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Abstract

We show how to incorporate rewriting into the Calculus of Constructions and we prove that
the resulting system is strongly normalizing with respect to beta and rewrite reductions. An
important novelty of this paper is the possibility to define rewriting rules over dependently
typed function symbols. We prove strong normalization for any term rewriting system, such
that all function symbols satisfy the, so called, star dependency condition, and every rule is
accepted by the Higher Order Recursive Path Ordering (which is an extension of the method
created by Jouannaud and Rubio for the setting of the simply typed lambda calculus). The
proof of strong normalization is done by using a typed version of reducibility candidates due
to Coquand and Gallier. Our criterion is general enough to accept definitions by rewriting
of many well-known higher order functions, for example dependent recursors for inductive
types or proof carrying functions. This makes it a very good candidate for inclusion in a
proof assistant based on the Curry-Howard isomorphism.

1 Introduction

The aim of this paper is to incorporate a rewriting mechanism into the Calculus
of Constructions and to present a method for proving strong normalization of the
combined calculus.

Practical motivations of our work concern proof assistants based on the Calculus
of Constructions and their extension with rewriting-style function definitions. Defin-
ing functions by rewriting, instead of Fix and Cases (if we take Coq (Barras et al.,
1999) as an example), is not only easier but also more powerful, as it can enrich
significantly the conversion relation of the system. And the richer the conversion
relation is, the more compact and easier to automate the proofs in the system
are.

In this respect, our paper contributes to the work on the separation between
deduction and computation. Computations are steps that can be mechanically
performed and reproduced (like rewriting), and therefore there is no need to keep
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them in the proof (they are just hidden in conversion). On the other hand, the
reasoning consists of conscious choices of the logical inference rules to be applied.

When combining rewriting with A-calculus, one has to address the question of
mutual relationship of user-defined rewriting and the beta reduction rule. One
solution is to treat both equally, using first order (syntactic) matching to decide if a
rewrite rule can be applied to a given term, and to consider the reduction relation of
the system to be the sum of beta and rewrite relations (Jouannaud & Okada, 1991;
Breazu-Tannen & Gallier, 1991). Other approaches consist of applying rewrite rules
only to terms in beta normal form (Nipkow, 1991; Loria-Saenz & Steinbach, 1992;
Jouannaud & Rubio, 1998), or using higher order matching (modulo beta) to decide
if a rewrite rule can be applied (Klop, 1980; Klop et al., 1993). In our paper we
consider higher order rewriting with syntactic matching.

Incorporating rewriting to the Calculus of Constructions is not straightforward,
because the definition of rewriting and the definition of the typing system are
mutually dependent. Once this problem solved, there are crucial meta-theoretical
properties to be studied: normalization, confluence and logical consistency. Our
paper focuses on the strong normalization property. To address this question one
has to give a termination criterion, that is satisfied by a set of rewriting rules only
if the relation generated by these rules and the beta rule is terminating. Ideally, this
criterion should be an automatic decision procedure, running in reasonable time and
strong enough to accept the rules which are already known to be terminating, like
the elimination rules for inductive types (also called recursor rules).

Few techniques are known for proving strong normalization of rewriting in the
higher-order setting. Strict functionals presented in van de Pol & Schwichtenberg
(1995) are a very powerful method, but a lot of user interaction is subsequently
needed for proving their properties when used as interpretations. In general, this
concerns also other semantical methods of proving termination.

Syntactical methods are meant to be more practical and to be the base of (par-
tially) automated termination techniques. Avenhaus & Loria-Saenz (1995) initiated
ordering based syntactical methods in the context of simply-typed lambda calculus.
Although Lysne & Piris (1995) improves over Avenhaus & Loria-Saenz (1995), the
resulting method is still rather weak.

The General Schema was originally defined in Jouannaud & Okada (1991) in the
context of simply typed lambda calculus (see also Jouannaud & Okada (1997)). It
was later used in Barbanera et al. (1994, 1997), where higher-order rewriting in the
Calculus of Constructions was introduced for the first time. The authors restricted
themselves to some predefined, basic types and function symbols of algebraic types.
The latter result was further extended in Blanqui et al. (1999) by strengthening the
General Schema and adding a powerful mechanism, called the Computable Closure,
designed to use the information offered by Girard’s reducibility candidates (the
method on which termination proofs are based in this context). This mechanism
allowed to take care of complex rules such as recursor rules for Brouwer’s ordinals.
Very recently, Blanqui (2001) generalized the General Schema to the rewriting on

types.
Another method for proving strong normalization of higher-order rewriting is
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the Higher Order Recursive Path Ordering (HORPO), which is an extension of the
first order RPO (Dershowitz, 1982) to higher-order terms. This reduction ordering
was presented in Jouannaud & Rubio (1999), in the context of the simply typed
lambda calculus. Due to the recursive structure of the HORPO, this method is
inherently more powerful than the General Schema, although both methods bear
some similarities (like the use of the computable closure).

In this paper, we extend HORPO to the typing discipline of the Calculus of
Constructions. We consider a Calculus of Constructions with constants, represent-
ing type constructors, constructors and function symbols, and we use (an extended
version of) HORPO to control rewriting. Type constructors and constructors are
used to build inductive types, function symbols serve to define rewriting. For tech-
nical reasons every function symbol has two kinds of arguments: parameters and
other arguments. The division of arguments is correct if it satisfies the so called
star dependency condition. The division has also an influence on the form of the
rules accepted by HORPO. The star dependency condition and its interaction with
HORPO are the most important concepts of this paper.

Compared to Blanqui (2001), in our system all constants may have polymorphic
and dependent types and consequently we can handle rewriting of dependently
typed function symbols. By means of type constructors and constructors we can
define small strictly positive inductive types. There is a technical restriction imposed
on the form of the types of constructors, but this restriction does not seem to
exclude natural examples we have seen so far. Elimination rules for inductive
types are presented as rewriting rules and they are meant to be accepted by
HORPO. For the moment we cannot accept elimination rules for inductive types
with functional arguments (like Brouwer’s ordinals) but we hope to do this very
soon (so from the elimination rule point of view, we accept only “basic” induc-
tive types). It is important to stress that, just like all previously mentioned papers
(except of Blanqui (2001)), we consider only object level rewriting, that is rewrit-
ing that does not create types (strong elimination is out of the scope of this
paper).

