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A Truncated Integral of the Poisson
Summation Formula

Jason Levy

Abstract. Let G be a reductive algebraic group defined over (), with anisotropic centre. Given a rational
action of G on a finite-dimensional vector space V, we analyze the truncated integral of the theta series
corresponding to a Schwartz-Bruhat function on V(A). The Poisson summation formula then yields
an identity of distributions on V' (A). The truncation used is due to Arthur.

0 Introduction

This paper is an extension of the previous paper [8]. In these two papers we extend
some of the results about integrating the Poisson summation formula in Weil’s fa-
mous paper [13], using methods developed by Arthur to deal with infinities in the
trace formula. We will use many results from the paper [8], and that paper provides
good preparation for the complicated geometric constructions in Section 3 and for
the analysis in Section 4.

Suppose that V is a finite-dimensional vector space and that f is a Schwartz func-
tion on V(A), the rational adelic points of V. The Poisson summation formula tells

us that )
Y fm= Y fo,

YEV(Q) FEV(Q)

where V is the vector space dual to V and f is the Fourier transform of f. Now
suppose that a reductive algebraic group G defined over ) acts on V via a rational
representation m: G — GL(V). The Poisson summation formula can now be used
to show that for every element g of G(A),

(0.1) > f(ne™) =|detn(@)] > f(7e)A),

YEV(Q) EeV(Q)

with #: G — GL(V) the representation of G contragredient to 7. Define the function
¢rx on G(A) by

bra(@) = Y f(mg™));

YEV(@)

then the equality (0.1) gives a relation between the two functions ¢ and ¢ f.7 0N
G(A). Notice that for any f and 7, the function ¢y . is left G(Q))-invariant.
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Weil [13] noticed that when the dimension of the representation is small com-
pared to the rank of the group, the function ¢ . is integrable. When this occurs, we
may integrate the function ¢y over G(Q) \ G(A) and produce an equality of two
G(A)-invariant distributions through the integration of the equality (0.1). One then
easily obtains (see [8]) an equality of sums of orbital integrals on V and on V. This
equality is the basis of the Siegel-Weil formula. For general representations, how-
ever, the function ¢, will not be integrable over G(QQ) \ G(A) and a more refined
approach must be used. We must somehow regularize the functions ¢y, and ¢ i
before integrating.

The regularization that we use is a truncation invented by Arthur, and described
in [8]. The important properties of this truncation are reviewed in the next section.
The problem is then to determine the behaviour of the integral of the truncation of
¢ as a function of the truncation parameter T'. In the previous paper we dealt with
reductive algebraic groups with rational rank at most two and with anisotropic cen-
tre. In this paper we deal with arbitrary reductive algebraic groups with anisotropic
centre. Given a general reductive algebraic group G, the algebraic subgroup G! de-
fined as the kernel of all rational characters of G is reductive with anisotropic centre,
and G is the product of G! and the maximal split torus Z in the centre of G. The
action of Z can be introduced by making a Shintani zeta function, but we will not
discuss this further in this paper. See [14] for more about Shintani zeta functions.

We prove that the positive Weyl chamber is a finite union of sub-cones depending
only of 7 satisfying the following property: within each sub-cone, the integral of the
truncation of ¢ » with respect to the point T asymptotically approaches the value of
a finite sum of products of polynomials in T and exponentials of linear functionals
of T. These functions do depend on the sub-cone.

Given a sub-cone C, write Je(f, 7) for the constant term of the analytic function
of the previous paragraph (see Section 4 for our definition of constant term). Then
the basic form of the truncated Poisson summation formula is the statement

Je(f,m) = Je(f, 7).

We can do better than this, as in the Selberg-Arthur trace formula, by breaking up
both sides as sums over certain equivalence classes in the respective vector spaces; this
is the way we present the material.

Notice that we obtain several truncated formulas this way. Because our proof does
not explicitly produce the numbers Je(f, ), it is not clear whether they are actually
distinct for different sub-cones C.

The truncated Poisson summation formula developed here is potentially useful
both for producing a “regularized” Siegel-Weil theorem, extending results from [13]
(see [7] for a different approach to this), and for new results about Shintani zeta
functions.

The results in this paper were obtained during postdoctoral fellowships at the In-
stitute for Advanced Study and Oklahoma State University. The author also wishes
to thank IHES, MSRI, and the University of Toronto, for their hospitality during the
preparation of this paper. The author thanks J. Bernstein, M. McConnell and D. Witte
for helpful conversations.
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1 Preliminaries

Let G be a reductive algebraic group over ) with anisotropic centre. Let Py be a min-
imal parabolic subgroup of G, and M a Levi component and N the unipotent radical
of Py, all defined over Q.. These will be fixed throughout the paper. Write A for the
maximal Q)-split torus of G contained in M and a for the corresponding real vec-
tor space Hom (X (A)aq, ]R{) . We will use the phrase “parabolic subgroup” to denote a
standard parabolic subgroup, that is, a parabolic subgroup P of G defined over Q) and
containing Py. Given a parabolic subgroup P we can define Np, its unipotent radical,
Mp the unique Levi component of P containing M, and Ap, the split component of
the centre of Mp. We will use standard notation (see [8] or [1]) for roots, weights,
and so forth. In particular, a* denotes the points in a where all positive roots are
positive.

Fix a maximal compact subgroup K = [], K, of G(A) that is admissible relative to
M, asin [2]. With this choice we can define as in [1] a continuous map H: G(A) — a
invariant under right multiplication by K. Given a parabolic subgroup P C G, write
Hp for the projection of H to ap. Then Hp is left P(Q))-invariant, and so can be seen
as a map from P(Q) \ G(A) to ap.

Given P C Q parabolic subgroups of G and X a point or subset of a [resp. a*],
write X8 for the projection of X to the subspace a$f of a [resp. a*$ of a*], and exp(XR)
for the pre-image of X3 in AS(R)° under the map Hp. To simplify notation, we will
remove all occurrences of Py as a subscript; for example the Levi component of P is
M = Mp,. Notice that since the centre of G is anisotropic, ag = 0 and so we can also
eliminate all occurrences of G as a superscript. When it will cause no confusion we
may also simplify expressions with subscripts and superscripts such as P; as follows:
we will write a2, for example, for agf where P; C P, are parabolic subgroups.

In the previous paper [8] we proved a result relating certain functions on quotients
of G(A) and certain functions on a. This result is the key geometric principle that will
allow us to produce the truncated Poisson summation formula.

We first recall the functions involved. We fix throughout this paper a point T in
—a" and a compact subset w of N(A)M(A)! such that

G(A) = P(Q){ pak | p € w,a € ARR),k € K,a(H(a) — T1) > Oforalla € A"}
for every parabolic subgroup P C G. Then for a given T € a*, write F¥(-, T) for the
characteristic function of the relatively compact set of all points ¢ € P(Q) \ G(A)

with a representative in the set

{pak | pcew,ac AR ke K,a(H(a) — Tl) > 0foralla € AP,

w(H(a) — T) < Oforallw € AP}.
Given T € at, we also define I'(-, T) by

PX,T)= Y (~)ImWARX)FA(T - X), Xea,
R:PCRCQ
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and for parabolic subgroups P C Q we define 1"19(~, T) by I‘g(X, T) = F(Xg, T}?),
X € a. Lemma 3.4 of [8] states that the function X — Fg(X, T), X € ag, is the
characteristic function of a convex set whose closure is the convex hull of the points
Te, PC R C Q.

A relation between the functions F and I' is given in Corollary 3.3 of [8] and runs
as follows: Let T, € a* be a fixed sufficiently regular point. Then for T € T, + a¥,
Sea*,andg € G(Q) \ GA),

(1.1)
FS(g,T+S) —F%(g, T)

- Z Z F'(0g, T))T3 (Hp(6g) — T>, T — T>) To(Hq(dg) — T, S)..
PCQCG deP(Q\G(Q)

Let 7 be a rational representation of G on a finite-dimensional vector space V. The
following definitions were introduced in [8] and require only that G be a reductive
algebraic group defined over Q.

Define a semisimple vector in V to be one whose geometric orbit 7r( G(@)) vy C
V(Q) is Zariski closed, and define a nilpotent vector in V' to be one such that the
origin is contained in the Zariski closure of its geometric orbit. If the representation
7 is the Adjoint representation of G on its Lie algebra g, then these definitions give
the standard notions of semisimple and nilpotent elements of g. Since the properties
of being semisimple and nilpotent are both invariant under the action of G(Q), we
will call an orbit, either rational or geometric, semisimple or nilpotent if its elements
are.

Let v be an element of V(). A standard argument in invariant theory shows
that the Zariski closure of the geometric orbit 7T( G(@)) ~ of v contains a unique
closed geometric orbit in V' (Q)). The set of rational points in this closed G((Q))-orbit
is a union of semisimple G((Q))-orbits in V' (())—a non-empty union by the rational
Hilbert-Mumford Theorem [6]. We define the geometric semisimple component of the
element v € V(Q)) to be this union. If the representation 7 is the Adjoint represen-
tation then the geometric semisimple component of an arbitrary element y € V(Q)
is the set of rational points in the geometric orbit of the semisimple part v, of v given
by the Jordan decomposition, which may be larger than the G(Q)-orbit of ;. De-
fine a geometric equivalence class to be the set of elements in V((Q)) whose geometric
semisimple component equals a given closed geometric orbit.

Remark For general representations, there is no known natural assignment of a
single semisimple vector to each vector, extending the assignment to an element of
its Lie algebra to its semisimple component in the Jordan decomposition, and such
an assignment is unlikely to exist. (See [12] for an analysis of the case of direct sums
of the Adjoint representation.) However, it may be possible to identify a canonical
rational (rather than geometric, as done above) semisimple orbit to a given vector, by
the following procedure, and that would be sufficient for our purposes. Define the
Hilbert-Mumford closure of an orbit ﬂ'(G((Ol)) v, v € V(Q), to be the set of points
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in V(Q) that can be expressed as
lim 7 (p(t)g) v

for some homomorphism p: G, — G defined over Q) and some g in G(Q)). Luna’s
property (A) (see [10]) asserts that the topological closure of every orbit 7r( G(]R{)) y
of a point v € V(R) contains a unique G(R) orbit of semisimple elements. Together
with the rational Hilbert-Mumford theorem [6], property (A) implies that when the
base field is R the Hilbert-Mumford closure of the rational orbit of a vector con-
tains a unique rational semisimple orbit. This latter property trivially holds over
algebraically closed fields, and is also known to hold over p-adic fields [11], but ap-
pears to be unknown in general over ). Some progress towards this question can
be found in [9]. If it were true, then we would define the semisimple component of
~ to be this unique semisimple orbit, and the equivalence class of v to be the set of
elements in V() whose semisimple component equals the semisimple component
of 7. We note that if the Hilbert-Mumford closure of every G(())-orbit contains a
unique semisimple orbit, then all the following results hold with equivalence classes
rather than geometric equivalence classes.

The key property of the geometric equivalence classes is the following lemma,
which generalizes Lemma 2.1 of [8] and is easily proven.

Lemma 1.1 Let G be a reductive algebraic group defined over Q), let m be a rational
representation of G on a finite-dimensional vector space V, and let A be a torus in G that
is split over Q). Suppose that Ay and A, are two sets of rational characters on A such that
there exists a point a € A(Q) satisfying

[A(@)] =1 forevery X € Ay,
|[A(a)] > 1 forevery A € A,.

