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The Metric Dimension of Circulant Graphs
Tomas Vetrik

Abstract. A subset W of the vertex set of a graph G is called a resolving set of G if for every pair
of distinct vertices u, v of G, there is w € W such that the distance of w and u is different from
the distance of w and v. The cardinality of a smallest resolving set is called the metric dimension of
G, denoted by dim(G). The circulant graph C,(1,2,...,t) consists of the vertices vo, v1,...,Vn-1
and the edges v;v;,j, where 0 < i < n —1,1< j < t (2 <t < [%]), the indices are taken modulo
n. Grigorious, Manuel, Miller, Rajan, and Stephen proved that dim(C,(1,2,...,¢)) > t +1 for

t <[], n > 3, and they presented a conjecture saying that dim(Cy(1,2,...,t)) = t + p — 1 for

n = 2tk + t + p, where 3 < p < t + 1. We disprove both statements. We show that if t > 4 is even,
there exists an infinite set of values of n such that dim(C,(1,2,...,¢)) = t. We also prove that
dim(Cn(1,2,...,8)) < t+ % forn = 2tk + t + p, where t and p areeven, t > 4,2< p< t,and k > 1.

1 Introduction

The concept of metric dimension was introduced by Slater [11], who referred to a met-
ric dimension of a graph as its location number and motivated the study of this in-
variant by its application to the placement of a minimum number of loran/sonar de-
tecting devices in a network so that the position of every vertex in the network can be
uniquely represented in terms of its distances to the devices in the set. Applications of
the study of metric dimension to the problem of pattern recognition and image pro-
cessing are given in [9]. We study the metric dimension of circulant graphs, which
are Cayley graphs of cyclic groups.

Let G be a connected graph with vertex set V(G). The distance d(u,v) between
two vertices u,v € V(G) is the number of edges in a shortest path between them.
A vertex w resolves a pair of vertices u,v if d(u,w) # d(v,w). For an ordered set
of vertices W = {wy,w,,...,w,}, the representation of distances of a vertex v with
respect to W is the ordered z-tuple

r(v|w) = (d(v, wi),d(v,wz),...,d(v,w;)).

A set of vertices W ¢ V(G) is a resolving set of G if every two vertices of G have
distinct representations (if every pair of vertices of G is resolved by some vertex of
W). The cardinality of a smallest resolving set is called the metric dimension, and it is
denoted by dim(G). Note that the i-th coordinate in r(v|W) is 0 if and only if v = w;.
This means that in order to show that W is a resolving set of G, it suffices to verify
r(u| W) # r(v| W) for every pair of distinct vertices u,v € V(G) \ W.
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The metric dimension of various classes of graphs has been investigated for four
decades. For example, the metric dimension of regular graphs was studied in [12];
products of graphs were considered in [6], metric manifolds in [3], the strong metric
dimension in [8], and the fractional metric dimension in [13].

We define a circulant graph. Let n, m and ay, a,, .. ., a,, be positive integers such
thatl<a; <a; <---<ay < [gJ The circulant graph C, (g, a3, . .., a,,) consists of
vertices vo, V1, ..., Vy-1 and edges v;v;,4,, where 0 < i <n —1,1< j < m; the indices
are taken modulo n. The numbers ay, a5, ..., a,, are called generators. The graph
Cn(ay, az,...,a,) is a regular graph either of degree 2m if all generators are smaller
than 7, or of degree 2m — 1if 7 is one of the generators. Vertices with consecutive
indices are called consecutive vertices. The distance between two vertices v; and v; in
Cn(1,2,...,t),where 0 < i< j<mn,is

(L) d(vi,v;) :m1n{[J;l][’1_(]_l)]}

t

This equation can be simplified as

(12) d(v,-,v,-):[%] ifOsj—iég,
n-G-i)y ..n_. .
(1.3) d(vi,vj) = [7t ] 1f2 <j-i<n.

The metric dimension of circulant graphs has been extensively studied. Javaid,
Rahim, and Ali [7] showed that dim(C,(1,2)) = 3 if n = 0,2,3 (mod 4). Im-
ran et al. [4] showed that dim(C,(1,2,3)) = 4if n = 2,3,4,5 (mod 6), n > 14.
Borchert and Gosselin [1] found the values of dim(C,(1,2)) and dim(C,(1,2,3))
for any n. They proved that dim(C,(1,2)) =4 if n = 1(mod 4), and for n > 8 we have
dim(C,(1,2,3)) =5if n =1 (mod 6) and dim(C,(1,2,3)) = 4 otherwise. The metric
dimension of the circulant graphs C,, (1, 3) was studied in [5] and the circulant graphs
Cn(1, 3) for even n were considered in [10].