The proof of strong normalization of our calculus is done by using a typed version
of the reducibility candidates method due to Coquand & Gallier (1990).

Before we go into details, there are two more points to be explained. The first one
concerns the status of inductive types. There are no inductive types in the Calculus
of Constructions (contrary to the Calculus of Inductive Constructions (Coquand
& Paulin-Mohring, 1990)), which is the starting point of our work. As we have
already said, in our calculus, we are able to simulate inductive types and their
elimination rules by imposing some positivity conditions on types of constructors
and by using rewriting. But inductive types are not necessary to define rewriting in
the Calculus of Constructions. One can perfectly imagine the system without the
conditions mentioned above, where constructors are just function symbols that do
not rewrite. We decided to present the version with inductive types, that is with
positivity conditions on types of constructors, because these conditions allow us to
accept some rules that would not be accepted otherwise. Accounting for inductive
types turned out to be a non-trivial task.
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The second point to be discussed concerns the system for which we prove strong
normalization. Instead of proving strong normalization for every set of rules accepted
by HORPO, we do it for HORPO itself. More precisely, we mix together the Calculus
of Constructions with the rewrite relation generated by all valid HORPO judgments
and show that the resulting calculus is strongly normalizing. Termination for a
particular rewrite system accepted by HORPO follows easily.

The framework we use is described in section 2. Section 3 gives the definition
of HORPO and CC+H, which is the system resulting from mixing the Calculus of
Constructions with the rewriting relation induced by HORPO. We study part of the
meta-theory of CC+H in section 4 and continue in section 5 with the proof of strong
normalization. We use this fact to show in section 6 the strong normalization of any
CC+R - a Calculus of Constructions with rewriting generated by user-defined rules
verifying HORPO. Section 7 provides a discussion on the star dependency condition
and its importance for the proof of strong normalization. In section 8 we present
several examples illustrating the power and deficiencies of HORPO. Two problems,
important from the practical point of view, are discussed in section 9: decidability
and modularity. We conclude with the discussion of restrictions we have imposed
and potential improvements.

The reader is expected to be familiar with the basics of term rewriting systems
(Dershowitz & Jouannaud, 1990) and typed lambda calculi (Barendregt, 1990;
Barendregt, 1993), and in particular with the Calculus of Constructions (Coquand
& Huet, 1988).

The preliminary version of this paper was presented at the Workshop on Logical
Frameworks and Meta-languages in Santa Barbara, California, in July 2000.

2 Preliminaries

The calculus that we present in this paper is constructed upon the set of symbols
and the typing information provided by the user. This section will explain these
requirements and introduce the basic notions used in the rest of the paper.

The section is organized as follows. From a given set of symbols we construct
pseudoterms in section 2.1. Then, we recall the definition of the standard Calculus
of Constructions (section 2.2). We continue with conditions imposed on types that
are assigned to symbols: star dependency condition in section 2.4.1, strict positivity
in section 2.4.2 and typing conditions in section 2.4.3. The last part of this section
introduces basic definitions concerning relations and orderings.

2.1 Terms

We assume given two disjoint sets of variables: one for small variables (Var®) and
one for big variables (Var") and three disjoint sets of constants: for type constructors
(7C), constructors (CS) and function symbols (F).

Function and constructor symbols will have their arguments classified as par-
ameters and other arguments. Consequently, their arities will be pairs of natural
numbers. We write FU" (CS") for the set of function (constructor) symbols
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taking first r parameters and then n other arguments. We simply write f € F"
(c € C8™) with m = r 4+ n, in case the knowledge of r is not needed. An arity of a
type constructor is always a natural number. We write s € 7C™ if a type constructor
s is of arity m.

Definition 2.1.1 (Pseudoterms)

Pseudoterms are built from the usual constructions and from the constants, respect-
ing the arity. Below, s denotes a type constructor, ¢ a constructor and f a function
symbol.

a:=x|*|0|Ax:aal|(x:a)a|aa|s(ay,...ay) | clag,...ay) | f(ag,...a)

The pseudoterm uwv, written also @(u,v), denotes the application of u to v. In the
sequel we will also use terms of the form @(u,vy,...v,). If a = (... ((uvy)v2)...v,)
then @(u,vy,...v,) is a left-flattening of a. Note that u may still be an application.
The pseudoterm (x :u).v denotes a product (traditionally, it is written ITx :u.v). If x
does not occur in v, we write it also as u — v. Throughout the paper we will often
write f(d, B) to denote a term headed by a symbol f € FU+" applied to r parameters
a and n other arguments b. The same applies to ¢ € CS"".

Pseudoterms are identified with finite labeled trees by considering Ax and Ilx
as binary function symbols different for every x. Positions are finite sequences of
natural numbers and we use A for the root position. The subterm of a pseudoterm
a at position p is denoted by a|, and the pseudoterm obtained by replacing al, by
b is written a[b],. The strict subterm relation (when p # A) is denoted by > and its
nonstrict version by I>. A subterm at position p # A is called constructor subterm if
all symbols on the path from the root down to but not including p are constructors.
We write a > b if b is a subterm of a and a >S5 b if b is a constructor subterm of a.

We denote by FV(a) the set of free variables of a. This notation easily extends
to sets: FV(A) = U, cq FV(a). We assume that bound variables in a pseudoterm
are all different, and are different from the free ones. As usual, we work modulo
a-conversion that is identifying the terms that only differ in their bound variables.
The notation a denotes a list of pseudoterms, but it will sometimes be used for
multisets.

Substitutions are written as in [a; /x1,...a,/x,] or [a/X]. The set {xy,...x,} is called
the domain (dom) of the substitution. Substitutions expand to applications defined
on all pseudoterms, by replacing each free variable by its image, and avoiding
captures. We use letters 6, p, p for substitutions and postfix notation for their
application to pseudoterms.

Given two substitutions p; and p, with the domains D; and D,, a parallel
composition of py and p,, denoted by p; U p;, is a substitution with the domain
D; U D, defined by

xp; if x € Dy
@] = .
x(p1 U p2) { xps if x € Dy

and provided that Dy N D, = ().
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A sequential composition, denoted by p1p», is a substitution defined by

x(p1p2) = (xp1)p2

A declaration is a pair x : a where x is a variable and a is a pseudoterm. An
environment T is an ordered sequence of declarations, where all variables are distinct.
For I' = xy : ai,...,x, : a, the domain of I' (dom(I')) is the list xy,...,x,, and
I'(x;) = a;. A sequent is a pair (I', a) consisting of an environment and a pseudoterm.
We will write sequents as I' a, since they will be used in situations where a is a
well-typed term in the environment I' in a given typing system.