Vo=EP Vv, vi=v

AEAy AEA,

Write

with V* the weight space in V corresponding to \. Then for every geometric equivalence
class 0 in V(Q)) and subset § of Vi (Q)),

(S+V(Q) No=(8N0)+ V. (Q).

Recall that the weight space in V' corresponding to A € X*(A)q is the vector
subspace {v € V | w(a)v = A(a)vforalla € A} of V.
Let 0 be a geometric equivalence class in V, and define the function

b8, ) =D _ f(mg™" ), g€GWA),
YED

a left G(Q)-invariant function of G(A). We will eliminate the subscript m when the
representation is understood. The Poisson summation formula implies that

(1.2) D brolg ) =Y base ),

€D 5eO
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where O and O are the collections of geometric equivalence classes with respect to
the representations 7 and 7, respectively—recall that we are assuming that the centre
of G is anisotropic, so | det w(g)| = 1.

Given a Schwartz-Bruhat function f on V(A), a point T € a*, and a geometric
equivalence class o € O, define

J(f,m) = / F9(g, Tz, f) d.
GQ\G(A)

As in [8] we will try to find asymptotic formulas for JI for T in certain cones (to
be defined later) in a* by examining differences JI™5(f, 7) — JI(f,n) where T and S
both lie in one cone and ||S|| < 1. As on pages 13923 of [8], we can write J,(T+S) —
Jo(T) as the finite sum over pairs (P, Q) of parabolic subgroupsof GwithP C Q C G

of
/ / e*ZPP(HP(ﬂ))ng(na’ fMpyK-Tz)
(1.3) Np(@)\Np(2) J Ap(R)0
x 'S (Hp(a), T — T2) To(Hp(a) — T, S) dadn,
where

fMp.K,Tz (V) _ e*sz)((Tz)g)/

—1
F*(m, Tz)/ f(ﬂ'(exp((Tz)g) mk) v) dkdm,
WMp K
with wy, a fundamental domain of Mp(Q) \ Mp(A)! and T, € a* a fixed suffi-
ciently regular point. Estimating each of the integrals (1.3) requires some lengthy
preliminary constructions on the vector space V; these constructions of the subject
of Section 3.

2 A Result of Brion-Vergne

In this section, we recall a result [4, Theorem 4.2] on Fourier transforms of convex
polyhedra and give some consequences. The proof of our main theorem relies on the
application of this result to certain polytopes to be constructed in Section 3. Before
we can state Brion—Vergne’s result, we must introduce some notation.

Suppose that V is a finite-dimensional real vector space. In Section 3, we will take

V = ap, so will write V* instead of V' for the dual of V. Suppose that yiy, .. ., uy are
elements of V*. Given x = (xj, . ..,xy) € RY we can define the convex polyhedron
(2.1) Px):={veV|uw) +x>01<i<N}

Assume that for some x € RY, the polyhedron P(x) is non-empty and contains
no line; this implies that pq, ..., uy span V*. Write B for the set of subsets o of
{1,...,N} such that {y; | i ¢ o} isabasis of V*. Given o € B we define the fol-
lowing three objects: {;, }i¢, is the basis of V' dual to the basis {y; | i € o} of V*,
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so: RN — V is the linear map sending x = (x1,...,xy) € RY to the unique point
v €V with y;(v) +x;, = 0,i ¢ 0,and C(o) is the set {x € RN | s,(x) € P(x)}.

One can verify using an alternative description of C(c)—the one given in [4, 3.1,
4.1]—that C := UO_EB C(o) is the set of x € RN such that P(x) is non-empty. To
any set ¥ C B, write Cy, for the intersection (1, .y, C(), and to any x € C assign the
set Xy = {0 € B | x € C(0)}. Then each set Cyx, x € C, is a closed convex cone
containing x, and we obtain finitely many cones this way. If we set B(y) := {o € B |
7 C C(0)} for any such cone 7, then v = Cap,). If v is maximal among these cones,
we call it a chamber of C (in [4] it would be called the closure of a chamber).

The following result is Theorem 4.2 of [4].

Theorem 2.1 Suppose that'V is a finite-dimensional real vector space, that iy, . . ., un
arein V*, and that at some point in RN, (2.1) defines a non-empty polyhedron contain-
ing no line. Let v be a chamber in C and x a point in .

(a) The extreme points of P(x) are the s,(x), o € B(~), with possible repetition.
(b) For generic

N
TS {Zciﬂi|ci20}v
i=1

we have the identity

0 [ e ¥ D L 0.1)
P(x) Hi¢0 M(Mi,o) ’

c€B(y)

where dv and vol denote the same Lebesgue measure on V.

Remark Notice that if (2.2) holds for a given u, then the integral, as a function of
x € RN, is a finite linear combination of exponentials of linear functionals.
We will need to tweak somewhat the statement of this theorem to suit our needs.

Lemma 2.2 Keep the assumptions in Theorem 2.1, and suppose also that for all x € C,
the set P(x) is bounded. Then the set

N
{Zci,ui | ¢i > 0}
i=1
isall of V*.

Proof This follows from the theory of the polar. It follows immediately from [5,
6.1(a) and 9.1(b).] [ |

Recall that the bounded polyhedra are just the polytopes, the convex hulls of finite
sets of points.
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Recall from [8] that we call a function f on RN t-finite if it is expressible (uniquely)
as a finite sum EpA(x)eA(x), with A € (RN)*, py € C[xy,...,xn].

Lemma 2.3 Keep the assumptions of Lemma 2.2. Then for any p € V*, the function
x = Fu(x) = / My, xe 0
P(x)

is t-finite. In fact, each polynomial p in its decomposition has degree at most n (n — 1

for A # 0).

Proof Let u € V¥, and pick py € V* so that for every ¢t € (0, 1), o + tpo is generic.
For any x € «y consider the function t € R +— F,4¢,,(x). It is a continuous function
whose value at t = 0 is F,,(x). On the other hand, for t € (0, 1), its value is given by
(2.2). Expanding the exponentials in the right-hand side of (2.2) into a power series
in t and letting t — 0 gives the desired result. ]

Lemma 2.4 Keep the assumptions of Lemma 2.2, and let x = (x1,...,xn) and y =
(y1,- -, yn) be points in RN. If for each extreme point vy of P(x), the set {v € V | if
pi(ve) +x; = 0, then pi(v) + y; = 0,i = 1,...,N} contains a single point v, that is
extreme in P(y), then y € 7.

Proof Fix 0 € B(v). By Theorem 2.1, s,(x) is an extreme point of P(x). The extra
hypothesis of the Lemma implies that s, (y) is an extreme point of P(y), in particular
that s,(y) € P(y), so that y € C(0). Therefore y € Cgp(y) = 7. [ |

Remarks (1) The map from the extreme points of P(x) to those of P(y) given in the
Lemma is surjective, by Theorem 2.1(a).

(2) There is a surjection from the power set of {1,..., N} to the set of faces of
P(x), x € 7, sending a set S to the set of points v € P(x) satisfying

(2.3) wi(v)+x;, =0, foralli €S,

or equivalently, to the convex hull of those extreme points of P(x) satisfying (2.3).
Under the hypotheses of Lemma 2.4, this leads to a surjection from the set of faces of
P(x) to the set of faces of P(y). If the hypotheses of the Lemma also hold with x and
y reversed, then this map between faces is a bijection.

3 Geometryona

As mentioned in the introduction, we will find that the integral JI(f, ) does not
have simple asymptotic behaviour as T approaches infinity in a*, but rather that
there exist convex open cones in a* such that the function JI(f, 7) is asymptotic to
a t-finite function in T as T tends to infinity within each cone. Let us first describe
these cones.

Let U, C a* be the union of the set A of simple roots of (G, A) and the set of
non-zero weights of m with respect to A. Define a function d on a as follows: for
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X € a, d(X) is the minimum, over all parabolic subgroups P C Q C G and subsets
8 C W, p such that span(8) N ag, does not equal the trivial subspace 0, of the distance

dist(ker 8, cvx(XR)pgRgQ)

between the kernel ker§ C ap of the set § and the convex hull cvx(Xg)pcrcq C
ap C a of the projections of X to ag, P € R C Q. Notice that for t € R* and
X € a,d(tX) = td(X). This function d is the correct analogue to this situation of the
functions denoted similarly in [3] and [8].

This definition may appear strange at first glance. The restriction on 8§ comes
about for the following reason: for any parabolic subgroups P C Q, and any § C
ap, if span8 M af, = 0 then there must be points in ker 8 N cvx(Xr)pcrcq for any
X € a. The converse of this holds for any § C ¥, p if d(X) # 0. Consider as an
example the case where G = SL(4), 7 is the irreducible representation of G whose
highest weight is three times the sum of the fundamental weights, P = P, Q satisfies
A? = {a3}, and 8 = {a; — a3, — as}. Then span 8 N af, # 0 since it contains
—3(a1—as3)+2(ay—a3) = (=31 +2a3) g, and dist ( ker S, CVX(XR)pgRgQ) measures
the distance between the line a; = a, = a3 and the line segment cvx(X, X) in
a R

The set of zeros of d is a finite union of closed convex cones, each corresponding
to a single choice of P, Q and 8. Each of these cones has positive codimension; this
is because ker § N cvx(Xg)pcrc is contained in ker & N (Xg + a}?) and this set is
non-empty only if Xg lies in ker ( (span 8) N af) , a non-trivial condition by the non-
triviality of (span8) N af,. If we choose P = Q and § to be a singleton {Ap}, A €
W, the subspace ker((span 8) N aa) is the hyperplane ker A\p, so d maps each of
these hyperplanes to 0. We will see that the function JI(f, ) is asymptotic to a real-
analytic function as T tends to infinity in each convex open cone in the complement
in a* of the set of zeros of d.

Notice that the above facts about the zeros of d trivially imply that the complement
tod = 0in a* can be expressed as a finite union of convex open cones that may
intersect. Call the cones appearing in such a decomposition the 7-dependent cones in
a*. The asymptotics of the function JI(f, 7) as T varies in the different 7-dependent
cones in a* will in general be different; it seems likely however that their constant
terms (when defined correctly, see the comments before Theorem 4.5) will often be
the same. If 7 is the Adjoint representation, then d is the function given in [3], and
there is only one w-dependent cone, namely the whole of a*.

Remark The complement of the set of zeros of d in a* decomposes as a finite union
of disjoint convex open cones in a*. We will not require this fact in the paper, so we
will not prove it here.

Choose a non-empty convex open cone in the complement in a* of the set of zeros
of d and call it €. The cone C will be fixed throughout this section. Given € > 0, we
write C for the set of X in C satisfying d(X) > ¢||X]||. Fix for the remainder of this
section € > 0 sufficiently small that C. is a non-empty convex open cone in a*. We
also write C(1) for the set of X € €, with || X|| < 1.
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The inner integral in (1.3) is over the set of a € Ap(R)° such that
FS(HP((Z), T— Tz) PQ(HP((Z) — T, S) = 1,

that is, Hp(a) lies in a polytope in real Euclidean space ap. The key to estimating
(1.3) is breaking up this polytope into pieces on which the integral is much easier to
evaluate.

