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The arithmetic of the values of modular functions and
the divisors of modular forms

Jan H. Bruinier, Winfried Kohnen and Ken Ono

ABSTRACT

We investigate the arithmetic and combinatorial significance of the values of the polyno-
mials j,,(z) defined by the g-expansion

> . E4(Z)2E6(Z) 1
(@) = -
nz—:()] q

A(z) jz) -z

They allow us to provide an explicit description of the action of the Ramanujan Theta-
operator on modular forms. There are a substantial number of consequences for this result.
We obtain recursive formulas for coefficients of modular forms, formulas for the infinite
product exponents of modular forms, and new p-adic class number formulas.

1. Introduction and statement of results

Let j(2) = ¢ ' + 7444 196 884q + - -- denote the usual elliptic modular function on SLy(Z) (q :=
e?™* throughout). We shall refer to a complex number 7 of the form 7 = (—b + Vb2 — 4ac)/2a with
a,b,c € 7, gcd(a,b,c) = 1 and b — 4ac < 0 as a Heegner point, and we denote its discriminant by
the integer d, := b> — 4ac. The values of j at such points are known as singular moduli, and they
play a substantial role in classical and modern number theory. For example, the theory of complex
multiplication implies that if 7 is a Heegner point with discriminant d., then j(7) is an algebraic
integer which generates a ring class field of Q(v/d;).

Singular moduli also play an important role in Borcherds’ [Bor95a, Bor95b] recent work on the
infinite product expansions of certain modular forms. A meromorphic modular form f on SLo(Z),
by definition, has a Heegner divisor if its zeros and poles are supported at the cusp at infinity
and Heegner points. In particular, Borcherds obtains an elegant description of the infinite product
expansion of those meromorphic modular forms on SLy(Z) with a Heegner divisor.

Here we consider the values of a specific sequence of elliptic modular functions j,, where
j1 = j — 744. In an important recent paper [Zag02|, Zagier expressed the traces of the values
of j, at Heegner points in terms of Fourier coefficients of half integral weight modular forms.
Here we consider the more general case of the sums of the values of j,, over divisors of meromorphic
modular forms. We show that the ‘traces’ of these values (see Theorem 1) dictate the properties
of modular forms on SLy(Z). This result is obtained using a j,-weighted version of the proof of the
classical valence formula for modular forms on SLy(Z).

Theorem 1 provides a very useful link relating the values of j to the arithmetic of the Fourier
coefficients of modular forms. Naturally, one then expects a wide variety of consequences. Here we
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MODULAR FUNCTIONS AND DIVISORS OF MODULAR FORMS

begin by considering such consequences in connection with the algebraicity of j-values, congruence
properties and bounds for class numbers of imaginary quadratic fields, infinite product expansions
of modular forms, and recurrence relations for Fourier coefficients. For example, we show that there
are universal recursion formulas for the Fourier coefficients of every modular form on SLa(Z) (see
Theorem 3). We also obtain formulas for the exponents in the infinite product expansion of every
modular form on SLo(Z) (see Theorem 5), and we obtain new p-adic formulas for class numbers as
traces of j-values (see Theorem 9).

Our investigation begins with a careful analysis of Ramanujan’s Theta-operator, the differential
operator defined by

[ee] [ee]
@(Za(n)q”) = Zna(n)q”. (1.1)
n=h n=h
We refer to © as Ramanujan’s operator since he first observed [Ram16] that
@(E4) = (E4E2 - EG)/3 and @(EG) = (E6E2 - Eg)/?, (12)
where E}, for every even integer k > 2, is the standard Eisenstein series
B =1 - Y (g (19
z)i=1—— or—1(n)q". .
k B Z k—1\1)q

Here By denotes the usual kth Bernoulli number and o;_1(n) := de dF1 If k > 2, then Ej, is
a weight k modular form on SLy(Z). As usual, let A := (E$ — E2)/1728, the unique normalized
weight 12 cusp form on SLa(Z).