The sequence of declarations x; : ay,...,X, : a, may be denoted by X : &, if n is
irrelevant or clear from the context. Vectors of declarations usually serve to denote
environments, but we will sometimes use them to form a long product (shortening
(x1 : b1)...(x, : by).c by m.c). By convention, the type (x—bﬁc is simply ¢ if
(x—:bs is empty. For simplicity, we will also write (I').c for the product (x—bic if T
is the environment x; : by,...x, : b,.

2.2 Calculus of Constructions

The Calculus of Constructions (CC), originally defined in Coquand & Huet (1988),
is the starting point of our work. The typing relation of this system will be used
directly to check the types of constants from (F UCS U 7C) and to check the types
of terms in HORPO (Definition 3.4.1) and computable closure (Definition 3.3.2).

Definition 2.2.1 (Calculus of Constructions)

(ax) Fecc* : O
(var) T le_ax: pa (x € Var? \ dom(T'),p € {*,0})
Ik :b 'k :
(weak) £ lci X checa - cl;c € P (x € Var? \ dom(T'),p € {*,0})
I'x:atceh @ c T'Fee (x:a)c :
(abs) Crckcc Ixab : (x?g).(c L (g dom(T)p € (x0))
(a ) Fl—cc a (XZb).C F'_CC d:b
PP T Fec ad : c[d/x]
I'keca I',x:atceb :
(prod) = Fpl—cc (x:a).b : g = : (x & dom(T). p.q € {*03)
(conv) IFeca :Fb'—cc p .be/‘cc bip (p € {*x,0},b —*>ﬁ b or b —*>ﬂ b)

The relation which occurs in the (conv) rule is the beta reduction. It is the
reflexive and transitive closure of —g, which is defined as the compatible closure of
the S-reduction rule: Ax :a.bc¢ — b[c/x].

The Calculus of Constructions is confluent and terminating with respect to the
beta reduction. As a consequence, the type-checking in this calculus is decidable.
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If we want to type-check terms that are headed by a constant (like f(a)) we must
add a new rule for it. But first we will provide all constants with types and check
that these types are well-typed terms in the Calculus of Constructions.

By signature we mean a list of declarations assigning a type (a pseudoterm) to
every constant. Because of possible dependencies these types may use constants, for
example in the declaration f : (P : nat — *)(n : nat).P(g(n)) the type of f uses
constants nat and g.

Definition 2.2.2

We say that the signature X is well-typed if every constant of arity m has a type
of the form (x; : A1)...(xy : A).B and if £ F¢cc * @ O in the original Calculus of
Constructions, treating f(a) like a variable f applied successively to terms ay,...a,.

Given a well-typed signature we can construct the system which apart from the
seven usual rules of the Calculus of Constructions contains also:

(fun) I'beex 0 O Vi T'beca @ Aila/X]
I'tec f(a) = Bla/X]

Since X F¢e * : 0O, the extended system may be seen as the original one where
some variables (representing constants of arity m) are always applied to at least m
arguments.

Of course this extended version of the Calculus of Constructions is still confluent
and terminating with respect to the beta reduction. Consequently the type-checking
in this system is decidable. From now on we will refer to it as the Calculus of
Constructions and we will call the original one the pure Calculus of Constructions
or the Calculus of Constructions without Constants.

In section 3 we will define CC+H — an extension of the Calculus of Constructions
by rewriting. To distinguish between the standard and the new systems we will
always use the subscript CC, whenever talking about the typing relation of the
Calculus of Constructions (like in I' ¢ a : b). Following the notation used further
for CC+H, where the reduction used in the conversion rule needs an environment,

fi:(x:4)BeX

we may also write I' Fcc b —p b’ for the beta reduction b —4 b and I' Fcc b Sy

for the fact that b and b’ are beta equal (I' + b S b will mean that b and b’ are
convertible in CC+H).

2.3 Extended signature

In the previous section the signature was just a list of declarations. For our purposes,
it is more convenient to put together the information about a type constructor and
its constructors and have a single inductive definition.

Definition 2.3.1 (Extended signature)
An extended signature X is a (possibly dependent) sequence of declarations, each
declaration being of the form:

e f:(x:b).c, where f € F and b, c are pseudoterms, or
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e Indlp; : Pi,...pr : PJ(s : A :=¢c; : Cy,...cp, : Cyy), Wheres € 7C, cy,...c, €CS
(constructors of the inductive type s) and A,C are pseudoterms. Variables
p1,...py are called parameters of the inductive type s.

Moreover, we suppose that every e € F U7 CUCS has exactly one declaration in X.

The type of an e € 7C UCS is not explicitly mentioned in the extended signature.
To obtain it, we have to destructure the inductive definition which includes this e.
Ind[py : Pi,...p; : P (s :A :=c1 :Cq,...cpp :Cp) €EX
s:(p1:P1)...(p : P)AEZ
Ind[py : Py,...p; : P (s :A :=c1 :Cq,...cp, :Cp) €EX
¢i t(p1:P1)...(pr : P).Cils(p1,...pr)/s] € Z

where 3 is a special variable corresponding to the constant s and appearing in C;’s.

(type constructor)

(constructor)

Example 1
Inductive definition of polymorphic lists has the form:

Ind[A : *](List : * := nil : List,cons : A — List — List)

From this definition List : * — *, nil : (4 : *).List(4) and cons : (4 : *)(a : A)(I :
List(A)).List(A).

Every extended signature ¥ may be seen as a simple signature assigning types
to constants and such that the declaration for a type constructor precedes the
declarations for its constructors.

2.4 Well-formedness conditions

In this section we will present all necessary conditions that must be satisfied by
constants and their types (i.e. by the signature) and we will summarize them in
the definition of well-formedness (Definition 2.4.3). From the beginning of the next
section (section 3) we will assume that we are given a well-formed extended signature.

2.4.1 Star Dependency

The star dependency condition is one of the most important concepts of this paper.
The types of function and constructor symbols provided by the user are checked
against this condition in order to make sure that the separation of arguments (into
parameters and other arguments) is correct.

