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Existence of Weak Solutions of Linear
Subelliptic Dirichlet Problems With Rough
Coefficients

Scott Rodney

Abstract. This article gives an existence theory for weak solutions of second order non-elliptic linear
Dirichlet problems of the form

V'P(x)Vu+HRu+8'Gu+Fu= f+T'gin©

u = pondo.

The principal part £/ P(x)¢ of the above equation is assumed to be comparable to a quadratic form
Q(x, &) = £'Q(x)¢ that may vanish for non-zero ¢ € R™. This is achieved using techniques of func-
tional analysis applied to the degenerate Sobolev spaces QH'(Q) = W!?(0, Q) and QH(l)((—)) =
WS'Z(G), Q) as defined in previous works. E. T. Sawyer and R. L. Wheeden (2010) have given a regu-
larity theory for a subset of the class of equations dealt with here.

1 Notation

This work will use the basic notation of [SW1], and some of it is recalled now. Given
two subsets ©, 2 of R”, the notation © &€  indicates that ©® C Q with © C Q.
Unless otherwise specified, vectors are always viewed as column vectors. Given a
vector { € R”, we denote its transpose by &’. A vector valued function will always be
indicated using bold faced characters except when speaking of the gradient, V f, of
a function f. When two vector valued functions H, G are written as a product HG,
this denotes the standard dot product of H with G.

Given a measurable subset E C R”, |E| denotes its Lebesgue measure. For N € N,
1 < p < oo [LP(E)]N denotes the classical N-dimensional Lebesgue space L?(E) x
... x LP(E) with norm

N 1/p
Iflleeey = 1A ) ey = ( ; 1fillfe)

Note that the form of the norm on the right is taken in context with regard to the
function f inserted on the left.

Objects of the form T(x) = Z?:I t,-(x)a% are called vectorfields. The formal ad-
joint of T'(x) is denoted by T’(x); that is, T’ (x) is defined by T’ (x)u = — Div(t(x)u),
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where t(x) = (t;(x), ..., t,(x)). Given an N-tuple T = (T;(x), ..., Ty(x)) of vector-
fields T;(x) and an RN-valued function g = (g1, . . . , g ), Tg denotes the dot product
of T with g. That is,

N N n 8
Tg=> Ti0gi) =D > 665 —a),
in1 /

i=1 j=1

where t; ;(x) is the j-th coefficient of T;(x). Similarly, we have

N N
(1.1) T'g=—Div (X ti1(x)gi(x), ..., > tin(x)g(x))
i=1 i=1
> LS wg
= — -— 1 j(x)gi(x).
=1 0xj i 8
Lastly, given an RN -valued function H = (h;(x), ..., hy(x)) and a real valued func-

tion u(x), a term of the form HTu denotes

N N n
HTu = Z hi (%) T; (x)u(x) = Z Z h,'(x)t,»‘j(x)aaxju(x).
i=1

i= i=1 j=1

Again, an analogous formula to (I.I)) holds for terms of the form T'Hu.

2 Introduction

[SW1] and [SW2] give a regularity theory for weak solutions of second order linear
subelliptic equations under the hypothesis of local Poincaré/Sobolev type inequalities
in the presence of a homogeneous space structure. This paper gives an existence
theory for weak solutions to Dirichlet problems involving second order linear non-
elliptic equations of a class containing many of those studied in [SWILISW2]. Local
boundedness estimates and a treatment of Neitimann boundary value problems for
equations in this class will appear in a sequel.

Let 2 C R” be open and bounded and ©® C 2. Throughout this paper Q(x)
denotes a bounded, measurable, nonnegative definite, symmetric matrix defined on
Q, and Q(x,&) = £'Q(x)¢ is its related quadratic form. That is, Q is a measurable
symmetric quadratic form in 2 satisfying
(i) 0 < 9x,&) forall £ € R” and a.e. x € Q (note that Q(x, £) may vanish for

non-zero £ € R");
(ii) thereisaCy > 0so that Q(x, &) < Co|¢|* forall ¢ € R” and a.e. x € Q.
In what follows, this quadratic form Q will be referred to as a bounded, measurable,
nonnegative definite, symmetric quadratic form in €2.

The focus of this paper is the existence of weak solutions to Dirichlet problems
related to linear equations with rough coefficients of the form

(2.1) Xu=V'P(x)Vu+HRu+8'Gu+ Fu= f+T gforx € ©.
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Here, P(x) is an n x n bounded, measurable, nonnegative definite, symmetric matrix
with related quadratic form £'P(x)€ comparable to Q(x,£) in ©. That is, there are
constants ¢;, C; > 0 such that

(2.2) aé' Q)€ < 'P(x)€ < CiE'Qx)¢

for all ¢ € R” and a.e. x € ©. The coefficient functions H, G are, for some N € N,
RN -valued measurable functions in © and F is a real valued measurable function
defined in ©. These coefficient functions will belong to Lebesgue spaces whose orders
are related to the gain in a given Sobolev inequality; see (2.6]). The data functions f, g
are, for some K € N, L*(0) and [L*(©)]X functions respectively. R, S are N-tuples
and T a K-tuple of first order vectorfields assumed to be subunit with respect to
the quadratic form Q. As can be seen in [R2] and [SW1I], a first order vectorfield
V(x) = E?:l vj(x)a(—zj identified with the vector v(x) = (vi(x), ..., v,(x)) is said to
be subunit with respect to the quadratic form Q on © if and only if v; is defined and
measurable in © for each 1 < j < nand

(2.3) (v(x) - €)” < Qx, 6)

for all ¢ € R" and a.e. x € O. Note that for a function w € Lip(©), V(x)w(x) =
v(x) - Vw(x) for almost every x € © and ([2.3) gives

(v(x) . Vw(x)) ? < Q(x, Vw(x)) for almost every x € O.

