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Abstract

We prove that any surjective isometry between unit spheres of the {*-sum of strictly convex normed
spaces can be extended to a linear isometry on the whole space, and we solve the isometric extension
problem affirmatively in this case.
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1. Introduction and preliminaries
In 1987, Tingley [8] proposed the following problem.

ProBLEm 1.1. Let E and F be real normed spaces. Suppose that V is a surjective
isometry between the unit spheres S(E) and S(F). Is V necessarily the restriction
of a linear isometry on the whole space?

We only consider this problem in real normed spaces, since it is clearly negative in the
complex case. For example, consider V : C — C which maps x to Xx.

The isometric extension problem arises from the famous Mazur-Ulam theorem.
This problem is interesting and easy to understand. Moreover, it is very important.
If this problem has a positive answer, then the local geometric property of a mapping
on the unit sphere will determine the property of the mapping on the whole space.
However, it is very difficult to solve. In [8], Tingley only proved that any isometry
V between the unit spheres of real finite-dimensional normed spaces X, and Y,
necessarily maps the antipodal points to antipodal points, that is, V(-x) = —V(x) for
any x € S(X(n)).

In the past decade, the isometric extension problem has been considered in various
classical Banach spaces and many good results have been obtained, through studying
the concrete form of the norm (see [2]). The isometric extension problem has been
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solved affirmatively if X is a classical normed space and Y is a general normed space.
However, there has been little progress between two general normed spaces, even in
the two-dimensional case. Recently, this problem was solved affirmatively between
finite-dimensional polyhedral Banach spaces (see [6]). There is still much to be done
regarding this challenging problem.

In particular, this problem was solved affirmatively between the unit spheres of
the ¢'-sum of strictly convex normed spaces (see [9]), through the representation
of the surjective isometry. The isometries on the unit spheres of the space £(I")
(see [3-5, 7]) were also considered. In this paper, we consider the isometric extension
problem between the £*-sum of a family of strictly convex normed spaces, and solve
the isometric extension problem affirmatively in this case. Furthermore, we can obtain
the main results of [4] as a corollary.

Before we start, we introduce some notation. Let I" be an index set with at least two
elements. Let {E, : ¥ € I'} be a collection of strictly convex normed spaces, and let the
linear space ®F, be the direct sum of these normed spaces (see [1]). Suppose that

D E, = tu=(,)yer € ®E, : lull = sup{llu, | : ¥ €T} < o0}
foo

is a subspace of ®E, with the {*-norm. For any yy €I and x € E,, we denote
Xeo~E, by

o x if y =70,
Xy =
Y710 ify # .

Note that S(E):={ucE:|ull=1} and Bi(E):={u€cE:|lul|<1}. For any ue
S(@¢-E,) and 0 < g < 1, we write

suppu={y €l :u, # 0},

and denote u® € § (@~ E,) by

s Juy ifllwll>1-g,
7Tl0 0 ifllyll<1-e.

2. Isometries between S(@,~E,) and S(®~Fs)

Let A be an index set with at least two elements. In this section, we similarly write
@~ Fs for the £*°-sum of a collection of strictly convex normed spaces {Fs : 6 € A}. We
begin by considering the isometry between S (©¢~E,) and S (©¢~Fs). In the following
result, we prove that any surjective isometry between them necessarily maps antipodal
points to antipodal points.

ProposiTion 2.1. Let V : §S(®¢-E,) — S(®¢=F5) be a surjective isometry.  Then
V(—u) = =V(u) for any u € S (@~ E,).
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Proor. We first prove that V(-%) = —V(%) for any yo € I and x € S(E,,). Note that V
is surjective. There exists u € S (@~ E,) such that V(u) = —V(%). Then
llu = Xl = IV(@) = VIl = 1| -2V(D)I| = 2,
and thus [ju,, — x|| = 2. Note that
2 =luy, = x| < lluy |l + 12l < 2,

and E is strictly convex. We get that u,, = —x. For any y € S (E,,) with y; # yo, there
exists v € S (&g~ E,) such that V(v) = —V(§). Note that
vy, — uyll < v —ull =1l =V(@) = (=V)l
=lVE -Vl =X -3l =L
We have
”v%) + M)’o” 2 ”2 ' uY(»” - ||v)’0 - u}/o” 2 1’ (21)
and thus
llee = 3l = V(@) + V(DI = [IX = vl
> |Ix = vyl = iy, + vypll > 1.
If [lu — Il = 1, we get that |lu,, + v, || = 1, and thus |lu,, — v, || = 1 by (2.1). Note that
E,, is strictly convex and
vy, + ttyll + vy, = sty ll = 2lleey, I

Then vy, =0 or u,, =0, which is a contradiction. Therefore, |[u — JI| > 1, and thus
llzey, — yll > 1. Note that y € S(E,,) is arbitrary. We get that u,, = 0 and thus u = —

Now we prove that V(—u) = —V(u) for any u € S (®,~E,). Note that V is surjective.
There exists v € § (@~ E,) such that V(v) = —=V(u). For any y, € I with u,, # 0,

1l = [ 2 “‘”:”V( A) - ())H v‘
& [lzey, I [[zey, |l IIMYOII ’
and thus
u
1+||uy0||=”i—vm <1+ |yl (2.2)
[[zey, |l
Therefore, vy, # 0 and thus
1+ [l ll = H H ") Cvi)
& ”Vyo“ ||vy0||
v?’o H 70
2yl = 2 - <1+ ()
[[vy,ll vyl &

Then [|v,, || = |lu,,|l. Note that E,, is strictly convex and see (2.2). We get u,, = —V,,.
For any yo € I' with v, # 0, we can get a similar result by the methods above, and
complete the proof. O
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ProposiTioN 2.2. Let 'V : S(@¢~E,) — S(@¢~F5s) be a surjective isometry. For any
u € S (@E,), supp u is a single point if and only if supp V(u) is a single point.