Grigorious et al. [2] showed that dim(C,(1,2,...,t)) < t+1if n = r (mod 2t),
where 2 < r < t + 2 (the graph is resolved by the vertices vg,v,...,v;) and
dim(C,(1,2,...,t)) <r—1lifn=r (mod 2t), wherer e {¢t +3,t +4,...,2t +1}.

2 Results

We study upper and lower bounds on the metric dimensions of the circulant graphs
Cn(L,2,...,t). Theorem 2.8 of Grigorious et al. [2] says that if n > 3, then
dim(C,(1,2,...,t)) > t+1. However, the proof of this theorem is not correct. The au-
thors tried to show by contradiction that there is no resolving set W of C,,(1,2,...,t)
consisting of ¢ vertices. They considered three cases.

Casel: W consists of ¢ consecutive vertices.

Case 2: W consists of two sets of consecutive vertices.

Case 3: W consists of a set of consecutive vertices W; and all the other vertices of
W belong to a set of (at most) ¢ consecutive vertices. (Note that N- ; (W;) u
NE(W;) used in their Case 3.3 is a set of ¢ vertices.)
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These three cases cover only a small part of possible choices of t vertices (of W)
from the set V(C,(1,2,...,t)), thus the proof is incomplete.

An easy example that contradicts [2, Theorem 2.8] is the graph Cy(1,2, 3, 4). This
graph is resolved by the set W = {vy, v2,vs,v10}, hence dim(Cy0(1,2,3,4)) < 4.

Let us prove that if ¢ > 4 is even, then there exists an infinite set of values of n with
n =t (mod 2t), such that dim(C,(1,2,...,t)) < t.

Theorem 2.1 Letn =2tk + t wheret > 4 is even and k > 2. Then
dim(C,(1,2,...,1)) <t.

Proof Letn =2tk+t, wheret>4isevenandk > 2. Let W; = {vg,v5,...,v;»} and
Wa = {Vik> Viks2s - - > Viket2 ) Note that |Wi| = [W;] = £. We show that W = Wy u W,
is a resolving set of C,(1,2,...,t). Let us divide the vertex set of C,(1,2,...,1t)
into three disjoint sets: Vi = {vo, v1,...,v¢}, Vo = {Ves1, Veszo o e s Vikgso1)> V3 =
{Vtk+t) Vik+t+lo+- > Vn—l}-

First we show that no two vertices in V, have the same representations of distances
with respectto W. For x = 1,2,..., k-1 j=1,2,...,i=0,2,...,t — 2, we have
v; € Wy, and by (1.2),

j— i x+1 ifi<j,
d(Veesjs i) :x+[]71 :{x ifi>j

andifx =kand j=1,2,...,t -1, by (1.1) we obtain

min{[(tk+j)—i]’[n—[(tk+j)—i]]}

t t
min{ 0 [ 1 e [ ] - 0 0

Since j (where1 < j < t) is greater than [%] elements from the set {0,2,...,t - 2},

the first [ 1] entries of r(vexsj| Wi) for x = 1,2,..., k are x + 1 and the other £ - [£]
entries are equal to x; 7(vix.j| Wi) = (x+1,...,x+1x,..., x). The only vertices with
the same representations of distances with respect to Wj are the pairs (Ve j—1, Vex+j)»
where j =2,4,...,t (if x = k, then j = 2,4,...,t — 2, because v+ ¢ V2). But since

forx=1,2,...,kand j=2,4,...,t -2, we have v, ; € W, and by (1.2),
thk—tx+1
t
andif j=tandx =1,2,...,k — 1, then by (1.2) for v;y € W, d(Vixrs-1,Vik) = k — x,
d(Vex+t>vik) = k — x — 1, vertices of W, resolve the pairs (vix4j-1,Vixsj) for x =
L,2,....,kand j = 2,4,...,t (j < t - 2if x = k). Thus, any two vertices of V; have

different representations of distances with respect to W.

