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RADIAL GROWTH AND EXCEPTIONAL SETS FOR
CAUCHY-STIELTIJES INTEGRALS

by D. J. HALLENBECK and T. H. MACGREGOR
(Received 2nd July 1992)

This paper considers the radial and nontangential growth of a function f given by

f(@)= ———dp(l) for |f<1,

" (1= ZZ)“

where a>0 and p is a complex-valued Borel measure on the unit circle. The main theorem shows how certain
local conditions on u near ¢ affect the growth of f(z) as z—¢ in Stolz angles. This result leads to estimates
on the nontangential growth of f where exceptional sets occur having zero f-capacity.

1991 Mathematics subject classification: 30D99, 30E20.

1. Introduction

Let A={z:|z|]<1} and T'={z:|z|=1}. Let .# denote the set of complex-valued Borel
measures on I'. For each a>0 the family %, of analytic functions is defined as follows:
fe%, provided that there exists ue.# such that

f@)= I du(f) (1)

f)‘

for |z| < 1. (Here and throughout this paper every logarithm means the principal branch.)
Equation (1) is equivalent to

1@= § e @

where g is a complex-valued function of bounded variation on [ — =, n]. Throughout this
paper we assume that every such g is extended to (—o0,0) by
g(t+mn)—g(t—n)=g(n)—g(—n). Then (2) can be rewritten

0+=x 1

f@=§

o2 e 2y 0 ©
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for each real number 6 and g is of bounded variation on [0 —x,0 +n].

We consider the effect of the differentiability of g, or of other local smoothness
conditions at 6, on the radial growth of f in the direction 6. In particular, this yields a

new proof of the result in [2, Theorem 7] that if fe#, and a>1 then
lim,.,_(1—r)*"! f(re’®)=0 for almost all 6 in [ —=,x]. If f € #, then (1) implies

iyl o=
e =rd

and this maximal growth is achieved, for example, by

f()—(—z);

It was shown in [2. Theorem 11] that if f €%, then

; 1
el =o| 5]

as r—1— except possibly for a set in 8 which is countable. Also, when a> 1 any growth

smaller than
1
(1 )a 71 _ya-1

is achievable for some f e %, and for all 8 [2, Theorem 8]. Thus the growths

1 d 1
[ P

provide extreme cases for questions concerning exceptional sets.

Theorem 2 in this paper shows that certain growths between these two extremes are
associated with exceptional sets whose B-capacity is zero. For example, it is proved that
if fe#,0<f<aand f<1 then

i 1
f(re 0) o[(l r)c ﬂ]

for all 8 in [ —n, ] except possibly for a set whose B-capacity is zero.
The results obtained about radial growths are proved in more generality and are
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expressed in terms of suitable nontangential limits. Suppose that —z<6<s and
0<y<m. Let S(6,7) denote the closed Stolz angle having vertex €'’ and opening y. There
are positive constants 4 and B depending only on y such that if z=re’®e S(6,7) (and ¢
is chosen suitably) then

|z—e®| < A(1—|2|) O]
and

|¢—6|<B(1—|z]). )
A function f defined in A is said to have a nontangential limit at '’ provided that

lim f(z) exists for every p(0<y<m).
z—eif
zeS(6,y)

The results in this paper complement facts about nontangential limits proved in [3].
In particular, it was shown in [3, Theorem 5] that if fe %, for some « where O <a<1
then f has a nontangential limit at e® except possibly for a set of 8 in [—n,n] whose
a-capacity is zero. The focus of this paper is primarily on the growth of f where fe %,
and a=1.

- 2. Radial growth and exceptional sets of zero f-capacity
Theorem 1. Let a>0 and for

= 1
|z| <1l let f(2)= __[‘ (l—e—"'z)‘; dg(1),

where g is a complex-valued function of bounded variation on [ —n, 7).

(a) Suppose that |g(t)—g(0)|=o(|t—0|%) as t—0, for some @ in [—n,n] and for some
B>0. If B<a then (1—e~"°z)*~# f(2) has the nontangential limit zero at €. If f=a then

J(2)

lo ;
& 1—e 0z

has the nontangential limit zero at ‘.
(b) Suppose that
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lg() - g(6)| =0 [—‘1-}3 (6,
log—|t—0|

for some 0 in [ ~n,n]). Then

[(1 —e""’)"log(1

has the nontangential limit zero at €*.