Although the Eisenstein series
o0
By(z) =1-24> o1(n)q" (1.4)
n=1

is not a modular form, it plays an important role. If f(z) = > >° , a(n)q" is a weight k¥ meromorphic
modular form on SLy(Z), then

Of) = (F +kfEz)/12, (1.5)
where f is a meromorphic modular form of weight &+ 2 on SLy(Z). (Note that the formulas in (1.2)
imply (1.5).) Because of this fact, the ©-operator is fundamental in the theory of p-adic modular
forms and modular forms modulo p. For instance, if f is a p-adic modular form of weight &, then
since Fjy is a p-adic modular form of weight 2, ©(f) is a p-adic modular form of weight k + 2 [Ser73,
Theorem 5.
Although © is simple to define, its arithmetic nature is much deeper and is dictated by the
f appearing in (1.5). We derive an explicit formula for ©(f) in terms of a natural sequence of
modular functions j,,(z). Let jo(z) := 1, and for every positive integer m let j,,(z) be the
unique modular function which is holomorphic on H, the upper half of the complex plane, whose
Fourier expansion is of the form

Jm(2) =q¢ "+ Z cm(n)g". (1.6)
n=1

Note that if m is a positive integer, then j,,(2) = j1(2) | To(m), where T(m) is the usual normalized
mth weight zero Hecke operator. The first few j,, are

]O(Z) = 17
g1(2) = j(2) — 744 = ¢~ + 196884 + - - - ,
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G2(2) = j(2)* — 1488j(2) + 159768 = ¢~ + 42987520q + - - - ,
93(2) = j(2)? —2232j(2)% + 1069 956, (2) — 36866976 = ¢—> +2592899910q + - - - .
Fach j,, is a monic degree m polynomial in j with integer coefficients.

Let § denote the usual fundamental domain of the action of SLy(Z) on H. By assumption, §
does not include the cusp at co. Throughout, let i = v/—1 and let w := (1++/—3)/2. If 7 € §, then

define e, by
1/2 ifr =i,
er:=41/3 ifr=w, (1.7)
1 otherwise.

For every point 7 € ‘H, Asai, Kaneko, and Ninomiya [AKN97, Theorem 3] proved that

- E2(2)Eg(2) 1
H.(z):= (M)t = =2 - —. 1.8
()= 2 dn™) AG) i@ 0 (18)
For 7 =i and w, we have the following beautiful formulas:

Es
H,=2 =%, (w)q", 1.9
B, = Ll (19)

By &
H,=—= in(2)q". 1.10
7 = il (1.10)

In particular, for every 7 it turns out that H. is a weight 2 meromorphic modular form. The utility
of (1.8) was already known; for example, it can be used to prove that

=56 = e (<20 ).

where p = e2™7 . This identity is equivalent to the famous denominator formula for the monster Lie
algebra

i) =i =pt ] @-pmgm),
m>0 and n€Z
where the exponents ¢(n) are defined as the coefficients of j; = >">2 | ¢(n)q™.

Here we obtain a new proof of (1.8) and consider many of its number theoretic consequences.

THEOREM 1. If f = Y>>, ay(n)q"™ is a non-zero weight k meromorphic modular form on SLy(Z)
for which ag(h) = 1, then
kB f

o) ="

— ffes
where fg is defined by

fo = Z erord,(f)H:(z).

TEF

Theorem 1 easily reveals some algebraic information about the j, evaluated at the finite points
of the divisor of any meromorphic modular form. A celebrated result of Schneider asserts that, if 7 is
an algebraic number of degree >2, then j(7) is transcendental. Under certain conditions, we observe
that the values of j at the points in the divisor of an algebraic modular form are algebraic. Although
there are more direct ways of establishing this result, it follows rather nicely from Theorem 1.
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COROLLARY 2. Let f = >, as(n)¢"™ be a meromorphic modular form on SLy(Z) for which
a¢(h) = 1. If g € § is a point for which ord,,(f) # 0 and the coefficients of f are in a number field
K, then j(mp) is algebraic.

Using Borcherds’ work on infinite product expansions of modular forms, this corollary generalizes
the classical fact that j(7) is algebraic whenever 7 is a Heegner point.

We consider the arithmetic of the Fourier coefficients of meromorphic modular forms. If £ > 4
is an even integer and p is prime, then let Tk (p) be the usual Hecke operator. In particular, if
f=>"0ar(n)g" € Mi(1), the space of holomorphic modular forms of weight k& on SLy(Z), then

o
£1Th(p) =" (ap(np) + p*'ay(n/p))q". (1.11)

n=0
If f € Sk(1), the space of weight k cusp forms on SLa(Z), then f | T (p) € Sk(1). If Ty (p, z) denotes
the characteristic polynomial of Ty (p) on S, then it is well known that Ty (p,z) € Z[z]. There is
wide speculation that Ty (p, z) is irreducible for every prime p, and has the additional property that
the Galois group of its splitting field is the symmetric group Sg, , where d;, denotes the dimension of
Sk(1). Here we express these polynomials in terms of the values of j, at the zeros of the eigenforms
in Sk(1) (see (1.12)). We begin with the following universal recursion relation for certain modular

forms.
THEOREM 3. For every n > 2 define F,(x1,...,2,-1) € Q[x1,...,2,-1] by
. 2%10’1(% - 1) b
Fa@rsesan) = === > (—1ymt s

mi,...,mp—220,
mi+2ma+-+(n—2)mp_2=n—1

(mi+-+my -1 M2
. .m2 PR n_l .

my!- - my_o!