We consider representations of distances of the verticesin V3. Forx =1,2,...,k-1;
j=0,1,...,t-1i=0,2,...,t -2, wehave v; € Wj and by (L3),

n—[(n—tx+j)—i i—j x ifi<j,
d(Vn—tx+j’Vi):’r [( t ]) ]] :x+’rT]-‘ :{x+1 lfl>j

d(vtk+ja Vi)

A(Vixsj-1,Viksj) = [ ] =k—x+LdVixsjs Vikej) = k- x
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and if x = k, by (1.1) we obtain

d(Vtk+t+j,Vi):min{[(tk+t+j)_i],[”_[(tk+t+j)—i]]}

t t

:min{k+1+[j_ti“’k+[i;j]} :{£+1 iizij,

Since j (where 0 < j < t — 1) is greater than or equal to | | + 1 elements from the set

{0,2,...,t-2}, the first [%J +1entries of r(vy—gxrj| W) (forx =1,2,..., k) are x and
the other entries are equal to x + 1. The only vertices with the same representations of
distances with respect to W are the pairs (V—sx+j> Vn—ix+j+1), Where j = 0,2,..., t=2.
Since for vy, j € Wy, by (1.2),

n—tx+j— (tk+j)
t

d(Vn—tx+j)Vtk+j):[ ] =k-x+1,

1
A(Vntxsjes Viksj) = k= x +1+ [;] =k-x+2,

vertices of W, resolve the pairs (Vy—x+j» Va—tx+j+1). Thus, any two vertices of V3 are
resolved by W.

Note that a vertex v € V, and a vertex in V3 can have the same representation of
distances with respect to W; only if all entries of (v| W) are the same numbers. For

x=12,...,k =1 wehave vie, 1, Vixsr € Vo and r(Vexsr1| Wi) = r(Vexse| W) =
(x+1,...,x+1), and for vix4s1 € V3, we have r(vigy, | Wh) = (K+1,...,k+1).
For x = 1,2,...,k, we have v,_jxy1—2,Vp_ixst-1 € V3 and 7’(Vn—tx+t—2|W1) =

r(Vi—txrt-1| W1) = (x, ..., x), which implies that for x =1,2,..., k — 1, we have
"(Vexst-1| W1) = r(Vixt | W1) = 1(Vactx—2 | W1) = 7(Vngx1 | W1).

Since for vy € Wa, by (1.2),

thk—(tx +t—1

%] =k-x, d(Vixsrvik) =k—x -1,

(n—tx—-2)-tk
t

d(Vtx+t—1, Vtk) = [

d(antxfb Vtk) = [ ] =k-x+1, d(antxfl, Vtk) =k-x+1,

the vertices Viyit—1, Vixst € V> are of distance at most k — x from v;; and the vertices
Vau—tx+t—2> Vn—tx+t-1 € V3 are of distance k — x + 1 from v, € W,. Therefore, any vertex
in V; and any vertex in V5 have different representations of distances with respect to
Ww.

Let us study the vertices in Vi. For j = 1,2,...,tand i = 0,2,...,¢ - 2, where
i # j, wehavev; € Wy and d(v,v;) = [‘J;l‘] = L Thus, r(v;|W1) = (1,...,1) for
vj € Vi \ Wy. From the previous part of this proof it follows that the only vertices in
V, U V; with the representation of distances with respect to W equal to (1,...,1) are

Va2 andv,_j.For j=1,3,...,t—1landi=0,2,...,t -2, we have vx,; € W,, and by
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(L1),

t t

:min{k-r[l_rl,k-rl-t-[]_l]}:{k ?fl.<].,
t t k+1 ifi>j.
Since j is greater than JT“ elements from the set {0,2, ..., ¢ — 2}, the first JTH entries
of r(v;| W) are k and the other entries are equal to k + 1. This means that the vertices
V1, V3, ..., V1 have different representations of distances with respect to W,. Since
for v;x € Wy, we have d(vy,vir) = k=1, d(vy—2,vix) = d(vp—1,vsk) = k + 1 and for
j=13,...,t =1, wehaved(vj,vu) = k, all vertices of C,,(L,2,...,t) are resolved by
W. Hence, dim(C,(1,2,...,t)) < |W|=t. [ |

d(vj>Vik+i) =min{[ (tkﬂ)_j],[ ”_[(tk”)—j]]}

In [2] the authors proposed a conjecture saying that dim(C,,(1,2,...,t)) = t+p-1
for n = 2tk + t + p, where 3 < p < t + 1. We disprove this conjecture if t and p are
even. Let us present a new upper bound on the metric dimension of C,(1,2,...,t)
forn =r (mod 2¢t), wherer=0andr=t+2,t+4,...,2t - 2.