As in the elliptic case presented in [GT]], a negativity condition for the lower order
terms G, S and F of X will be required. That is, it will be assumed that

(2.4) /(FW + GSw)dx <0
o)

for all w € Lip,(O) satisfying w(x) > 0 in ©.

Remark 2.1 As will be seen below in the proof of Theorem condition
is the key property that allows the application of the Fredholm Alternative enabling
one to conclude existence of weak solutions. This can also be seen in the elliptic
case. For example, setting G = H = 0, g = 0, F = c for a fixed constant ¢ and
P(x) = Id, equation (2.I) becomes the elliptic equation Au + cu = f. Here, the
negativity condition (2.4) becomes ¢ < 0, which is sufficient for the existence of
weak solutions to equations of this type; see [GT]. Lastly, condition may seem
to differ from that of [GT] by a negative sign (see [GT, condition (8.8)]), but they
are equivalent. This is due to the usage of the formal adjoint S’ of the vectorfield S in
(Z1). This term appears as —S’ in [GT].

In current literature, the word subelliptic, when applied to equations of the form

(2.1), refers to second order equations possessing certain regularity properties; see
[SW1]. These equations are, up to condition (2.4), a special case of the equations
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one can solve via the methods presented in this work. This motivates the following
definition naming operators that belong to what is referred to here as the nonnegative
class of second order linear operators. This definition will be used in the statements
of the main theorems greatly reducing their length.

Definition 2.2 Let © C (). A second order operator X of the form
X =V'P(x)V+HR+S'G+F

is said to be of the nonnegative class related to (€2, Q, ©) if and only if

(i) P(x)is abounded, measurable, nonnegative definite, symmetric matrix defined
in © satisfying (2.2));

(ii) R,S are, for some N € N, N-tuples of first order vectorfields subunit with
respect to Q in ©;

(iii) H, G are measurable RN -valued functions defined in ©, F is a real valued mea-
surable function defined in ©;

(iv) S, G, F satisfy the negativity condition (2.4)).

The major hypotheses of the results contained in this article are local Poincaré
and Sobolev inequalities adapted to the quadratic form Q. These inequalities will
be assumed to hold on quasimetric balls given by a quasimetric u(x, y) defined in
@ x € and upper semicontinuous in the second variable. The quasimetric ball of
radius r > 0 centred at x € € is given by

Bi(x) ={y € Q:plx,y) <r}.

For the purposes of this work, it will be assumed that the pair (€2, 1) is a homoge-
neous space. As in [SWI], a pair (£2, i) is a homogeneous space if 1 is as above
and Lebesgue measure satisfies a doubling condition with respect to the collection of
quasimetric balls {B,(y) },~0;ycq. That is, there are constants ¢, > 1,C, > 0 so that

|Bczr(}/)| é CZ|Br()/)‘

forall y € Q and r > 0. The reader is referred to [SW1}, Section 2.2] for a develop-
ment of properties of homogeneous spaces. In the case where Q(x, -) is continuous
in €2, one can picture the quasimetric y as the Carnot—Carathéodory control metric
for familiarity, however the homogeneous space structure is the essential property
needed for this work. We assume that there are constants C3, Cy, § > 0Oand o > 1
such that the following inequalities hold on these balls. Note that for x € €, the
quantity dist(x, 9€2) denotes the Euclidean distance from x to the boundary of .

The Poincaré Inequality

Given x € Qand 0 < r < § dist(x, 0€) we have that

5 1/2 1/2
GO ][ [w(y) = wiPdy) < Car( ][ O(y, Vw)dy )
B, (x) B, (x)
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for all
w € Lipg (B,(x)) = { ¢ € Lip(B,(x) : [|llz2(s, 00 + 1Q0x. V)I[}155 ) < 00}

where wp () = fB’ ) w(y)dy is the average of w over B,(x).

The Sobolev Inequality
Given x € Qand 0 < r < § dist(x, 92) we have that

/20
(2.6) (][()w(y)z"dy)lz <
B.(x

Ca [ ( ]i,(x) |W(}’)|2dy) " * T( ]i,(x) Q()’, VW)dy) 1/2}

for all w € Lip,(B.(x)).
These local inequalities give rise to an inequality that is of the utmost importance
for this work and is presented in the following proposition.

Proposition 2.3 Let ) be a bounded open subset of R" and suppose that the pair
(Q, ) defines a homogeneous space in the sense of [SWI||. Let © € 2 be open and
suppose that the local Poincaré and Sobolev inequalities, and (2.6)) respectively,
hold. Then the global Sobolev inequality

(2.7) ( /@ |w(x)|2”dx) v gcs( /@ Qx, vW(x))dx) v

holds for all w € Lip,(©) where Cs > 0 is independent of w.

This proposition is proved in [R2] using the existence of weak solutions to a
parametrized family of Dirichlet problems related to operators in the nonnegative
class satisfying H = G = 0. This development is quite lengthy, and the reader is
referred to [R2] for a complete presentation.

Remark 2.4 The proof of Proposition2.3]in [R2] is given with  identified with the
Carnot—Carathéodory control metric. It should be noted that nowhere in the argu-
ment does p need to be so specific. Rather, the argument uses that p is a quasimetric
for which the pair (€2, 1) is a homogeneous space.

The global Sobolev inequality given by Proposition 2.3]is the key to solving
Dirichlet problems related to operators in the nonnegative class. As the local Sobolev
and Poincaré inequalities are also needed for Proposition[3.1] the theorems presented
in this paper will contain the hypotheses of Proposition 2.3]in their statements.

