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MEASURES DEFINED BY GAGES

Dedicated to the memory of Professor E. J. McShane

WASHEK F. PFEFFER AND BRIAN S. THOMSON

ABSTRACT. Using ideas of McShane ([4, Example 3]), a detailed development of
the Riemann integral in a locally compact Hausdorff space X was presented in [1].
There the Riemann integral is derived from a finitely additive volume v defined on
a suitable semiring of subsets of X. Vis-a-vis the Riesz representation theorem ({8,
Theorem 2.14]), the integral generates a Riesz measure v in X, whose relationship to
the volume v was carefully investigated in [1, Section 7].

In the present paper, we use the same setting as in [1] but produce the measure
directly without introducing the Riemann integral. Specifically, we define an outer
measure by means of gages and introduce a very intuitive concept of gage measur-
ability that is different from the usual Carathéodory definition. We prove that if the
outer measure is o-finite, the resulting measure space is identical to that defined by
means of the Carathéodory technique, and consequently to that of [1, Section 7]. If the
outer measure is not o-finite, we investigate the gage measurability of Carathéodory
measurable sets that are o-finite. Somewhat surprisingly, it turns out that this depends
on the axioms of set theory.

1. Preliminaries. Throughout this paper, X is a locally compact Hausdorff space.
If A C X, we denote by A~ and A° the closure and interior of A, respectively. If Z and ¥
are families of subsets of X, we say that E refines ¥ whenever each E € Z is contained
insome F € 7.

We fix a family S of subsets of X that satisfies the following conditions.

1. IfA,B € S, then AN B € § and there are disjoint sets Cy, ..., C, in § such that

A—-B=UL C.

2. If A € 5, then A~ is compact.

3. Foreach x € X the collection S(x) = {A € 5 : x € A°} is a neighborhood base at x.

The following lemma, which was proved in [5, Section 1], summarizes some useful
properties of the family .

LEMMA 1.1. The following statements are true.

1. Each collection {A\,...,An} C S is refined by a disjoint collection
{Bl, .. .,Bn} C S with U’:l:] Bj = U:Zl A,

2. ForeachA € Sand each collection{A,,...,An} C Sthere is a disjoint collection
{B], .. .,Bn} C S with ]'»;1 Bj =A— U?llAi-

3. If A € S, then each open cover U of A~ is refined by a disjoint collection
{A1,.. ,An} CSwithA =L, A
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A partition is a collection (possibly empty) P = {(Ay,x1),....(Ap,x,)} where
Ay, ...,Ap are disjoint sets from § and xi,...,x, are points of X. We say that P is
anchored in aset E C X if {x),...,x,} C E.IfA € Sand P is anchored in A~ then
P is called a partition in A or of A according to whether (J_; A; C A or | A; = A,
respectively.

A gagein aset E C X is a map 7 that to each x € E assigns an open neighborhood
Y(x) of x in X. If v is a gage in E C X, then a partition {(A}, x}), ..., (Ap, x,)} anchored
in E is called 7-fine whenever A; C Y(x;) fori=1,...,p.

The next simple lemma, proved in [1, Lemma 2.2], is of critical importance.

LEMMA 1.2. IfA € S, then a V-fine partition of A exists for every gage Y in A™.

Throughout this paper, we assume that on § is defined a nonnegative real-valued
function v, called volume, such that

n

W(A) =3 v(A)

i=1
for each A € § and each disjoint collection {Ay, ...,A,} C S for which L, A; = A.

EXAMPLE 1.3. A canonical example of the situation described above is obtained by
letting

1. X = R where R is the set of all real numbers with its usual topology;

2. s={la,b):a,beR,a <b};

3. v([a, b)) = a(b) — a(a) where a: R — R is an increasing function.
If 6 is a positive real-valued function defined on a set £ C R, then the map V:x —
(x —6(x), x + 6(x)) is a gage in E.

If f is a real-valued function defined on a set E C X, we let
P
o(f, P) = f(x) v(A)
i=1

for each partition P = {(A), x1), ..., (Ap, x,)} anchored in E.

DEFINITION 1.4. A real-valued function f defined on the closure of A € S is called
integrable in A if there is a real number / such that given £ > 0, we can find a gage 7 in
A~ such that |o(f, P) — I| < ¢ for each Y-fine partition P of A.

In view of Lemma 1.2, the number / of Definition 1.4 is uniquely determined by the
function f. It is called the integral of f over A, denoted by [, f. For the basic properties
of the integral we refer to [1, Sections 3-6).