Proor. Assume that there exist yp €I and x € §(E,,) such that u = %. Let &= V(u).
We first prove that #* = h for any 0 < & < 1. In other words, ||hs|| =0 or ||As|| = 1 for
any 0 € A. Otherwise, there exists gy > 0 such that #* # h. Note that V is surjective.
There exist v, w € § (&~ E,) such that

h— he

Vv)=h*, VW)= ———.
) (w) = ]

Note that £, is strictly convex and
vy, + xll = v + &Il = lIh + A%[| = 2,

by Proposition 2.1.
We have
2 =1y, + 2l < vy ll + Xl < 2,

and thus v, = x. It is now the case that
lwy, + xll =1lw + &l = 1 +[lh - 2|

and

Wy, + vyl < llw + VIl = |1 +

h — h® H
llh = heollll
by Proposition 2.1. This is a contradiction.

We now prove that supp 4 is a single point. Suppose that there exist 6}, 0, € A such
that ||hs, || = [|As, |l = 1. Note that V is surjective. There exist v, w € § (&~ E, ) such that

V(V) = h(51 , V(W) = ]’l(sz.
Note that £, is strictly convex and
vy, + xll =1l + Xl = lhs, + All =2,
by Proposition 2.1. We get that
2 =1y, + Xl < vyl + [1xl] < 2,
and thus v, = x. Similarly, we have w,,, = x. By Proposition 2.1,
vy, + wyll < [lv + wll = llhs, + he,ll =1,

which is a contradiction. This completes the proof. |

ProposiTion 2.3. Let V : S(@¢~E,) — S(@¢~F5s) be a surjective isometry. For any
v €1, there exists 6 € A such that V(S (E,)) = S (Fs).
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Proor. Note that V is surjective and recall Proposition 2.2. We only need to prove
that supp V(%) = supp V(’), for any y € " and x, x’ € S(E,,). Otherwise, there exist
yeS(Fs)and y’ € S(Fy) with § # §” such that
V@) =3, V@@)=y.
Then
lx =Xl =% -xN=1y-yll=1

and
lx+ XN =lx+x(=y+yI=1,

by Proposition 2.1. Note that E, is strictly convex and
llx + Xl + [l = Xl = 2 = I(x + x7) + (x = X)II.

Then x = 0 or x" = 0, which is a contradiction. This completes the proof. O

ReEmaRk 2.4. Let V: S(®~E,) — S(®¢~F5) be a surjective isometry. By Proposi-
tion 2.3, there exists a bijection o : I' = A such that V(S (E,)) = S (Fy(,)). We define
V, : S(E)) = S (Fy(y)) by

V,(x) = V(8), Vx€S(E,).

Then Vy(S(Ey)) = S (Fo(y)-

ProposiTioN 2.5. Let V : S(®p~E,) — S (®¢~F5) be a surjective isometry, and let o :
I' = A be the bijection in Remark 2.4. Suppose that u € S(®¢~E,) and V(u) =v. Then
eV oy ) ifu, =0
u —— | ifu ,
T\l I 7
0 ifu, =0.

Vo(y) =

Proor. We first prove that |lu,|| < |[veyll for any y €T'. If [ju,|| >0, there exists
y € S (Fs(y)) such that V(umyll) =y by Proposition 2.3 and Remark 2.4. Then

u,
u+ ——
lleey I

= ”VO'(y) +y|| <1+ ”VO'(’}/)”’

L+ fluy|l = =y + 3l

and thus [lu || < Vel
If [lve)ll =0, we have [lu,||=0. If [[vyll # 0, there exists x € S(E,) such that
V(X) = Vo /IVomll. Therefore,

—

Va(y)
| | Vo‘(y) | |

+ || = [|1X + ul,

1+ Voell = H
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by Proposition 2.1 and thus
L+ lvepll = llx + )l < T+ [luty ||
Then [|[vgell = |luy || and thus
Ll Il = 1l + wy .

Note that E, is strictly convex. We get that u,, = [lu,||x and thus
_ R Uy
ot = o IV = V()
[leey ||
which completes the proof. O

ThEOREM 2.6. Let V : S (@¢~E)) — S (®¢~Fs5) be a surjective isometry. Then V can be
extended to a linear isometry on the whole space.

Proor. For any y €T, V, : S(E,) — S (Fy()) defined in Remark 2.4 can be seen as a
surjective isometry between S (E,) and S (F ). We then define Vy 1 E, — Fgq) by

0 if x=0;

V() =
v ||x||vy(i) it x#0.

[lxll
It is clear that V), is surjective. Now we prove that V,, is an isometry. Note that
V,(Ax) = AV,(x), Vx€ Ey, 1€R,
by Proposition 2.1. We only need to prove that
IVy(x) = V(X)) = llx = x|

for any x, x" € Bi(E,). In fact, for any y; #y and y € S(E,,), let u=%+9 and v =
X' + 9. Itis clear that u, v € S (&¢~E,). Then

IV, () = Vo (Xl = IV() = V)l
= flu =l = llx = X'll
for any x, x" € By(E,), by Proposition 2.5. By the Mazur-Ulam theorem, Vy is a linear

map.
We now define V : @ E, — @~ E; by

V(uys = V;-(:s)(ucrl ©))

for any § € A and u € & E,. By Proposition 2.5, V|s@,£,) = V and V is linear. This
completes the proof. m|
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