Iff=q+Y .2 5ar(n)g™ is a weight k meromorphic modular form on SLy(Z), then for every integer
n > 2 we have
1

n—1

Z er ord; (f) - jn—1(7).

TEF

ar(n) = Fu(k,ar(2),...,ar(n —1)) —

It is simple to modify Theorem 3 for any modular form with leading coefficient 1.
The first few polynomials F), are

FQ(:L‘l) = —2:L‘1,
a3
F3(:L‘1,{L‘2) = —3x1 + 7,
8r1 a8
Fy(x1, 290, 23) := —5 = 32 + 1213,
Tx R
F5(x1, 29,23, 24) := —71 — 2323 + Toxy + ZQ + 73

By arguing inductively with Theorem 3, it turns out that every Fourier coefficient ay(n) is a
Q-rational expression in the weight k and the values of j at the points in the divisor of f.

Remark. Theorem 3 includes a simple recursion for the coefficients of A =3 >° | 7(n)q¢™. Since A
has no zeros in §, for every n > 2 we find that

T(n) = F,(12,7(2),...,7(n — 1)).
As a special case of Theorem 3, we obtain the following strange formula.
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COROLLARY 4. If f = g+ Y 2 ,ar(n)q™ is a meromorphic modular form of weight k on SLy(Z),
then

as(2) =60k — 744 — ) " e, ord,(f) - j(7).
TEF

As an immediate consequence of Theorem 3, we obtain an expression for Ty (p,x). If dj is the
dimension of Sk (1), then for 1 < s < dj, let

[o¢]
fs=q+> ap(n)q"
n=2

be the normalized Hecke eigenforms in Si(1). For every prime p, we have

dj
Tr(p,z) = H <:13 — Fy(k,ar,(2),...,a5,(p—1)) + %1 Z erord.(fs) -jp_1(7)>. (1.12)
s=1 TEY

These results are closely related to Borcherds’ recent work on the infinite product expansions
of modular forms. Borcherds [Bor95a, Bor95b| provided a striking description for the exponents in
the infinite product expansion for those modular forms with a Heegner divisor. For example, if the
integers c¢(n) are defined by

Ey(2) =14240 ) o3(n)q" = (1 — q) (1 = ¢*)* 70 ... = TT(1 = g™,
n=1 n=1

then Borcherds’ theorem implies that there is a weight 1/2 meromorphic modular form
G(z) = ) b(n)g" =q *+4—240q + 26 760¢" + - -- — 4096240¢° + - --
n=>—3
on T'g(4) with the property that c(n) = b(n?) for every positive integer n. We obtain an arithmetic

formula for the exponents of the infinite product expansion of every meromorphic modular form
on SLa(Z).

THEOREM 5. Suppose that f =", ar(n)q" is a weight k meromorphic modular form on SLy(Z)
for which ag(h) = 1, and let ¢(n) denote the complex numbers for which

F=d TI0 - a .
n=1

If n is a positive integer, then

> eld)d = 2ko1(n) + Y ez ord-(f) - jn(7).

dn TEF

In an important paper [GZ85], Gross and Zagier described the divisibility properties of differences
of singular moduli. More recently [Zag02], Zagier described the arithmetic of the traces of singular
moduli in terms of the Fourier coefficients of modular forms of half integral weight. Since the modular
functions j, play an important role, we consider their divisibility and congruence properties. We
consider the arithmetic of the values of j, as we vary n. First we obtain the following theorem for
the special values at 7 = w and 7 = 1.

THEOREM 6. If 7 = w, then let M be a positive integer which is not divisible by a prime p = 1
(mod 3). If 7 = i, then suppose that M is a positive integer which is not divisible by a prime
p =1 (mod 4). Then there is a positive real number «(M) for which

#{1<n<X:ju(r)=0 (modM)}zO(W‘;(W).

In particular, for almost all n we have j,(7) =0 (mod M).
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In addition to results of this type, there are examples of explicit congruences. For example,
congruences with modulus 2k relating such values to Borcherds exponents follow immediately from
Theorem 5. We highlight two further types of congruence properties.