2. The outer measure. Let E be a subset of X. If v is a gage in E, we let

P
vy (E) = sup ) v(A))
i=1
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where the supremum is taken over all partitions {(A,x)),....(Ap, x,)} anchored in E
that are Y-fine. The number

vi(E) = inf vy (E)

where the infimum is taken over all gages 7 in E is called the outer measure of E. Our
first task is to show that the map v*: E +— v*(E) is an outer measure in X in the usual
sense.

PROPOSITION 2.1. The following statements are true:
1. v'(0)=0;

2. ifE CF CX, then v(E) < V¥(F);

3. if{E,} is a sequence of subsets of X, then

[e¢] o0
V(UE) <0 E;
n=1 n=1
4. if E and F are subsets of X contained in disjoint open subsets of X, then

VI(EUF) =v(E) + v*(F).

PROOF. The first statement is correct because only the empty partition P = ) is used
in the definition of v*({).

Let E C F C X and let Y be a gage in F. The restriction of ¥ to E, still denoted by 7,
is a gage in E and we have

VI(E) < vy(E) < wy(F).

The second statement follows from the arbitrariness of 7.

In the third claim, assume first that the sets E, are disjoint. If ¥, is a gage in E,, define
agage Y in E = |J2, E, by letting Y(x) = 7,(x) whenever x € E,. If P = {(A,x1), ...,
(Ap, xp)} is a partition anchored in E that is Y-fine, then {(A;, x;) : x; € E, } is a partition
anchored in E, that is 7,-fine, and consequently

Mw

v)-zzwm<zmw>

1 n=1 x;€E,

This and the arbitrariness of P implies
00
VI(E) < (E) < 3w, (En).
n=1

As 7, is an arbitrary gage in E,,, the desired inequality follows. Now if E,, are any subsets
of X, the previous result and the second statement yield
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Finally, let E and F be subsets of X contained in disjoint open subsets of X, and
let ¥ be a gage in E U F. We can find gages o and 3 in E and F, respectively, so
that a(x) C Y(x), B(y) C Y(y), and a(x) N B(y) = @) for each x € Eand y € F. Let
P={(Ei,x1),...,(Ep.xp)} and Q = {(F\,y1). ..., (Fy.y4)} be partitions anchored in E
and F that are - and (3-fine, respectively. Then P U Q is a partition anchored in EU F

that is Y-fine. Thus
p

SUE) + 3 F) < w(EUP),
=1

i=1

and by the arbitrariness of P and Q,

VI(E) + V' (F) < va(E) +v3(F) < v (EUF).
The arbitrariness of ¥ implies
VI(E) + v (F) <VI(EUF),

and applying the third statement completes the proof.

PROPOSITION 2.2. If K is a compact subset of X, then
v'(K) =inf ) w(B))
=1

where the infimum is taken over all disjoint collections {B.....B,} C S for which
K C (UL By .

PROOF. Denote by c the right side of the equation we want to establish.

If v*(K) < ¢, then v,(K) < c for a gage 7 in K. Given z € K, find a neighborhood
U, € Sof zin X with U; C (). Since K is compact, there are zj, ..., Zp in K such
that {U, ..., U; } covers K. According to Lemma 1.1, the collection {U.,..... U.,}
is refined by a disjoint collection {A,, ..., Ay} C S for which | A; = UL, U,,. For
i=1,...,p,letx; = z; where j is an integer with 1 <j <nandA; C U;,. Itis clear that
{(A1,x1),...,(Ap, xp)} is a partition anchored in K that is Y-fine, and that

n n o 14 o
KcUU: c (U u,) =(Ua) -
=1 j=1 i=1
Thus ¢ < ¥ v(A;) < v,(K), a contradiction.

Conversely, if ¢ < v*(K), we can find a disjoint collection {B. ..., B,} C S so that
K C (UL, B)° and 7 v(B;) < v*(K). There is a gage 7 in K with Y(x) C UL, B; for
each x € K. If {(A1,x)),.. .,(A,,.x,,)} is a partition anchored in K that is 7Y-fine, then
UL, Ai C UL, B;. An easy application of Lemma 1.1 shows that -7 v(A;) < 57, v(B)),
and consequently

VI(K) < vy(K) <) v(By).
J=1

This contradiction proves the proposition.
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PROPOSITION 2.3. If G is an open subset of X, then

v'(G) = sup v*(K)
K

where the supremum is taken over all compact sets K C G.

