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Addenda and Errata to “The Fundamental
Group of S1-manifolds”
Leonor Godinho and M. E. Sousa-Dias

Abstract. This paper provides an addendum and erratum to L. Godinho and M. E. Sousa-Dias, The
Fundamental Group of S1-manifolds. Canad. J. Math. 62(2010), no. 5, 1082–1098.

The results of the paper require slight modification in light of a number of inac-
curacies in the proof of Lemma 2.5 on page 1088. The source of the mistakes was a
failure to account for the possible existence of special exceptional orbits1 on a com-
pact symplectic S1-manifold M with a nonempty fixed point set that are not taken to
a fixed point by the gradient flow of the generalized moment map. Note that there
are no known examples of such actions, since all the examples obtained so far of non-
Hamiltonian symplectic circle actions on compact manifolds with a non-empty fixed
point set are semifree [MD,K]. Note also that examples with exceptional orbits could
easily be constructed from these ones by a sequence of blow ups at fixed points, but
the exceptional orbits obtained in this way would flow to fixed points. In the proof
of Lemma 2.5, and consequently in the proofs of our main results, Theorems 2.1 and
3.1, we claim that the existence of a fixed point implies that all orbits are contractible
in M, which could be wrong if the above exceptional orbits existed.

The main theorems of the paper should therefore be restated as follows.

Theorem 2.1 Let M be a connected, compact symplectic manifold equipped with a
non-Hamiltonian symplectic circle action and let φ : M → S1 be the corresponding
generalized moment map. Let P be a connected component of an arbitrary regular level
set of φ, let Mred be the symplectic quotient P/S1, and let N ⊂ M be the union of all
connected components of the set of points with non-trivial stabilizers that do not contain
a fixed point.

Then, as fundamental groups of topological spaces, π1(M) is a semidirect product

π1(M) = G o Z.

If the action has no fixed points, then G = π1(P). Otherwise, G = π1(Mred) if and only
if for every connected component L of N, the fibers of the sphere normal orbibundle of
(L ∩ P)/S1 inside Mred are contractible in (P \ N)/S1.

Received by the editors September 14, 2011.
Published electronically June 26, 2012.
Both authors were partially supported by Fundação para a Ciência e a Tecnologia (FCT/Portugal).
AMS subject classification: 53D19, 37J10, 55Q05.
Keywords: symplectic reduction; fundamental group.

1Recall that an exceptional orbit of S1 is an orbit with a finite non-trivial stabilizer subgroup.
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Theorem 3.1 Let (M, ω) be a connected symplectic manifold (not necessarily com-
pact) equipped with a Hamiltonian S1-action with proper moment map φ : M → R.
Let P be an arbitrary (compact) regular level set of φ, let Mred be the symplectic quotient
P/S1, and let N ⊂ M be the union of all connected components of the set of points with
non-trivial stabilizers that do not contain a fixed point.

Then, as fundamental groups of topological spaces, the fundamental group of M is
π1(M) = π1(P), when the action has no critical points. Otherwise,

π1(M) = π1(Mred)

if and only if, for every connected component L of N, the fibers of the sphere normal
orbibundle of (L ∩ P)/S1 inside Mred are contractible in (P \ N)/S1.

Moreover, if φ has a minimum (or a maximum), then N = ∅ and

π1(M) = π1(Mred) = π1(Fmin)
(

or = π1(Fmax)
)
,

where Fmin and Fmax are the sets of minimal and maximal points respectively.

If the action is semifree2 (i.e., if the action is free outside the fixed-point set), then
the requirement that the fibers of the sphere normal orbibundle of (L ∩ P)/S1 inside
Mred are contractible in (P \N)/S1 for every connected component L of N is trivially
satisfied (since N = ∅ in this case). Hence we have the following easy corollaries.

Corollary 1 Let M be a connected, compact symplectic manifold equipped with a non-
Hamiltonian semifree symplectic circle action and let φ : M → S1 be the corresponding
generalized moment map. Let P be a connected component of an arbitrary regular level
set of φ and let Mred be the symplectic quotient P/S1.

Then, as fundamental groups of topological spaces, π1(M) is a semidirect product

π1(M) = G o Z.

If the action has no fixed points, then G = π1(P). Otherwise, G = π1(Mred).

Corollary 2 Let S1 act semifreely on a connected symplectic manifold (M, ω) (not
necessarily compact) with proper moment map φ : M → R. Let P be an arbitrary
(compact) regular level set of φ and let Mred be the symplectic quotient P/S1.

Then, as fundamental groups of topological spaces, the fundamental group of M is
π1(M) = π1(P), when the action has no critical points. Otherwise, π1(M) = π1(Mred).

Moreover, if φ has a minimum (or a maximum),

π1(M) = π1(Mred) = π1(Fmin)
(

or = π1(Fmax)
)
,

where Fmin and Fmax are the sets of minimal and maximal points respectively.

In order to account for the possible existence of these special exceptional orbits,
the following changes should be made to the paper (where we also take the opportu-
nity to correct some misprints).