For function symbols, star dependency condition influences the form of the
rewriting rules accepted by HORPO, restricting parameter arguments to be distinct
variables (see sections 3.1 and 3.4). This ensures the computability of the type
arguments of a function symbol, which is crucial in the proof of strong normalization.
For constructors, star dependency makes it possible to define the interpretation of
inductive types in section 5.2.1. For a deeper discussion of the star dependency
condition we refer the reader to section 7.
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Definition 2.4.1
The type (p1 : P1)...(pr : P)(x1 : b1)...(x, : by).c satisfies the star dependency
condition with respect to f € (F"" UCS"™") if

FV(by,...by,c)NVar® < {p1,...p,}

In other words, this condition means that every free variable y of by,...b,,c is small
(v : 4 : %) or is a parameter. This condition may be seen as a generalization of the
requirement that all variables corresponding to nonparameter arguments, Xxi,...X;,
belong to Var™.

Example 2
The type of map € F*?),

(A :*)(B :*)(f : A — B)(I : List A)(List B)

satisfies star dependency.

If we suppose that map € F(13), then its type would not satisfy the star dependency
condition, as the output type of f depends on the big variable B that would not be
a parameter.

Of course, if we suppose that all arguments of map are parameters (map € F*9),
then its type would obviously satisfy the star dependency condition. On the other
hand this would have a negative impact on the form of the rules which can be
accepted by HORPO (every argument of map would have to be a variable as can
be seen from the forthcoming definition of the parametric rule and HORPO).

2.4.2 Strict positivity

As already said in the introduction, we consider only small strictly positive inductive
types. The inductive type s, defined by Ind[p; : Pi,...p, : P](s : A :=c¢; : Cy,...Cp -
Cp), 1s small if s is on the type level of the Calculus of Constructions (s : T : O for
some T).

In the definition below, we suppose that for every type constructor s there is a
special variable 5. It is used to formulate positivity conditions and it will later be
substituted by the real s applied do its parameters (s(p)). Positivity conditions are
syntactic conditions on the form of 4 and C, which are given below (see also Barras
et al. (1999) and Paulin-Mohring (1993)).

Definition 2.4.2 (*-arity, positivity condition)
A pseudoterm A is a *-arity if A = (x—bS* We denote by A« the set of *-arities.

A type that is generated by s is a pseudoterm of the form Wjal ...y

A type t = m.ial ...a, generated by 5 satisfies the positivity condition if 5 does
not occur in any ¢; and its occurrences in each domain b; of the product are strictly
positive, i.e. each b; in which 5§ occurs is of the form m.iel ...e; and 5 does not
occur in Zi, e.

We write t € Pos™(s) if ¢ is a type generated by 5 that satisfies the positivity
condition and the length of {x : b) is m.
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2.4.3 Well-formedness of the extended signature

The following definition summarizes all condition that must be satisfied by constants
from FUTCUCS.

Definition 2.4.3 (Well-formed extended signature)

An extended signature X is well-formed if we can deduce X ok in the following
system:

(start) 0 ok

(fun) Y ok Xtcec(pr i P)...(pr : P)(xt i by)...(xy i hy)c %
X f:(pr:P1)...(pr i Po)(x1 :by)...(xy : by).c ok
if (p1 @ P1)...(pr : P)(x1 : by)...(xy : by).c satisfies the star
dependency condition w.r.t. f € FU",
(ind) Y ok Z,Fp Fcc A : O Vi Z,FP,EZAI—CC Ci:*

S Ind[lp](s:A:=c; :Cy,...cn : Cyp) 0k
for I'y = p1 : P1,...pr : P, if the following conditions hold:

e s€TC, Vidnic¢ ecCS"™,

e A€ Ax, ViC; € Pos"(3),

e (p : P).Ci[s(p)/3] satisfies the star dependency condition
w.r.t. ¢; € ST

where c¢ means that we verify the corresponding typing judgment in the Calculus
of Constructions without Constants, treating X as an environment, constants from
FUTCUCS as variables and terms headed by constants e(ay, ... a,) like a variable e
applied successively to terms ay,...a,.

Obviously, the well-formedness condition given above ensures that the signature is
well-typed (i.e. £+ * : O, see Definition 2.2.2). In the sequel we will always assume
that our extended signature is well-formed.

Summarizing, the idea is that the user provides the constants, the arities and
the signature and its well-formedness is automatically checked. Well-formedness is
decidable, because the only difficult part in the its definition is type checking. The
latter is decidable since it is the type checking of the pure Calculus of Constructions.

2.5 Relations and Orderings

In this paper, rather than relations on terms we will consider relations on terms in
a given environment.

To say that terms a and b are in the relation — in the environment I" we use
the notation I' F a — b or a —»' b, T" being fixed. We denote by 5T the reflexive
and transitive closure of —!. Unless stated differently, we will consider only those
relations that do not distinguish a-convertible terms. Note that given an environment
I', -»! is an ordinary relation on terms. Consequently — is strongly normalizing, or
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terminating, if for every T, the relation —! is terminating, i.e. if for every term a
there is no infinite sequence a =" a; =T a, =T ---

Let us now introduce some useful definitions and extensions of the given (not
necessarily transitive) relation > on terms. In these extensions we will often use =,
which is a syntactic equality on terms.

The lexicographic extension of >, denoted by >, is defined as:
(at,...an) >ex (by,...by) if Jie {1,...n} a; > b; and Vj<i a; =b;.
The multiset extension of >, denoted by >, is defined as:
MWP >,y MoP if P+(0andVbe P JacPa>bh.

where @ denotes the disjoint union.

An important fact is that for a terminating relation >, the relations >, and >,
are also terminating (Dershowitz & Jouannaud, 1990).

Let us recall that a subterm at position p is called a constructor subterm if all
symbols on the path from the root down to but not including p are constructors.
The constructor subterm relation is denoted by >¢S.

The constructor subterm extension of >, denoted by >¢° is defined as:

a>°Sp iff  a>b or

3¢ a>CS ¢ and (¢ > b or ¢ = b).

We will often use notation > for > U =. Following this convention > is equal
to >%S U = and we have a =¢S b if there is a ¢ such that a>¢S ¢ and ¢ > b.

An ordering is a reflexive, antisymmetric and transitive relation. An ordering > is
well-founded if its strict part > (defined as a > b iff a = b and not b > a) is strongly
normalizing.