L )]f(Z)
—e zZ

Proof. Equation (3) implies

O+=n 1

f(z)=0__[" (—1‘_—;.-,2—), d[g()—g(0)],

and an integration by parts gives

=20 D801 T oty —gt6)1ds
(1+e7%2) ==

where

K(Z) =m.

Let 0<y<m. If ze §(0,y) then

6+n
r@IsCi+a | ,Jfﬁ)—g‘—l"n- d,

where

1
Cl =|g(6+1t)—g(0—1!)| sup {m}< + o0.

zeS(0,7)

This can be written

If(z)|§cl+a I _IML‘” (6)

—I(B'H) |a+l
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Assume that >0 and |g(t)—g(6)|=o(|t—6/) as t—»6. Let £¢>0. There exists  such
that 0<é<1 and |g(6+1t)—g(6)| <¢|t]® for |t| <. Let A and B be the constants described
by (4) and (5) and let r=|z|. There exists n such that 0<n<1/2 and if zeS(6,y) and
|z—€®| <7 then 2B(1 —r)<é. For |t|<m and |z|<1 let

|g(8+1)—2(6)]
G(t,2)= [1—e @@F0 T

For 1<n<S let J,={; G(t,z)dt where
Ii=[-n,-8),I,=[-6, —2B(1-r)),I;=[—2B(1—r),2B(1—r)],
1,=[2B(1-r),8], and I;=[9,n].
Clearly G(t,z) is bounded for tel, and ze S(6,y) and hence there is a constant C,

such that J,<C, for zeS(0,7). Likewise Js<C,; for zeS(6,y) where C; is some
constant. For ze $(6,7) and |z—e"®| <n we have

—2B(1-») g(0+t)_g(0)| P a+1 —2B(1-r) Itlp
= <| —
J, —Io Il_e-i(o+:)z|a+1dt=<\[2) € _."6 It_(¢_9)la+1dt

p n a+1l —2B(1-r) 1
<2 . —— T
= (ﬁ) S N )

Suppose that f<a. Then

‘"’}“" 1 . 1 3 1
5 t—@—0F T a—B |[¢p—0+2B(1—r)]*"F [¢—9+5]“-"}

b8 L =< L
“@—Pé—0+2B(1-N1 "~ (@—PBP(1—r "

because of (5). Hence

CBP [ = \**' 1
J2§;—_—ﬂ($> 8W.

The same inequality holds for J,. Also,

2B(1-r) _ 2B(1-r) B p+1
J= g |g(6+ 1) —g6)| g | elt| i =228 €

—-23(1—r)Il—e_iw“)zlu“ =—zs(1—r)(1—r)¢+l B B+1 (1-")“—3.

https://doi.org/10.1017/50013091500018708 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018708

78 D. J. HALLENBECK AND T. H. MACGREGOR
Since (6) implies | f(z)| £C, +a) -, J, the estimates above yield

Cse

If(Z)I§C4+W

for zeS(0,y) and |z—e"®|<n, where C, and Cy are constants. This inequality and (4)

imply that

lim (1—e "2z ff(z)=0.
z—ell
ze5(8,7)

This proves (a) in the case f<a.
Next suppose that f=a. Then the estimate for J, given above becomes

[{ 1)/2 +1 B S 1

J, 2@ it qet e —— dt.

z -j s |t—(¢—0)

By considering the cases ¢ <0, ¢ =06 and ¢ >0 we find that, in general,

—-2B(1-r)

1 1
1) t—(@—0)] d‘§1°g[3(1—r)]‘

Hence

J,<2@ 2 gt logl:B(l1 ):I.
—r

The same inequality holds for J,. Also,

2(2B)a+ 1

J3<
3= a+l

E.