2An action of a group G on a manifold is said to be quasi-free if all the stabilizers are connected. If
G = S1 then quasi-free is the same as semifree
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1 List of Corrections

Page 1088: Lemma 2.5 should be restated as follows.

Lemma 2.5 Let M be a manifold satisfying the hypotheses of Lemma 2.2, equipped
with a circle action with a non-empty fixed point set. Assume that the circle action
satisfies the additional condition that every connected component of the set of points
with non-trivial stabilizer contains at least one fixed point. Let a0 ∈ S1 be a regular
value of the generalized moment map φ, and consider the principal circle orbibundle

S1 i
↪→ φ−1(a0)

p→ Ma0 ,

where Ma0 := φ−1(a0)/S1 is the reduced space at a0. Then, for y0 ∈ φ−1(a0), the kernel
of the map p∗ : π1(φ−1(a0), y0)→ π1(Ma0 , p(y0)) is equal to the kernel of the map

j∗ : π1

(
φ−1(a0), y0

)
→ π1(M, y0),

defined in Lemma 2.3.

Page 1088, lines 13-15: replace these lines with the following text that clarifies the
need for the additional assumption in the statement of Lemma 2.5:

We first see that ker (p∗) ⊂ ker ( j∗). Since ker(p∗) is generated by the orbits in
φ−1(a0), we just have to show that these are all contractible in M. If there are no
exceptional orbits in φ−1(a0) (i.e., orbits with a nontrivial finite stabilizer), then all
orbits in each connected component of φ−1(a0) are homotopic, and then, since at
least one of them is contained in the stable or unstable manifold of a critical point
in M, all the orbits in φ−1(a0) will be contractible in M. If there exist exceptional
orbits in φ−1(a0), then each orbit is, by assumption, homotopic to a multiple of some
exceptional orbit contained in the stable or unstable manifold of a critical point, and
so, again in this case, all orbits in φ−1(a0) will be contractible in M.

Page 1088, line 18: replace “Indeed, if that were not the case, . . . , which is impossi-
ble.” with “Otherwise, there would exist loops α : S1 → M arbitrarily close to y0 and
homotopic to γ in M with (φ ◦ α)(S1) = S1, which is impossible.”

Page 1089, line 3: replace “[γ] ∈ Ni for one of the groups Ni” with “[γ] is in the
normal subgroup generated by the union of all the Ni”.

Page 1089, line 5: replace “ [γ] ∈ Ni ⊂ ker (p∗)” with “ [γ] ∈ ker (p∗)”.

Page 1089, line -4: replace this line with the exact sequence

π1

(
(φc)−1(a)

) j∗
// π1(M)

(φ)c
∗
// π1(S1).

γ∗

jj

Page 1089, line -2: replace “Moreover,” with “If every connected component of the
set of points with non-trivial stabilizer contains at least one fixed point (i.e., if N = ∅)
then,” .
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Page 1090, line 9: add the following text to complete the proof of the theorem:
Let us assume now that N 6= ∅. Note that each connected component of N is a

compact symplectic submanifold of M of codimension at least 2. Since M is compact

and MS1 6= ∅, all the principal (free) orbits in M are still contractible as well as all
exceptional orbits that are not in N. Moreover, N and M\N are both S1-invariant and
the restrictions of the generalized moment map φ to these sets are surjective (they are
in fact the generalized moment maps of the induced circle actions on N and M \N).
Consequently, Lemmas 2.2, 2.3, 2.5, and Proposition 2.4 hold for M \ N.

Indeed, in Lemma 2.2, given a point y0 ∈ M \ N, we can choose a homologically
nontrivial loop α : S1 → M through y0 contained in M \ N, since the trajectory of
the gradient flow through y0 is contained in M \ N.

In Lemma 2.3, we have the exact sequence

π1

(
φ−1(a0) \ N, y0

) j̃∗
−→ π1

(
M \ N, y0

) φ̃∗
−→ π1(S1, a0),

where j̃ : φ−1(a0) \ N → M \ N is the inclusion map and φ̃ : M \ N → S1 is the

restriction of φ to M \ N. If there are no critical points in M[a,b]
y0
\ N = φ̃−1([a, b]),

then we still have a deformation retraction to a connected component of a level set
φ̃−1(a0) = φ−1(a0) \ N, yielding

π1(M[a,b]
y0
\ N, y0) = π1

(
φ−1(a0) \ N, y0

)
.

If there are critical points in M[a,b]
y0
\ N then π1(M[a,b]

y0
\ N, y0) is obtained from

π1(φ−1(a0) \ N, y0) in the same way as in the proof of Lemma 2.3, since all the

changes involved when passing a critical level of φ̃ occur in neighborhoods of the
critical sets thus avoiding N.