3 CC+H - Calculus of Constructions with rewriting induced by HORPO

The goal of this paper is twofold: to define a new calculus, obtained by incorporating
to the Calculus of Constructions a rewriting mechanism generated by user-defined
higher-order rewrite rules satisfying the criterion called Higher Order Recursive
Path Ordering (HORPO) and to show that every instance of this calculus is strongly
normalizing. To this end, we will actually show that the particular instance of the
calculus, obtained by incorporating at once all rules satisfying HORPO, is strongly
normalizing.

A difficulty is that rewriting is used in one of the type-checking rules — called
conversion — whereas rewriting itself must ensure type preservation, making the
definitions of rewriting and typing mutually dependent. This dependency is broken
by type-checking the rewrite rules in the Calculus of Constructions (without user-
defined rules in conversion). For the discussion about relaxing this assumption see
section 9.2.

As already mentioned in the introduction, strong normalization will be shown
under the assumption that rewriting operates on the object level. In our formalism,
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this is ensured by the requirement that for every function symbol f in the signature
f:T %

Before we define HORPO in section 3.4 we introduce and describe all its compo-
nents. Throughout these definitions the typing is that of the Calculus of Construc-
tions (as defined in section 2.2).

HORPO generates a relation on terms in an environment and can compare only
terms of equal types. Every HORPO judgment has the form I' =1 > r : A, where
I' is an environment, [,r are terms and A is their type. If the left-hand side [ is
headed by a function symbol then the whole judgment must be a parametric rule
(see below). If in addition, the right-hand side r is an application then it must also
verify the application condition (see section 3.2).

An important part of HORPO is the computable closure. It is used to enhance
the set of acceptable right-hand sides in HORPO judgments and is defined as a
possibly infinite set of terms generated by some computability preserving inference
rules from the given initial set (see section 3.3).

Although sections 3.2 and 3.3 are important for the proof of normalization and
for the expressive power of HORPO respectively, they are not essential for the
understanding of the definition of HORPO. Therefore we advise the reader to skip
these two sections for the first reading. On the contrary, the section 3.1 is crucial for
the understanding of HORPO.

3.1 Parametricity condition

Parametricity is the general condition imposed on the environment I" and parameter
arguments of [ in a HORPO judgment I' -1 > r : A, in case [ is a function symbol
headed term.

Definition 3.1.1 (Parametric rule)
The quadruple (T, 1,7, A) is a parametric rule if

1. [ starts with a function symbol f : (p; : Py)...(p, : P,)(x1 : by)...(xn : bp).c,
2. '=py :Py,...py : P, G,

3' l = f(pla"'prauly"'un)s

4. FFccl :AandFl—ccr D A

In other words, parametricity requires that all parameter arguments of the left-
hand side are different variables. The assumption that HORPO judgments verify
parametricity condition is crucial for the proof of strong normalization (see sec-
tion 5.4 for further explanations and section 7.1 for a counterexample).

Actually, in the above definition we could require Vi p; € dom(I') and V i, j p;i # p;
instead of I' = py : Py,...p, : P,,G. Even if originally the p’s were not in order, we
can move them to the beginning of I', as P; depends only on py,...p;—; (because
the type of f, (p1 : P1)...(pr : P).(x1 : by)...(xy : by).c, is a well-typed term of the
Calculus of Constructions). The fact that P; does not depend on other variables
from I' than py,...p;—1 is very important in the proof of strong normalization and
for this reason we prefer the explicit statement I' = p; : Py,...p, : P.,G.
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3.2 Application condition

In the definition of HORPO, there is a possibility to compare a term which starts
with a function symbol with a term which starts with an application:

piB,GF f(p,it) > @(wo,...,wp) : A

But for technical reasons not every application can be a right-hand side in such
a HORPO comparison. The restricting condition concerns the type of wy and it
demands that this type is a product, which does not depend on those from wy,...w,,
that are big and do not belong to p. In other words, it expects that for every i > 0,
the term w; must be either an object, or a nondependent argument, or must belong

to p.

Definition 3.2.1 (Application condition)

The term @(wy,...,w,,) satisfies the application condition in the environment
(p - P,G), if

piP.Glccwo : (1 A (Vm : An).B
and for all y;

e y;, € Var*, or
hd yi ¢ fV(Ai+1a"'Am’B)9 or
e y; € Var®, and w; € p.

We denote it by AppCon(p : I_’),G F@(wo,...,wn)).

Example 3
Suppose that length € F('V) has type (4 : *)List(A) — Nat and let us take

wo = A4 :*. 1 : List(A).length(A,1)
vo = Al : List(Nat).length(Nat, )
In any environment p : P’, G we have p : T’), Gtce wo @ (A :*)List(A) — Nat and

p: P),G Fcc v : List(Nat) — Nat
Now, the condition

AppCon(p : B, G F@(wy, Nat, nil(Nat)))

does not hold because in the type (4 : *)List(4) — Nat, we have A € Var® and
Nat ¢ p. On the other hand, application conditions given below are satisfied:

AppCon(p : *,1 : List(p) - @(wo, p,1)) and
AppCon(p : B, G F@(vo, nil(Nat)))

3.3 Computable closure

Computable closure is used in the definition of HORPO and serves to enrich the
choice of possibilities to accept a given right-hand side of a HORPO judgment
p: I_J),Gl—f(ﬁ,it) >r A
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Without the computable closure, to accept r; — an immediate subterm of the
right-hand side — we would use the comparison either with the whole left-hand side
f(p, 1), or with one of its immediate subterms. The role of computable closure is to
accept r; if it results from simple “computability preserving” transformations of p, &
(like, for example, applying u;, to u;,). Computability refers here to Tait and Girard
celebrated reducibility predicate technique.

The definition of computable closure and that of HORPO are mutually de-
pendent as one of the transformations mentioned above, Recursive call, requires
some HORPO inequalities to be satisfied. Despite this circularity the definitions are
correct, which is shown in Lemma 3.4.2.

Computable closure is a set of quintuples, whose first element is called a leading
term. We write informally r; € CCls(p,u) if a tuple led by r; (verifying some
additional conditions) belongs to the computable closure of f(p,). At the end of
this subsection there is a complete proof (in Example 5) that some term belongs to
a given computable closure.