Remark 2.5 In the elliptic case, where Q(x, £) = |€|?, the classical Sobolev inequal-

ity has the form ([2.7)), for n > 3, where 0 = -5 > land Cs5 = j’({(z:)z), see [GT].
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Before presenting the main theorems, definitions of Sobolev space and weak solu-
tion are required. The development of the degenerate Sobolev spaces presented here
is quite brief. For a complete discussion, see [SW2] as well as [CRW]| for weighted
versions.

Definition 2.6 Let © C () and Q a measurable, nonnegative definite symmetric
quadratic form defined in 2.

(i) The degenerate Sobolev space QH!(0) = W'2(0, Q) is defined as the comple-
tion of

Lipa(®) = { ¢ € Lip(®) : ey + | Qx. Viphde < o0}
)
with respect to the norm

(2.8) wllamr @) = [wllze) + ([ VWl £20.0)-

(i) The degenerate Sobolev space QH}(0) = W(} ’2(6, Q) is defined as the comple-
tion of

Lip o(©) = {<p € Lip,(©) : /O Q(x, Vip)dx < oo}

with respect to the norm (2.8).
(ili) Let o € R. The degenerate Sobolev space QHL(©) is defined as the completion
of

Lip, ,(©) =
{cp € Lip(©) : ||¢ll ) +/ Q(x, Vp)dx < oo and supp(¢ — o) C 9}
5)

with respect to the norm (2.8).

Remark 2.7 (i) The space £%(0, Q) is defined in [SW2] as the collection of

equivalence classes of measurable vector valued functions f(x) = (fi(x),..., fa(x))
for which
1/2
(2.9) 16l].c2(0.0) = ( / Qx, f(x))dx) < .
e

Two vector valued functions f and g are regarded as equivalent if and only if
If—gllz20.9) = 0. It is shown in [SW2] that £%(6, Q) is a Hilbert space with
respect to the inner product

(f,8)c :/@(f(x))’Q(x)g(x)dx.
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(ii) In view of functional analysis methods and using that © is bounded, Holder’s
inequality together with (2.7) gives that the norm (2.9) is equivalent to the norm
@3) on QH}(O).

As defined, QH}(©) consists of equivalence classes of Cauchy sequences of Lip-
schitz functions with compact support in ©. For a sequence {f;} € QH;(©), its
equivalence class is denoted by [{fj}]. Since {f;} is Cauchy in QHy(©), it is also
Cauchy in L*(©), and the sequence {Vf;} is Cauchy in £*(0,Q). As L*(©) and
£?(©, Q) are Banach spaces, one assigns a unique pair (f,g) € L*(©) x £L2(6, Q) to
the equivalence class [{ fj}]. This gives a Banach space isomorphism g : QH}(©) —
E C I*(©) x £%(O, Q) defined by

(2.10) I({fi}) =(f, 9.

The image E of QH}(0) under J is denoted in [SW2]] by Wé=2(@, Q) and is a closed
subset of L?(©) x £2(©, Q). Since these spaces are isomorphic, no distinction will
be made between them. For simplicity, the vector function g in (2.I0) will be re-
ferred to as V f even though g may not be uniquely determined by f; see the ex-
ample found in [FKS|] and/or [R1] for a development of this idea. Further abuse of
notation will be made when referring to an element of QH;(©). Indeed, the no-
tation u € QHy(Q) refers to a specific pair (u,g) € L*(0) x L2(©,Q) (written
as (u, Vu)) and/or the equivalence class of Cauchy sequences of Lipschitz functions
written, again with abuse of notation, as [1]. When working with a specific sequence
of [u], it will be referred to as a sequence representing u. Lastly, as can be seen in [R1]]
and [SW2]|, QH}(©) is a Hilbert space with respect to the inner product

((u, Vu), (v, Vv)) :/uv+ (Vu)' Q(x) V.

(C] (C]
Remark 2.8 (i) Ifinequality (2.7) holds, it is evident that (2.7) extends by den-
sity to hold for all w € QH}(©) with the same constant Cs. That is, for an element
w = (w,g) € QH}(O), the extended Sobolev inequality is

( /O wix) 27k e < s /O O(x, g(x))dx) "

This inequality will be used in the form (2.7) with the abuse of notation g = Vw.
(ii) In the case where Q(x, -) is bounded (i.e., the case where Q(x) is a bounded,
nonnegative definite, symmetric, measurable matrix defined in €2), Lin70(®) =

Lip,(©). Thus, in the elliptic setting (when Q(x, §) = [£]*), QH{} () = H}(O).

In order to define a notion of weak solution of equation (2.1I)), we turn to the
divergence formula for motivation. For a suitable set © C ), setting n as the unit
outward normal to 00, the divergence theorem says that

/ (vP(x)Vu) -n = / div(vP(x)Vu)
00 e

:/(Vv)'P(x)Vu+/v((V)'P(x)V)u
o) )
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for u € C*(©), v € C'(O). Hence, for v with compact support in © this simplifies
to

(2.11) /@v((V)’P(x)V)u = —/@(Vv)’P(x)Vu.

Consider now the bi-linear form .#: QH'(0) x QH}(©) — R associated with equa-
tion (2.0, motivated by (2Z.11)), defined by

ZL(u,v) =/(Vv)'P(x)Vu—/vHRu—/uGSv—/Fuv.
) o ) o

Definition 2.9 (i) An element u € QHL(O) is called a weak solution of the ho-
mogeneous Dirichlet problem

(2.12) Xw=f+T'gin®, w=_00nd0

if and only if the equality

(2.13) .i”(u,V)=—/ fv—/gTV
(S €]

holds for every v € QHL(O).
(ii) A function u € QH'(O) is called a weak solution of the Dirichlet problem

Xw=f+T'gin®, w=¢ondO

if and only if u satisfies @.13), o € QH'(©),and u—p = (u— ¢, Vu— V) €
QH;(0).