PROOF. If ¢ denotes the right side of the equation we want to establish, then ¢ < v*(G)
according to Proposition 2.1. There is a gage Y in G such that Y(x)~ C G foreach x € G.
Let {(Ay,x), .. ., (Ap,x,)} be a partition anchored in G that is V-fine. We select a gage
Binthe set K = [ J_| A;", which is a compact subset of G. Using Lemma 1.2, find 3-fine
partitions P; = {(A},x}), ..., (A}, x, )} of Aj,i = 1,...,p, and observe that P = |J_, P;
is a partition anchored in K that is 3-fine. Thus

Me

P Pi .
VA) = 303 WA < vy(K)
i=1 j=I

t

and as [ is arbitrary,
P
> oA < viI(K) <ec.

i=1
The arbitrariness of {(A;,x)), ..., (Ap,x,)} implies that v(G) < v,(G) < c.

COROLLARY 2.4. IfA is the union of a disjoint collection {A,, ..., Ay} C S, then

k
VI(A®) < DT uA) < viA).
i=l
PROOF. If K is a compact subset of A°, then v*(K) < Zf;, v(A;) by Proposition 2.2.
The inequality v*(A°) < 3%, w(A;) follows from Proposition 2.3.
Observe that the volume v has a unique additive extension w to the ring of sets

generated by S. If {By, ..., B,} C Sisadisjoint collection with A~ C (U By)°, then
k n n
D V(A) =w(A) =) wANB) < w(B)),
=l =1 =1

and the corollary follows from Proposition 2.2.

EXAMPLE 2.5. In the context of Example 1.3, it is easy to show that
v (la. b)) = a(b—) — a(a—)

where a(c—) = lim,_, a(x) for each ¢ € R. Since a(c—) < a(c), we see that for an
A € S, there is no direct relationship between v(A) and v*(A).

PROPOSITION 2.6. IfE C X, then
vi(E) = i?f vi'(G)

where the infimum is taken over all open sets G C X containing E.
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PROOF. If ¢ denotes the right side of the equation we want to establish, then v*(E) <
¢ according to Proposition 2.1, 2. Proceeding towards a contradiction, assume that
v*(E) < ¢ and select a gage 0 in E for which v, (E) < c¢. If G = ,¢g n(x)°, then there
i1s a gage VY in G such that Y(x)~ C G for each x € G and Y(x) C 7(x) whenever
x € E. Let P = {(A1,x)),....(Ap,x,)} be a partition anchored in G that is Y-fine, and
fix an integer i with 1 < i < p. Since A7 C V(x;)~ C G, we can find a disjoint
collection {Af, ..., A} } C § which refines {n(x)° : x € E} and such that A; = U, A}
(Lemma 1.1, 3). Forj = 1,..., p;, choose an xj € E with A]’. C n(xj.) and observe that

{@A,x):j=1,....psi=1,....p}

is a partition anchored in E that is 7-fine. Consequently
Pi

14 .
WA = 33 WA < vy (E).
i=1

=

i=1
This and the arbitrariness of P imply
¢ SVH(G) < (G) S wy(E),

a contradiction.

3. Gage measurability. The following definition, which follows the spirit of Defi-
nition 1.4, closely reflects our intuition that a measurable set should not be too entangled
with its complement.

DEFINITION 3.1. A set E C X is called gage measurable if given € > 0, there is a
gage Y in X such that

M=

q
WA; NB)) < e

I
-

for each V-fine partitions {(A;,x), ..., (A,. x,)} and {(B;, y1), ..., (By. y4)} anchored in
E and X — E, respectively.

The family of all gage measurable subsets of X, denoted by S, is generally incompa-
rable with the original semiring S.

EXAMPLE 3.2. Let X = R, let S be the ring of all bounded subsets of R, and let
v:§ — [0, +00) be a finitely additive extension of the Lebesgue measure in R (see [7,
Chapter 10, Problem 21]). Under these conditions, it is easy to verify that S* is the
o-algebra of all Lebesgue measurable subsets of R.

PROPOSITION 3.3. The following statements are true.