In what follows, we will give the formal definition of the computable closure
preceded by the definition of (G,, G)-tuples, that are the quintuples on which com-
putable closure operates. These two definitions are rather complex and at the first
reading it may be difficult to guess what their different components are for. In fact,
even though the computable closure rules operate on quintuples and have compli-
cated side-conditions, if we restrict our attention to the leading terms the rules turn
out to be quite simple (the rules are named after their operations on leading terms).
The remaining four components of tuples are necessary to prove “computability
preservation” in the fundamental technical Lemma 5.4.7.

Definition 3.3.1 ((Gp, G)-tuple)
A quintuple (t, G,; BV =T, p) is called a (G, G)-tuple if

L. PV(T)NVar® = G, UBV,

2. p is a well-typed substitution from G, G, to G, G, such that plg,= idg,,
3. Gp,Gu, BV e T+ */0,

4. G,,G,BVukcct : Tu

The BV component is an environment consisting of, so-called, bound variables.
In a tuple (¢, G,,; BV F T, u) the term t is called the leading term. By FBV(a) we
denote those variables from BV that are free in a. A term a is clean if FBV(a) = (.

Example 4
Suppose that map € F>? has type (4 : *)(B : *)(A — B)List(4) — List(B) and that

A:*xB:*x f:A— B,a:A,Il: List(A) - map(A4, B, f,cons(4,a,l)) : List(A)
holds. Then

(f, 0;0+ A — B, [A4/A,B/B]) and
(cons(A,a, 1), y : A — B;0 + List(A), [A/A,B/B,f/y])

are (A :*,B :*,f : A — B,a : A,l : List(A))-tuples.

https://doi.org/10.1017/50956796802004641 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796802004641

Termination of rewriting in the Calculus of Constructions 353

In a tuple (¢, G,,; BV = T, u), the BV component represents variables in t and T
that will later be bound by computable closure rule Abstraction, as we are interested
only in terms that are clean. This mechanism is used to construct, for example,
Ax :A.@(u, x) from @(u, x) by abstracting over a free (BV') variable x.

In fact, the definition above considers two levels at the same time. The first one,
where T can be typed and the other, where ¢ is of type T . The reason to distinguish
these two levels is to ensure that T'u is of very special form: all big variables of T
are included in G, (assuming BV is empty) and u affects only small variables of T.
This property will be crucial in Lemma 5.4.7 which says roughly that for a tuple
(t, Gu; BV T, p) in the computable closure, t belongs to the interpretation of T
under the substitution u.

Definition 3.3.2 (Computable Closure)
Let f have a type (p1 : P1)...(pr : Py).(x1 : b1)...(xy : by).c and let us suppose that
Gp.G Fce f(p,u) : c[it/X] holds for some environments G, = p—ﬁ and G and for
some terms .

The initial set for G,, G - f(p, ), denoted by Init(Gp,, G F f(p,u)), is the following
set of (G,, G)-tuples:

{(pia 0,(2)}_1)1, id(}p) | 1 <l<r} U
{(uj, x1 :by,...xjy tbj_1;0F by, idg, Ua/X]) | 1<j<n}

The terms p, i are called initial terms.

The Computable Closure of G,, G - f(p,it), denoted by CCI(G,, G -1 (p, 1)), is the
smallest set containing Init(G,, G - f(p, %)) and closed under the operations described
below:

Introduction of variables
Gp, G, BV Fecy @ A, y € dom(BV)
(v, Gm; BV = A, p)
if FY(4)nVar® < G,UBV, and p is well-typed substitution from G,, G, to G,, G,
such that u|g,= idg,.
Abstraction

(t, Gu;BV,y tAET, p) (A, Gu; BV F po, p)
Gps Gm,BV,y 1A l_CC T : 141 prGm,BV l_CC A D2
(Ay :Aut, Gy; BV E(y:A).T, 1)

if p1,p2 € {*,0}.
Application to a variable
(t, Gu;BV F (x:4).B, p) (v, Gm;BV F 4, p)
(@(t,y), Gu; BV = Bly/x], p)

if ye BV.
Application to a parameter
(t, Gn; BV F (x:P).B, u)
(@(t,p), Gm; BV + Blp/x], p)

ifp:PeG,
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Application to a small argument

(t1, Gu;BV F(x:A).B, )  (t2, Gu:BV A, p)
(@(t1,t2), G, x 1 A; BV = B, pU[t2/x])

if x € Var* and t, and A4 are clean.
Application to a nondependent argument
(t1, Gu; BV F(x:A).B, ) (f2, Gu; BV E A, p)
(@(tlaIZ), Gm;BV + B, ,u)

if x ¢ FV(B)
Precedence
—>

N —»> N .
(&(p, 1), Gu,y :dIp'/4); BV Felp' /], nU [i/3))

if f >7g.g:(q1:00-..(qr 1 Q)(y1 :d1)...(vm : du)e, p' < dom(G,) and for
every i either t; is clean or y; € FV(di+1,...dp,e).

Recursive call
Vi (tiy Gusx 200 F biy pU[i/%])
(F(p.1), Guox : D50+ ¢, U [E/3])

if G,, G (p, 1) >S5 (p, ), where stat is a status of f : (p : P)(x : b).c and >S3 is
a stat extension of the constructor extension of > (see Section 2.5).

Constructor—decomposition

(c(d,N), G: BV F s(@)is, p)
(a;, Gm;BV F Q,[G/Z]] )

(c(d,N), Gy BV = s(@)ii, 1)
(Ni, Gz = d[a/q]: BV & di[a/q). nU [N/2])
if ¢ :(q1 :Q1)...(q0 : Op)zy : dy)...(zx : dy).s(@)wy...w, is a constructor of
s:(q1 :01)...(q : Qr)xy 2 by)...(xn : by).*, if @ are clean and if for every i
either N; is clean or z; € FV(diy1,...dy).
Constructor
Vi(d, Gu;BV FQila/ql, 1) ¥i (N, G,z :d[a/ql; BV & dila/q), nVU [N/2])
Gp, G BV Fee s@it = % Gy, G, BV ukcc c(d,N) : (s(@)i)u
(c(d,N), Gu: BV  s(@)it, p)
if ¢ :(q1 :01)...(q : QOn )(21 dy)...(zx : dy).s(@)w;i...w, is a constructor of
s:(q1 :01)...(qr : Qp)x1 2 by)...(xy : by).* and if FV(a,4) N Var® = G, U BV.
Type constructor
Vi(ai, Gu; BV F A, p) Vi(u, Gu;BV - U, ) Gp, G, BV pbcce s(@a)u : *
(s(@)it, Gp; BV =%, )

ifs:(q1 :01)...(qr : Qp)(x1 :b1)...(x, : by)* € TC.
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Product type
(A, Gu; BV & p1, p) (B, Gu; BV,x : C & pa, p)
Gp.G.BVi,x : Abcc B : p Gp.G,BVutcc Ao Cu
((x:A4).B, Gy; BV + pa, 1)

if p1,p2 € {*, 00}

Reduction
(t, Go; BV ET, u
(', Gu; BV ET, p)
ift —-pt.
Weak1

(t, Gu;BVET, Gp, Gy Fec A + x/0 Gy, Glce M : Ap
(t, Gu,x : A;BV =T, pU[M/x])

if x ¢ dom(G,,, BY).