We now state the first result of this paper. The reader is reminded here that Q(x, -)
is a bounded, measurable, nonnegative definite, symmetric quadratic form defined
in Q x R".

Theorem 2.10 Suppose that the pair (2, 1) defines a homogeneous space in the sense
of [SW1I and that the local Poincaré and Sobolev inequalities and hold. Fix
q > 20, where o' is the dual of the exponent o appearing in (2.8)), and let © € Q be
open. Fix N, K € Nand let X be an operator of the nonnegative class related to (€2, Q, ©)
with coefficients H,G € [L1(©)]N and F € LY*(©). If f € [*(©), g € [L*(©)]K
and T is a K-tuple of first order vectorfields subunit with respect to Q in ©, then the
homogeneous Dirichlet problem is uniquely solvable in QH} (©).

As a corollary, we obtain an existence result for the general Dirichlet problem

(2.14) Xu=f+T'gin®, u=¢ondo.
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Theorem 2.11 Suppose that the pair (2, 1) defines a homogeneous space in the sense
of [SWII|. Assume that the Poincaré inequality (2.5)) and the Sobolev inequality (2.6)
hold. Let © & ) be an open set, fix q,1,s > 1 so that ¢ > 20’ and q > max{2r, 2s}.
Fix N, K € Nand let X be an operator of the nonnegative class related to (€2, Q, ©) with
coefficients H,G € [LY(O)]N and F € L1(O). Assume that the data f € L*(O),g €
[L2(©)]X and that T is a K-tuple of first order vectorfields subunit with respect to Q
in ©. Further, suppose that the boundary value o € QH'(©) with ¢ € L2’/(@) and
Q(x, V) € L5 (©). Then the Dirichlet problem (.14 is uniquely solvable in QH'(©).

The reader may feel at this point that the integrability conditions imposed on
(¢, V) seem artificial. However, Proposition [2.3] offers some answers. Indeed, as-
sume that © C V C ) are open sets with V C 2 and that ¢ € QH(V). If (2, p)
is a homogeneous space in the sense of [SW1]] and the local Sobolev and Poincaré
inequalities hold, Proposition gives that the boundary value ¢ € L*(V) and
hence, as © C V, ¢ € L*(O). The next theorem incorporates this with Theorem
2171 Since the proof of this next theorem is identical to the proof of the previous one
upon setting r = ¢, it is omitted.

Theorem 2.12 Suppose that the pair (), 1) defines a homogeneous space in the sense
of [SW1I|. Assume that the Poincaré inequality (2.5)) and the Sobolev inequality (2.6)
hold. Let © C 'V C 2 be open sets with V C Q. Fix q,s > 1 so that ¢ > 20’ and
q > 2s. Let N,K € N and let X be an operator of the nonnegative class related to
(2,9, ©) with coefficients H,G € [L1(O)]N and F € L1(O). Assume that the data
f € L*(©),g € [L*(©)]X and that T is a K-tuple of first order vectorfields subunit
with respect to Q in ©. Further, suppose that the boundary value ¢ € QH}(V) with
Q(x, V) € L (©). Then the Dirichlet problem (2.14) is uniquely solvable in QH'(©).

3 Preliminaries

In order to shorten proofs, the following collection of preliminary propositions and
lemmas is given. The first result to be discussed is a compact “embedding” result for
degenerate Sobolev spaces. The proof of this proposition can be found in [R2] and
with weighted versions in [CRWI.

Proposition 3.1 Let Q2 be a bounded open subset of R" and let (€2, ) be a homoge-
neous space in the sense of [SW1I|. Let © be an open subset of Q with © C Q. Let Q be
a bounded, measurable, nonnegative semidefinite, symmetric matrix in () for which the
local Poincaré inequality (2.5)) and local Sobolev inequality [2.6]) hold. Then the projec-
tion map P: QHy(Q) — L*(©) defined by P((u, Vu)) = u is a compact mapping.

Remark 3.2 The projection map in Proposition[3.I]is not referred to as an embed-
ding as it fails to be 1-1 in general. See [SW2|R1]] for more details.

Before focusing on the bilinear form .7, it is essential that terms of the form Tu

and Tuv for u,v € QH}(O) are defined when T is a vectorfield subunit to Q. This is
achieved via the action of a subunit vectorfield on Lip,(©) functions.
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Lemma 3.3 Suppose that © is a bounded subset of R". Let (u,Vu),(v,Vv) €

QH'(©) with representative sequences {u;},{v;}. Then if T = t(x) - V is subunit

with respect to Q in O, we have that

(i)  there is a unique L*(©) function associated with (u, Vu) that we denote by Tu =
t(x) - Vu (further, ifu € Lipy(O) then Tu = t(x) - Vu where Vu is the gradient
of u defined almost everywhere in ©);

(i) if (u, Vu), (v, Vv) € QH}(O) and the global Sobolev inequality (2.7)) holds, there
is a unique L7 (O) function Tuv associated with (u, Vu) and (v, Vv); moreover,
Tuv = uTv + vTu as L7 (©) functions where Tu, Tv are defined as in (i).

Remark 3.4 Note that the notation Tu is an abuse, since T is actingon u = (u, g) €
QH!(©). Formally, Tu = T(u,g) = t(x) - g is accurate, but we will employ Tu for
notational convenience.

