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Abstract

In this paper, we explore the monotone Lindeldf property of two kinds of linearly ordered extensions
of monotonically Lindelof generalized ordered spaces. In addition, we construct nonseparable
monotonically Lindelof spaces using the Bernstein set, which generalizes Corollary 4 of Levy and
Matveev [‘Some more examples of monotonically Lindelof and not monotonically Lindelof spaces’,
Topology Appl. 154 (2007), 2333-2343].
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1. Introduction

Recently, Matveev introduced the concept of the monotone Lindelof property. In [7]
and [4], Levy and Matveev investigated the monotone Lindelof property in countable
spaces, and gave an example which is monotonically Lindelof, but not monotonically
normal. In [1], Bennett et al. presented basic results about the monotone Lindel6f
property in the theory of generalized ordered spaces.

First, in this paper we show that the linearly ordered extension X* of a generalized
ordered (GO)-space X is monotonically Lindelof if and only if X is monotonically
Lindelof. However, it is not true for another linearly ordered extension L(X) of
a monotonically Lindelof GO-space X (see Example 2.6). In addition, we prove
that if a GO-space X is monotonically Lindel6f and R U L is a countable subset of
X, then L(X) is monotonically Lindelof, where R ={x € X | [x, =) € T — A} and
L={xeX| &, x]et — A}, tis a generalized ordered topology on X and X is the
interval topology on X. Second, we construct monotonically Lindelof spaces using
the Bernstein set and apply them to generalize the result in [3, Corollary 4].

We reserve the symbols R, Q and Z for the sets of real numbers, rational numbers
and integers. For a set V and a collection U/ of sets, we write V < U to mean that V' is
a subset of some member of U/.
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Recall that X is monotonically Lindeldf if there is an operator r assigning to every
open cover U a countable open refinement ri{ (still covering the space) in such a
way that rV refines ri/ whenever V refines U [3, 7]. In this case, r will be called a
monotone Lindeldf operator for the space X. A linearly ordered topological space
(LOTS) is a triple (X, A, <), where (X, <) is a linearly ordered set and A is the
interval topology on (X, <). A GO-space is a triple (X, 7, <), where (X, <) is a
linearly ordered set and 7 is a topology on (X, <) such that A C t and 7 has a base
consisting of order convex sets, where a set A is called order convex if x € A for
every x lying between two points of A. If a GO-space (X, t, <) can be topologically
embedded in a LOTS (Y, A, <), then the LOTS (Y, A, <) is called an orderable
extension of the GO-space (X, 7, <); if <= < |x, then the LOTS (¥, X, <) is called
a linearly ordered extension of the GO-space (X, 7, <). In addition, if (X, 7, <) is
dense (closed) in the space (Y, A, <), then (Y, A, <) is called a dense (closed) linearly
ordered extension of the GO-space (X, 7, <). Let X = (X, 7, <) be a GO-space and
A = A(=Z) be the usual order topology on X. Weset R={x € X | [x, =) € T — A} and
L={x e X| &, x] et — A}. Then X* is defined as follows:

X =X x{0HhU{{x,n)|x€eR, n<0andn eZ)
U{{x,m)|xeL, m>0andmeZ} C X x Z.

L(X) is defined as follows:
LX)=X x{0hU{{x,-1)|xeRIU{{x, 1) |xeL}CX x{-1,0,1}.

Then X* and L(X) are LOTS equipped with the lexicographic order topologies
(see [5, 8]). Observe that X x {0} as a subspace of X* and L(X) is homeomorphic to
X, so that we may identify X x {0} with X and regard X as a subspace of X* and L (X)
in this paper without further explanation. Therefore, it follows from the definitions of
X* and L(X) that X is closed in X* and dense in L(X), so X™* is a closed linearly
ordered extension of X and L(X) is a dense linearly ordered extension of X.

For undefined terminology and notation refer to [2, 5, 6].

2. Main results

In this section we investigate the relationship between linearly ordered extensions
and the monotone Lindelof property. First, we have the following proposition that
allows us to use open convex sets instead of open sets in the definition of monotonically
Lindelof spaces.

PROPOSITION 2.1. For a GO-space X, the following conditions are equivalent.

(1) X is monotonically Lindeldf.