Theorem 2.2 Letn =2tk +t+ p where t and p areeven, t >4,2< p<t,andk > L.
Then

dim(Cp(1,2,...,1)) < t+§.

Proof Letn =2tk+t+pwherek>1,t>4isevenand p=2,4,...,¢t. Let
I/vl = {VOa Voseoos Vt72}) W2 = {vtfla Viels oo Vt+p73}>
W; = {Vtk+p—2> Vik+ps>-++> Vtk+p+t—4}-
Note that |[Wi| = |[W;| = £ and [W;| = £. We show that W = Wy U W, U Wi is a
resolving set of C,,(1,2,. .., t).
Let us divide the vertex set of C,(1,2,. .., t) into four disjoint sets:
Vl = {V(),V],...,Vt}, V2 = {Vt+1th+2’--~>vtk+t})
Vi = {Viksre1s Vikata2s - - o> Vtk+t+p—1}> Vy= {Vtk+t+p) Viktt+p+lo -+ V1)

First we show that no two vertices in V, have the same representation of distances
with respect to W. For x = 1,2,...,k-1j=1,2,...,i=0,2,...,t -2, we have
v; € Wi, and by (1.2),

-1 [x+1 ifi<}j
d(v"‘+j’vi):x+[JT] :{x ifi>j

andifx =k; j=1,2,...,t, by (1.1), we obtain

d(Viksj»vi) =min{[ (tk+j)_i-l,[”_[(tk‘Fj)—i]]}

t t

:min{k+[j;i],k+1+[P+:_j]} :{l]z+1 i:;j)
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Since j (where 1 < j < t) is greater than [%] elements from the set {0,2,...,t - 2},

the first [%] entries of r(Vyyyj|W1) for x = 1,2,..., k are x + 1 and the other £ — [%]
entries are equal to x; r(vix4j| W) = (x +1,...,x + 1, x,...,x). Thus, the only ver-
tices in V, with the same representations of distances with respect to W; are the pairs
(Vi1 Vee2)s (Veszs Visa)s oo » (Vikat—1> Viket ). Let us show that most of these pairs are
resolved by vertices in W;.

Sinceforx =0,1,...,kand j=0,2,...,t—2, we have Vik+p+j-2 € W3 and by (1.2),
d(Vtx+p+j—2: Vtk+p+j—2) =k-xand d(Vtx+p+j—3: Vtk+p+j—2) =k-x+ H] =k-x+1,
vertices in Wj resolve the pairs (vp_3,vp-2), (Vp-1Vp)s- s (Viksp+t-5> Vikspri-4)-
Note that

{ (Vt+1> Vt+2)> (Vt+3a Vt+4)) e (Vtk+t—3a Vtk+t—2)}
c { (Vp—3a Vp—2)> (Vp—b Vp), cees (Vtk+p+t—5, Vtk+p+t—4)} >

which implies that all pairs of vertices in V, except for the pair (vig4—1, Viksr) are
resolved. Since v;_; € W, resolves the pair (v;x4¢-1, Vik+¢)> any two vertices of V, have
different representations of distances with respect to W.

We consider representations of distances of the verticesin V4. Forx =1,2,...,k-1;
j=0,1,...,t-1i=0,2,...,t—2; wehave v; € W, and by (1.3),

) n—[(n-tx+j)—i ~ i-j1_|x ifi<j,
d(Vn—tx+j>Vi)—[ ¢ ]_x+[71_ x+1 ifi>j,

and if x = k, we obtain

(Voo 1) :min{[ (”—tk+j)—i])[n—[(n—tk+j)_i]]}

t t

B e L T R [

Since j (where 0 < j < t — 1) is greater than or equal to | 2] + 1 elements from the set
{0,2,...,t-2}, thefirst | 2| + 1 entries of r(v,_xij| Wi) (forx =1,2,..., k) are x and
the other entries are equal to x + 1. The only vertices with the same representations of

distances with respect to W, are the pairs

(Vtk+t+p’ Vtk+t+p+1): (Vtk+t+p+2, Vtk+t+p+3)> coos (Vac2s Vi)