THEOREM 7. If k > 4 is even, then for every positive integer n we have

ZeT ord;(Ey) - jn(17) = —2ko1(n) <mod 4 H p>.

TES p—1|k
5<p prime

THEOREM 8. Let f = > >, ay(n)q" be a weight k meromorphic modular form on SLy(Z) whose
coefficients are in Of, the ring of algebraic integers in a number field K. Suppose that af(h) = 1
and that f has a Heegner divisor whose Heegner points in § are 1, Ts, ..., . Furthermore, suppose
that p € {2,3,5,7} has the property that for all 1 < s <t we have

3 (mod 8) ifp=2,
1 (mod 3) ifp=3,
2,3 (mod 5) ifp=2>5,
1,2,4 (mod7) ifp=T.

‘de| =

If v is a positive integer, then there is a positive real number a(p,v) for which

t _ . X
#{1 <n<X: ;e ordr, (f) - ja(re) =0 (mod p >} =0 <W> '

In particular, for almost all n we have 3"_, e, ord,, -jn(7.) =0 (mod p").

The p-adic properties of the values of the j,, are closely related to the arithmetic of class numbers
of imaginary quadratic fields. Let H(—D) be the Hurwitz class number for the discriminant —D.

THEOREM 9. Suppose that —D < —4 is a fundamental discriminant of an imaginary quadratic field,
and let T be any Heegner point of discriminant —D. If K = Q(j(7)), then the following are true:

1) If D =3 (mod 8), then as 2-adic numbers we have
. _ 1 g . ‘
H(-D) 24 HEI_EOO TrK/Q(.D (1))
2) If D =1 (mod 3), then as 3-adic numbers we have
Dy=1 o (7).
H(-D) =5 nll}foo Trg q(jan (7))
3) If D =2,3 (mod 5), then as 5-adic numbers we have
H(-D) = g5 nlljgr"loo Trg q(js» (7))
4) If D =1,2,4 (mod 7), then as 7-adic numbers we have
H(-D) = nlljgr"loo Trg g (jrn (7))

Remark. Analogs of Theorem 9 hold for —D = —3 (respectively —D = —4). Subject to the same
congruence conditions on D, these results simply require replacing jp»(7) by jpn(w)/3 (respectively
Jpn(1)/2). Moreover, simple analogs hold for every —D, not just those which are fundamental.
More generally, there are analogs of Theorems 8 and 9 for primes p > 11, but these results are more
complicated to state.

If D = 3 (mod 8), it turns out that the 2-adic behavior of these traces, for all j,, are also
controlled by the class number H(—D). Using the fact that the Hecke algebra for holomorphic

257

https://doi.org/10.1112/5S0010437X03000721 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000721

J. H. BRUINIER, W. KOHNEN AND K. ONO

modular forms is locally nilpotent at 2, we obtain the following 2-divisibility results. Let w(n)
denote the number of distinct prime factors of n.

THEOREM 10. Suppose that —3 # —D =5 (mod 8) is a fundamental discriminant of an imaginary
quadratic field, and suppose that 7 is a Heegner point of discriminant —D. If K = Q(j(7)) and
s > 4, then

Tri/g(jn(T)) =0 (mod 2%)
for every positive square-free integer n for which

w(n) > 2°"*H(-D).

Theorem 10 yields theoretical lower bounds for H(—D). To state these results, for D = 0,3
(mod 4), let

[e.9]
F(D;z) = ¢ HEP T (1 = ¢m)er™ (1.13)
n=1
be the unique weight zero modular function on SLg(Z), with leading coefficient 1, whose divisor con-
sists of a pole of order H(—D) at z = oo and a simple zero at each Heegner point with discriminant
—D. These functions have integer coefficients. Consider the formal power series
[e.9] [e.9]
% i=—H(-D) - Y A(Din)q" = —H(-D) =Y > ep(d)dq". (1.14)
n=0 n=1 djn
COROLLARY 11. Suppose that —3 # —D =5 (mod 8) is a fundamental discriminant of an imagi-
nary quadratic field. If s > 4 and there is an odd square-free integer n for which ords(A(D;n)) < s,
then
w(n) 1
2s—4g  3.2s73°
It will be extremely interesting to see whether a detailed study of the Hecke algebra modulo
powers of 2, perhaps combined with further 2-adic arguments, can be used to transform Corollary
11 into a lower bound like the celebrated bound due to Goldfeld, Gross and Zagier.
In § 2 we prove Theorems 1, 3, and 5, and Corollaries 2 and 4. In § 3 we prove Theorems 6, 7,
8, and 9. There we consider the p-adic behavior of the ©-operator under certain conditions. In § 4
we prove Theorem 10 and Corollary 11 using an analysis of the behavior of the Hecke algebra on
modular forms modulo 2.