(2) For any cover U of X consisting of open convex subsets, there exists a countable
open cover rU refining U such that if V is also such an open convex cover of X
that refines U, then rV refines rli.
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(3) Forany cover U of X consisting of open convex subsets, there exists a countable
open cover rlUU which also consists of convex subsets refining U such that if V is
also such an open convex cover of X that refines U, then r) refines rlid.

PRrROOF. That (1) implies (2) is obvious. To prove that (2) implies (3), let ri/ be the
refinement of U satisfying the conditions in (2). Then members of r{/ may not be
convex. For each member O of ri{, define Cp = {x € X | Axy, xp € O such that x| <
x < x3}. Thus Cy is convex and open such that if O’ C O, then Co' C Co. Moreover,
if U is an open convex subset that contains O, then Co CU. Put r'td ={Cyo |
O € rU}. Then r'lU satisfies the conditions in (3). Now we prove that (3) implies
(1). Suppose that ¢/ is an open cover of X whose members may not be convex.
For each member U of U, let O(U) = {0 | O is a convex component of U}. Then
U =U{OW) | U €U} is an open cover of X consisting of convex subsets and it
refines U so that if V refines U, then V' refines U’. By (3), rV' refines rUf’. Therefore,
X is monotonically Lindelof. O

LEMMA 2.2 [5]. Suppose that C is an open cover of a GO-space X by convex sets.
Let E = {x € X | no element of C contains points on both sides of x}. Then for each
y € X there is an open neighbourhood G (y) of y such that G(y) N E C {y}.

Let S € X be convex in a GO-space X. In [5], Lutzer defined
ST={x, k) e X |x€lISU{x,0) |xeS—1(S))

where
keZ and I(S)={x€ S|3a,be Switha <x < b}.

Using L(X) in place of X*, we define
ST ={(x,k) e LX) |x € I(S)}U{{x,0) |x €S —I(S)}

where k = —1, O or 1 and 1 (S) is defined as before.

It is well known that any nonvoid (open) subset G of a GO-space X can be uniquely
represented as a union of its maximal (open) convex subsets, which are called convex
components of G.

REMARK 2.3. Let G be asubsetof a GO-space X. If G =0, let G™ =0 (G~ =0). If

G #£ 0, let G = U{S; | i € I} be the unique representation of G as a union of its convex

components. Put G~ =U{S;" | i e ING™ =U(S; |i € I}).

PROPOSITION 2.4 [5]. Let X be a GO-space.

(1) IfGCHCX,thenG™ CH"™.

(2) IfGisopeninX, then G~ is open in X*.

(3) IfC is a collection of convex subsets of X* and if G is a collection of subsets of
X which refines C, then so does the collection G~ ={G™ | G € G}.

By definition, the LOTS X*(L(X)) is a closed (dense) linearly ordered extension
of a GO-space X. It is interesting to investigate the following question.
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(1) Does the linearly ordered extension of a GO-space X have a property P when X
has the property P?

For the monotone Lindeldf property, we shall prove that a GO-space X is
monotonically Lindel6f if and only if X* is monotonically Lindelof.

THEOREM 2.5. Let X be a GO-space. Then the following are equivalent:

(1) X is a monotonically Lindelof space;
(2) X™ is a monotonically Lindeldf space.

PrROOF. (1) implies (2). Let C be an open cover of X*. By Proposition 2.1, we may
assume that every member of C is convex. Then U ={C N X | C € C} is an open
cover of X by convex sets, so by Proposition 2.1 there is a countable open cover r1U¢
of X that refines Uc, where r1 is a monotone Lindeldf operator for the space X and
every member of r1U; is convex. Define

Ec = {x € X | no element of r1U contains points on both sides of x}.

By Lemma 2.2, E¢ is a closed discrete subspace of X. Since X is monotonically
Lindel6f, E; must be countable. Let He ={V ™ | V € rildc}. By Proposition 2.4(2)
and (3), Hc¢ is a countable open collection of X*, and H¢ refines U and C since
rile refines Ue. In addition, if (x, k) € X* — UHe, then x € E¢, where x € X and
k € Z —{0}. Hence, X* — UHc is a countable set. Let mnC = {{(x, k)}| {x, k) €
X* — UHc}. Therefore, C has a countable refinement rC = He U rC.