Fix for the remainder of this section two parabolic subgroups P C Q C G. Define
RS(T, S) as the support of the function X +— Fg(X, TT'oX —T,8), X € ap, so
that the integral in (1.3) can be taken over a with Hp(a) € Rg(T - (Tz)g, S) . We
will break up Rg(T, S) in a complicated way depending on the hyperplanes ker A,
A € U, p that intersect it.

For T € a*, define R’S(T) C Tq + ag as the convex hull cvx(Tr)pcrcq of the
projections of T to ag; this is the support in T + ag of the function X — I'p(X, T).
Then for T, S € a”,

RY(T,S) = R'3(T) + R'o(S) 2 R'A(T),

s0if ||S]| < 1, every point in R3(T, S) is within unit distance of R’$(T).

We say that a hyperplane H in an affine space is a boundary hyperplane of a con-
vex polytope with non-empty interior if H is the affine span of a codimension one
face (a facet) of the polytope, and that a half-space is a boundary half-space of a
polytope it contains if its bounding hyperplane is a boundary hyperplane. Let the
relative interior, the relative boundary, and a relative boundary hyperplane of a re-
gion be, respectively, its interior, its boundary, and a boundary hyperplane of the
region considered as an object in its affine span. The dimension of a polytope means
the dimension of its affine span.

Lemma 3.1 For T in a, the non-empty faces ofR’,?(T) are exactly the convex hulls

cvx(Tr)p,crCp, = RIT(T%

where P and P, are parabolic subgroups satisfying P C Py C P, C Q. Furthermore,
the dimension of R'> is dim a2,

Proof Notice that the affine span of R’ S is To + a. A face of R’ S in the intersection
of R/ 1? with some of its relative boundary hyperplanes. Lemma 3.4 of [8] implies that
the relative boundary hyperplanes of R’ 3 are

(3.1) {X € Tg+a?| a(X) = 0},
for roots o € Ag, and

(3.2) {XeTo+al | w(X) =w(T)},
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for weights w € 319 Consider a collection of these hyperplanes in T, + a¥f whose
intersection intersects R’ § non-trivially. Choose parabolic subgroups Py, P, P C Py,
P, C Q, so that A} is the set of roots whose corresponding hyperplane (3.1) is in the
collection and AZQ is the set of weights whose hyperplane (3.2) is in the collection.

Suppose that there were a root a € A}, whose dual weight w,, in (ag)* lay in ﬁ? .
Since w,, can be written in the form

We = ca + g dow
weA?
WHWa

with ¢ positive and all d nonnegative, we see that for every X in the intersection of the
given collection of hyperplanes,

Y dew(X) = @a(X) = @a(T) = calT) + Y doew(T).
weag weﬁ,?
WHEW, WHWa

Since ca(T) > 0 and all d are non-negative, it must be that w(X) > w(T) for
some w € 3}? Therefore the intersection of R’ S with the collection of hyperplanes
is trivial. This gives a contradiction, so no such o can exist. This proves that P; C P,.

Therefore every non-empty face of R’ 1? is the set of points X in Tp, + a? such that

a(X) >0 foreverya € Ag,
w(X) < w(T) foreveryw € 319
This trivially equals the set of points X in Tp, + a? such that
a(X) >0 foreverya € AIQ,
(3.3) i
w(X) <w(T) foreveryw € A123-
Consider the smaller collection of inequalities
a(X) >0, foreverya e A?

(3.4) ~
w(X) < w(T), foreveryw € Af,

for X € Tp, + 2. Since every weight @ € A3 \ A2 can be written in the form

w=1w + Z d_w’
w’EK%
with ! in A} and all d,,» non-negative, if X € Tp, +0? satisfies the inequalities (3.4),
it satisfies all the inequalities in the second line of (3.3). Since every root a € A\ A2

can be written in the form
a=qa;— Z dow

weA?
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with @, in A; and all d,, non-negative, if X € Tp, + af satisfies the inequalities (3.4),
then

aX) = am(X) = ) dew(X)

mégf

> ar(T) = Y dew(T) = a(T) >0,

wGﬁf

forany a € A9\ A2, so that the inequalities (3.3) and (3.4) are equivalent on Tp, +al.
By Lemma 3.4 of [8], the set of X € Tp, +af satisfying (3.4) is exactly cvx(TR)p,crCp,-
This proves the first statement of the Lemma. The second statement is trivial, as T
lies in a*. ]

The following lemma points out the key properties of the region C.

Lemma 3.2

(i) The collection of subsets 8 of U p such that ker § intersects R’ g(T) is independent
of T € C.

(ii)) Given T € C,, parabolic subgroups P C Q C G and a subset 8 of Y p, if the
distance from ker 8 to R'S(T) is less than €| T||, then ker § must actually intersect
R'S(T).

Proof (i) Suppose that ker § intersects R’g(T) but not R'g(T’), with § C U, p,
and T, T’ € C. Consider a minimal face of R’ g(T) that intersects ker 8, so that the
intersection is a single point in the relative interior of the face. By Lemma 3.1 this face
is of the form R'%(T) for two parabolic subgroups P;, P, with P C P; C P, C Q,
and hence ker § intersects the affine space Tp, + a2 = affspan R'}(T) in a point. If we
write 8; for the set of projections of weights in S to af, this implies that

(3.5) span(8;, a3) = aj.

Now, by our assumptions, ker § intersects R’?(T) but not R’ %(T' ). Therefore
for some point T’ € € on the line segment joining T and T’, ker 8 intersects
only the relative boundary of R’3(T"’), not its relative interior. The intersection
(ker 8) N R’f(T”) = (ker 8;) N R{?(T"") is again a single point, and it must lie on a
relative boundary hyperplane of R">(T""). First suppose that this relative boundary
hyperplane is of the form (ker ;) N (T, + a?), for some a; € A?. By (3.5) we know
that  is in the span of §; and a3, so that

span(8; U {a;})Naj # 0.

But this contradicts the facts that ker(8; U{a; }) intersects R’ f(T' "Yand that T"' € C.
Next suppose that the relative boundary hyperplane of R’;(T"') is of the form

XeTh+d|wX) =w(T)}
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for some w € 31. Again, by (3.5) we know that w is in the span of §; and a3, so if
we choose P; C P, to be the parabolic subgroup with A; = A, U {w}, we have

span(8;) N a3 # 0.

But this contradicts the facts that ker §; intersects R’ ?(T' "y and that T"' € C. We
have proven part (i).
(ii) Consider a minimal face R’ f(T) of R g(T) such that

dist (ker 8, R"{(T)) = dist(ker 8, R'3(T)) < ¢|T|l.

Then, since T lies in €., we know that span(8;) N a5 = 0, so that ker § intersects
T, +a}. Clearly, given a convex set A and an affine subspace S that intersects the affine
span of A but not A itself, the points on A closest to S lie on the relative boundary of
A. But then the minimality of R’ f(T) implies that ker R intersects R’ %(T) CR g(T),
which proves (ii). |

Given a functional A € a}, write H) for the hyperplane ker A of ap. Given in
addition a positive real number b, define a “thickened hyperplane” H)(b) to be the
set of points X € ap such that |A(X)| < b; it depends on A, not just the hyperplane.
We will say that T' € € is sufficiently large if | T|| is sufficiently large. We will also say
(T, S) is well-situated if S, T € C., T is sufficiently large, and ||S|| < 1. Recall that
€ > 0 is fixed throughout this section.

Remark Since the largest angle between two vectors in the convex cone €. C a* is
less than 7r/2, it is valid to conclude that if (T, S) and (T’,S’) are both well-situated,
then so is every point (T"/, S’’) on the line segment in a X a joining them.

Lemma 3.3 There exists B € a*, positive on C, such that for every parabolic subgroup
P C Q, every subset § of W p, and all well-situated (T, S), the intersection

() Ha(B(T)) NRE(T,S)
AES

is non-empty if and only if the intersection

() Hx NR'E(T) = (ker 8) NR'S(T)
AES

is non-empty.

Proof We first observe that since W, is finite there exists a positive constant x >
1 such that for any b > 0, parabolic subgroup P, and 8§ C W, p, if X € ap lies
in (Vs Ha(b), then dist(X,ker§) < sb. This follows from repeated applications
of the following: given a subspace S of ap not contained in a hyperplane H C ap
through 0, a point within distance B of both S and H is within B/ sin(6/2) of their
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intersection, where € is the minimum angle between the projections of S and H to
ap/(SNH). (Notice that the projection of S is one-dimensional and not contained in
the projection of H, so the angle 6 is well-defined and positive. The distance from the
given point to S N H is the length of the diagonal through S N H of a parallelogram
in ap/(S N H) with one side in the projection of S, an adjacent side in the projection
of H, and all side lengths at most B. This length is at most B/ sin(6/2), the length of
the long diagonal of a rhombus with inner angles § < m — § whose parallel sides are
distance B apart.)

Fix a parabolic subgroup Q O P. Since R}?(T, S) contains R’g(T), ker§ N
R’g(T) = & implies

(N H®) NRATS) # 2,

A€ES

for any b > 0. On the other hand, if an intersection [, cs H(b) intersects Rg(T, S),
then since every point in RS(T, S) is within unit distance of R’ g(T),

dist (R'(T), () Hy) < dist(R(T,S), () Hy) +1 < b+ 1.
A€ AES

For b < £ ||T|| and T sufficiently large, this implies that the distance between
R’g(T) = cvx(Tr)pcrcq and [, g Hy is less than ¢|T||. Since T € C., Lemma 3.2

lets us conclude that (), g H. intersects R’ g(T).

We therefore need only find B € a* such that 0 < B(T) < 5 ||T|| forall T € C.
The choice B = ma, o any simple root in A, satisfies this condition. |

Let B be as in Lemma 3.3, and let us return to the fixed parabolic subgroups P C
Q € G. For the remainder of this section we will work in ap so that by the kernel of a
linear functional we will mean the kernel in ap, and by the interior of a region in ap,
its interior in the topology of ap. Write Il = IIp € aj for the set of non-zero weights
of 7 with respect to the torus Ap. Given any subset II* of II, write R}?(HJr7 T,S) for
the closure of the set of X € Rg(T, S) C ap such that for A € II, A(X) > 0 exactly
when X\ € TI*. Clearly each non-empty set RY(IT*, T, S) is a closed convex polytope
with non-empty interior in ap, and for (7, S) fixed, any two have disjoint interiors,
and their (finite) union over IT* C II is RI?(T, S).

Let IT* C II be a set such that Rg(l’[*, T,S) is non-empty. Given any subset
A C U,p =T1IU Ap, define A* = ANTIIT, A~ = A\ II', and define the sign
sgn(A) of a weight A € Il tobe 1if A € IT* and —1 if A € II™. For any functional
A€ ApUAQUAGUAS, define sgn A = 1. We will now decompose R(IT*, T, S)
as a union of closed convex polytopes in ap with disjoint non-empty interiors; in
the following section we will evaluate the contribution to (1.3) of the integral over
each of these latter polytopes. The construction of these polytopes requires a lengthy
recursion.

Let § = 1/|II|. Then for any IT* C II, any positive number b, any subset 8§ of II,
any linear combination

p= d,

AES
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and any X € a} such that

(sgn MA(X) >0, forall A eIl
pw(X) > b,

some A € § with dy(sgn A) > 0 must satisfy
(3.6) AX) > b/d,.