H(-D) >

2. Proof of Theorems 1, 3, and 5 and Corollaries 2 and 4

For convenience, we begin by proving Theorem 5 on the infinite product expansion of generic
modular forms. Before we prove Theorem 5, we call attention to earlier work of Eholzer and Skoruppa
[ES96] which also considers product expansions of modular forms.

PROPOSITION 2.1. Let f = > >, ay(n)q™ be a meromorphic function in a neighborhood of g = 0,
and suppose that ay(h) = 1. Then there are uniquely determined complex numbers c(n) such that

f=d" T —-a,
n=1

where the product converges in a small neighborhood of ¢ = 0. Moreover, the following identity is
true:
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Proof. As usual, we understand that complex powers are defined by the principal branch of the
complex logarithm. If F'(¢) := f(z), then the function ¢F’(¢)/F(q) is holomorphic at ¢ = 0. Write
its Taylor expansion as
gF'(q)/F(g) =h =Y am)q" (lgd <e), (2.1)
n>1
and for n > 1 let
e(n) = =3 ald)u(n/d),

n
dn

where p denotes the Mobius function. This implies that
a(n) =Y c(d)d. (2.2)
din
Obviously, the numbers ¢(n) are uniquely determined by f.
For fixed qo with |go| < € we have a(n) = O(|qo|™") for all n, and this easily implies that the

double series
Z c(n)ng™

m,n=>1
is absolutely convergent in |q| < |qo|, hence in |q| < e.
In the following, suppose that |g| < e. From the above we see that

d o Fl@) h
a0 o8P (@) ") = Fa) g
Ny
B nz;l ( )dQ<,§1 m>
— e (S etmoea - ).
n>1

the interchange of differentiation and summation being justified because of local uniform convergence
as can easily be seen in a similar way as above.
We thus obtain
log(F(g)g™") = ¢(n)log(1 — q").
n>1

The values ¢(n)log(l — ¢") and log(1 — ¢™)°(™ differ by integer multiples of 2mi. Since c(n)
log(1 — ¢*) — 0 (n — oo) the same is true for log(1 — ¢")™). Hence we see that there is an
integer IV such that
log(F(g)q ") = log(1 — ¢")"™ + 2miN.
n>1
Taking the exponential on both sides proves our claim. O

Proof of Theorem 5. Let
Fi={z€MH:|z] > 1,|Re(z)| < 1}
be the standard fundamental domain for the action of SLo(Z) on H. We cut off F by a horizontal

line £ := {iC —t: —% <t < %} where C' > 0 is chosen so large that all poles and zeros of f, apart
from those at the cusp at infinity, are contained in {z € H : Im(z) < C'}.

For simplicity, suppose that f has no zero or pole on the boundary 0F except possibly ¢ or w
(if not, one has to modify the arguments in the same way as in the classical proof of the ‘k/12-
identity’).
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We let v be the closed path with positive orientation consisting of £ and ~; where v, is the part
of OF below £ modified in the usual way: in a small neighborhood U of w (respectively ; respectively
—p) we replace U NOF by FNC, (respectively F NC;; respectively F NC_gz) where C,, (respectively
C;; respectively C_g) are small circles with radius r around w (respectively ¢; respectively —w).

We integrate
1 f'(z) .
— z
27t f(2) in(2)
along . By the residue theorem, taking into account that j,(z) is holomorphic on H, this integral
is equal to

> orde(f)jn(7).
TeF—{w,i}
On the other hand, the integral can be evaluated separately along the different pieces of ~, in a
well-known way. If we let r tend to zero, we then find that

S ord (f)nlr) = —5 ordu(Fin() — 3 ordi( £l
TEF—{w,i}
1 F'(q) k Jn(2)
% F(q) Jn(Q) dq - % . 2

dz. (2.3)
p

Here F'(q) = f(z) as before and J,,(q) := jn(z). Furthermore, p is a small circle around ¢ = 0 with
negative orientation and not containing any pole or zero of F(q) except possibly 0, and o is the
part of the unit circle in the upper half-plane that connects w and i, with positive orientation.