This yields

If ()< Ce+Cre 1og(1—1—;>

for ze $(6,y) and |z—e"®| <n, where C¢ and C, are constants. Therefore
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lim _J@ =0.
z—eld 1
zeS(0,y) I
’ log( I —r)
We are required to prove that
lim _ﬂ___ =0.

z—relf 1
zeS0,y) 1 .
og(l —e""z)

Hence if suffices to show that

1
log<——1 — r)
M= sup -~ 7

ze8(6, v) 1
l —_—a
Og(l —e""z)

1zl=r
Inequality (7) follows if it is shown that

0sr<1
1
1 .
(i)
lo _—1_.
B\1=c7;

is bounded for ze S(8,7), |z|=r and r sufficiently near 1. If z=re'®€S(6,y) then (5) gives
|¢— 6] <B(1—r) and hence there exists r, such that 0<r, <1 and 1—cos(¢—60) <(¢p —6)>
for r, £r<1. Thus

< +00. )

1—e~"z]> =(1—r)® +2r[1—cos(¢— )] <(1—r)?
+2Ap—0)?<(1+2B2)(1—r)>.
Hence

1 1

— > < =./1 2
|1-e""z|_C(1—r) for ri<r<l1, where C +2B

There exists r, such that
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risr,<l! and ﬁ>l for r,<r<1.
Then
1 1 | 1 | 1
log—————|2|Rel =|l . 21 f <r<l.
o8,y | ZIRe e )|~ [ Bla=e )= BCi-—n . =TT
Therefore, if ze S(6,y) and r,<r<1 then
logL log
1—r 1—r
] < 1 =o(r).
log——— = —
08w, | loegtlogi—

Since lim, ,, - a(r) =1 this proves (7). Hence the proof of (a) is complete.
The proof of (b) follows in a similar way. We have O0<d<1 and

£

1
logH

|lg(6+1)—g(8)| <

for | <é.

The estimate on J, becomes

a+1 -2B(1-r)
ng(l> e 1 dt

2 Za
V2 <log ﬁ)lt—(d)—@)l““

.

a+1 -2B(1-r) 1
) 2y | ——dr

(log m)|t|a+ 1

at+l
> 22t eL(r),

S

|

N

Ku|“
[\®)

where
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p 1
L= | ——at
2B(1-r) ta+ll 2
Ogt
Let

M@= 1 for O<r<l.

(1—r)*log (IL—r)

Then lim, ., - L{r)= + o0 and lim,_,, - M(r)= + co and ’'Hospital’s rule yields

im L 1
re1- M(r) «(2B)"

Hence then exists r; such that 0<r, <1 and

Le) 2
M(r)= «(2B)"

for r,=r<l1.

Therefore there is n’ such that 0<#'<#n and

Cqe

(1—r) log(l—_l_—r>

and |z—e'®| <#’, where Cg is a constant. The same inequality holds for J,.
Also

J,= for zeS(6,7)

2B(1 -r) 2B(1-r)
€ 1 2¢ 1
JsS— pdt=g— s | 7 dt
( r) —-2B(1-r) log— ( r) 1] lOg—
le t
2% 1 4Be
S [2B(1-n] | = 1
log——— 1-rflog———
°82B(i—n) (1=r)log S

These estimates imply
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C,o¢

(l—r)“log(ll_r>

and |z —e'®| <#’, where C,y and C,, are constants. This proves that

If@)|sCo+ for zeS(6,y)

lim {[(l—r)" log {7 )] f(z)} @)
z:;(fr)
We have
log; ’ | Zlog( ! ) for |z|=r2r,
(1—e™z)|= (1—| Dl 2= —r -

for a suitable ry (0 <ry,<1). Thus (4) and (8) imply

lin}o {I:(l —e " 2)" log <(1 l_,o )):If(z)}=0.

zeS(0,7)

This completes the proof of (b). O

The notion of zero B-capacity for Borel subsets of [ —n,n] provides a useful measure
of the fineness of exceptional sets for the radial growth of functions in %, The
definition and properties of S-capacity are given in [1]. We note that O-capacity
corresponds to logarithmic capacity and that if the B-capacity of a set is zero for some
B(0< B <1) then its Lebesgue measure is zero.

The next theorem uses the following lemma. It is proved in [4, Lemma 1] in the case
0<pB<1 and a similar argument proves the second assertion.