Proof For each j, set wj(x) = Tu;(x). Then w; is a measurable function, since
uj € Lip(©) and T has measurable coefficients. Also, {w;} is Cauchy in I?(©).
Indeed,

Wi = wille) = 1T(w; — uj)|lr2e)

< |19(x, Vu; — Vuj)Hi{(z@) (by subuniticity)
< lui — ujllqme)-

Thus, {w;} is Cauchy in L*(0) as {u;} is Cauchy in QH'(©). Therefore, a unique
function w € L*(0O) is associated with (u, Vu), and we write w = Tu. This gives (i) .

Next, suppose that (1, Vu), (v, Vv) € QH}(O) and that the global Sobolev in-
equality (2.7) holds. Notice that for each j € N, Tu;v; = u;jTv; + v;Tu; a.e. in ©.
Thus, setting s = % we have by adding and subtracting u; Tv; + v; Tu;,

||Tuivi — Tujv]- e < let; T(v; — Vj)HLS(@) + HVI'T(M,' — Lij)
+[[(u; — u))T(v))

=I+1I+I1I+1V.

L:(©)

@) + [[(vi = v))T(u))||1:0)

Terms I and II are estimated in the same way as are terms III and IV. Therefore, we
focus only on terms I and III. Using Holder’s inequality with exponent o + 1 and
conjugate ”7“, we obtain

< ||“i||SLZ”(®)HT(Vi - Vj)||5LZ(®) < Cf—,||u,~||§2H1(@)||vi - VjHi)H‘(@)

by the Sobolev inequality (Z77) and using that T is subunit with respect to Q in O.
Using the same argument, we have

1T < Csllu; — uillom e 1Villom e)-

Therefore, noting similar estimates for II and IV, {Twu;v;} is Cauchy in L°(©).
Thus, with the pairs (1, Vu), (v, Vv) we associate the unique function Tuv =
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lim;_, o, Tujv; where the limit is taken in L*(©). Lastly, to see that Tuv = uTv + vTu
as L*(©) functions, recall that Tu;v; = u;Tv; + v;Tu; a.e. Further, the sequences
{u; Tv;} and {v; Tu; } both converge in L*(O) to uTv and vTu respectively by the same
application of Holder’s inequality above. Thus, Tuv = uTv + vTu in L*(O). ]

Remark 3.5 Lemma[3.3]indicates that integrals of the form [, HTuvdx are finite
provided H € L4(©), where g > 207, since s’ = (2%)" = 20’. Further, we may

o+l

write [y HTuvdx = [, HvTudx + [ HuTvdx for u,v € QHy(©).

To simplify computations we give the following lemma demonstrating a pointwise
estimate for terms of the form | Tu| where T = (T1, . .., Ty) with each T; a vectorfield
subunit with respect to Q in ©.

Lemma 3.6 FixN € Nand T(x) = (T\(x), ..., Tn(x)) where each
- 0
Ti(x) = JZ; 60 g

identified with the vector t(x) = (t;1,...,t;,) satisfies (t(x) - £)*> < Q(x, &) for every
€ € R"and a.e. x € ©. Then, for any (u, Vu) € QH}(©) and a.e. x € O, we have the
pointwise estimate

IT(x)u| < VN/Q(x, Vu).

Proof Fix (u, Vu) € QH'(©). The proof of this result is the following calculation
using subuniticity of T:

M =

N

(o)) "= (35 - 9)

1 1=1

Qx, Vu)) N/ Vi) by D). n

IT(x)u| = (

<(

In order to apply functional analysis techniques to the bilinear form .# acting on
the Hilbert space QH} (£2), we require boundedness and coercivity estimates for .Z.
These are contained in the next two lemmas.

M =

1=1

Lemma 3.7 Suppose that © C  and that the global Sobolev inequality [2.7) holds.
Fix N € N and suppose that R = (Ry,...,RN),S = (S1,...,Sn) are N-tuples of
first order vector fields subunit with respect to Q in ©, H,G € (L2 (©)]N and that
F € L7 (©) where o' is the dual exponent to o > 1 in (7). Then the bilinear form £
satisfies

|-Z (u, v)| < Cllullqm o) vl o)

forall u,v € QH}(O) where C > 0 is independent of both u and v.

https://doi.org/10.4153/CJM-2012-029-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-029-1

1406 S. Rodney

Proof Letu,v € QH}(O). Applying Lemma[3.gto R and S we have
L (u, )]
§/|(Vu)'P(x)(Vv)|dx+/ |vHRu|dx+/ |uGSV|dx+/ |Fuv|dx
S} e e o
gcf/ |Q(x,w)|1/2|Q(x,vV)|1/2dx+\/N/ [vH||Q(x, Vu)|'/2dx
0 e

+\/ﬁ/ |uG||Q(x,Vv)|l/2dx+/ \F[2 [0 | F[2 ||
(C] C]

1/2
< Glulamie Mlarrier + VN ulamien | vHPd)

VNIl ([ IuGas) "o ([ rlupae) ([ iFbea) "

This last line is obtained via an application of the Cauchy—Schwarz inequality. Ap-
plying Holder’s inequality with exponents o, o’ we obtain

12 (u, )| < Clllullgr @) VIl @) + VNIH o7 o el g o) VIl 0)

+ VN|Gll 207 o) IVl gz o) lell 2o () + | Fll o (@) |1l 20y V]| 2o @) -

Lastly, we apply the Sobolev inequality (2.7) (noting Remark[2.8](i)) to the L7 (©)
norms appearing above giving

|-Z (u, v)| < Cllullqm o) vl e)

where C = (C} + \/ﬁCS(HHHLM/(@) + |Gl 2o o) + C§||F||La/((—)))- u

The next lemma yields the “almost coercivity” of the bilinear form .#. This re-
sult indicates that the operator X is only a compact operator away from having an
associated coercive bilinear form. In fact, as will be seen in the remark following the
lemma, if the lower order terms of X satisfy H = G = 6, F = 0, then .Z is coercive,
and the existence of weak solutions to the homogeneous Dirichlet problem [2.12) is
concluded via the Lax—Milgram theorem.