By Proposition 2.1, for |¢| < € we see that

aF' (@) _ OU) _ 1 NN o) d”

where h is the order of F' at ¢ = 0. Hence recalling that J,(q) = ¢7" + O(q) we find that
1 [Fg)

2mi J, F(q)

Tn(q)dg =" c(d)d. (2.4)

din

We cannot directly evaluate the last integral on the right-hand side of (2.3). Instead we proceed
as follows. Formula (2.3) in particular is valid for the function f = A of weight 12. In this case we
have

Y e(d)d = 2401 (m)  (m > 1),
dlm
by definition. Since A has no zeros on ‘H, we obtain from (2.3) that
1 Jn(2) B
% /U —Z dz = 20’1(77,). (25)

Inserting (2.4) and (2.5) into (2.3), we deduce the theorem. O

Proof of Theorem 1. We begin by proving that if
O(f) _ kEp

12

then fg has the claimed form. If n is a positive integer, then Proposition 2.1 and Theorem 5 imply

Y (2.6)
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that the coefficient of ¢" in ©(f)/f is —2ko1(n) — > s erord;(f) - ju(7). Since the E» is given by

[ee]
Ey=1- 242 o1(n)q",
n=1
(2.6) verifies the truth of Theorem 1 for every coefficient with the exception of the constant term.
The constant term in O(f)/f is h = orde(f). However, the constant term of kEy/12 — fg is
(k/12) = 3, oz er ord-(f), which equals h by the classical ‘k/12’ valence formula. O

Proof of Corollary 2. We begin by fixing notation. Let 71, 7,...,7 € § be the numbers for which
ord,(f) # 0. If n is a positive integer, then the coefficient of ¢" in kF5/12 is the integer —2ko(n).
Therefore by Theorem 1, if the Fourier coefficients of f are in a field K, then the coefficients of fg
and 1/f belong to K. Hence if n is a positive integer, then

t t
D in(m) =) Gali(r) € K, (2.7)
s=1 s=1

where G,, € Z[x] is a monic polynomial of degree n. Since j; = j — 744, for every positive integer n

we have

t
Y i) e K.
s=1
Therefore, by solving for the elementary symmetric functions in j(71),...,j(7), we find that
t
[ i) € Kla].
s=1
This proves the corollary. U

Proof of Theorem 3. By Theorem 1, we have that

Tze;:yeT Ordr(f)nz::()]n(ﬂq = —T + DR

If n > 2, then Theorem 5 gives

> erordi(f)in-1(r) = > e(d)d — 2koi(n — 1),

TES din—1
where
n=1

Therefore, to prove the theorem it suffices to obtain a closed formula for b(n) := 3, c(d)d in
terms of ay(n). In particular, it suffices to show that, if n > 1, then

b(n) =n Z (-1)

mi,...,mn 20,
mi1+2ma+-+nmp=n

by, (M1 F -+ iy — 1))
m1! ce mn!

ap(2)™ --ap(n+1)"". (2.8)

To prove (2.8), one observes that
0=">0(n)+bn—1)ar(2)+b(n—2)ar(3)+---+b(1)as(n) +nas(n+1),
and uses the well-known fact that
0=8n— Sn_101+ Sp_202 — -+ (=1)"tsi0,_1 + (=1)"no,.
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Here the o; are the elementary symmetric functions in X1, ..., X, and the s; are the power functions
in these variables (i.e. s; := X{ +---+ X ). One now obtains (2.8) by evaluating these identities at
(X1,...,X,) = (AM1,n),...,A(n,n)) where the A(j,n) are the roots of the polynomial

X" +ap(2)X" +ap(3) X" 4 ap(n+1).

One requires the fact that

=i Y (e T A T AR m

mylmal - my,! mo
M1 peees i 20, . "
m1+2mao—+--+nmp=i

Proof of Corollary 4. Since ji(z) = j(z) — 744 and ) .z erord,(f) = (k/12) — 1, this result is the
n = 2 case of Theorem 3. O

3. Proofs of Theorems 6, 7, 8, and 9

In this section we prove Theorems 6, 7, 8, and 9 using theorems of Serre on p-adic modular forms
and the divisibility of the Fourier coefficients of modular forms modulo M (see [Ser73, Ser76]).

Proof of Theorem 6. By (1.9) and (1.10), it suffices to prove that the coefficients of the Fourier

series
E o
H,=2 = > in(w)g" =1 - T44q + 159 768¢> — 36866 976¢° + - - - , (3.1)
E4 n=0
E o0
H; = ff‘ = Zjn(z')q" =1+ 984q + 574 488¢> 4 307081 056¢> + - - - (3.2)
6 n=0
satisfy the claim.
Since z = i (respectively z = w) is fixed by the modular transformation Sz = —1/z (respectively

Az = —(z+1)/z), the definition of a modular form implies that, if £ > 4 is even, then
k=2 (mod4) = E(i) =0,
k=24 (mod6) = Ei(w)=0.