Lemma 1. Suppose that g is a nondecreasing function on [—n,n]. If 0<f<1 then
|g(t)—g(0)|=o(|t-—0|”) as t—0 for all 0 in [—n,n] except possibly for a set whose
B-capacity is zero. Also,

60— (6)| =0 [—‘1—

ast—0 forall @in[—n,n]
log
=]

except possibly for a set whose logarithmic capacity is zero.

Theorem 2. Suppose that o>0 and fe%, If 0<f<l and f<a then
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(1—e™2)*"2 f(2) has the nontangential limit zero at € for all 8 in [—n,n] except
possibly for a set whose B-capacity is zero. Also,

[(1 o2y log )]m

has the notangential limit zero at ¢'° for all 6 in [ —n,n] except possibly for a set whose
logarithmic capacity is zero.

Proof. This is a direct consequence of Lemma 1 and Theorem 1.

3. Radial growth and differentiability

Theorem 3 below gives estimates on the radial growth of a function fe %, in the
direction 8 when the function g representing f is differentiable at 8. The result is
expressed in terms of suitable nontangential limits. This yields a new proof of a result in
[2] about the radial growth of f off exceptional sets of measure zero. Also it is shown
that Theorem 3 is sharp when 15a<2.

Theorem 3. Suppose that a2 1, g is a complex-valued function of bounded variation on
(—n,n] and let

f@)= I

§ e 40 ©®

for |z| <1. Assume that g is differentiable at some 6 in [—mn,n]. If a>1 then
(1—e~"2)*"! f(2) has the nontangential limit zero at &'. If a=1 then

f(@)
lo —1_..
g(1——e‘“’z)

has the nontangential limit zero at €.
Proof. Suppose that (9) defines f where g is of bounded variation on [—n,#] and

assume that g is differentiable at 6. Define the function § by &)=g(t)—tg'(0) for
—n<t<n. Since g'(6) exists, we have |F(t) —g(0)| = o{|t — 0]) as t—6. Also, because

T 1
L _dr=
a2

it follows that f(z)= f(z) +2ng’() where

https://doi.org/10.1017/50013091500018708 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018708

84 D. J. HALLENBECK AND T. H. MACGREGOR

J@=1§

3 HT“Z)‘ dg(t) for lzl <1.
Hence [ satisfies the assumptions of Theorem 1 and part (a) of that theorem where
B=1 yields the conclusions. O

The following theorem was proved in [2, Theorem 7] using a different argument.

Theorem 4. If a>1 and feF, then (1—e '°z)*"! f(z) has the nontangential limit
zero at €'° for almost all 8 in [—n,n].

Proof. Suppose that a>1 and fe%,. There is a complex-valued function g of
bounded variation on [—=,n] such that (9) holds for |z|<1. Since a function of
bounded variation is differentiable almost everywhere, there is a set E c [ —n, 7] having
Lebesgue measure 2n such that g'(6) exists for 6eE. If e E then Theorem 3 implies
(1—e~"2)*"! f(z) has the nontangential limit zero at ‘. O

We add some remarks related to Theorem 3. Suppose that f is defined by (9) where g
is of bounded variation and g’(f) exists at some 8 in [—=m,n]. Now assume that
0 <a< 1. The differentiability of g at 8 implies that there are numbers é and C such that
O0<dé<n, C>0and

‘M‘gc for 0<r<é.

Since a <1 this implies that

j 000l
Therefore f has a nontangential limit at e (see [3, Theorems 2 and 4]).

When a=1 the assumption that g is differentiable at § does not imply that f has a
radial limit in the direction 6. This fact is implied by (10) in Theorem 5 below. We see
this implication, for example, by letting

dn=——>  <r<i).

1
1 —_
8 1—r>

More generally, Theorem 5 asserts that Theorem 3 is sharp when 1 <a<2. When a=1
this shows that the argument given for Theorem 4 cannot be used to deduce the result:
if feZ, then f has a nontangential limit in almost all directions. This result, of course,
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is derivable from known facts about functions in H? spaces. We note that #, c H? for
O<p<l.
The proof of Theorem 5 uses the following lemma.

Lemma 2. Let 0<f=<1 and let

=—— where z=re®.
YTy

If0<r<1and |0|<1—r then
Rewz

_1
=2(1-r)*

Proof.
8/2
|1 —z|"=|:(1 —r)? +4rsin2<g):| <[(1-n?+6%]%2

<22(1—rff <. /2(1-1)F.