Weak2
(t, Gu:BVFT, 1) GpGumBV Fec A x/0
(t, Gu;BV,x : AT, )

if x & dom(G,u, BV) and FV(A) N Var® = G,,BV.

When no confusion can arise,* the computable closure CCI(G,, G - f(p, 1)) wi}l
simply be written CCl¢([), where | are the initial terms (p,11). We say that t € CCl¢(I)
if there is a tuple (t, G,,; BV = T, u) € CCl(l), such that ¢t and T are clean. In

particular, this simpler notation (¢t € CCI f(f)) will be used in the definition of
HORPO.

Lemma 3.3.3

Let us suppose that p : I_’),G F f(p,u) : A holds. Then every quintuple (¢, G,,; BV F
T, p) € CCly(p,u)isa (p: 1_3, G)-tuple.

Proof

Easy induction on the derivation of the tuple. []

Example 5
Let map € F?? be of type (4 : *)(B : *)(A — B)List(A) — List(B). We
will show that @(f,a) € CCl(A : *,B : *x,f : A — B,a : A, : List(A) +
map(A, B, f,cons(A, a,l))). The tuples
(f, 0;0+4— B, [4/4,B/B]) and
(cons(4,a, 1), y : A — B;0 - List(A), [A/A,B/B,f/y])
are in the computable closure by the definition of the initial set. By Weakl and
Constructor-decomposition applied respectively to the above tuples, we get
(fy:4—-B;0-A4— B, [4/4,B/B.f/y]) and

(a, y:A— B;0F A, [A/A,B/B,f/y])

Now it is sufficient to use Application to a nondependent argument to obtain

(@(f,a), y : A — B;0 - B, [A/A,B/B,f/y]). Since @(f,a) and B are obviously
clean (BV = @) we obtain @(f,a) € CCl (A, B, f, cons(4, a,l)).
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3.4 HORPO

The Higher Order Recursive Path Ordering (HORPO) presented in definition 3.4.1
below is an adaptation of HORPO (Jouannaud & Rubio, 1999) to the Calculus of
Constructions, which was itself a generalization of the well-known RPO (Dershowitz,
1982) to the simply typed lambda calculus (with a polymorphism “a la ML”).

A HORPO judgment has the form I' =1 > r : A, where I' is an environment,
[, r are terms and A their type. The definition of HORPO involves many different
ingredients:

a well-founded ordering on F, called precedence,

a partition of F into symbols of lexicographic (Lex) or multiset (Mul) status;

the status tells us how to compare recursively immediate subterms of two

terms headed by the same symbol.

e the parametricity condition (Definition 3.1.1), which must be satisfied if [ is a
function symbol headed term,

e the application condition (Definition 3.2.1), which must be satisfied if [ is a
function symbol headed term and r is an application,

e >, the union of > and =, that is the syntactic equality on terms,

e >CS| the constructor extension of > and >¢° defined as >¢° U = (see
section 2.5),

e >S5 >C8 that are respectively lexicographic and multiset extensions of >¢
(see section 2.5),

e and finally the computable closure CCl f(f) of the term f (7) with f € F, which

is a set of terms built from | by using “computability preserving” operations

(see section 3.3).

Compared to RPO (Dershowitz, 1982), HORPO has two new cases allowing
to deal with an application and constructor headed term on the right-hand side
(in Part I) and four cases corresponding to monotonicity rules for application,
abstraction, product and constants from 7C UCS (Part II). Moreover, it has more
possibilities to deal with subterms of the right-hand side, which is described by the
condition P:

Yw; €W Fl—f(7)>wi A or Fl—ljzcswiforsomelj orwiECle(f)

It says that each subterm w; of the right-hand side is recursively compared either
with the whole left-hand side f(?), or with some constructor subterm, by >¢S,
or otherwise must belong to the computable closure CCI f(i). The choice in B is
meant to compensate the requirement that HORPO compares only terms of equal
types and to prevent the situation where we cannot limit some “evidently smaller”
subterm of the right-hand side because there is no left-hand side subterm of the
same type.

Definition 3.4.1 (HORPO)
Let ># be a precedence and let $§ denote the condition:

Vwiew TrEfl)y>w :A or T I =% w forsome l; or w; € CCl(])
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By induction with respect to (|l],|r])x We define the strict comparison in HORPO

as follows:
'El>r A if
rl_cchA FI—CCV:A and
Part 1 I'=(p::P)...(py : P),G,
I=fp,u)=f(h,... I,
fox T (X 2 Trn). T € Frm
and
l.re Cle( ) or I'F[; =S r for some i, or
2 r=g(p,w),g€F f>rg p <pand P, or
3. r=f(p,w), f € Mul andrk(ﬁ,*) >CS (p, W), 0
4. r=f(p,w), f € Lex, I' F (p,u) >lex (p,w) and ‘B
5. r=c¢(Ww), c € CS and B, or
6. @(wo,...,wy) is a left-flattening of r, B and AppCon(p : I_’), G F@(wo,...,wy))

hold and

e I'H1>wy : T[i/x], or
o ' 1; >CS w for some j,

Part 11

1. Il =Jx:1li.l,, r = Jx :ri.ry and there exists C such that I' F¢c 4 & (x:0).C,
I'Fcc l1<i>r1 and,x: 1 FbL>r, : C,or

2. l=(x:l)).Lh,r=(x:r)rpand I' ke y AR rmand I'x : {1 F L >r, : A, or

3.1 = l1jlh, r = rir, and there exist B,C such that I" Fcc A4 AR ClhL/x],
I'tli>r : (x:B).C,TF1l, >r, : B and at least one of these comparisons
is strict, or

4. I =-e(ly,...I),r=e(r,...r), e : (x—bSC e TCUCS, foralliI' = 1; > r; : bi[i/ic]
and at least one of these comparisons is strict.