If p > 5 is prime, then these observations together with the von Staudt—Clausen Theorem [IR90,
p. 233] and (1.3) imply that, if p # 1 (mod 4), then there is an Eisenstein series &, for which

Eip(i)=0 and & ,=1 (mod 24p), (3.3)
and if p Z 1 (mod 3), then there is an Eisenstein series &, ;, for which
Eopw)=0 and &,p, =1 (mod 24p). (3.4)

Now observe that if H = 1 (mod ¢), where ¢ is prime, then H* = 1 (mod ¢**1). If p; # 1
(mod 4) is prime, then for every positive integer s we have that

Es By .

FZ = FZ ~55;1 (mod pith). (3.5)
Similarly, if po # 1 (mod 3) is prime, then

E¢ _ Es ps s

o = o &b, (mod p3th). (3.6)

Since E4(w) = 0 (respectively Eg(i) = 0) and Ey (respectively Eg) has no other zeros in §, (3.3) and

(3.5) (respectively (3.4) and (3.6)) illustrate that the relevant forms are the reduction modulo p$**

2
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of holomorphic integer weight modular forms on SLo(Z). There are obvious analogous constructions
for both forms modulo powers of 2 and 3. The theorem now follows from a well-known theorem
of Serre which asserts that almost all the coefficients of a modular form with algebraic integer
coefficients are multiples of any given integer M [Ser76, Theorem 4.7]. O

Proof of Theorem 7. By (1.3) and the von Staudt—Clausen theorem, if k > 4 is even, then

E,=1 <mod4 H p>.

p—1|k
p prime

This observation and Theorem 1 imply that

O(Ey)  kE
0 £~ 1 (Ex)e <mod4 1_1[|k p>.
—

p prime

The theorem follows from (1.4). O

Proof of Theorem 8. By [BOO03, Corollary 3|, ©(f)/f is a p-adic modular form of weight 2. Since
the Eisenstein series Fj is also a p-adic modular form of weight 2 [Ser73], we find that

S} k >
fo=-2 4 B2 5 e ond, () in(e”
Tinf § n=0

is a p-adic modular form of weight 2. Therefore, fo (mod p”) is the reduction modulo p” of
some holomorphic integer weight modular form on SLg(Z). The theorem now follows from [Ser76,
Theorem 4.7]. O

Proof of Theorem 9. If 0 < D = 0,3 (mod 4), then there is a unique meromorphic modular form
of weight 1/2 on I'g(4) that is holomorphic on H whose Fourier series has the form [Bor95a,
Lemma 14.2]

o0
f(D;2) =q P+ e(Dsn)g", (3.7)
n=1
where ¢(D;n) = 0 for every n = 2,3 (mod 4). Borcherds’ theory [Bor95a, Bor95b] implies that

F(D;z) = ¢ "D T = g (3.8)
n=1

is a weight zero modular function on SLy(Z) whose divisor consists of a pole of order H(—D) at
z = 0o and a simple zero at each Heegner point with discriminant —D. For each D we consider the
following formal power series (also defined in (1.14)):

§(D;q) = —H(-D) =Y _A(D;n)q" := —H(=D) = > > ¢(D;d*) dg". (3.9)
n=0 n=1 djn

If D and p satisfy the hypotheses of the theorem, then [BO03, Corollary 3] implies that §(D;q)
is a p-adic modular form of weight 2. Serre proved [Ser73, Theorem 7], for certain p-adic modular
forms, that the constant term of the Fourier expansion is essentially the p-adic limit of its Fourier
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coefficients at exponents which are pth powers. In these cases we obtain

5 limy 0o A(D;2") if D=3 (mod 8),
1y 30 if D=

H(-D)={ T lim, 400 A(D;3") if D=1 (mod 3), (3.10)
2limy, 0o A(D;5")  if D=2,3 (mod 5),

Hlim, 4o A(D;7")  if D=1,2,4 (mod 7).
Since F'(D;z) has weight zero, for every positive integer n Theorem 5 implies
A(D;p") = jpn(11) + - + Jpn (TH(=D));

where 71, ..., 7 (—p) € § are the Heegner points of discriminant —D. Since the j(7;) are conjugates
over Q, the theorem follows from (3.10) and the fact that each j, is an integral polynomial in j. [

4. Proofs of Theorem 10 and Corollary 11

We adopt the notation from the proof of Theorem 9. We begin by recalling the following theorem
which is proved in [BO03, Corollary 3].