1. If E C X is simultaneously closed and open or if v:(E) = 0, then E € 5.
2. The family S* is an algebra in X.

3. IfE € $*and F C X — E is any set, then

V(EUF) = Vv (E) + V' (F).
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4. IfH C X is the union of a disjoint sequence {H,} in S*, then
o8]
ViI(H) =) v (H,).
n=l1

PROOF. The first statement is obvious. In view of Proposition 2.1, it implies that $*
contains the empty set. By symmetry, 5* is closed with respect to complementation. Thus
to establish the second claim, it suffices to show that if two sets belong to S*, then so
does their union.

LetE, G € S*, ¢ > 0, and let o and 3 be, respectively, gages in X associated with £ and
G and ¢ according to Definition 3.1. Define a gage Y in X by setting Y(x) = o(x) N B(x)
for each x € X, and let {(A;,x1),....(Ap,x,)} and {(By, 1), ..., (Bg.y,)} be V-fine
partitions anchored in EU G and X — (EU G), respectively. Then

V(A; ﬁBj) < Z iV(A,' ﬂBj)+ E iV(A,' ﬂB,) < 2¢

q
= x,€E j=1 x€G j=1

=1 j

and we see that EUG € §*.

If E is as above and F C X — E is arbitrary, select a gage 1 in £ U F and define a
gage 6 on EU F by setting (x) = a(x) N n(x) foreach x € EUF. Let P = {(A,x1), - - -,
(Ap.xp)} and Q = {(By, y1). - . ., (By. ¥,) } be partitions anchored in E and F respectively.
Employing Lemma 1.1, an easy induction on p produces a partition

R = {(A].xl).‘....(A,,.x,,). (D1~Zl) ..... (Dr,Zr)}

such that {zy,....2} C {y1,.... Yq}» Dk C Bj whenever z; = y;, and

(ij qu(Ai mB,-)) u (H Dk) = QBj.

i=1j=1

Thus if P and Q are é-fine, then so is R and we see that

WEUR > wEUR) > 5 vA)+ 3Dy
i=1 k=1

14 q P 49
S0+ 3 WB) — S5 vA N B;)
Jj=1

i=1 i=1 j=I

P
> Z V(A;) + i v(B;j) — e.
=]

i=1
As P and Q are arbitrary, we obtain
v(EUF) > v (E) + vs(F) — & > vI(E) + v(F) — ¢,
and since 1 and ¢ are arbitrary, this implies

VI(EUF) 2 vI(E)+V'(F).
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Now the third statement follows from Proposition 2.1.
Extending the third claim by induction and using Proposition 2.1 yields

k k
SV H) =v (U H,) <vH)
n=1 n=1

for k =1,2,.... Thus 3=, v*(H,) < v*(H) and another application of Proposition 2.1
completes the proof.

PROPOSITION 3.4. If {E,} is a sequence in S*, then E = \J)2| E, belongs to S*
whenever v*(E) < 4+00.

PROOF. In view of Proposition 3.3, we may assume that the sets E, are disjoint, and
consequently that the series 3°°, v*(E,) converges. Thus given € > 0, there is a positive
integer k such that ¥°, | v*(E,) < ¢. By Proposition 3.3, the set F = | J*_, E, belongs
to $* and v*(E — F) < ¢. Choose a gage 7Y in X associated with F and ¢ according
to Definition 3.1 so that v(E — F) < e. If {(Ay,x),..., (Ap.xp)} and {(By,y1). .. ..
(By. yq)} are Y-fine partitions anchored in E and X — E, respectively, then

>

i=1 j

V(A,'mBj) < ZiV(A,‘ﬂB/')+ Z iV(A,’ﬁBj)

q
- x€F j=1 x€E—F j=1

<e+ Yy vA) <e+wn(E—F) <2,
x;€E—F

and the measurability of E is established.

The characteristic function of a set E C X is a function xg on X such that yg(x) = |

if x € Eand xe(x) = 0 if x € X — E. The next proposition relates gage measurability to
the integrability introduced in Definition 1.4.

PROPOSITION 3.5. Let A € S and E C A°. Then E is gage measurable if and only if
XE is integrable in A, in which case v*(E) = [4 XE.