But since for x = 1,2,...,kand j = 0,2,...,t - 2, we have v/x, ;> € W3, and by
(1.2),

d(vnfterj—Zthk-%—p-%—j—Z) =k-x+ L
1
A(Va-txsjo1> Vikeprj-2) =k —x +1+ [;] =k-x+2,

vertices of Wj; resolve all pairs except for the pair (v,,_»,v,-1), which is resolved by
v¢—1 € Ws. Thus, any pair of vertices in Vj is resolved by W.

Note that a vertex v € V, and a vertex in Vj can have the same representation
of distances with respect to W; only if all entries of r(v| W;) are the same numbers.
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For x = 1,2,...,k, we have viy,s_1, Vx4t € V5 and T(Vtx+t—1 | VVl) = r(Vtx+t| I’Vl) =
(x+1,...,x+1). FOr vy_tx41-2, Vn—tx+t-1 € Vi, We have

r(Vn—tx+t—2 | VVI) = r(Vn—tx+t—1 | Wl) = (x, cees x),

which implies that for x = 1,2,...,k — 1, we have r(viysr—1|W1) = r(Vexst| W) =
r(Vaotx—2| W1) = r(Vn—sx-1| W1). For vipesp—p € Wi, by (1.2),

-1
d(Vtx+t—1:Vtk+p—2) =k-x-1+ [PT] =k-x,

-2
d(Vixet, Vikip-2) =k —x -1+ [pT] <k-x,

A(Vn—tx—2>Vikep—2) =k —x +1,
1
d('Vn_tx_l, Vtk+p—2) = k -x+1+ IVE‘I = k - X + 2,

so the vertices viy -1, Vix+t € V3 are of distance at most k — x from v, ,_5, and the
vertices vy _tx—2, Vn—tx-1 € Vy are of distance at least k — x + 1 from v, , 5 € Wi,
Therefore, any vertex in V, and any vertex in Vj, have different representations of
distances with respect to W.

We consider representations of distances of the verticesin V3. For j=1,2,...,p-1
andi=0,2,...,t -2, wehavev; € W, and by (L1),

A(Vikstsjp Vi) :min{k+1+ []—tl],k+ [IH;]]} =k+1

thus, r(Viksej| Wi) = (k+1,..., k +1). The only vertices in V, U V; with the same
representations with respect to W are vy ;—; and vy ;.

We show that any two vertices in V3U{vx4¢-1, Vix++ | have different representation
of distances with respect to W. It suffices to consider the vertices in

V' = (V3 U {Vikst—1> Vit }) N W3
= {Vekat=1> Viketslr - > Vtk+t+p—3} U {Vtk+t+p—2x Vtk+t+p—1}-

Forj=-1,1,...,p-landi=-1,1,..., p -3, we have v;,; € W, and

i—1 k ifi > j,
d(Vtk+t+j,Vt+i) =k+ |7J7-| = J

t k+1 ifi<j.
Since j is greater than % elements from the set {-1,1,..., p — 3}, the first ’7“ en-
tries of (Vs j| Wa) are k + 1 and the other g - ]TH entries are equal to k. For

i=-L1,...,p-3,
p-i-2
d(Vtk+t+p—2,Vt+i) =k+ [T-I =k+1;

thus, 7(Vigsrep-2| W2) = (k +1,...,k +1). The only pair of vertices in V' having
the same representations with respect to Ws is (Vx4 p—25 Vik+1+p-1)> Which is resolved
by vikip—2 € W, since

1
d(Vikstsp-2Vikip-2) =1 and  d(Viksrsp-1, Viksp-2) =1+ [;] =2.
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Let us study the vertices in V;. For j =1,3,...,t—-land t;i = 0,2,...,t - 2, we
have v; € Wy and d(vj,v;) = [‘J—;l‘] =1, thus r(vj|W1) = (L,...,1) for vj € Vi \ W
From the previous part of the proof it follows that the only vertices in V, U V3 U V,
with the representation of distances with respect to W; equal to (1,...,1) are v,
and v,_;. So it remains to resolve the vertices v, V3, ..., Vi_1; V¢, Vu—2, Vn—1. First we
give representations of vy, vs, ..., v,_3 and v,,_5, v,_; with respect to W; then we give
representations of v,_1,vp41, ..., vs_3 with respect to W, and then we consider the
vertex v;.

