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Some group laws equivalent to the
commutative law

J. M. Gandhi

In this paper we prove the Theorem: A group satisfying the law

(1) =, y] = [u, v, w] , where u, v, w are the entries from

the set {x, x-l, Y, y_l} is always abelian. Earlier a few

cases of this theorem were proved by Gupta. It is also proved

2
that a group satisfying the law [x, y]x = [x, y, x] is always

abelian.

1. Introduction
The purpose of the present paper is to prove the following:
THEOREM 1. A group G satisfying the law
(1.1) [, y] = [u, v, w]
where u, v and w ave entries from the set 1z, = ~, y, y -} , is
always abelian.
Earlier a few cases of Theorem )l were proved by Gupta [1].

We remark that using Theorem 1, it can be proved that a group G

satisfying the law [z, y] = [u, v, w, 2] where u, v, w, 2 are entries

from the set {z, x_l, Y y_l} implies that the group is abelian in
certain cases. A few special cases were discussed by Gupta [1]. Because
of the complexity we do not discuss this problem which the author has

solved only partially.
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Rejecting the cases when u=v or u = v-l which trivially imply
abelianness, we have 32 other possible combinations for (1.1). We shall

group them into three different categories. The first category is when

the right hand side of (1.1) is of the form [u, w, w_1] or [u,w, u-l] .

There are sixteen possible cases for this category. The second category

consists of eight expressions of the form [z, y] = [u, v, ] , u, v $ P

or [z, yl =1lu,w,yl, u,w# y-l . The remaining eight cases are to be

discussed separately. They are:

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
leoyl= sy e ] oy ny ] By el e, v,
-1 -1 - -1 -1 -1 -1 - ~1 -1
E/ s & s [yox oz ), [& .y .y ] and [y, x,y ] .
The first two cases were discussed by Gupte [7/]. Separate proofs are given
for the remaining cases. A few cases of categories 1 and 2 were also

proved by Gupta but our general method will show how they can otherwise

easily be proved.

We also prove

2
THEOREM 2. A group G satisfying the law [z, yI* = [z, y, ] is
always abelian.

2. Notations and identities

For two elements & and ¥ in a group G , we define Y = y-lxy .

The commutator of & and y 1is defined as

[z, y] = &y Lay

and for 7n > 2 , a left normed commutator of weight =»n is defined

inductively as En, Loy euny xn] = [Bu, Xoy eeny xn-l R xn] . We shall
use the following identities which can be easily proved (see also Hall
[21).
-3 = -1 -
(2.1) lz, yl = [z, ¥ ] Y= =, 97,
z
(2.2) [z, yz] = [x, z]{xz, y]° ,
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(2.3) lzy, 2] = [z, 2V¥y, 2],
(2.4) [, w, w-l] = [w, u][w_l, u]
(2.5) [, w, u 1 = (w, ulw, e

In what follows 2 = [z, y] .

3. Proofs of the Theorems

Let

[u’ W, w_l]
(o, w) ™, «]

by (2.4). Take the inverse to get

w
1

i

-1 -
2 [u, w l] [ua w]
= Eb‘l, u, W)
by (2.5). Interchanging x and y , we have

z = [u_l, W, u] .

Hence a law of the form =z = [u, W, w_l] implies a law of the form

2 = I:u—l, W, u] . For example

~1- . . -1
z=[y, z, z ] implies z= [y, x, 4] -
By the same method we can prove the converse, i.e., a law 2z = [w_l, U, w]
implies the law =z = Eo, U, u_lj . Hence out of sixteen cases of the first

category we have to discuss only eight cases of the form [u, w, w-l] .
Numerous proofs can be given for these eight cases. We outline the method

by considering a few examples.

Let

y, = =]
= [z, y][x_l, y] (use (2.14)).

(3.1)

13}
il
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Hence [x-l, y] =1 or [z, yl=1.

Similarly we can prove

(3.2r z = [y, x_l, x] implies z =1 .
Let

(3.3) 2=z Y.

Then

(3.1) z= [,y R 4] -

Put y—l for y and solve for f{x, y] to get

(3.5) (2, y] = [&, y™ ][y, =] .

From (3.4) and (3.5) we have
-1
(3.6) (w, y1= [z 2] .
In (3.4) put ! =z and y_l =y and solve for [x, y] to get

(3.7) [z, ) = [, @ 7 ¥

Take the inverses of (3.h4), (3.5) and (3.7) and interchange « and y to

get
(3.8) z= &Ly B 0] s
(3.9) 2= A7 o]

(3.10) z= [y, 2] -

(3.6) and (3.10) gives us

[}
[

Ex_l, y_l] =1 or [z, yl

We also note that (3.8) and (3.9) implies

(3.11) [z, 3] = [y, =]

while (3.6) and (3.11) imply

(3.12) [z, y] = &4 7] .
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Using (3.11) and (3.12), we find that (3.3) alsoc implies

z= [t 4 4)

and

z = [y, :c_l, x]

and a large number of these equivalences can be obtained. Using the above
method a large number of proofs can be given for the cases of the first

category.
Let us then discuss the cases for category 2.

Let

2= [y, z, ] ,

changing x into x_l and conjugating by x , we get

[x-l, y].’c = I._y’ x-l’ x—l]x

or

ly, ] = Evs (v, x_l]]

Taking the inverse we get
|
[
I

[z, y] = Ey, x-l, z] .