Lemma 3.8 Suppose that © C R" is open and that the global Sobolev inequality (2.7)
holds. Fix N € N,q > 20’ and suppose that R = (Ry,...,Ry),S = (S1,...,SN) are
N-tuples of first order vectorfields subunit with respect to Q in ©, that H, G € [L1(©)N
and that F € L9*(©). Then the bilinear form £ satisfies the almost coercive estimate

(5]
(3.1) |-Z (u,u)| > ZHI’IHZQHl((—)) — Cllull(e)

for all u € QH () where ¢; > 0 is as in (Z2)) and C > 0 is independent of u.
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Proof Fixu € QH}(O). By the triangle inequality we have that . satisfies
(32) L) >q / Q(x, Var)dx — ‘ / u(HR + GS)udx‘ - ) / Fuzdx(
S} o )

=0 / Q(x, Vu)dx — I — II.
0
We estimate terms I and IT separately beginning with I. By Lemma[3.6l we have that

(3.3) I < VN / lu(H + G)||Q(x, V)| 2dx
(C]
< m( / W H + G|2dx) 1/2( / Q(x, Vu)dx) 1/2‘
(C] (C]

1/2
< VNIH+Glue ]!, ([ 9 Vuds)
L1=2(©) C]

where the last line is obtained using an application of Holder’s inequality with 4 > ¢’
and (g)/ = q%. Since 1 < (%)/ < o, we have by the interpolation inequality of
[GT, chapter 7], that

(3.4) |7

ZHM%(@) < C2 v ey + €llW |- o)

_ 2 2 201,112
= Ceﬁq,UHuHLz(@) t+e ”uHLZU((—))a
where C.q, = € ©-9=% and € > 0 is to be chosen in a moment. Note that

m > 0 as q > 20'1. Set M = ||H L1(©) + ||G |Lq((—)) + ||F||Lq/2(@). USing that

(a+b)'/? < a'’? + b/ for a,b > 0, inserting (3.4) into (B.3) with an application of
the Sobolev inequality (27)) gives

1/2
1) < mcﬂq,(,MnunLZ@)[ / Qx, Vu)dx} + VNeCsM / Qx, Vis)dsx
] €]

2
< —NngUMZHuH%Z(@) + (Cz—l + \/NeC5M) / Q(x, Vu)dx.
PR o

€1

suNCar We have that

Choosing € =

5¢c
(3.5) I < C[”Li“%z(@) + ?1/ Q(x, Vu)dx,
S

where C; = 2NC?, ,M”.

Turning our attention to term II of (3.2)), Holder’s inequality with exponents
1, q—LZ gives the following, using the same argument as in (3.4):

11| < ||F||m/z<@>||uzllwiz(@) < Cp oM o) + M| o)

= Ci,q,aMH“Hiz(e) + 772MH“||2M(@)-
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Setting 1) = , / 5745;» the global Sobolev inequality [2.7) gives

(3.6) 1] < Cufl|ul|70) + %/ Q(x, Vu)dx,
0

where Cj; = CTZM_’UMZ.
Inserting (3.5) and (3.6]) into (3.2)) yields

c
(3.7) |-Z (u, u)| > Zl/ Qx, Vu)dx — Crpp||ul|f> e,
)

where C; = C; + C. Adding and subtracting 7 || u|| iz((_)) on the right gives (3.1))
with C = Cu + % |

Remark 3.9 Since © is a bounded subset of R”, if H = G = 0, F = 0, we can show
that .Z is a coercive bilinear form via an application of the Sobolev inequality (Z.7).
Indeed, for (w, Vw) € QH}(O) we have that

||W||%ng(e) = HWHiZ(e) + HVWHZLZ(G)

1+|0]7C?
(%]

< (141017°C2) 9w < ( ) L, w).

Hence, dividing by é(l + |@|UI*/C§) gives that . is coercive on QH} (). This leads
immediately to the following existence result via the Lax—Milgram theorem.

Theorem 3.10 Suppose that the pair (0, 1) defines a homogeneous space in the sense
of [SWT]| and that the local Poincaré and Sobolev inequalities Z.5)) and (2.6) hold. Fix
q > 20, where o' is the dual of the exponent o appearing in [2.8)), and let © € Q be
open. Fix K € N and let X be an operator of the nonnegative class related to (2,9, ©)
with coefficients H,G = 0 and F = 0. Then with data f € 1*(0), g € [L*(O)]*
and T = (Th,..., Tx) with each T; a subunit vector field with respect to Q in O, the
homogeneous Dirichlet problem [2.12)) is uniquely solvable in QH{ (©).

We now turn to the Homogeneous Dirichlet problem with data zero and show
that if it admits a weak solution, then that solution must be zero a.e. In order to
prove such a result, a definition of w, for a generic element w € QH}(0O) is needed.
This requires a chain rule for QHj () functions. The next lemma is an adaptation
to QH (©) of [SW2} lemma 20], and the reader is referred there for its proof.

Lemma 3.11 (Sawyer & Wheeden 2008)  Suppose that (u, Vu) € QH'(©) where ©
is a bounded subset of R".