Finally, suppose that C and D are open covers of X* and C refines D. Similar
to before, for D, we may define Hp, Up, rildp, Ep, rD, rD corresponding to
He, Ue, e, Ec, rnC, rC. Hence, Ge refines Gp. Then U refines Up and rilde
refines r1Up. By Proposition 2.4(1), H¢ refines Hp. Then E¢ 2 Ep. So any member
of r,C is either a member of 7, D or a subset of some member of Hp. Hence, rC refines
rD. Therefore, X* is monotonically Lindelof.

That (2) implies (1) follows directly from X being a closed subset of X*. O

From the following example we know that, for some monotonically Lindelof GO-
spaces X, L(X) may not be monotonically Lindelof.

EXAMPLE 2.6. There exists a GO-space X that is monotonically Lindelof, but L (X)
is not so.

PROOF. Let X be w; + 1 with a topology such that every point of w is isolated, and
every neighbourhood of w; is a usual neighbourhood.

(1) X is monotonically Lindeldf. For any open cover U of X, there is a first ordinal
o = a(Uf) such that the interval [a, wi] is a subset of some member of ¢/. Define
rd ={la, w11} U {{B} | B < «}. Clearly, r is a monotone Lindel6f operator for the
space X.

(2) L(X) is not monotonically Lindeldf. In fact, L(X) is homeomorphic to w; + 1
with the usual interval topology since L(X) may be regarded as being made from
w1 + 1 by inserting a predecessor at each limit ordinal less than w;, but these inserted
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‘predecessors’ play the role of the limit ordinals instead. By [1, Example 2.3], the usual
ordinal space w; + 1 is not monotonically Lindelof. Thus L(X) is not monotonically
Lindelof. O

Example 2.6 motivates the following question.

(%) Under what conditions on a monotonically Lindel6f GO-space X must L(X) be
monotonically Lindel6f?
We give an answer in Theorem 2.8 below.

PROPOSITION 2.7. Let X be a GO-space.

(1) IfSCTisconvexinX, then S~ CT.

(2) IfSisconvexin X, then S~ is open in L(X) if and only if S is open in X.

(3) IfH isconvexin L(X) and if S C H, where S is convex in X, then S— C H.

@) IfGisopenin X, then G~ is open in L(X).

(5) IfDis a collection of convex subsets of L(X) and if C is a collection of subsets
of X which refines D, then so does the collection C— ={C~ | C € C}.

PROOF. We only prove (2). The other results can be shown similarly to the proofs
of [5, Lemma 3.2 and Proposition 3.5]. Suppose that S is an open convex set in X.
Let (x, k) € S™, where k =0, 1, —1. If x € I(S), choose points a, b € S witha <
x < b. Then (x, k) € ({a, 0), (b, 0)) C S™. If x € I(S), then either x € S C [x, —) or
x € S C (-, x]. In either case, k = 0. For the first case, there are two subcases:

(i) x is an isolated point of X. Then {(x, 0)} is an open subset of L(X) which is
contained in S™.

(i) x is not an isolated point of X. Since S is open in X, either x has an
immediate predecessor y € X (in which case we let p = (y, 0)), or else the point
p = {(x, —1) € L(X). By assumption, there are two points x; and x; € § with
X < x1; <x. Let g = (x1, 0). Then (x, 0) € (p, g) € S~ and hence S~ is open
in L(X).

The converse is clear because S~ N X = S. d

THEOREM 2.8. If X is a monotonically Lindeldf GO-space and R U L is countable,
then L(X) is monotonically Lindeldf.

PROOF. Suppose that C is an open cover of L(X). As in the proof of Theorem 2.5, we
have Ge, Uc, rilde, where
Gc = {G | G is a convex component of some member C of C}
and
U ={GNX|G eGel,

and riUc refines U¢, where r; is a monotone Lindelof operator for the space X.