The 0-th step of the recursion proceeds as follows: for each subset Ay of II, let
R}?(Ao; II*, T, S) be the closure of the set of X € Rg(HJr, T, S) such that for A € II,
(sgn MA(X) > B(T) exactly for A € Ay. Notice that each non-empty set
Rg(Ao; IT*, T, S) is a closed convex polytope in ap, that the non-empty sets corre-
sponding to different A, have disjoint nonempty interiors, and that their union over
all Ay C I equals Rg(l’[ﬂ T,S).

Now suppose that we have constructed, at the k-th step, a non-empty region

R}?(AOa .. 7Ak; H+7 T7 5)7

with Ao, ..., Ag disjoint subsets of II. Our “inductive hypothesis” is that the re-
gion R}?(AO, ooy A II7) T, S) has non-empty interior, and that X € ap belongs to
Rg(Ao, ooy A IIF) T, S) exactly when X satisfies the following inequalities:

k
(sgn MAX) >0 forall A € (H \ UAi) UAp,

i=0

(sgn MA(X) > §;B(T) forallA € A;,i =0,...,k,

3.7
(3.7) (sgn MAX) < 6;B(T) forall A € Ajyq, ifi =0,...,k—1,
k
andall X € IT\ | J A, ifi =k,
j=0

the inequalities of immediate concern to us, and
w(X) < w(T), forallw e A%,
(3.8) a(X) > a(T), foralla e Ag
@w(X) < w(T+S), forallw € Aq.
The constants §; are all positive, with §o = 1. We will now express Rg(AO, vy A

IT*, T, S) as a union of regions with disjoint non-empty interiors.
If the intersection

k
ker(n \ UA,—) AR(A,, ..., AgII*, T,S)

i=0
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is non-empty, we end the recursion and do not break up the set Rg(Ao, v A
II*, T, S) any further. Otherwise, there exists an assignment a of constants ¢,(\)

(independent of T, S) for each functional A € Uf:o A; U Ap such that the linear
combination

k
o= Y carespan(|JAiuay)

AeUAUAp i=0

lies in span(II \ U:'(:o A;), and the weighted sum of certain of the inequalities (3.7) is
an inequality of the form p,(X) > ¢,B(T) with the number ¢, strictly positive—this
follows from a very special case of the Krein-Milman theorem together with Lem-
mas 3.2 and 3.3. Pick one such assignment a and write 4, as a linear combination of

elements of span(II \ Uf:o Ap):

pa= >, A

AT\ UL, A

Let D be the maximum of |d|, A € IT'\ Uf:o A;. By (3.6) we can conclude that for
all X in Rg(AO, coy A IIH T, S), at least one A € IT'\ Uf:o A; satisfies

(sgn MA(X) > %B(T)-

Let 041 equal d¢,/D, and for each subset Agq of IT'\ Uf:o A; define
Rg(A07 R 7Ak+l;H+7 T7 S)

to be the closure of the set of points X satisfying the strict inequality of each inequality
in (3.7) and (3.8) and also

(sgn MA(X) > 0441 B(T) forall A € Agyy

k+1
(sgn MA(X) < 61 B(T) forall X € T\ | J A

i=0

The non-empty sets R(Ay, ..., A3 II7, T, S), are the regions constructed at the
(k + 1)-st step. Notice that these regions are determined by inequalities of the form
(3.7) and (3.8), that their union over all non-empty Az, is Rg(Ao, oo A IIF, T S),
and that their interiors are pairwise disjoint.

Since II is finite and each A;, i > 1, is non-empty in a given non-empty region
Rg(AO, o, A I, T, S), we can write R}?(T, S) as a finite union

(3.9) U R(Ag, ..., A", T,S)
(Ags-..,.ASITT)EI(T,S)

of convex polytopes with disjoint non-empty interiors, indexed by a (finite) set I(T, S)
of ordered tuples of varying size, such that the region corresponding to each tuple
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(Ao, ..., A IIT) € I(T,S) is not broken up by the above algorithm. We will use this
decomposition of R(T, S) in the next section, by estimating an integral of the form
of (1.3) over each of these regions. Notice that by Lemmas 3.2 and 3.3, the index set
I(T, S) and the implicit constants §; and other implicit choices made for each element
of I(T, S), can be chosen independently of S € C.(1) and sufficiently large T € C..
We can therefore denote this set simply as I; it depends on P, Q, and, of course, 7.
The set I is in no way canonical, but is sufficient for our purposes.
Consider a region R;(T, S) = Rg(Ao, .oy A IT*) T, S) corresponding to
i=(Ay,..., A" € I(T,S),

and write
k k k
=1\ JA, M =JAfcm, m =|JA cm.
i=0 i=0 i=0

Notice that by the construction of R;(T,S), the set of weights of 7 that vanish on
ker ITy N R;(T, S) equals ITy, so in particular (span IIy) NII = IIy. The region R;(T, S)
is a convex polytope bounded by the inequalities (3.7) and (3.8), so that each bound-
ary hyperplanes of R;(T, S) is given by one of the following equations:

AX) =0, e (H\OA,) U Ap,
i=0

(3.7)! (sgn MAX) = §B(T), A€ N,i=0,...,k
(sgn M)A(X) = 6;B(T), A€ Ay, ifi=0,...,k—1,and all
Ae T\ Ui Apifi =k
and
wX)=w(T), we 3}?,
(3.8)’ aX) =a(T), acAq

w(X)=w(T+S), we AQ.

Let Y be an extreme point of R;(T,S), let H;(T,S) and H,(T,S) be the set of
boundary hyperplanes of R;(T,S) of the form (3.7)" and (3.8)’, respectively, that
contain Y. Each of the hyperplanes in (T, S), k = 1, 2, depends explicitly on T and
S through the corresponding equality in (3.7)" or (3.8)’, so that given any T', S’ € q,
we can naturally define the sets Hy(T’, S’).

Lemma 3.4 Suppose that we are given (T,S) well-situated, i € I(T,S), and Y an
extreme point of Ri(T, S). Let H,, H, send elements of a X a to sets of hyperplanes in ap
as described above. If (T’,S’) is also well-situated, then the intersection

(3.10) ﬂ H
HeH(T,S")UH,(T',S")

has exactly one element. Call this element Y (T',S’). Then Y (T',S") is an extreme point
OfR,'(T/, S/)
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Proof Let S be (ycqe,(r.5) H> fork = 1,2. Let § C Wy p be the set of functionals A
such that the point Y satlsﬁes an equahty in (3.7)" involving A, and let R C Q be the
parabolic subgroup containing P so that A is the set of w € AQ whose hyperplane
w(X) = w(T) appears in H,(T,S). Then Lemma 3.3 and the deﬁnmon of d imply
that span(8) N a} = 0. Since we also know that S¢;) N Sz) = {Y}, we can conclude
that

(3.11) ap = span 8 @ ag,

and that the intersection of the hyperplanes Hg, H € H,(T,S), of ag is the point
Yg. Since Y lies in R;(T, S), Yo — T must lie in R’Q(S), and projecting the preceding
sentence to ag, we find that the point Y — T is extreme in R, (S). Lemma 3.1 then
says that for some parabolic subgroup P, D Q, {Yq — To} = R’} = {8}, with S,
the projection of Sto a;, s0 Yo = T + . The definition of R tells us that Y = Tg,
so that Y = Ty + S;. Putting all this together, we see that Sy = Tz + S, + ak.

Going now to T’ and §’, notice that the hyperplanes in H;(T"’,S’) are of all the
form

A(X) = kB(T"),

where the constants k and functionals )\ 6 \I/ p are determined by Y. The intersec-

tion ﬂHEJ{ arsnH equals 5(1 = B(T )Y + ker 8. Also, the previous paragraph
implies the equahty

(3.12) (|  H=Ti+S| +kera;.
HeJ((T',S")

We conclude from (3.11) that the set (3.10) contains a single point Y(T’,S’). This
proves the first statement of the Lemma.

Since Y(T',S’) lies on a collection of boundary hyperplanes of R;(T’,S’) that
intersect in a point, it suffices to prove simply that Y(T’,S’) lies in R;(T’, S’), that is,
that Y(T’,S’) satisfies all the inequalities in (3.7) and (3.8).

We will first consider the inequalities in (3.8). The inequalities on the last two
lines of (3.8) follow immediately from (3.12). The inequalities on the first line of
(3.8) hold for w € Eg and are actually equalities in the case, again by (3.12). Lastly,
letw € 3}? \ &‘3 Since af = span § @ ay, we know that

(3.13) span8 Nag, # 0,

where R’ C Q is the parabolic subgroup satisfying A, = AY U {w}, and that
w(Y) < w(T). Ifw(Y(T’, S’)) > w(T’), then for some (T’"',S"’) on the line seg-
ment joining (T, S) and (T’,S’) (and by an earlier remark, necessarily well-situated),
the point Y(T"’,S"") would satisfy w(Y(T”, S”)) = w(T"). But then (3.13) and
Lemma 3.3 would yield a contradiction.

We next show that Y(T’,S’) lies in RR(T’, S’). Given the above paragraph, this is
equivalent to showing that « ( Y(T',S’ )) > 0 forall € AR. Assume otherwise, and
let (T"',S'’) be the point on the line segment joining (T, S) and (T’, S’) such that
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e a(Y(T",8")) > 0foralla € AR,
. B(Y(T”,S”)) = 0 for some 3 € A}ijithﬁ(Y(T’,S’)) < 0.

Then the point Y(T"/,S"') lies in

() Ha(B(T')) NRY(T",S"),
Aesu{8}

so by Lemma 3.3, the set ker(S U {8}) N R’5(T"") is non-empty, and since T"’ lies
in C, we see that span(8 U {8}) N a}; = 0. By (3.11) this implies that 5 € span S.
But then B(Y(T’, S’)) and ,B(Y(T”, S”)) = 0 can be explicitly given as ¢B(T")
and ¢B(T""), respectively, for some constant c. The constant ¢ must be zero, and we
obtain a contradiction to the definition of 3. Therefore Y(T’,S’) does in fact lie in
RE(T’,S).

Now, let i1 be any linear functional in ¥ p. We must show that the inequalities in
(3.7) that mention y hold for the point Y(T’,S’) (and T’ instead of T). If i1 € span 8,
then p(Y) and ( Y(T’,8’ )) are explicitly given as ¢B(T) and cB(T’), respectively, for
some constant ¢. Since Y satisfies all the inequalities in (3.7) (with T), Y(T’,S") must
satisfy those inequalities from (3.7) that mention u (with T’). Next, suppose that
u ¢ span 8. Because of (3.11) we must have that span(8 U {u}) N a} # &, so since
T € C., dist(ker(8 U {,u}),R’I;) > ¢||T||.- Lemma 3.3 then says that given a point
X € RK(T,S), INX)| > B(T) for some A € 8§ U {u}. Now, Y € RE(T,S) and
[A(Y)| < B(T) forall A € 8, so (sgn p)u(Y) > B(T). The inequalities (3.7) must be
consistent with this, so since each d; < 1, the only inequality in (3.7) that mentions
w must be of the form (sgn g)u > B(T). On the other hand, Y(T’,S’) € RX(T’,S"),
so that we can similarly obtain the inequality (sgn ,u),u(Y(T’, S’)) > B(T’). This
finishes our proof that Y(T’,S’) lies in, and hence is an extreme point of, R;(T’,S’).

|

In the course of estimating an integral over R;(T, S) in the next section, we will
express the integrand as a sum of terms corresponding to certain subsets of Iy, and to
estimate the integral of the piece of the integrand corresponding to one subset II; of
11y, we will need to further manipulate the set R;(T, S). The necessary constructions
form the remainder of this section.