(i) If¢ € Lipy(©), then the pair (¢pu, pVu + uVep) € QH'(O).
(i) If f € CY(R) with f' € L>®(R) then (f o u,(f' o u)Vu) € QH'(O). Also, if
u(x) >a>band f € C'((b, 00)) with f’ € L*((b,)), then

(fou,(f ou)Vu) € QH'(O).
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(iii) Both (us, Xm0y Vu) and (u—, X,y Vu) are elements of QH(©), where for a
set E, Xg denotes the characteristic function of E. Moreover, if (u, Vu) € QH. ()
with a > 0, then (uy, X501 Vu) € QHL(©) and (u_, XfucoyVu) € QH}(©);
the opposite holds if o < 0.

Remark 3.12 Although not relevant in the current scheme, item (ii) and (iii) above
do hold for unbounded Q; see [SW2, Lemma 20].

Proposition 3.13 Suppose that © C ) is open and that the global Sobolev inequality
7D holds. Fix q > 20', N € N and let X be of the nonnegative class related to
(Q,9,0). Assume that the coefficients H,G € [L1(0)|N and that F € LY*(©). If
u € QH{(0) is a weak solution of the Dirichlet problem

(3.8) Xw=0m0O, w=00n00

then u = 0 in QH}(O), thatis, u = 0 a.e. in © and Vu = 0 in L>(O, Q).

Proof We begin by showing that u = 0 a.e. in ©. Let (u, Vu) € QH}(0O) be a weak
solution of the Dirichlet problem (3.8)) such that u # 0 and let {u;} be a sequence
representing (u, Vu). Note that since # # 0, the Sobolev inequality gives that
supp(Q(x, Vu)) has positive measure. Choose k > 0 so that 0 < k < supg u (if
no such k exists, see the paragraph following (3.7)). Then the pair (u — k, Vu) €
QHl_k(@). Indeed, set w; = u; — k for each j € N. Then w; € Linﬁk(@). Clearly,
Vw; = Vujae. and |[(u — k) — wj||2) = ||u — uj||120). Hence, Vw; — Vuin
£%(©) and w; — u—kin L*(©). We conclude that the pair (u—k, Vu) € QH' (0).
By Lemma [B.111iii), we have that v = ((u — k)4, X,~xVu) € QH}(O) is a valid test
function for u. That is, the following equality holds:

ZL(u,v) :/(Vu)’P(x)Vvdxf/
e

vHRudx — / uGSvdx — / Fuvdx = 0.
S) ) )

Using that GS(uv) = uGSv + vGSu (see Remark 3.5) and that Vu = Vv on the
support of Vv, we have by the negativity condition (2.4)) that

/(VV)’P(x)Vvdx < / [vHRv - vGSv] dx < / |v] [|H||Rv\ + |G|\Sv|} dx.
o Q) o

Using that the vectorfields R; and S; are subunit with respect to Q in © and that
a9(x,8) < ¢'P(x)¢ for each &€ € R"” and ae. x € O, we have with ' =
supp(Q(x, Vv)) that

1/2
69) ([ ot 9ma) " < N e+ 6,

S}

We estimate the right-hand side of (3.9) using Holder’s inequality with exponents £
and q_iz. Indeed,

H| + < (H + ): H, .
1B+ 16Dl < s, (1Bl + 16lle) = CHLGIM s,
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Since g > 20’ we use Holder’s inequality once again with exponent

o(q—2)

p:T>1anddua1p’: olq—2)

oq—=2)—q
giving

Y a1
VI 20, < 7 [[Vlloy < D170 V]| (0)-

La—2(T)

Finally, applying the Sobolev inequality (27]) we obtain the estimate

11 1/2
(3.10) VI 20 §C5|F|277</Q(x,Vv)dx>
Li=2 () o
Combining (B.10) with (B.9) gives
12 /N H L 1/2
(/Q(x,Vv)dx) < M|F|277</Q(x,vwdx) .
e a e

Dividing by ( [, Q(x, Vv)dx)'/?, noting that 51+ — % > 0as g > 20’ by hypothesis,
yields

2q0”

( \/NC;,S(H, G)) o

| > > 0.

This estimate is independent of k and so sending k — sup u gives us that v = 0
a.e., while the L'(©) function (Vv)’QVv has support with positive measure. This
contradicts inequality (3.9).

Repeating the above argument with v = ((u + k)_, X« _xVu), where k > 0 is
chosen so that 0 < k < — infu, gives that u = 0 a.e. in ©.

Suppose again that u € QH}(O) is a weak solution of (3.8). Then, u = (0,y) for
somey € £2(0, Q). Further, for any v € QH}(©) we have

g(u,v):/(Vu)’P(x)Vvdx—/vHRudx—/uGSde—/Fuvdx
) S) ) )

:/(y)'P(x)Vvdx—/vHRudxzo,
) )

and so

(3.11)
/(y(x))'P(x)Vv(x)dx:/v(x)H(x)R(x)udx
S) )

= /(_JV(x)H(x) : (Zn,j(x)yj(x), . -,Zm,j(x)yj(x)) dx

j=1 j=1
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where y; is the j-th component of y, R = (R, ..., Ry), and r; ; is the j-th coefficient
of R;. Since (3.11) holds for every v € QH}(©) it must also hold for v = u = (0,y).
That is,

/O(Y(x))/P(x)y(x)dx =0.

Thus, using ([2.2), it must be the case that y = 0 in £%(©, Q) giving that u = 0 in
QH}(O). [

4 Proof of Theorem

We begin by remarking that Proposition [Z.3] applies, and we have a global Sobolev
inequality of the form (2.7) holding on ©. Recall that we are interested in finding a
weak solution of the Dirichlet problem

Xw=f+T'gin®, w=00n0d0O.