We may assume that 8>0. Then 0<8<1 and this implies

1
i 0<—.
sin 8 + cos =19

Hence

rsind < (1—8)sind

1—rcos6=1—(1—6)cos8= "’
and

1 | _y [ rsin@

cos[ﬂ arg(1 _z)]—cos[ﬂ tan (l —— 0)]
gcos[ﬂtan"(l)];cos<§)=)§_

Therefore
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_ 1 1 1 /2

1
T 1-r)f

Theorem 5. Let 1<a<2 and suppose that ¢ is a positive nonincreasing function on
(0, 1) such that lim, ., _ &(r)=0. Then there is a function f given by

f@=]

_,,(lTeTi'_z);dg(t) for |Z|<1,

where g is of bounded variation on [ —n,n] and g is differentiable at 0. Moreover, when
a=1

lim —lf—('l|—=+oo (10)

r—1- 1
&(r) log(:)

fim SO0 1)

r—1- 8(7')

and when 1 a2

Proof. The hypotheses on ¢ also hold for \/;: Hence it suffices to show such an f
exists where (10) and (11) are respectively replaced by

lim SO 5, (12)
r-1-
&(r) log(L)
1—r

and

= £l =0

r—+1- e(r)

v

1. (13

Let {x,}{(n=1,2,...) be a strictly decreasing sequence of real numbers such that
0<x,<1 and lim,., x,=0 and let r,=1-x,. There is a strictly decreasing sequence
{a,} of a positive real numbers such that lim,_, , a,=0,

a,21%e(r,) (14)
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in the case a=1 and
an g(d— 1)8(1',,) (15)
when a>1. A real-valued function h is defined on [—nx,n] as follows. Let h(0)=0 and
require that h is odd and on (0,n] let h be defined as described next. Let x,=
3(x,+x,+1). For x; <x<n let h(x)=a, and for x,,, <x<x, let h(x)=a,,,. On each
interval [x,x,] let h be linear and let h(x,)=a,,, and h(x,)=a,. Then h is continuous
on (0,7] and on [—x,0) and since lim,_, , a,=0, h is continuous at 0.

For —n<t<n let k(t)={" .h(s)ds. Then k is of bounded variation on [—n,n] and
K(t)=h(t) for —nm<t<mn. Let f be defined by

J@)= § Kie™"2)dk() (19)

for |z| <1, where

z
K (Z) = (I——ZF.
It is not difficult to show that (16) can be expressed

10= | G 4500 (1)

for |z|<1, where g is a complex-valued function which is of bounded variation on
[—=, =] and is differentiable at 0.

Equation (16) is the same as f(z)= %, K(e *z)h(t)dt. Since h is odd and K(e™"r)=
K(e''r) for 0<r<1 it follows that

f()=—2i | Im[K(e*Ih(t)dt. (18)
0
If0<t<n and O0<r<1 then ImK(e"r)20 and h(t) 20. Thus, (18) implies

|f(n|=2 j Im[K(e*r))h(t)dt =2 j Im[K(e"r)Jh(t) dt
[1] Xn

22a, | ImK(e*r)dt.

Xxn

This inequality is the same as
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|f ()] 22a, Im{f K(e"r) dt}.

Xn

Suppose that a=1. Then

Im{} K(e“r,,)dt}=1m{} i% log(l—e"r,,)dt}

Xn

=log——1.—+log(1 +r)2log———
’1-—e""‘r,,| |1—-e""‘r,,|
=% log L

(1—r,)?+4r, sin? (%)

v
N[ =

[ 1 1 1
=1 —~log2.
log _(1—r,,)2+x,%] 81,y " 21°82
Therefore, (19) and (14) imply

£ G|z er) {mﬁ ~L1og 2}.

This proves (12).
Suppose that 1 <a<2. Then Lemma 2 implies

m{ ] Kierarf=im{ | 5 G-t e

Xn

__! {p, 1 1
Ta—1] (1—€*r) "t (1+r)!

5 1 { 11 }
Ta—1120=r)>" ! (Q+r)!

Therefore, (19) and (15) imply

1 1
o220 { s~ g
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This proves (13).
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