Let IT; C Il be a subset of I, satisfying

I, = { A €I | A((kerII)) NR(T,S)) =0},

so that in particular (spanII;) N II, = II;. (Note that both {0} N II, and I, satisfy
this property.) Let B C II; be a basis and let d be the dimension of span IT;. We want
to examine the dependence of the convex polytope

(3.14) (X +kerIT;) N Ri(T, S)
onT,Sand X € R;(T,S).

Write ap for the quotient space ap/ kerII;, and make the natural identification of
the dual space of ap with spanII;. The projection map ap — ap sending X € ap to
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its projection, to be denoted X, in ap sends polytopes to polytopes, so the projection
of R;(T,S) is a polytope R;(T, S).

The dependence of the set (3.14) on X is clearly through X. To simplify matters, we
will consider only points X € R;(T, S) close to zero, in a sense to be defined presently.

The point 0 = ker IT; lies in R;(T, S) since ker IT; D ker I, intersects R;(T, S), and
it is an extreme point because of the inequalities (sgn A\)A > 0, A € II;, that hold on
R;(T,S). The polytope R;(T, S) has finitely many facets F through 0; the boundary
half-space corresponding to one such facet F is given by an inequality of the form

(3.15) > da>o,

AEB

for some numbers cf, A€ B.

Lemma 3.5 For any well-situated (T',S"), the inequality (3.15) defines a boundary

half-space of R;(T’, S").

Proof That the half-space defined by (3.15) is a boundary half-space of R;(T,S) is
equivalent to the following statement: The point ), 4 i\ is among those p €
spanII; such that p(X) > 0 for all X € R;(T,S) and is not the non-trivial convex
combination of non-proportional elements of this set. We must prove that if we
replace (T, S) with (T’, S’), this statement is still true.

By the theory of the polar [5, Theorem 6.4] and the extremality of 3~ _5 ¢k, the
inequality (3.15) can be written as a linear combination of the inequalities (3.7) and
(3.8). Furthermore, if we take X € R;(T, S) a pre-image of 0 € F, then each inequality
that appears in the above linear combination with non-zero coefficient is actually an
equality at X. Let A [resp. W] be the set of functionals appearing in equalities from
(3.7)’ [resp. (3.8)'] that hold at X. Then we have an equality

dSodAa+ D dew =Y )

A€A weW AEB

for some constants d, d,. The set span(W) +ag, is of the form aj for some parabolic
subgroup R C Q. The point X lies in RE(T,S) and in Micaus HA(B(T)) , so by
Lemma 3.3 and the well-situatedness of (T, S), span(A U B) N a} = &, and so all the
constants d, must be 0. Therefore the inequality (3.15) is a linear combination just
of inequalities from (3.7), and so takes the form

> x> eB(D),

AeB

for some constant c. The constant ¢ must clearly be 0.

Going now to R;(T’,S’), we see that taking the same linear combination of the
inequalities (3.7) (with T” instead of T'), we find that the inequality (3.15) holds also
on R;(T',S"). If the point ), cf X were a non-trivial convex combination of non-
proportional functionals ;1 € spanII; that are non-negative on all of R;(T’, S’), then
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we could reason as above to find that these functionals are also non-negative on all
of R;(T, S), and so obtain a contradiction to the above-stated extremality of > ck\.
This completes our proof. u

The functional

Ap =) (sgn )

AEB

is non-negative on all R;(T, S) (and vanishes on the non-empty set (ker IT; )NR; (T, S))
for any well-situated (7, S). The proof of Lemma 3.5 implies that the value of Ay at
each extreme point Y(T,S) = ﬂHeﬂfl(T,S)uﬂ{z(ﬁS) H of R;(T, S) is determined from
the equalities in (3.7)’ that define hyperplanes (T, S), so that there exists a con-
stant ¢y independent of T and S such that for any well-situated (T”,S’), we have
Ap (Y(T’, S’)) = ¢,B(T'), where Y(T',§’) is the extreme point of R;(T",S’) given
in Lemma 3.4. Therefore, for well-situated (T, S), the minimal non-zero value of Ay
on the extreme points of R;(T, S) is given by 26'B(T) for some non-zero constant ¢’
independent of T and S. Since the non-zero extreme points of R;(T, S) are projections
of those extreme points of R;(T, S) where A\g is non-zero, and Ag is left invariant by
projection to ap, the hyperplane {X € @p | A (X) = §’B(T)} of ap separates 0 from
the other extreme points of R;(T, S).
Let R;(6, T, S) be the set of X in R;(T, S) satisfying

(3.16) Ap(X) =D (sgn MA(x) < 6'B(T).

AEB

The boundary hyperplanes of R;(¢’, T, S) are exactly the boundary hyperplanes of
R;(T,S) that intersect (kerII;) N R;(T,S), and the hyperplane Az = 6’B(T) from
(3.16). This is because every face of R;(T,S) that does not intersect kerII; is the
convex hull of a collection of extreme points of R;(T, S) not in ker IT}, and so has no
points satisfying (3.16). This argument also shows that the projection R;(d’, T, S) of
R;(0’,T,S) to ag is a pyramid with apex 0 whose boundary half-spaces are exactly
those given by (3.15) and (3.16).

We want to examine the dependence of (3.14) on X, T, S, with (T, S) well-situated,
and X in the interior of R;(6, T, S). A basic example is the intersection of translates
of the line y = z = 0 with the octahedron R C R’ given by

0<y+z,y—z,x+y—2z,x+y+z<B(T)
(the polytope 0 < y +z,y —z < 0B(T), 0B(T) < x+y —z,x+y+2z < B(T) is

similar); this models the points of the intersection (X + ker I;) N R;(T, S) in Tp + ag
when dim af = 3. The intersection

((x0,90,20) +L) NR, (%0, y0,2) € Int(R),

is a line segment and each of its two endpoints lies on a boundary hyperplane of R.
The two hyperplanes on which the end points liearex+y —z = 0,x+ y +z = B(T)
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ifzg >0andarex+y+z=0,x+y —z = B(T) if zy < 0. Therefore, the extreme
points of

((x0,70,20) +L) NR

are linear in T and in (xo, y0,2) on a specified side of zp = 0. We will see that the
general situation is similar.

Notice that Ag (X + ker II}) = Ag(X), so that for any point X in R;(¢’, T, S), the
polytope (3.14) equals (X + ker IT;) N R; (8", T, S).

Given X in the interior IntR;(6', T, S) of R;(6’, T, S) and an extreme point Y of
the polytope (3.14), there is a face F of R;(6”, T, S) such that

(3.17) (X + kerII;) Naffspan F = {Y}.

Since X € IntR;(6”, T, S), Ag(Y) < §'B(T), so F is not contained in the hyperplane
A = §'B(T). Therefore F intersects ker ITj, so that affspan F N R;(T, S) is a face of
R;(T, S) of dimension dim F. Since (3.17) contains a unique point, elementary linear
algebra implies that

(3.18) |(Z + kerI1;) N (affspan F)| < 1forall Z € ap.

Suppose that (T’,S’) is also well-situated, that F is a face of R;(§’, T, S) satisfying
(3.18), and that F' is the corresponding face of R;(¢’, T', S’) (more precisely, the in-
tersection with R;(6’, T',S’) of the face of R;(T’,S’) corresponding, by Lemma 3.4
and the remark after Lemma 2.4, to R;(T,S) N affspan F; F’ clearly also satisfies
(3.18)). Suppose also that X € IntR;(6”, T, S), X’ € IntR;(¢', T', ') satisfy

* (X + kerlIl;) N affspan F contains a (unique) point, which is extreme in (X +
kerII;) N R;(6', T, S),

e (X’ + kerIl;) N affspan F’ contains a (unique) point, which is not extreme in
(X" +kerII}) N R; (67, T',S").

Then for some point (X', T'/,§’’) € ap X a x a on the line segment joining (X, T, S)
and (X', T',S’) (so that (T"',S"’) is well-situated and X'/ lies in Int R;(6’, T'', §'")),
X'" + kerII; intersects a face F of R;(§’, T"',S"") strictly contained in F'’, the face
corresponding for F. Notice also that since F'’ D F satisfies (3.18), there must exist
points Z arbitrarily close to X'’ such that Z + ker IT; does not intersect F (or even
affspan F). Let us examine these faces F.

Let F be a maximal face of R;(8’, T, S) such that for some X € IntR;(§’, T, S) the
intersection (X + ker II;) N affspan F is non-empty, but that there exist points in any
neighbourhood of X such that the corresponding intersection is empty. We will call
all such faces problematic. The face F must intersect ker IT;, so the projection H of
affspan F to g is a subspace. In fact, maximality of F is easily seen to imply that H is
actually a hyperplane through 0 in ag, and so can be given by an equality

(3.19) S dr=o.

AEB
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An argument similar to that in Lemmas 3.4 and 3.5 shows that given a problematic
face F of R;(6’, T,S), and any well-situated (T',S’), the corresponding face F’ of
R;i(87,T',8") is also problematic and its projection to ag; is a hyperplane given by the
equation (3.19). The complementin R;(¢’, T, S) [resp. R;(’, T, S)] of the union over
all problematic faces F of R;(6’, T, S), of the hyperplanes in ap [resp. Gy ] determined
by (3.19), is a finite, disjoint union of convex open polytopes, each of whose closures
is given as the set of X in R; (8", T, S) [resp. R;(6/, T, S)] satisfying

(3.20) j(F) Z d‘:/\(X) >0, for each problematic face F,
AEB

with j an assignment of +1 to each problematic face of R;(¢’, T, S). Let J; be the set
of assignments j such that the set of X in R;(¢/, T, S) satisfying (3.20) has non-empty
interior in ag. Then J; is independent of well-situated (T, S).

Definition 3.5

(a) Given (T,S) well-situated, i € I, j € J;, define R; (6, T, S) [resp. R; j(0", T, S)]
to be the set of X in R;(0’, T, S) [resp. R;(6’,T,S)] satisfying the inequalities
(3.20).

(b) Given X € ap, i € I, define R;(T, S)x to be the polytope

((X+kerH1) N R;(T, S)) — X C kerIl;.

We have proven the following Lemma.

Lemma 3.6 Fixi € I, j € J,. Suppose that we are given (T, S), (T',S") well-situated,
and X € R;j(0',T,S), X' € R;j(6',T',S"). IfY is an extreme point of (3.14), let F
be a face of R;(T, S) satisfying (3.17), and let F' be the corresponding face of R;(T’,S’).
Then (X' + ker II;) N F' is an extreme point of (X' + ker I1;) N R;(T’, S").

Corollary 3.7 Fixi €1, j € J;, p € a*. Then the integral
/ "M dH,  (T,S) well-situated, X € R; ;(8', T, S),
Ri(T.9)x
ist-finitein X, T, S.

