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ABSTRACT. If n is a natural number, let A(n) be the number of 

integers, k, such that 0 < f c < n and n divides ( I. Then <f>(rc)< 

A(n) < n -1 - 2o)(n) + s, where w(n) denotes the number of distinct 
prime factors of n, and s = 0 unless n is twice a prime, in which case 
8 = 1. 

Introduction 

DEFINITION 1. If M is a natural number, let A(n) be the number of integers, 

k, such that 0 < k < n and n divides I I . 

Although an extensive literature exists concerning the divisibility properties 
of binomial coefficients, just one recent article [2] dealt directly with A(rc), 
only to obtain an asymptotic result. In this article, we develop some properties 
of A(n); p always designates a prime. 

Preliminaries 

DEFINITION 2. 0n(m) = k if nm \ k but nm+1 X k. 

DEFINITION 3. fp(n) = XUo^i if rc =Ei=o0iPi. 

(1) 0p(ab) = 0p(a) + 0p0>) 
(2) [a + fc]-l<[a] + |> ]<[a + b] 

H")-U*) 
(4) tp(ap') = tP(a) if p ^ a 
(5) tp(a) = 1 if and only if a = p' for some / > 0 

(6) t2(n-k) = t2(n)-t2(k) if n = 2 m - l and 0 < f c < n 

(7) Op(n!) = XJLiWp'] 

(8) O p ( ^ ) ) = {<p(k) + « p (n-k)-< p (n)}/ (p- l ) 

_^C:!K") 
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THEOREM 1. If 0<k<n and (fc, n) = 1, then n/i I. 

Proof. Follows directly from hypothesis and (9). 

COROLLARY 1. A(n)>c/>(ft) for all n. 

Proof. Follows from Definition 1 and Theorem 1. 

REMARK 1. It is possible for n2 to divide I ), for example if n = 30 and 
fc = 7 or 11. 

THEOREM 2. If 0<k<pe and p*k, then 0plr )) = e. 

Proof. 

( 1 ) , ( 7 ) ^ 0 P ( ( ^ 

-I{pe~J-[fc/pj]-[(pe-fc)/Pn} 
J = I 

Hypothesis->p^/c(pe-/c)->[k/p J]<fe/p J , [ (p e - fc ) /p J ]<(p e -k) /p J , so that 
[fe/p,"] + [(pe-fe)/p , ' ]<pe" i . Since 

[pe~i] = pe"J' for ! < / < * , ( 2 ) - ^ p e - i - [ f c / p l ' ] - [ ( p e - k ) / p i ] = l , 

THEOREM3. Ifp*ab,i<k, and 0 < a <bpk~\ then 0PM
 P

J ) ) = 0
P ( ( P ))• 

Proof. 

(8), ( 4 ) ^ 0 P ( ( ^ 

= {tp(a) + / p (&p k - i -a ) - t p (&p k -0} / (p- l ) = Op((6 p
a ' ) ) . 

THEOREM 4. Ifpfa, j < e , and 0 < a p e J, then 0p(f P
 J. H = e - / . 

Proof. Apply Theorem 3 with 6 = 1, then apply Theorem 2. 

THEOREM 5. A(pe) = 4>(pe)== p e - 1 ( p - l ) . 

Proof. If 0 < k < p c and p | k, let k = ap\ where p ^ a and l < j < e . 

Theorem 4 -» 0P( ( T ~ ) ) = e-j<e -> p e +1 1. The conclusion now follows 

from Corollary 1. 
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REMARK 2. Theorem 5 also follows from [1,4.12]. 

THEOREM 6. If p | n, then n 

Proof. Let n = bpe, where b > 1 and p^b. 

COROLLARY 2. A ( n ) < n —1 —2co(n) + e, where (o(n) denotes the number of 
= 2p 

Ï2p' 
J. • • r j f l if n = 2 p 
distinct prime factors of n, and e = < 

10 if n 
Proof. Follows from Theorem 6 and (3). 

THEOREM 7. If n = 2p, where p = 2k -1, theft A(ft) = $(ft). 

Proof. By Theorems 1 and 6, and by (3), it suffices to show that 2<2fti < p 

implies 2 \ ( I. Using (8), (4), and (6), we have 
I \2m/ 

°2\\2m)) = t2(2m) + t2(2p-2m)-t2(2p) = t2(m) + t2(p-m)-t2(p) = 0. 

REMARK 3. There exist integers n such that A(n) = <t>(n), yet n is neither a 
prime power nor twice a Mersenne prime, for example n = 15 or 51. 

THEOREM 8. If ft = 2p, where p = 2k + 1 , then A (ft) = ft -2<o(ft) = ft - 4 . 

Proof. By Theorems 1 and 6 and by (3), it suffices to show that 2 < 2 f t i < p 

implies 2p ( I. Clearly, p ( J. As in the proof of Theorem 7, we have 
I \2fti/ I \2fti/ 

02( ( 11 = t2(m) + t2(p-m)~t2(p). Now hypothesis implies t2(p) = 2; p odd 

implies p-m^m (mod 2). Thus (5) implies t2(m) + t2(p - m) > 3, hence 

° 4 2 : ) ) — I Q 
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