PROOF. Assume that E € S§*, choose an ¢ > 0, and find a gage in X associated
with E and ¢ /2 according to Definition 3.1. If {(A,x), . ... (Ap.xy)}and {(A1.y1). .. ..
(A, yn)} are Y-fine partitions in A, then

{Ai,x;)) : x; € E} and {(Ai,y):yi € E}
are Y-fine partitions anchored in E, while
{(Aj.x;) 1 x; € X — E} and {(A}.y;) : y; € X — E}
are Y-fine partitions anchored in X — E. Thus

i [xe(x) — xeQDVA) =) {WA) :xi €E.y; € X — E}

i=1

+Z{V(A,‘) Ly € E.X,' eX— E} = Z Z ‘V(A,'ﬂAj)

XEEy,EX—E

+ Z Z V(A,' ﬂAj) < g,

vi€E x;€X—E
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and Y is integrable in A by [1, Proposition 3.8].
Conversely, assume that g is integrable in A, choose an € > 0, and use [1, Proposi-
tion 3.8] to find a gage ¢ in A~ so that

> e — xEODIVA) < £
i=1

for all partitions {(A;, x1), ..., (Ap, x,)} and {(A1, y1), ..., (An, y»)} in A that are é-fine.
Let 1 be a gage in X such that n(x) Cé(x)ifx € A7, n(x) CX—Aifx € X—A", and
n(x) C A if x € E. Select n-fine partitions P = {(B, /), ..., (Bp.1,)} and Q = {(C),zy),
...,(C4.zy)} anchored in E and X — E, respectively. Since B;C; = () whenever z; ¢ A~,
we may assume that Q is anchored in A~ —E. By the choice of 7, the families {(B,ﬂCj, ti)}
and {(B;NCj,z)}, wherei=1,...,pandj=1,...,q, are 6-fine partitions in A. Hence

q P 4
2 vBNC) =33 Ixet) — xe(@)IVBING) < ¢

i=1 j=1 i=1 j=1

M=

and we see that E € §*.

To establish the equation v*(E) = J4 xk, lety be a gage in E such that v, (E) < v*(E)+e.
The gage Y can be extended to a gage in A, still denoted by 7, so that |o(x g, P)— f4 x£| <
e for each V-fine partition P of A. If { (A}, x)). ..., (A,.x,)} is a V-fine partition of A, then

./AXE‘5< ZV(AI‘)</AX£+E

X, €E

and consequently
. — N < , .
./AX[: E<V,(E)‘l/AXE+E

We conclude that [v*(E) — [4 x£| < 2¢ and the proposition follows from the arbitrariness
of e.

COROLLARY 3.6. Each compact subset of X is gage measurable.

PROOF. Let K be a compact subset of X and assume first that K C A° foran A C .
Since xk is upper semicontinuous, K € $* by Proposition 3.5 and [1, Corollary 5.7]. If
K is arbitrary and x € K, choose neighborhoods U,, Vy € S of x in X so that U, C V}.
Then K is covered by a collection {U,,, . .., Uy, }, and each KN U, belongs to S* by the
first part of the proof. An application of Proposition 3.3 completes the argument.

REMARK 3.7. Itiseasy to prove Corollary 3.6 directly without referring to the integral
(cf. Remark 4.3).

THEOREM 3.8. If G C X is open and v*(G) < +00, then G € S".

PROOF. It follows from Proposition 2.3 that there is a o-compact set K C G with
v¥(K) = v*(G). Since K € s5* by Corollary 3.6 and Proposition 3.4, an application of
Proposition 3.3 shows that G € §*.
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COROLLARY 3.9. Let E € §* and v’(E) < +00. Then ENG € S™ for each open set
GCX

PROOF. By Proposition 2.6, there is an open set U C X such that £ C U and
Vvi(U) < +00. If G C X is open, then EMN G = EN(G N U) and the corollary follows
from Theorem 3.8 and Propositions 3.3.

The next example shows that the family $* need not be closed with respect to countable
unions.

EXAMPLE 3.10. Let Y be an uncountable discrete space and let Z = {0} U {27" :
n=1,2,...} be topologized as a subspace of R. By w we denote a weighted counting
measure in X = Y X Z such that w({(y, z)}) = z for each (y,z) € X. Let S be the ring
generated by the sets

{2} and {(,0)}U{(»2 " 1 k=nn+1,...}

where n= 1,2, ..., and let v be the restriction of w to S.

Under this setting, it follows from Proposition 3.3 that for each integer n > 1, the set
E, =Y x {27"} belongs to S*. Yet, it is easy to show that the union | ;2| E, is not gage
measurable.

4. Measurable sets. The Borel 0-algebra in X is the o-algebra in X generated by
all open subsets of X; its members are called Borel sets. Let A be a o-algebra in X
containing all Borel sets, and let v be a measure on A such that v(K) < +oo for each
compact set K C X. We recall a few standard definitions.