We show that for j = 1,3,...,p -3 and j = n - 2,n — 1, we have r(v;| W;) =
(k+1,...,k+1).For j=1,3,...,p-3and i =0,2,...,t—2,we have vy, p i € W3,
and by (1.1),

d(Vj7Vtk+p+i—2):min{k+[p+i;j_2],k+1+[j+2t_i]} =k+1,

A(Vn-1, Vikspri-2) :min{k+1+ [l;ti],k+ [IH;_l]} =k+1,

A(Vu-2> Vikepri-2) = min{k +1+ [_Ti],k + [p:z]} =k+1,

which means that 7(v;| W3) = r(v,—1|W3) = r(vu—a | W3) = (k+1,..., k +1).
We give representations of V1o Vol + - o> Vi3 with respect to W5. For j =
1,3,...,t—1—pandi:0,2,...,t—2,wehavevtk+P+,-_2 € W3 and

i — j k ifi<j,
A(Vpej2oVikepriz2) =k + [%] ) {k +1 ifi> j
Since j is greater than ]TH elements from the set {0,2, ..., ¢ — 2}, the first ]TH entries
of r(vj| W) are k and the other entries are equal to k + 1. Note that the first entry of
r(vj| W) is always k.

Let us show that v;;,;_» € Ws resolves v, from the other vertices in the set
{V1, V3, . s Ve-13Ve> Vo2 Va1 ). By (1.2), we have d(ve,viksr—2) = k+ [F] = k
and d(vj,Vigsr—2) = k+ 1+ [Lt_z] =k+1lforj=p-Lp+1...,t-3, and
d(vj,Vikst—2) = k+Lalsofor j = 1,3,...,p-3and j = n - 2,n - L It follows
that the vertices v_1, Vp41, . .., Vs—3 and v, are resolved.

It remains to resolve the vertices vy, vs, . .., vp_3 and v,,_, v,_y; thus, we study their
representations with respect to W,. For j=1,3,...,p—3andi=-L1,...,p -3, we
have v;,; € W,, and by (1.2),

i — 1 ifi<j,
d(vpven) =1+ 7| { g

2 ifi> ]
Since j is greater than or equal to % elements from the set {-1,1,..., p—3}, the first
% entries of r(v;| W) are 1 and the other % - % entries are equal to 2. Note that

the first two entries of r(v;| W3) are always 1.
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Fori=-1,1,...,p—3,by(L3),

i+1 1 ifi=-1,
d(Vn—l)Vt+i) =1+ IVT-I - {2 lfl >1

Thus, r(v,—1|W>) = (1,2,...,2). Wehave d(v,—3, vs+i) = 1+ [%] =2,50
T(Vn,Z | W2) = (2, e ,2)

No two vertices of C,,(1,2,..., t) have the same representations of distances with
respect to W hence, W isaresolving set of C,,(1,2,...,t) and dim(C,(1,2,...,t)) <
W] =t+2£. [ ]

Now we focus on lower bounds on the metric dimension of circulant graphs. For
any vertex v; of C,(1,2,...,t), the vertex v;,|,,/>| will be called the opposite vertex
of v;. Clearly, for any t consecutive vertices v;, Vis1,..., Vist—1 € V(Cp(L,2,..., 1)) \
{VjsVjsn/2]}> we have

(2.1) x=d(vj,vi) <d(vj,vip1) < <d(Vj, Vigi1) Sx +1
or
(2.2) x=d(vj,Visi1) A(vj,vigr) < <d(vj,vi) <x+1

for some positive integer x. These inequalities will be used in the proofs of Theo-
rems 2.3 and 2.5.
Theorem 2.3 Letn > t* + 1 wheret > 2. Then
dim(C,(1,2,...,1)) > t.
Proof We prove the result by contradiction. Suppose that dim(C,(1,2,...,t)) <

t-1. Let W' = {wq, wy,..., w;_ } bearesolving set of the graph C,, (1,2, ..., t), where
the vertices wo, w1, ..., w;_» are not necessarily different. Without loss of generality

we can assume that wo = vo. For j=1,2,...,[£], by (1.2),
d(vo,vjt) =d(vo,vje—1) =+ = d(VO:Vjt—(t—l)) =,
and by (1.3) we have
d(VOan—jt) = d(VOaanth) == d(V0>Vn—jt+(t—1)) =j.