THEOREM 4.1. If0 < D =3 (mod 8), then §(D;q) is a weight two 2-adic modular form.

Using the local nilpotency of the Hecke algebra on modular forms of SLy(Z) modulo 2, we make
the following vital observation.

THEOREM 4.2. Suppose that f = > > ja(n)q" € My(1) has integer coefficients. If s is a positive
integer and t > ks/12, then for every set of odd primes p1,pa, ..., p; we have

k()| Te(P2)] - - |Te(pe) =0 (mod 2°).

Proof. Begin by noticing that the Fourier expansion of every Eisenstein series on SLy(Z) is congruent
to 1 modulo 2. Serre [Ser76] observed that the Hecke operators act nilpotently on Si(1) (mod 2),
the space of cusp forms modulo 2 on SLa(Z). If A € S12(1) is the unique normalized weight 12 cusp
form

AR =q - =q-24¢" + -,
n=1

then Sk(1) (mod 2) has Fo-basis
{A" (mod 2):1<i< |k/12]}.

Serre’s observation implies that, if j is a positive integer, then

Jj—1

N|T(p) = 3 (@A’ (mod 2),
i=1
where (i) € Fo, and so we have
STk (p1) | Ty (p2)| -+ | Tie(pe) =0 (mod 2) (4.1)
whenever ¢ > k/12. One easily obtains the result by successive division by 2 and iteration of
(4.1). O

As an immediate corollary, we obtain the following inequality.

COROLLARY 4.3. Suppose that f =Y > a(n)q" € My (1) has integer coefficients. If s is a positive
integer, then

max{w(n) : n odd and square-free with ordz(a(n)) < s} < ks/12.
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Proof. 1f t > ks/12, then let p1,po, ..., ps be distinct odd primes. Let fy := f, and for 1 <i < ¢ let
fi = > pai(n)g" be the modular forms defined inductively by

fir= fimr | Ti(ps)- (4.2)
By Theorem 4.2, we have
at(M)=0 (mod 2°)
for every M. In particular, (4.2) implies that
0=a;(1)
= a;-1(pt)
= ar—2(pt—1pt)

=a(pip2---pt) (mod 2°).
This completes the proof. O

THEOREM 4.4. If s > 4 and 0 < D = 3 (mod 8), then §(D;q) (mod 2°) is the reduction modulo 2°
of a modular form with integer coefficients in My p ¢ (1) where

k(D,s):=12-2°"*H(-D) + 2.

Proof. By construction [BO03, Proposition 2.1], we have

O(F(D;z))
F(D;z) -~

We see that §(D;q) is a weight 2 meromorphic modular form on SLy(Z) which is non-vanishing at

infinity. Moreover, it has a simple zero at each Heegner point 7 with discriminant —D and no other
singularities.

$(Dsq) = (4.3)

It is well known that j(w) = 0. Let 74, ... ,TH(~p) denote the Heegner points of discriminant
—D. For each 1 < i < H(—D) define E(D,i; z) by

E(D,i;2) := E3(2) - (1 - j_(”)> . 4.4
(D.i2) = B)- (1- 50 (1.4
Observe that the modular function 1 — j(7;)/j(2) has a simple pole at z = w and a simple zero
at z = 7;. Since Ej(z) has a simple zero at z = w, the modular form E(D,i;z) is a holomorphic
modular form in Mis(1). Since E4(z) =1 (mod 16) and j(7;) =0 (mod 2!%) (see [GZ85]), we have
that

E(D,i;z) =1 (mod 16).

Hence, if s > 4, then
25—4

E(D,i;z) =1 (mod 2%).
Therefore, if s > 4, then
H(-D)
. O (Ds2)) s s
3(D:q) = D) 1;[1 E(D,i; z) (mod 2°). (4.5)

The modular form on the right-hand side of (4.5) is holomorphic and has weight
k(D,s)=12-2°"*H(-D) + 2.

This completes the proof. ]
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Proofs of Theorem 10 and Corollary 11. By Corollary 4.3 and Theorem 4.4, we have that if A(D;n)
# 0 (mod 2°), then
k(D,s)s
12
(12-2574H(—D) + 2)s
12
= 25"4s. H(—D) + s/6.

w(n) <

Therefore, we find that

w(n) 1
s iy 3.53 < H(-D).

This completes the proofs. 0
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