A set E € A is called
1. v-o-finiteif E=J2, E, where E, € N and v(E,) < +ooforn=1,2,...;
2. v-outer regular if v(E) = inf; v(G) where the infimum is taken over all open sets
G C X containing E;
3. v-Radon if v(E) = sup, v(K) where the supremum is taken over all compact
subsets of F.
We say that the measure v is

1. o-finite if X is v-o-finite;

2. Radon if each E € A is v-Radon;

3. regular (or Riesz) if each open set G C X is v-Radon and each E € [ is v-outer

regular;

4. complete if A\ contains all subsets of each set E € A with v(E) = 0;

5. saturated if \_ contains all sets £ C X such that EN F € A forevery F € A_ with

v(F) < +o0;

6. diffusedif v({x}) = 0 for each x € X.

Throughout this section, M denotes the o-algebra of all subsets of X that are v*-
measurable in the Carathéodory sense, and p denotes the measure on M that is the
restriction of the outer measure v*. In view of Propositions 2.1, 2.3, and 2.6, standard
arguments reveal that 4 is a complete saturated and regular measure (see [6, Exercises
(13-7) through (13-10)}).
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REMARK 4.1. It follows from Proposition 2.2, [1, Proposition 7.1], and [6, Corol-
lary (9.10)] that the measure space (X, M, u) coincides with the measure space (X, A/, v)
of [1, Section 7].

The primary goal of this section is to clarify the relationship between the families §*
and M. The following lemma is our main tool.

LEMMA 4.2. A set E C X is gage measurable if and only if for each € > O there is an
open set G C X and a closed set F C X such that

FCECG and (G —F) < e.

PROOF. Let E € 5" and € > 0. Select a gage v in X associated with E and ¢ according
to Definition 3.1, and let
G=UJYx) and F=X— |J ).
x€E xeX—E
If K C G — F is a compact set, then it follows from Lemma 1.1 that there are Y-fine
partitions {(A1, x)), ..., (Ap, x,)} and {(B1,y1),...,(By, y,)} anchored in E and X — E,
respectively, and such that
P o q o P 49 o
K C <UA,) N (UB]) C (U U(A,’ﬂBj)) .
i=1 =1 i=1j=1
Now by Proposition 2.2,

P 4
WK <3 WAINB) <.
i=1 j=1
Consequently (G — F) < ¢, since p is regular and G — F is open.
Conversely, let G and F satisfy the conditions of the lemma for a given € > 0. Choose
a gage Y in X so that Y(x)~ C G forevery x € Eand Y(x) C X — Fforeveryx € X — E.
If {(A1,x1), ..., (Ap,xp)} and {(B1,y1), . . ., (By, y4)} are V-fine partitions anchored in E
and X — E, respectively, then K = U, UL, (4; N B)) is a subset of G — F. Thus by
Corollary 2.4,
P4
SO VAINB) < VK SuG—F) <e
i=1 j=1

and the gage measurability of E is established.

REMARK 4.3. An immediate consequence of Lemma 4.2 and Proposition 2.6 is that
each compact subset of X is gage measurable (c¢f. Remark 3.7).

THEOREM 4.4. IfE € S*, then E € M and E is pu-Radon.

PROOF. Given E € S$*, use Lemma 4.2 to find open sets G, C X and closed sets
F, C X such that

1
Fa CEC Gy and p(Gy — Fy) < ~
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forn=1,2,.... The sets G = (2, G, and F = |J;2, F, belong to M, F C E C G, and
w(G — F) = 0. Since p is complete, E € M.
If c < u(E), then c + l/n < u(E) < u(Gy) for a positive integer n, and we can find a

compact set K C G, so that ¢ + 1 /n < p(K). Now K N F), is a compact subset of E and
1
N(KQF,,)=,U(K)—,U(K—F,1)>C+; — Gy — Fp) >c.

It follows that E is y-Radon and the theorem is proved.
PROPOSITION 4.5. IfE € M and j(E) < +00, then E € S*.

PROOF. By [6, Lemma (9.2)], the set E is u-Radon. Since it is also p-outer regular,
we can readily verify that it satisfies the condition of Lemma 4.2.

COROLLARY 4.6. A set E C X belongsto M ifand only if ENF € S* foreach F € S*
with p(F) < +00.

PROOF. Since p is saturated and S* C M, the corollary is a direct consequence of
Proposition 4.5.

