the integrals of v,
uniformly continuous and
E(vn | Fn—l] Va1 Z q(vn—l) ?

where q 1is a non-decreasing positive convex function on the positive
reals. Then the origin is unstable.
Proof. Taking expectations conditional on x , and assuming that

E(vn) + o for finite n , it follows that

@) (6, - E(0,.,) = 5(e(o, ;)
But since q is convex, E(q(vk)) zq(2(v,)) . [6, p. 159]. Summing the

inequality (2) gives

v

n-1
5(s,) 2 50y) + 1 q(e()
z E(Ul) + (n_l)q(E(vl)) *
and E(un] is unbounded as n > © . The conditions of the previous

theorem are satisfied.

THEOREM 2. Suppose there exists a Lyapunov function v such that
v, ts a submartingale, E(v, | z) 1s unbounded as n > © , and

ver(v | x) =o(B(v, | 2)) s n>w.

Then the system (1) is unstable.

Proof. From the Chebyshev inequality [6, p. 111,

P(lv -E(v, | 2)| <B) 21 - (var(v, | =))/5° .

n
For arbitrary 0 < 8§ <1 , set B = [[var(vn | x))/d)% . Then
P(E(w, | 2)-B=sv, =Efv, | x)+8) =21 -6 .

Since B = o(E(un | )) , the probability that v, is greater than ¢ ,

for large 7 , is close to 1 . But it is known [3] that there exist real

continuous positive non-decreasing functions a and B such that

https://doi.org/10.1017/50004972700040880 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040880

274 Phit Diamond

a(0) = g(0) =0,
a(llzll), Blxll) + = as |zl + =,
a(llzll) = v(z) = g(ll=ll) .

It follows that, with probability close to 1 , a(”¢(n, x)”) , and equally
llo(n, x}l| , is greater than € for large 7n . The origin is thus

unstable.

4. An example
If the condition on the variance of vn is dropped in Theorem 2, the

remaining conditions are not sufficient for instability. To illustrate

this, consider the scalar equation

where {An} is a sequence of independent random variables satisfying

p[xn = l/a3] =(a-l)/a=gq ,

for each 7n . Let v(z) = |z| . Clearly

E(v,,, | x) - v, = Ixn|(a-l+l/a3-l/ah) ,

n . =

and E(Un+1 | ) > a"|z| . For any given x =,
_ 2#n-r)-3r | _ [l nrr

P[xn+l =a z) = |.P g -
It follows that |xn+1| >a blz| if 2n-5r> -t . Put
s = [(2n+¢)/5]1 + 1 . Then
(3) Pl | > a-tlxl < pn + |7 pn-lq + ..+ " pn—sqs .

n+l 1 s

But it is known [4, 5.7] that the sum on the right of the inequality may be

expressed as

Bp(s, n-s+1)T(n+1)/ (I (s)T(n-s+1)) ,
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where Bp is the incomplete Beta function:

p/(1-p)
I P 1+0) " L

0

Since 1/(1+v) < 1 in the interval of integration, the integral is

greater than

(%) (p/(1-p))%/s = 0(p/(1-p))"/5 .

Stirling's Formula gives

T(n+1)/T(s)T(n-s+1) = 0(nn+%é_3+%(n-s+1)'n+s_%j

Since s = [(2n+t)/5] + 1 , the expression above is majorised by
%
5" ) (2% (1+¢/2n) 2L (1-8/3m)D)
where a = (2n+t)/5-1/2 , b = (3n-t)/5 + 1/2 . The majorant is just

O(n%(5.3_3/5.2_2/5]n) and so, from (3) and (4),

Pl|x > a_t|x|] = O(n%cn) ,

n+1|

))2/5.5_3—3/5 -2/5 )

where ¢ = (p/(l—p .2

asymptotically stable with probability 1 (stable with probability 1 and

It follows that the origin is

z, > 0 with probability 1 in a neighbourhood of the origin) if e<1.

%
But this is certainly the case if a > 1 + (55/108)2 .
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