In Proposition 2.4 the Morse theory arguments apply to M \ N, and so all con-
nected components of all reduced spaces

φ̃−1(a)/S1 = Ma \
((
φ−1(a) ∩ N

)
/S1
)

have the same fundamental group.
The corrected Lemma 2.5 now holds for the principal circle orbibundle

φ−1(a0) \ N
p̃→ Ma0 \

((
φ−1(a0) ∩ N

)
/S1
)
,

yielding ker ( p̃∗) = ker ( j̃∗), where p̃ and j̃ are the restrictions of the maps

p : φ−1(a0) −→ Ma0 and j : φ−1(a0) −→ M

to φ−1(a0) \ N. Indeed, ker ( p̃∗) ⊂ ker ( j̃∗), since all the orbits in φ−1(a0) \ N are
contractible in M\N and π1(M[a,b]

y0
\N, y0) can be obtained from π1(φ−1(a0)\N, y0)

by a finite number of quotients corresponding to index-2 and index-(2n− 2) critical
points as in the proof of Lemma 2.5.
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Let us assume for simplicity that the level sets of φ are connected,3 that N is con-
nected of codimension 2l, and that all points in N have the same stabilizer. Consider
a tubular neighborhood V of N in M. This neighborhood V fibers over N with fiber
a 2l-disk, and so it is homotopically equivalent to N. Consequently, π1(M) can be
obtained from π1(M \ N) by collapsing the fibers of the (2l− 1)-sphere bundle

S
(

(M \ N) ∩V
)
→ N.

By the equivariant symplectic neighborhood theorem, V can be equivariantly
identified with a neighborhood of the zero section of the symplectic normal bundle
of N inside M. A fiber of V over a point p ∈ N is then identified with the symplectic
orthogonal W p := (TpN)ω of TpN in TpM and so, under this identification, φ is con-
stant along the fibers of V . Indeed, since the vector field ξM generating the S1-action
in M is tangent to N (it is tangent to the S1-orbits), we have

(φ∗dθ)(Y ) =
(
ι(ξM)ω

)
(Y ) = 0

for every vector field Y in V tangent to a fiber, and so φ∗Y = 0. Consequently,
V ∩φ−1(a) is a neighborhood of N ∩φ−1(a) inside φ−1(a), fibering over N ∩φ−1(a)
with fiber W p at each p ∈ N ∩φ−1(a). This neighborhood, in turn, fibers over N/S1

and so a neighborhood of (N∩φ−1(a))/S1 inside Mred can be equivariantly identified
with (V ∩ φ−1(a))/S1, fibering over (N ∩ φ−1(a))/S1 with fiber W p/GN , where GN

is the stabilizer of any point in N.
Consequently, when l = 1, we have the following commutative diagrams with

exact rows and columns:

Z −−−−→ π1(φ−1(a) \ N)
α

−−−−→ π1(φ−1(a)) −−−−→ 0∥∥∥ y j̃∗

y j∗

Z −−−−→ π1(M \ N) −−−−→ π1(M) −−−−→ 0y y
Z Z = π1(S1)y y
0 0,

and
Z −−−−→ π1(φ−1(a) \ N)

α
−−−−→ π1(φ−1(a)) −−−−→ 0y×k

y p̃∗

y p∗

Z
λ

−−−−→ π1

(
(φ−1(a) \ N)/S1

)
−−−−→ π1(Mred) −−−−→ 0y y

0 0
3Note that the arguments hold locally around every connected component and that there is only a

finite number of components.
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where k = |GN | > 1. Hence, ker( j∗) = α(ker( j̃∗)), while ker(p∗) = α(ker( p̃∗)) if
and only if λ(1) = 0. We conclude that π1(M) = G1 o Z, where

G1 = im( j∗) = π1

(
φ−1(a)

)
/ ker( j∗) = π1

(
φ−1(a)

)
/α
(

ker( j̃∗)
)

= π1

(
φ−1(a)

)
/α
(

ker( p̃∗)
)

is isomorphic to π1(Mred) = π1(φ−1(a))/ ker(p∗) if and only if the fibers of the circle
normal orbibundle of (N∩φ−1(a))/S1 inside Mred are contractible in (φ−1(a)\N)/S1

(i.e., if and only if λ(1) = 0).
If l > 1, we trivially have ker( j∗) = ker( j̃∗). Moreover, since π1(S2l−1/GN ) = Zk,

we have the following commutative diagram with exact rows and columns:

0 −−−−→ π1(φ−1(a) \ N) π1(φ−1(a)) −−−−→ 0y y p̃∗

y p∗

Zk

λ
−−−−→ π1

(
(φ−1(a) \ N)/S1

)
−−−−→ π1(Mred) −−−−→ 0y y

0 0.

We conclude that ker(p∗) = ker( p̃∗) if and only if λ(1) = 0, and the result follows.

Page 1091, line 18: replace “show that the kernel of the map” with “show that, when
N = ∅, the kernel of the map”

Page 1091, line 25: insert the following paragraph:
If N 6= ∅, then we proceed as in the proof of Theorem 2.1, assuming for simplicity

that N is connected and that all points in N have the same stabilizer. We conclude
then that π1(M) is isomorphic to π1(Mred) if and only if the fibers of the sphere
orbibundle associated with the normal orbibundle of (N ∩ φ−1(a))/S1 inside Mred

are contractible in (φ−1(a) \ N)/S1, and the result follows.

Page 1092, line 5: add reference [M].
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