THEOREM 4.7. If i is o-finite, then S* = M.

PROOF. It follows from Propositions 2.6, 2.3, and 2.1 that X = NU Y where u(N) = 0
and Y is o-compact. As Y is paracompact, it can be covered by a sequence {U, } of open
subsets of X such that each U, is compact and each x € Y has a neighborhood that meets
only finitely many U, Y. If E € M, then all sets E, = ENU,NY belong to S* according
to Proposition 4.5. Choose an € > 0, and using Lemma 4.2, find open sets G, C X and
closed sets F,, C X such that

F, CE,CG, and u(G, — F,) <e2™"

forn = 1,2,.... Since {U,, M Y} is an open locally finite cover of Y, it is easy to
verify that (Ji2, F, is a relatively closed subset of Y. Hence there is a closed set F C X
with FNY = U2, Fu. Select an open set Gy C X so that N C Gy and u(Gp) < e. If
G =U2yG,, then FC EUN C G and

#(G — F) < u(Go) + 3 (G, — F) < 2¢.

n=1
Now it follows from Lemma 4.2 and Proposition 3.1 that E € §*.
THEOREM 4.8. If S* = M, then y is o-finite whenever it is diffused.

PROOE. If §* = M, then the complete saturated and regular measure p is also Radon
by Theorem 4.4. It follows from [3, Section 2, (C)] that there is a disjoint family D of
nonempty compact subsets of X having the following properties:

1. If G C X is open, then u(DNG) > 0 for each D € D with DN G # §.

2. fECXand DNE € M foreach D € D, then E € M.
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3. If E € M, then w(E) = Y pep p(DNE).
In each D € D select a point xp. By 2, the set E = {xp : D € D} belongs to M and,
assuming that y is diffused, (E) = 0 by 3. Since E is p-outer regular, there is an open
set G C X such that E C G and u(G) < +00. According to 1, we have u(DNG) > 0
for each D € D. In view of 3, this implies that D is countable and consequently that y is
o-finite.

EXAMPLE 4.9. Let X be an uncountable discrete space, let S be the family of all finite
subsets of X, and let v be the counting measure in X restricted to S. Then y is not o-finite,
and yet by Proposition 3.3, the family $* contains all subsets of X; in particular, $* = M.
Thus Theorem 4.8 is false when y is not diffused.

If p is not o-finite, then M contains a proper o-ideal X consisting of all pu-o-finite
elements of 2. The natural question whether X is a subfamily of $* has interesting
answers.

LEMMA 4.10. A set E € X belongs to S* if and only if for each € > O there is a closed
set F C X such that F C E and u(E — F) < e.

PROOE. There are sets E, € M such that E = |J;2, E, and pu(E,) < +oo for n =
1,2,.... Find open sets G, C X so that u(G, — E,) < 27", and let G = ;2, G,.
Clearly, G is an open subset of X containing E, and if the condition of the lemma is
satisfied, then

WG —F)=u(G—E)+puE—F) <2e.
Thus E € §* by Lemma 4.2. The converse is an obvious consequence of Lemma 4.2.

A family E of subsets of X is called, respectively, point-finite or point-countable if the
set {E € E: x € E} is finite or countable for each x € X. We say that X is, respectively,
metacompact or metalindeldf if each open cover of X has a point-finite or point-countable
open refinement.

The continuum hypothesis and Martin’s axiom are abbreviated as CH and MA, re-
spectively.

THEOREM 4.11. The inclusion  C S* is implied by either of the conditions:

1. X is metacompact;
2. X is metalindelof and MA + = CH holds.

PROOF. Let E € Xand Y = E~. ForaBorelset B C Y, set A\(B) = u(BNE), and observe
that by [6, Corollary (9.3)], X is a o-finite Radon measure on the Borel g-algebra in Y.
As Y is a closed subset of X, it follows from [2, Corollary 12.5 and Theorem 12.11] that
either condition of the theorem implies the regularity of A. By Lemma 4.10, however,
the A-outer regularity of Y — E is equivalent to E € S*.

It follows from [2, Example 12.7] that there is a nonmetalindelof space X in which
X is not a subfamily of §*. Moreover, [2, Example 12.12] shows that under CH, there is
a metalindel6f space X in which X is not a subfamily of $*. Thus whether the inclusion
X C S" holds in all metalindeldf spaces cannot be decided within the usual universe of
the Zermelo-Fraenkel set theory including the axiom of choice.
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