Proof This is immediate from Lemmas 3.6, 2.3, 2.4. |

Notice lastly that for every j, the polytope R; ;(6/, T, S) is again a pyramid with
apex 0, whose bounding half-spaces are given by the inequalities from (3.15), (3.20)
and (3.16) (giving the base), and so is independent of S.

Write R; ; for the polyhedron bounded only by the inequalities from (3.15) and
(3.20); the penultimate step in the proof of our main theorem (3.3) will be noticing
that R; ; does not depend on T or S.

https://doi.org/10.4153/CJM-2001-006-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-006-1

A Truncated Integral of the Poisson Summation Formula 145

4 The Main Theorem

In [8], we saw that if the rank of G is at most two, then the truncated integral J (f, )
was asymptotic, as T approached infinity in certain sub-cones of a*, to a t-finite
function of T. In this section we prove this for general G.

Theorem 4.1 Let G be a rational reductive group with anisotropic centre, and let w
be a rational representation of G on a finite-dimensional vector space V. For each -
dependent cone C in a*, each geometric equivalence class o € O, and each Schwartz-
Bruhat function f on V(A), there exists a unique t-finite function P, ¢ on a such that
for every sufficiently small € > 0 and every ¢ > 0 there exists a continuous seminorm
Il =l - lle.c on the space of Schwartz-Bruhat functions on V (A) such that

ST ) — Pae(T)] < | flleI™,

0eD

for all T in C.. The function

Pe(T) =Y Pye(T)

0ED
is also t-finite.

The basic outline of our proof of this theorem is the same as that of Theorem 6.1
of [8], however there are additional complications, arising from the constructions
of Section 3 and the need to watch the dependence on f. As in [8] we prove the
Theorem by examining differences J,(T + S) — J,(T) and then applying Lemma 4.2,
whose proof is easily adapted from the proof of Lemma 4.2 of [8].

Lemma 4.2 Suppose that { ], }oco is a collection of continuous functions on an open
cone C in a*, and that there exists a collection, indexed by o € O, of t-finite functions
{po} on a x a and a constant b such that for every ¢ > 0 there exists a constant C. such
that
D (T +8) = Jo(T) = po(S, T)| < Cee™ I,
€D
for all S in C(1) and every T in the cone with || T|| > b. Then for each v € O there exists
a unique t-finite function P, and for every ¢ > 0 there exists a constant d. depending
only on ¢ such that
> 1Jo(T) = Po(T)| < deCe™“IIT]
€D

for every T in the cone.

We used reduction theory to reduce the difference J,(T+S) — J,(T) to expressions
of the form (1.3). The idea now is to use the Poisson summation formula and the
constructions of Section 3 to reduce the problem to an application of Corollary 3.7.
A simplified example to keep in mind is the following: for f a Schwartz function on
R, the integral over x in the interval from 0 to T of ) | ., f(e*n) approaches

e =1f0)+ /OO > e fletn) dx
0 n=#£0
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as T tends to infinity in the cone R™ of negative reals and approaches

Tf(0) + /O h D fle*n) dx
n=#£0

as T tends to infinity in the cone R* of positive reals. The ¢-finite functions T and
e~T — 1 are integrals of the form of Corollary 3.7.

Proof of Theorem 4.1 Fix a geometric equivalence class o € O and an € > 0 suffi-
ciently small that the set C. is non-empty. Clearly, if for each sufficiently small ¢ > 0
there exists a ¢-finite function satisfying the above estimate, then it must be unique
and independent of . We need therefore only find an approximation on the cone C,
for a fixed € > 0. Let us also fix ¢ > 0.

To apply Lemma 4.2, we must estimate the difference JZ*5(f, 7)— JI(f, 7). Notice
that we can require ||T|| to be larger than any constant that is independent of f.
Throughout this proof this is what we will mean by choosing T sufficiently large.
Take T, S as in Lemma 4.2, with T sufficiently large. For the remainder of the proof
we will assume without mention that (7T, S) are well-situated, so that T is sufficiently
large and lies in C;, and that S lies in C.(1). By a fixed constant we mean one that is
independent of T, S, o, and f.

Equation (1.3) states that

g - = [ e, ua,
Np(Q)\Np(A) J Ap(R)°

PCQCG
x I'§(Hp(a), T — T,) T -
7 (Hp(a), 2) Q(Hp(a) T, S) dadn.
Since the outer sum is finite, we need consider only the term corresponding to a
fixed choice of P C Q C G. Since the function fPXT2 is Schwartz-Bruhat and is

independent of T'and S, we can reduce the problem to constructing a ¢-finite function
that approximates the integral

/ / e_2PP(HP(a))¢D(na’ f)
(4.1) Np(@)\Np(A) J Ap(R)?

x ¥ (Hp(a), T — T,) Tq(Hp(a) — T,S) dadn,
for a Schwartz-Bruhat function f on V(A).
Recall that the set Rp(T, S) defined in the previous section is the support in ap of
the characteristic function sending X to

TS(X, T)['o(X — T,8).

Therefore the integral over a in (4.1) can be seen as an integral over the set of a such
that Hp(a) lies in RRQ( T— (Tz)g, S) . We spent a lot of effort in the previous section
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producing a decomposition of Rp (T, S); let us now make use of it. Consider a closed
region R = R; ( T— (Tz)g, S) in the decomposition

RRQ(T — (Tz)g,S) = URz(T - (TZ)gvs)

iel

ofRRQ( T — (Tz)g, S) given in the previous section. Since RR,Q( T — (Tz)g, S) is the
disjoint (modulo boundaries) union of these regions, and since there are only finitely
many of the regions, it is sufficient to estimate the integral for Hp(a) in this one region
R. Recall that together with the region R we associated a disjoint decomposition of
the set II of non-zero weights of 7 with respect to Ap:

II=1I_ UIl, UIL;

define the weight spaces
Vo=@ Vv, o= @ Vv, v.=v
Aell_ AeIlU{0} A€l

Pick a basis of V() so that each basis element is in some V. By setting the basis
to be orthonormal, we obtain an inner product v-w and a norm ||v|| on V(Q) and on
V (R)—notice that for v, w € V(Q)), v+ w is rational. We also set V (Z) to be the set of
integral linear combinations of the elements of this basis, and similarly with V (37)
for any positive integer N.

Replace the integral over Np(Q) \ Np(A) by one over wp, a relatively compact
convex fundamental domain of Np(Q) \ Np(A) containing the identity. With this
substitution, we need not worry about Np((Q))-invariance of our expressions.

We must prove that there exists a ¢-finite approximation of the integral

/ / e 20r @) (na £) dadn,
wp JexpR

where expR = {a € Ap(R)° | Hp(a) € R}.
Notice that because of Lemma 1.1, we have the following equality:

Go(na, f) =Y f(m(na)~'v)
(4.2) e
= Z f(m(na)~'y) + Z f(m(na)~'y),
YE@NVo(@)+V (@) eV (D)’

where V(Q))’ is the set of v € V(Q)) with a nonzero componentin V_.

We claim that the second term of the right-hand side of (4.2) is an error term.
More precisely, we claim that there exists a fixed continuous seminorm || - ||; on the
space fixed of Schwartz-Bruhat functions on V (A) such that the expression

(4.3) / ¢ / S | f(n(na)~') | dnda,
exp R wp

reEV(@Q)’
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can be bounded by || f||;e=“I"ll for T sufficiently large.
We prove this as follows. Define a function f on V(A) by

f(v) = sup | f(ﬂ(n_l)v) | .

newp

Now, for a € Ap(R)® with Hp(a) in a}, the set a~'wpa is contained in wp, and so,
given any function /& on Np(A),

(4.4) / h(a 'na)dn <sup |h(n)|.

neEwN
(Notice that wp has volume one.) Therefore, (4.3) is bounded by

/epr e /wp Z f 7T(a 'na)~' (m(a"")y) )’da

yeEV(Q)’

- / 2 @ N F(n(a)y) da
exp R

yEV(Q)’

(4.5)

Since wp is relatively compact, the function f is continuous and rapidly decreas-
ing, that is, f is a finite sum of functions of the form [, f,, with each f, a continuous
function on V' (Q,) that is compactly supported if v is finite, and decreases faster than
the inverse of any polynomial if v is infinite. In particular there is an integer

Ni(f) = HPnp(f)
I3

determined by the support of f such that the sum in (4.5) can be taken on
Vs /L)’ V(Q)' N V(g /L) instead of V(Q))'.

By the definition of R we know that forainexpRand A € A;", we have
A(Hp(a)) < —&;B(T).
Since B is positive on C, B is larger on all €, than some fixed multiple, depending on
€, of the norm. This implies the existence of a fixed positive constant k depending on
€ such that
(4.6) A(Hp(a)) < —k||T||, foralla € expR,A€Il_.
There is also a fixed positive constant k', also depending on ¢, so that

)\(Hp(a)) > —k'||T||, foralla € expR,\ € Iy UTL,.

The inequality (4.6) implies that we can force all the points w(a=')y, a € expR,
v EVigmH Z)' to lie outside any fixed compact set, by choosing T sufficiently large.
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Given a vector v € V(A) and a weight A € II, write v* for the component of v
in V* and vg for the component of v in V(R). Let u be a weight in IT_. Since f is
rapidly decreasing the previous paragraph implies that we can bound

[ F(m@™) | < Al ma ol = TT (1 el ™

AEI\p

= [l Dt = T 0+ e H@ )~
Ael\p

(4.7)

forally € V(ﬁml)' with v# nonzero, by choosing T € €, sufficiently large, where
¢ > n are arbitrarily large fixed integers. The norm ||| - ||, is given by

A= s (Tl IT a+laim),

pell_
VEV (A) 140 AEI\p

and is continuous with respect to the topology on the space of Schwartz-Bruhat func-
tions on V (A).
For A\ € II_ and x a non-negative real number we can bound

(14 e ™HHD) )71 < (1 4 x) 71,
For A € I, UIL; and x a non-negative real number we can bound
1+ e "M@y > min(1, @) (1 4 x)
> eI 4 x).