Let He ={V~ | V e rilic}. In the light of Proposition 2.7(2) and (5) and rile
refining Ge¢, He is a countable open collection of L(X) that refines G¢. Since G¢
refines C, He refines C. If (x, k) € L(X) — UH¢, then kK must be —1 or 1. So
either x € R, if k = —1, or x € L, if k = 1. By the definition of R (respectively L),
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x does not have an immediate predecessor (respectively, successor) in X, for every
x € R (respectively x € L). Hence, (x, —1) (respectively (x, 1)) does not have an
immediate predecessor (respectively, successor) in L (X), for every x € R (respectively
x € L). Suppose that W is any well-order of the underlying set X. For every x € R,
let Yei(x) ={ye€X|[(y,0)est({x, —1),Gc), y <x}, where st({x,—1),Gc)=
U{G € G¢ | (x, —1) € G}. Let x¢1 € X be the W-first point of the set Y¢1(x). Then
there exists G € G¢ such that ((xc1, 0), (x, —1)] € G. Similarly, for every x € L,
we define Yea(x), xc2 corresponding to Yej(x), xci. Then there exists G € G¢
such that [(x, 1), (x¢2, 0)) € G. Define rC = Hc U {({x¢c1, 0), (x, =1)] | x € R} U
{[{(x, 1), (xc2, 0)) | x € L}. Then rC is a countable open cover of L(X), which refines
Ge and C.

Suppose that C and D are open covers of L(X) and that C refines D. Clearly, H¢
refines Hp. Since G¢ refines Gp, Y1 (x) C Ypi(x).

We claim that xp; < x¢; for every x € R. In fact, if xp; > x¢1, then xp; € Y1 (x).
Hence, xp; follows xc1 under the well-order W. However, x¢; follows xpj under the
well-order W since x¢1, xp; € Ypi(x). This is a contradiction.

By the above claim, ({x¢1, 0), (x, —1)] € ({(xp1, 0), (x, —1)]. Similarly, for every
x € L, we have [(x, 1), (x¢c2, 0)) C [{x, 1), (xp2, 0)). Therefore, rC refines rD. a

In Theorem 2.8, the condition ‘R U L is countable’ is not necessary. For example,
let S be the Sorgenfrey line. Then S and L(S) are monotonically Lindeldf since they
are separable, but the subset R C S is uncountable.

Finally, we generalize the result of [3, Corollary 4] in Theorem 2.9. By [lI,
Proposition 3.1], the Sorgenfrey line is monotonically Lindelof and the Michael line
is not. In [3], Levy and Matveev showed that (R, £p) is monotonically Lindelof,
where B is a Bernstein subset of the real line R with the usual topology £, and €5 =
EU{{b}| b € B}. A subset A of R is called a Bernstein set if | A| = ¢ (continuum) and
every compact set contained either in A or in R — A is countable.

THEOREM 2.9. Let A be a Bernstein set of the real line R and let ) be the usual
topology on R. If p is a generalized ordered topology on R that is stronger than the
usual topology ) and has a neighbourhood base at each point of A consisting of usual
open intervals, then Y = (R, p) is monotonically Lindeldf.

PROOF. Let U be an open cover of Y. Define rid = {(a, b) | (a, b) <U and a, b €
Q}. Then ri{ is a countable open collection and partially refines ¢/. In addition,
ril covers A and Urjlf is an open subset of R with respect to the usual interval
topology. Then the set R — Uril{ is disjoint from A and a closed set of R with
respect to the usual interval topology. By the definition of a Bernstein set, R — Urild
is countable. Define

rnU={{y} |y eR—-UnlU, {y} € p},
Y1(U) ={y € R| y is not an isolated point and («—, y] € p},

and
Y>(U) ={y € R| y is not an isolated point and [y, —) € p}.
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For every y € Y1(U), let
Fi(y.U)={q € Q| g < yand (g, y] <U},

and
Gi(y,U)={q €Q|3z> yand(q,2) <U}.

Then G (y, U) € Fi(y,U). Let Di(y,U) = Fi(y,U) — G1(y, U). Define

rU={(q,yllyeYiU), Di(y,U)#Pand g € Fi(y, U)}.

For every y € Y, (Uf), analogously define F>(y, U), G2(y, U) and D> (y, U) and rqad =
{ly.q) |y € o), Da(y, U) #V and g € Fo(y,U)}. Let rd =U{ritd |1 <i <4}.
The remainder of the proof follows [1, Proposition 3.1]. O

By Theorem 2.9 we have the same conclusion as [3, Corollary 4].

COROLLARY 2.10. Suppose that Y =R is topologized by isolating the points of
R — A and leaving the points of A with their usual neighbourhoods. Then Y is
monotonically Lindelof.
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