That is, we wish to find an element u = (4, Vu) € QH}(O) so that
L(u,v) = — fv—/gTv
S} <)

holds for every v € QHL(O).
For p > 0, consider the bilinear form .%,,: QH;(©) x QHj(©) — R defined by

Ly (w,v) = L(w,v) +p/ w.
)

Fix p > C where C is as in Lemma[3.8] Lemmas[3.Zland[3.8]then give that .%}, is both
bounded and coercive on the Hilbert space QH;(0). Thus, the Lax-Milgram theo-
rem gives that for any F € (QH&(@)) there is a unique y = (y, Vy) € QHL(O)
for which %, (y,v) = F(v) for every v = (v, Vv) € QHj(©). That is, the equa-
tion X,w = F is uniquely solvable in QH}(©) where X, = X — p. Hence, X, ' isa
continuous one-to-one mapping of (QH} (©))* onto QHJ(O).

In order to avoid confusion in the next development, an element (w, Vw) €
QH}(©) will be denoted by w. For each w = (w, Vw) € QHL(O) define a map
J: QH}(©) — (QH}(©))* by setting

Jw((v, Vv)):/wv.

©

Then ] is a compact mapping. Indeed, we may write ] = I; P where P: QH}(©) —
L2*(©) is the mapping of Proposition [3.]] defined by P(w) = w, and I,: L(©) —
(QH,(©))* is defined by Iyw(v) = Iw(v, Vv) = [, wv. As I, is continuous and P is
compact, the composition [} P = ] is compact.
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To conclude the proof, notice that the original equation Xw = f+T'gis equivalent
to

(4.1) Xyw+pJw=7,

where J is the continuous linear functional defined by

F(r, V) = /@ fv— /(_)gTV.

The continuity of F is due to the fact that T is a K-tuple of first order vectorfields
subunit with respect to Q in ©. Applying X, ' to (@) we obtain

N |
(4.2) w+pX, Jw=X, F.

The mapping —pX,; '] is compact by the compactness of J and the continuity of
X, !, Therefore, the existence of a unique u = (u, Vu) € QH} (0) satisfying (£2) is
guaranteed by Proposition[3.13]and the Fredholm Alternative. ]

5 Proof of Theorem 2.11]
Assume the hypotheses and consider the homogeneous Dirichlet problem
(5.1) Xu= f+T'g—V'P(x)Vyp —HRp — S'Gy — Fpin O,
u=00n006.

The goal is to show that this equation satisfies the hypotheses of Theorem [2.10] Set
fi = HRy, f, = Gy, and f3 = Fi. Then, since ¢ € L* (©) and Q(x, V) € L* (O©),
we have that

(5.2) fi € 1*(©),
(5.3) f, € [L*(©)]V,
(5.4) f; € L*(O).

To verify (5.2)) we use Holder’s inequality and the subuniticity of the components of
R. Indeed,

1ilBoo) = /@ HRo[ < N /@ HPO(x, Vo)

< NJ[HJ?

L@ 12, Vo)l )
1) 19(x, Vi)

since Q(x, V) € L (©), g > 2s and O is bounded. Verification of (5.3)) is achieved
using that ¢ € L* (©) and g > 2r. Indeed,

1600 = /@ Gol? < [IGP

= |Gl

= NJ|H|

' (©) < 9

re e’

L’ (e)

in(e)||90||izw((_)) < 09,
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since g > 2r and © is bounded. Equation (5.4) is verified using the same argument
as (5.3) replacing G with F.

Before moving forward we concern ourselves with the term —V’P(x)V. Since
P(x) is nonnegative definite and symmetric for each x € ©, it has a unique symmetric
nonnegative definite square root 1/P(x) defined in O; see [MRW, appendix 2]. With
this, we may write £'P(x)€ = (v/P(x)€)'/P(x)E for every £ € R™. Thus, the term of
the bilinear form associated with —V’P(x)V ¢ can be written as

7/(V¢)'P(x)Vvdx: f/(\/P(x)Vgo)’\/P(x)Vvdx
© ©
_ / <\E\/Po«)wy(%\/chwwdx.
[C] 1

This integrand is viewed as the dot product of the [L*(©)]" function f,
—+/C1v/P(x)V with an n-tuple of subunit vectorfields V(x) = (V,(x), ..., V,(x))
applied to (v, Vv). Here, V;(x) = \%pi(x) - V where p;(x) is the i-th row vector of
v/P(x). Thus we write —V'P(x)V¢ = V'f; where V' is the adjoint of V. To see that
each V;(x) is subunit with respect to Q in ©, we perform the following calculation.
Let § € R", §; denote its j-th coordinate and p; ; denote the j-th coordinate of p;.
Then we have for each 1 < i < n that

Q¢
> C%&’P(x)f - Cilu/P(xm’(\/P(x)g)

— (@ Y pui) - (30 @ Y a6
=1 =1 =1 =1

= Cllz:: ( ;Pi,j(x)§j> ’ > Cil( ji;pi_j(x)fj) g (\/%Pi(x) . 5) 2_

Thus, V;(x) is subunit with respect to Q in © as claimed.
With these identifications we rewrite (5.I)) in the equivalent form

(5.5) Xu = 7+T'g in®, u=00nd0,
where f = f — fi — f € L*(©), 8 = (g, —f,, fy) € [L*(©)N*" with
T=(T1,....,Tx,S1,.-.,Sn, V1, ..., V,)

a K + N + n tuple of vectorfields subunit to Q in ©.

We now apply Theorem Z.10] to obtain a unique weak solution u € QH}(©) of
(GA). Setting w = u + € QH'(O) gives a weak solution of by the linearity
of X. To see that our weak solution w is unique, notice that if (y, Vy) € QH'(O)
is a weak solution of (Z.I4), then by definition (y — », Vy — Vo) € QH}(O) is a
weak solution of (5.I). Thus, (y — ¢, Vy — V) = (u, Vu) giving that y = w in
QHY(©). ]
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