Also, since p liesin II_,
o Hp (@) < = k|IT]|

Putting together the above inequalities, we obtain that 7( 7T(a_1)'y) is bounded by

Il £1ly exp( =k — [T UTL [nk)[| T)1) el = T 0+ vl
AT\ p

where [IIo UIL,| denotes the cardinality of the set. Since ||v|| > 1/Ni(f) with Ny (f)
a positive integer, and £ > 1, we have

(Ni(f)"+1)

<2NI(D A+ [[lM T
L+ A" §

gl = = Il Il ~ < Nu(H* "
and so we obtain the bound

2N NIl exp(—(¢k — [To UTL k)| T]) T2+ gl
A€l
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of T( m(a™! )’y) ; this bound is independent of the weight p, and hence is valid for all
vy E V(ﬁml)’. Choose 7 so large that for every A € II, the sum

> Al

~yEVA(Z)

converges, and write C), for its value. Then for every natural number N and every

A € II, the sum
> Ot lywln
YEVM%Z)

is bounded by Cy\N". Choose £ > n so that ¢k — [IIy U I, |nk’ > ¢+ 1. Then (4.5) is
bounded by

zN1<f>f||f|1e-“+“'T“( / e-WP(“”da) R IR GR
exp R

yev(ﬁz) Aell

<2N O I fle T ol TT DS (D™
AT yevA (s 7)

< N (N £l eI vol(R),

where

clzzﬂcA

A€ll

is a fixed constant. By Lemma 3.4, the extreme points of the region R are linear in
T— (Tz)g and S for all sufficiently large T € C. and all S € C.(1), so the volume of
Ris a polynomial in T and S. Therefore

CINL ()| £ e DI vol(R) < CINY ()| £]] eI

for some fixed constant C;. This completes our bound of (4.3), since the norm || - ||;
given by || f|l, = C{Ny(f)**!1]|| £]|], is a fixed continuous seminorm.
Rewrite the first term of (4.2), with our fixed geometric equivalence class o, as

> > f(wna) (v +4)

Yo €NV (Q) v+ €VL(Q)

= Z Z /V o f(’/T(na)fl(,-yO + V)) . 1/}(,7_'_ V) dv

Yo €NV (Q) 74 €VL(Q)

_ -1 d
> )/V+(A)f(7r(na) (Yo +v)) dv

Yo €NV (Q)

(4.8)

! Z Z /\a(;\\) f(w(na)~ (v + ) (s - v) dv;

Y EMNV(Q) 1€V (Q)\{0}
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the first step was Poisson summation on V. (Q). We have chosen here i to be the
standard additive character on A given in Tate’s thesis.

The following expression dominates the sum over all geometric equivalence classes
0 of the second term of the right-hand side of (4.8):

(4.9) > >

1EVH(Q) 7€V (@)\{0}

/ f(ﬂ'(”a)_l(% + V)) V(v - v) dvl.
Vi(A)

We claim that the integral over a and n of (4.9) is another error term. We prove this
as follows.
Define the function

o0, 7s) = / F(r(am) ™ (o + 1) s -V dv, 70 € Vo(A), 74 € Vo (A).

Vi(A)

For vy € V(Q), v+ € Vi \ {0}, | fan(70,7+)] is the summand in (4.9) corresponding
to o and ;. By (4.4), we have the inequality

/ on oy dit < sup |fum(0s 72,

newp

Notice that

w10 = [ (a0 + 1) d - )

Vi (A)

= / f(ﬂ(n_l)(w(a_l)% +m(a")v) ) Y(m(@)y - w(a " v) dv
Vi)

= eZP*(HP(“))/ " f<7r(n_])(7r(a_l)’yo + V) ) lﬁ(ﬂ(a)%r . V) dv
V(A

- eszr(HP(a))fl-ﬂ(ﬂ(ail)PyOa 7"-(a)’)@) )

Hp(a)

where e+ ) is the Jacobian of the change of variables

v a(a)y, veVi(A)

on V_(A), for a € Ap(R). Now, the function f; , is Schwartz-Bruhat for each n € wp

and continuous with respect to n. Since wp is relatively compact the function fy on
Vo(A) x Vi (A) defined by

(o, vi) = sup | fia(vo, vi)|, vo € Vo(A), vy € VL(A)

newp

is continuous and rapidly decreasing.
The integral over a and n of (4.9) is therefore bounded by

(4.10) / i@ % Ty L fu(wa )0, m(a)ys) da,
exp R

YMEVH(Q) €V, ((Q)\{O}
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where, since the integrand is positive and the expression clearly converges, Fubini’s
theorem allowed the free interchange of integrals. Fubini’s theorem will trivially
apply through (4.23) because all integrals will be over compact sets of continuous
functions and its use will not be mentioned. The function fy is rapidly decreasing,
a € expR is real, so the sums in (4.10) can be taken in V(#(f)l) instead of V(Q),

for some integer N, ( f) depending only on f.
Pick new fixed positive constants k, k' (depending on €) so that

A(Hp(a)) > k||T||, foreverya € expR, \ € IL,,
A(Hp(a)) < K'||T||, foreverya € expR, A € Ily;

this again is possible because of the inequalities in (3.7). Let a € expR and v, €
V+(ﬁf)7l) \ {0}, be arbitrary, and let 4 € II* be any weight in II, such that 7/ is
non-zero. Then

[ (@) | = Iw@@all = ()] > ﬁﬁeﬂml.

Since fy is rapidly decreasing, the following inequality holds for arbitrarily large in-
tegers{ > n,a € expR, v € Vo(ﬁf)Z), and v, € VJ#JC)Z) \ {0},if T € C.is
sufficiently large:

| fv(m(a™" )0, m(a)ys) |

< Ifll I @ = T (1 + Iwta™Herdl) ~

XS

[T (+lr@eoalr) ™

NEIL N\ p

< 2NNl exp (~ Tl ek = [Tofmk))  TT (1 Il +7Rl7)
A€ UIT,

where ||| - |||, is a fixed continuous seminorm. Write ¢’ = ¢k — |IIj|nk’. We have
bounded the summand in (4.10) independently of the choice of u, so (4.10) is
bounded by

2N, () £l I (/ 20+ —=200) (Hp (@) da)
exp R
> [T a+lmin!

We(vo@vg(ﬁz) A€l UIL,

) , |7
2NN 1 fNllpe </epr
T >ooa+mim

Aell UIL, A,Aevx(ﬁz)

20+ —200) (Hp(a) da)
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Choose 7 so large that the sum
>+ |wln
YAEVM(Z)

converges for every A € Iy U II,, so that (4.10) is bounded above by

(4.11) CzNz(f)’Z*'HOUH*'”H\f|||2e’[/”TH (/ o(20+—2pp)(Hp(a) da) ,
€X]

PR

for some fixed constant C,. Since the extreme points of R are linear in T — (Tz)l(,2 and
S, the expression in parentheses in (4.11) is bounded by the exponential of some fixed
multiple of || T'||. By choosing ¢ sufficiently large we obtain that (4.10) is bounded by
CoN, () HHoVILIm ) £ eI Tl for all sufficiently large T, where Cj is some fixed con-
stant. The seminorm || - ||, given by || f||l, = C3N,(f)*F MU || £]]| is continuous,
so that this term, too, is an error term.

We can now deal with the integral of the first summand of (4.8),

(4.12) / e~ 2rr(Hp(@) / Z / W(na)_l(’y + v)) dvdnda.
exp R wp Vil

YEINV(Q) ¥ '+ L\\)
We are trying to prove that this integral has a ¢-finite approximation.
Given a subset 8 of Iy, write 5(8) for the set of weights in II that vanish on all

(ker§) "R = ker(Z(sgn )\))\) NR;
AES

by (3.7) we have s(8) C II,.
Given v € V, write supp v for the set of those weights A such that v has a non-zero
component in the weight space V*. Given a subset IT" of I, write

W)= P v w.ah= § v
Aelr/ AET\ITY
Wo(l') = {v e Wo(II') | s(supp(v) N1Ig) =1},
Notice that W{j(I1') is empty if s(II") # II’. By Lemma 1.1, we know that

o N (WeIIN)(Q) + W (IT) (@) = (e NWIT)(Q) +W.(IT)(Q).

We can write

> Fyp= )Y, > > Fiy+v),

YEDNV,(Q) I'CIL, €orWy (I1)(@) €W (I1)(0)
s(I")=I1"

for any function F on V(Q)); a vector v € o N V(Q)) appears in the summand
corresponding to II’ = s(supp v N I1; ).
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There are only finitely many choices for IT’. Make one and write Wy = W (IT’),
W, = W,(II’), and W = W{(II'). Consider the summand in (4.12) corresponding

to IT’. Itis
(4.13)
/ 72/)1 (Hp(a)) / Z Z / W(na)fl(y e+ V)) dvdnda
exp R YEINW, (Q) 14 EWL(Q) Vi (A)

— / —2PP Hp(a /
exp R w

/ f(w(na)_1(7+v)) V(v - v)dvdnda.
(A)BV+(A)

P yeonwy (@) 7+€W+ Q)

We will next break up the sum over ~y, in (4.13).
Given a subset 8 of I, write b(8) for the set of weights in II{ that vanish on all

ker(I' US) N R = ker( 3 Gsgn /\)A) AR
AeIl’US
Given a subset II"/ of II], write
Up(IT") = @ VA U@ =V, s EB VA,
AEIl//\IT/ AEI\IT"/

Uy(IT"") = {v € Up(IT"") | b(supp v) = IT"'}.

S Fyw = ). > Fn),

1+ EWL(Q) ' CIy v€U (') (Q)
b1’ )=I1""

We can write

for any function F on W, (Q); a vector v, € W, (Q)) appears in the summand corre-
sponding to IT"" = b(supp v4).

There are only finitely many choices for II’’. Make one and write Uy = Uy(I1"'),
U, = U,(MI"),and Uj = U{(IT"’). The summand of (4.13) corresponding to it is

(4.14) / o200 (H(a) /
- P>

YENW,(Q) 7+ €U (Q)

/ f(ﬂ(na)71(7+v)) V(v - v)dvdnda.
Wi (A)BV(A)

Let IT; C II, be the set of weights in IT that vanish on all ker(IT” U II’") N R. This
latter polytope equals

(4.15) ker( 3 (sgn)\)/\> AR

AEsupp (Y+74+)
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for any v € W¢, v, € Uj. Then
kerII; NR = ker(II' UTI”") N R,

so IT; also equals the set of weights in II, that vanish on ker IT; N R. Recall that in the
previous section we defined a number ¢’ and a decomposition

Ri(8',T—(12)3,S) = | JRij(8', T — (T2)3,9)
jej

of part of the region R = R; ( T— (Tz)g, S) , that depended on II; so that the regions
Ry = R;(T, S)x defined in Lemma 3.5 behaved well for X in any given R; (', T,S).
We will soon use this decomposition.

First, we break up the integral over a as follows. Let Ap(R)® C Ap(R)® be a com-
plement to the subgroup exp(kerII;) so that the natural projection p: Ap(R)®
ag = ap/kerIl; is an isomorphism, and normalize Haar measures on these two
subgroups so that their product is da. We do this independently of f, T, S. Write
a = ayd, ay € exp(kerIl;), @ € Ap(R)°, for the canonical decomposition and write
expR = {a@ | Hp(a) € R}. Then the integral (4.14) becomes

(4.16) / o—200(ITp(@) / o= 2prlHrla) /
exp R exp Rup@ w Z Z

P yE0NW{ (Q) 1+ EUL (Q)

/ f(w(naoﬁ)_1(7 +v)) V(v - v)dvdndag da.
W, (A)BV(A)

where exp Ry, ) is the exponential of the set Ry, @ = R; ( T — (Tz)g, S) H@) defined
in Lemma 3.5. We will see that the dependence of the innermost integral on a4, is
particularly simple.

We first show that Np preserves both U, (A) and Wy @ W, & V... The two facts are
proven similarly, so we will consider only the second. It is clearly sufficient to prove
that 71(n)V* liesin Wy @ W, & V, = @uen'ungum V# for every vector voe VA
A e II' UIT UTL,. A weight pin supp(w(n)vA) is the sum of A and a non-negative
linear combination of & € Ap, and so by the inequalities (3.7), must be at least as
large as A on R. If 14 is 0 or sgn u = 1 we have nothing to show, while if sgn u = —1,
then for any X € (kerIT’) N R, x(X) must be both at most (since p € II7) and at
least (since u(X) > A(X)) zero, so that u lies in IT’, proving the fact.