Let V; = {Vjt—(t—1)>vjt—(t—2)>--~>Vjt} and V_; = {vn_jt,v,,_jm,...,v,,_jH(t_l)} for
j=12,...,|%]. Note that all vertices in V; (in V_;) have the same distance from v,
and

L3 l3) £ Py

2 2 t > if t is even

Vil=Y |Vj|=t| =| =12 ’
]Z::| i ;| i {ZJ {t(‘z_l) if ¢ is odd.

Thus, ZEIJ |Vi|+ ZEIJ |V_j| < £%. Since n > £*+1, the sets V; and V_; are disjoint. Since
we have 2| 1 | pairwise disjoint sets and 2| £| > ¢ — 1, there is at least one set V' = V,
l € {£1,£2,...,%[£]}, containing no opposite vertices of wy, Wy, ..., Wi_2.

We show that V'’ cannot be resolved by W'. Let p be the number of vertices of W' in
V' (0 < p < t-2). Without loss of generality we can assume that wy, wa,...,w, € V'
and W41, Wpie2s ..., Wi £ V. Let vg,,va,, ... »Va,_, be t — p different vertices of
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V'\ W', where a; < a; < -+ < a,_,. We know that d(v,,,w,) = 1for any s =
L,2,...,t—pandanyr=1,2,...,p. Thus, t — p — 1 pairs

(VasVay)s (VaysVas)s -+ o> (Va_paVa,_,)

have the same representations of distances with respect to the vertices wo, wy, ..., wp.
From (2.1) and (2.2) it follows that any of ¢ — p — 2 vertices wp1, Wp425..., Ws_3 can
resolve at most one pair (v,,, v4,,, ), where s € {1,2,...,t - p — 1}, which implies that
there exists a pair (two vertices of V') that cannot be resolved by W'. Hence, W' is
not a resolving set of C,,(1,2,...,t), a contradiction. [ |

From Theorems 2.1 and 2.3 we obtain the following corollary.
Corollary 2.4 Letn =t (mod2t), where n > t* + Land t > 4 is even. Then

dim(C,(1,2,...,t)) =t.

Finally, we state a lower bound on C,(1,2,...,t) for n = r (mod 2t), where r €
{0,1}u{t+2,t+3,...,2t-1}.

Theorem 2.5 Letn =2tk+rwheret>2, k>0andt+2<r<2t+1 Then
dim(C,(1,2,...,t)) >t + 1L

Proof Letn = 2tk +r wheret > 2,k > 0and t +2 < r < 2t + 1. By Theorem
2.3, we have dim(C,(1,2,...,t)) > t. We prove that dim(C,(1,2,...,t)) > ¢t + 1
Suppose to the contrary that it is possible to resolve the graph C,(1,2,...,¢) by ¢
vertices. Let W' = {wq,w1,...,w;_1} be a resolving set of C,(1,2,...,t). Without
loss of generality we can assume that wy = vo. Let V' = {vypi1, Vikyas -« s Viksra1 )-
Note that for j=1,2,...,t+1,

d(vo,m”):mm{[tk:j]’[n—(tk+j)]}

:min{k+[ﬂ,k+[r;j]}:k+1.

We show that V'’ cannot be resolved by W'. Let p be the number of vertices of W' in

V' (0 < p < t-1). We can assume that wi, wy, ..., w, € V' and w1, Wpaas ..., Wi1 £
V. The distance between any vertex in V' \ W’ and w; is1fori = 1,2,..., p, thus
all vertices in V/ \ W' have the same representations of distances with respect to the
vertices wo, Wi, ..., Wp. Let vq,, va,, ..., Vg, ,,, be the vertices of V'~ W/, where g, <
az < -+ < ay_py1. By (2.1) and (2.2), any of the t — p — 1 vertices wp41, Wpi2,. .. Wi
can resolve at most one of £~ p pairs (va,, Va, )> (Vays Vay )s - - -» (Va,_, Va,_, )5 therefore,
there exists a pair that cannot be resolved by W, a contradiction. ]
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