Hence
(3.13) z= [y, x, z) implies 2z = [y, x_l, x]
Similarly we can prove

_ . -1 _
(3.14) z =[x, y, x] implies 2z = [x s Y, 2] 3
(3.15) 2z = E'x:, y-l, x] implies =z = [_x_l, y—l, x] 3
(3.16) z = I:y_l, z, £] implies =z = ['y-l, x-l, z]

Now let us consider

z2=1[y, x, y]

or
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G, vY = 7t o2 7Y
i.e.
[z, y1 = [, =, 4] -
Hence
(3.17) 2= [y, x, y] implies 3z = [y_l, z, Y] .

Similarly we can prove that

(3.18) 3z = [x_l, Y, y] implies z = Ec—l, y-l, y]
(3.19) z = [y, z T, y] implies z = [_—y_l, x_l, ¥l
(3.20) z2=[x, y,yl implies 2= [x, y™%, y]

Since the derived laws in (3.13) to (3.20) belong to category 1 , in

all these cases the original laws imply that the group is abelian.

Before discussing the last category, we shall illustrate how some of
the laws discussed before could have also been proved by the following
method. Let

(3.21) z = [z, y] = [x, y, x]
[z, 2] = [z, x, 2] = [z, 2] =1 .

Let
2= [y, x, ¥yl ;
oyl =By, a7

[z, z_]_l =1.

N
[}

4,

As mentioned before we have to supply separate proofs for separate

cases for the last category.

Let

(4.1) z= [yt &Y

Expanding and rearranging we get
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-1y -1 -1
(4.2) z = yx[y, x l]y 1
Take the inverse of (4.2) and interchange x and y to get

(4.3) z = yx[y_l, x]y_lx_l .

(L.2) and (L4.3) give

(4.1) [z, y1 = &%, vy~
(4.1) and (4.k4) imply
(’4-5) [.’L‘, y] = [xa Y .’L‘] .

Now (4.5) belongs to the second category and hence (4.1) implies
z=1.

In the same way we can prove that

(4.6) z= [t ot ¥ inplies [x, y] =1 .
Let

(u.7) z= [, &1, 271

Then

(4.8) 2 = [x—l’ y-1] [y—l, et «t

Take the inverse and interchange x and y to get

-1
(4.9) R e L T

In (4.8) change x into 1 and y into y_l and solve for 2z to get

(k.10) z= [, v, y)* .
(4.8) and (4.10) give

-1
E/-l, x—l:lx = [z, y]x

or

(4.11) [z, 35 =

|
=)
H
8
1
| -]
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from (4.7).

Gupta [7] proved that (4.11) implies an abelian group. Hence (L.T)
implies that the group is abelian. Before proceeding we shall prove
Theorem 2. Let

(b.12) [x, y]x2 = [z, y, =]
Hence
(4.13) z2(z, x2] = [z, x] .

From (4.12) we get

(=, adz2 = [z, z, 2]
[zlz, =21, 2] (use (L.13))
[z, x2, 2] (use (2.3))

(use (4.12)).

n
—_
N
-
8
N
—
]

Therefore
[z, z] = [z, =2?]
and 3 = 1 follows from (L.13).

Consider

(4.14) [z, y] = [w'l, vy,

or

(=, )% = L, 47, v Y = L vt 1)

We deduce that

[y, -’l:]-y = [}/-1, x_l] [y, x-l] (use (2.14))

Taking the inverse we have

(4.15) [z, y1¥ = L, y]1&t, v

Now (L.1L4) can be written as

-1
(z, y] - E/_l’ x—l] Er—l’ y-l]y

1

Change « into z - , y into y—l and solve for [x, y)¥ to get
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(4.16) [z, y1 = [z, y1[&"%, v~

From (4.15) and (k.16) we have

[z, ] = &, 4]

Hence for (L.1kh) we have

B = syt v
or
(4.17) [z, y] = [z, v, v
i.e., alaw z = [53_1, y-l, y—l] implies a law z = [, y_l, y_l:] . But

since 2 = Ex, y_l, y-l] implies abelianness (see [1]) therefore (kL.1k)

implies abelianness.

Let
(4.18) z= [t =Y,
i.e.,
- -1 y‘l
(4.19) z= [z, y 1™, «]¥ .

Take the inverse of (4.19) and interchange x and y to get

1z Yool
(4.20) z= [y, 1% [ 4]
In (4.19) change y into y * and solve for z .
(k.21) z= [z, y =, vl .

From (4.19) and (4.21) we have

-1
e, y1¥ = ™t 1Y .

Thus

-2
2 = [y—l’ x]y s

and
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-2
[y-ls x, y-l] = E/_l, x]y (use (4.18)).

Put y_l=x and x =y to get

2
(k.22) [z, yI" = [z, y, =] .
Using Theorem 2, the required result follows.

Lastly let us consider

(4.23) z= [y, at, x—l]
or
(4.2h) z=[" v, x_le_

In (L.24) change « into 1 ana solve for [z, y]

(k.25) z= [, yllx, y1° .

(4.24) and (4.25) give

-1
(4.26) b, z11° =[x, y)° .

Take the inverse and interchange x and y to get

e, y1° = L, <]

or, using (L.23), we get

(k.27) [x, y]y2 = [z, ¥y, y] .

But (L4.27) implies that the group is abelian (see [1]), hence the required

result follows.
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