We now prove that for ay € exp(kerIl;), n € Np(A), and w € Wy(A) & W, (A) &
Vi(A) = Wo(A) @ Up(A) & Us(A),

(4.17) w(nagn™Hw — wlies in U, (A).

We have already shown that 7(n~!)w can be written in the form 7w(n = )w = wy +wy,
with wy € Wo(A) + Up(A), w, € U,(A). The action of ay on Wy @ Uy is trivial, so

m(aon™ " )w = m(ao)(wo + wy) = wo + w(ag)ws,
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and hence
w(agn ™ Dw — w(n™Hw = m(ag)wy — wy € UL(A).
Since the action of Np preserves U, (A), we have proven (4.17) which implies that the
change of variables

v = w(nagn~Hv + (W(nao”_l)V - 7)

is an isomorphism on W, (A) @V, (A) that does not change v, -v for any 7, € UJ(Q);
its Jacobian is e+(F»(®@)) where 2p is the sum of all weights in IT* \ II’, including
multiplicities. The integral (4.16) therefore equals

/ elpp(Hp(E))</ e(z;ﬁzp,))(y)dY) /
expR Rup@

“P Y eonW, (0)

/ f(ﬂ(nﬁ)71(7+v)) V(v - v)dvdnda.
Wi (A)BV(A)

Y+ € UOI (@)

The region R = R; (T — (T,)3, S) breaks up as

R=|JRi;(8", T~ (T),) U (R\R,-((S’,T— (Tz)g,s)),

JEJi

where the sets on the right are disjoint modulo boundary; this gives a similar decom-
position of exp R. We must estimate the contribution to (4.16) of the integral over a
in each piece of the decomposition of exp R.

We first claim that the last piece in this decomposition gives an error term, that

is, that the integral over @ and Y with Hp(@) +Y € (R \ R,-(é'7 T — (T2)§, S) ) of
e 20p(Hp@) . p(2p1=20p)(Y) {imes

(4.18) /w

can be bounded by || f||ze=<I"!l for some fixed continuous seminorm || [|3. As with
(4.3) and (4.9), we can bound (4.18) by an expression of the form

gotm@ 5 Yo (@ @),

YEW, (N%(f 7) v+€Uy (,\%(f 7)

f(m(ma)~ (v + ) (s - v) dv| dn

P yEonNW, (Q) v+ €U ( W+ (ABV+(A)

with fy a continuous, rapidly decreasing function on Wy (A) x Uy(A), and N3(f) an
integer determined by the support of f. Also, there exists a fixed constant k'’ such
that

o201~ 200) (H @) / o201 =200 gy
Rp(a)
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is bounded by ¢ 71l for any @ € exp R, for all sufficiently large T € €. (recall that
Ry, isaslicein R = R;(T — (T»)§, ) ).
Points X in R \ R,-((S’, T — (Tz)g, S) satisfy

(4.19) Z(sgn MAX) > 6'B(T — (T,)F),
\eB

with B C II, a previously selected basis of spanIl;. Since Il is finite and T is
sufficiently large, there exists a new fixed (and hence independent of IT; ) constant k,
depending on ¢, so that for each such X, some p € II, satisfies (sgn p)u(X) > k| T].

Now, let X € R\R; (5’, T— (Tz)g, S) , pt as in the previous paragraph, and v be any
vector in W (Q)), v4 in U (Q)). Since p lies in I1y, it vanishes on (4.15). The boundary
hyperplanes of R that contain (4.15) are all of the form (3.7)" or (3.8)"; let A, ..., A
be corresponding functionals (so that each A; lies in ITU Ap UAq U KQ U ﬁg). The
theory of the polar (see [5, Theorem 6.4]) implies that

(4.20) Z (sgn A)A

AEsupp (Y+74+)

is a positive linear composition of (sgn A;)A;, and that (sgn u)u is a non-negative
linear combination of (sgn A;)A;. All the constants involved in these linear combi-
nations can be chosen independently of T and S, since all the functionals lie in the
finite set ITU Ap U Aq U AQ U 319 Therefore, (sgn p)p is at most a fixed multiple
of (4.20) and so there exists a new fixed constant k’, depending on ¢, such that some
A’ € supp(y + 74 ) satisfies

(sgn AHN'(X) > K'|| T
At this point, we continue as with (4.10) to prove our claimed bound of (4.18).

Therefore we need only estimate the contribution to (4.16) of the integral over a of
the regions

(4.21) exp( R (8, T — (T»)8,9) ) ={a| Hp(a) € Ri;(8', T — (T»)3,9) }

for each j € J.
Fix j € J;, and write exp Rj(T) for the set (4.21), where we include the T to
remind ourselves of the dependence on T. The contribution of exp R i(T) is

(4.22) / e—2pp(Hp(a))< / 20!~ 200)(Y) dy)/
expﬁj(T) RHP(H) wp

/ F (R (3 + ) ¥l - v) dvdn da
Wi (A)BV+(A)

yENW, (Q)

7+ €U (Q)

https://doi.org/10.4153/CJM-2001-006-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-006-1

158 Jason Levy

Corollary 3.7 says that the function Lemma 3.5 says that for @ € exp R;(T), the
extreme points of Ry, are linear in Hp(@), T — (Tz)g, and S. Lemma 4.2 then
implies that the integral

X [ =0 gy X e R (8T — (T),9)
Rx

is a fixed t-finite function of X, T — (Tz)g, and S, for all well-situated (T, S).
We can therefore write (4.22) as

(4.23) / e 2! WP@)y (Hy(a), T, S) / >
exp R(T) wp

yENW (Q)

/ f(m(n@) = (v +v)) (v, - v) dvdnda,
eU] (@) Y WAV (A)

for a fixed ¢-finite function v on ap x a x a. This is still the integral of a continuous
function on a compact set and so converges absolutely. At this point, we are almost
done.

Write exp R for the set {@ | Hp(a) € R; ;j}, where R; ; is as at the end of Section 3.
The sum over all geometric equivalence classes of the absolute value of

(4.24) / e @)y (Hp(@), T, S) / >
exp(R; ;\R(T)) wp

yEINW{(Q)

/ f(w(nﬁ)_l(7 + v)) (v - v)dvdnda
W, (A)BV4(A)

Y+ EUO, (@)

converges absolutely and can be shown to be an error term, since every point X in
R\ R(T) satisfies (4.19), so that the argument following (4.19) again applies.
However, the sum of (4.23) and (4.24) is the (absolutely convergent) integral

(4.25) / e @Dy (Hp(@), T, S) / >
exp R; wp

YEONW{ (Q)

/ f(m(n@)~ (v +v)) (v, - v) dvdnda,
eU] (@) Y WAV (A)

which is a t-finite function in T and S, since its dependence on them arises only
through the function v(-, T, S). The seminorm ||-|| needed in the statement of the the-
orem can be chosen to be the sum of all the seminorms that appeared when bounding
each error term.

The sum of (4.25) over all geometric equivalence classes converges, and is again
t-finite, as the function v does not depend on o. This completes the proof of the
Theorem. ]
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Remark The proof of theorem implies (just as in [8]) that the integral

-1
/Gwz)\cm\) Z fre™0)

YEV(Q)

converges if and only if the linear functional

Z max(myA,0) — Z max(mga, 0)

AeIl aEY

is negative on a \ {0}, where m, and m,, denote the multiplicity of the weight in the
representations 7 and Ad, respectively. The sufficiency of this condition for conver-
gence of the integral is due to Weil [13]. Its necessity was apparently also known, and
is due to Igusa.

Fix one m-dependent cone C. The above theorem shows that on this cone, the
functions JI (f, 7) approximate ¢-finite functions. As in [8], the proof of the theorem
allows us to explicitly produce the non-constant terms of each of the ¢-finite functions
P, e, so all we need to completely determine the functions P, ¢ is the constant term
with respect to any point in a. Let T be the unique point in a such that

H(Ws_l) "rS_lTO = TO

for every element s of the Weyl group of (G, A), where w; is any representative of s
in G(Q); the existence of Ty is the statement of Lemma 1.1 of [2]. Write P, ¢(T) as
a finite linear combination of functions e”~7)(T — Ty)", X € a*, n a nonnegative
integer, and set J, ¢ to be the constant term, that is the term where both A and »
equal zero. Then the basic form of the truncated Poisson summation formula for the
representation 7 of G on V and the function f on V(A) is the following theorem,
proven exactly as in [8].

Theorem 4.3 )
Z Joe(f,m) = Z Jse(f, 7).

0ED =e)

Remark Notice that because the weights of 7 are the negatives of the weights of ,
that the cones € determined by 7 and 7 are the same.

The definition of J, e(f, m) depended on a number of choices. The methods of
[8] (based on those in [2]) show that the distributions J, ¢ are independent of w and
T, and that if s is an element of the Weyl group of (G, A) and J’ denotes the constant
term of the truncated integral with respect to the non-standard minimal parabolic
subgroup w; ! Pyws, then

Joe(fim) = T (fom).

If the representation 7 is the Adjoint representation, then this formula does depend
on our choice of K, but for other representations it need not.

https://doi.org/10.4153/CJM-2001-006-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-006-1

160

Jason Levy

References

(1]
(2]
(3]
(4]
(5]

(6]
(7]

(9]
(10]

(11]
(12]
(13]

(14]

J. Arthur, A trace formula for reductive groups I: terms associated to classes in G((Q)). Duke Math J.
45(1978), 911-952.

, The trace formula in invariant form. Ann. of Math. 114(1981), 1-74.

, A measure on the unipotent variety. Canad. J. Math 37(1985), 1237-1274.

M. Brion and M. Vergne, Residue formulae, vector partition functions, and lattice points in rational
polytopes. J. Amer. Math. Soc. 10(1997), 797-833.

A. Brondsted, An introduction to convex polytopes. Graduate Texts in Math. 90, Springer-Verlag,
New York-Berlin, 1983.

G. Kempf, Instability in invariant theory. Ann. of Math. 108(1978), 299-316.

S. Kudla and S. Rallis, A regularized Siegel-Weil formula: The first term identity. Ann. of Math.
140(1994), 1-80.

J. Levy, A truncated Poisson formula for groups of rank at most two. Amer. J. Math. 117(1995),
1371-1408.

, Rationality of orbit closures. Preprint, 2000.

D. Luna, Sur certaines opérations différentiables des groupes de Lie. Amer. J. Math. 97(1975),
172-181.

C. Rader and S. Rallis, Spherical characters on p-adic symmetric spaces. Amer. J. Math. 118(1996),
91-178.

R. W. Richardson, Conjugacy classes of n-tuples in Lie algebras and algebraic groups. Duke Math. J.
57(1988), 1-35.

A. Weil, Sur la Formule de Siegel dans la Théorie des Groupes Classiques. Acta Math. 113(1965),
1-87.

A. Yukie, Shintani zeta functions. London Math. Soc. Lecture Note Ser. 183, Cambridge University
Press, 1993.

Department of Mathematics and Statistics
University of Ottawa

585 King Edward

Ottawa, ON

KIN 6N5

email: jlevy@science.uottawa.ca

https://doi.org/10.4153/CJM-2001-006-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-006-1