The correctness of this definition follows from the lemma given below:

Lemma 3.4.2
Whenever in the definition of ' 1 >r : A we refer to I H 1" > : A’, we always
have (|11, [r[) >ex ('], [r]).

Proof

It is easy to check that in all HORPO cases direct recursive calls of > are made
on smaller terms. In the computable closure, HORPO is used only in the Recursive
call rule. Note that computable closure is used only when | = f (7). The Recursive
call rule proves that f({) € CCI f(f) for some ¢ already in CClI f(f) and such that
rHi >CS 1, where stat is the status of f. This finishes the proof, since [ are subterms
of . O

Part T is the heart of HORPO, as its cases 1, 2, 3, 4 correspond to the RPO. In
Part I the left-hand side is always a function symbol headed term. The right-hand
side can be either a function symbol headed term (cases 2, 3, 4), a constructor headed
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term (case 5) or an application (case 6). We can also choose a recursive comparison
with an immediate subterm of the left-hand side (case 1). In case 6 the appropriate
left-flattening has to be chosen non-deterministically. This non-determinism aims at
easing the recursive comparison in case of type incompatibility (HORPO compares
only terms of the same type).

As a consequence of being defined for symbols that have dependent types, HORPO
pays special attention to parameters of function symbols. In Part I the left-hand side
must always have different variables p on its parameter positions (according to the
parametricity condition 3.1.1), and if the right-hand side is also a function symbol
headed term then its arguments on parameter positions must be included in p. This
property guarantees that during the rewriting with such a rule, we know exactly all
big arguments of the right-hand side (as they may occur only at parameter positions
and parameters are passed unchanged) which is very important in the proof of
strong normalization.

The use of the application condition (see Section 3.2) in case 6 obeys to the same
idea. It says roughly that f(p,u) can be compared with @(t, t1,...t,), only if all big
terms within ¢y,...t, belong to p.

3.5 Examples

Example 6
Let map € F? be of type (A4 : *)(B : *)(4 — B)List(A) — List(B) with map € Mul
and let the rules be the following:

A:*, B:*x f:4— B+ map(A4,B, f,nil(4)) — nil(B) : List(B)

A:*, B:*x f:4— B, a:A, |: List(A)
F map(A, B, f,cons(A,a,l)) — cons(@(f,a),map(A, B, f,1)) : List(B)

The first rule is accepted by case 1.5, since 4 : *,B : *,f : A — B+ B >° B.
For the second rule let us call the environment 4 : *,B : *,f : A —» B,a : A, :
List(A) by I'. We can use case 1.5 and we are left with the following subgoals:

@(f,a) € CClyup(A4, B, f, cons(4, a,l))

I' - map(A, B, f,cons(A,a,l)) > map(A, B, f,1) : List(B)
For the latter, we can apply case 1.3 of HORPO and then show
' (A, B, f,cons(A,a,1)) =55 (A, B, f,1)
which follows from
I+ cons(A,a,1) =S 1

which is true by the definition of the constructor extension.

The formal proof of that @(f,a) € CCl,up(A, B, f,cons(A4,a,l)) is given in Exam-
ple 5. Note that without the computable closure it is not possible to accept this rule
since there is no subterm of the left-hand side of type B.
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Example 7
Suppose that map € F*? is the same as in the previous example. The rule

C : x| : List(C) F map(C,C, Ax :C.x,l) = | : List(C)

cannot be accepted by HORPO because it is not parametric (the arguments at
parameter positions are not distinct variables)

It may be surprising that the rule from example 7 is rejected by our framework.
We do not think this particular rule leads to nontermination, but section 7.1 shows
an example (derived from (Girard, 1971)), where one easily gets a nonterminating
term precisely because the condition about the arguments at parameter positions is
violated.

Our formulation of HORPO is not stable under instantiation (of big variables).
The reason is that when comparing I' - f (7) > r : A, the definition of HORPO
requires that the arguments of f at parameter positions are different variables.
Consequently if we take a substitution that equalizes two parameters then the result
would not be accepted by HORPO.

Example 8
HORPO is not stable under instantiation, because
A:*B:*xf:A— B,a:A,Il:List(A) +
map(A, B, f,cons(A,a,l)) > cons(Q(f,a),map(A, B, f,1)) : List(B)
holds (as proved in Example 6), and

C:xf:C—>C,a:C,l:List(C)+
map(C, C, f,cons(C,a,l)) > cons(@(f,a),map(C,C, f,1)) : List(C)
does not (since parameter arguments of map on the left-hand side are not different

variables as required).

Note also that HORPO is not an ordering, as it is not transitive (mainly due to
the use of the computable closure). This is not really a problem, since we will show
that HORPO is well-founded, hence allowing us to reason with its transitive closure.
On the other hand, the transitive closure is of course not decidable. In practice, as
shown in (Jouannaud & Rubio, 2001), it may be useful to use two successive steps
of HORPO for solving some particular examples. Below, is a counterexample to
transitivity.

Example 9
Suppose that f € FD and g € F@V have types:

[ (4 %)s1(4) = (A — A)
g (A :*)(B : %¥)s2(B) > (4 — A)
where s; and s, are inductive types defined by:
Ind[A :*](sy :* :=¢c; : (A > A) = 57)

Ind[B :*](sy :* :==¢ : 55 = %)
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and that T = A4 : %, B : *,b : 55(B). Then
't f(A,C](A, g(Aa Bn Cz(Bab)))) > iz A@(g(Aa Ba CZ(Bab))aZ) tA— A

holds by case 1.1 of HORPO, and more precisely because Az : A.@(g(A4, B, ¢2(B, b)), z)
€ CCly(A,c1(4,8(A, B, c2(B,b)))) and

I'FJz:4.@(g(4, B,ca(B,b)),z) > iz :A.@(g(4,B,b),z) : A— A
holds by cases II.1 and I1.3 of HORPO. But

'k f(A,c1(A4,g(A4, B,ca(B, b)) > Az :A.@(g(A,B,b),z) : A —> A
does not hold.

The proof of the strong normalization (in section 5) will of course concern
the rewrite relation generated by HORPO, that is its closure by instantiation and
context.

More examples and non-examples can be found in section 8.

36 CC+H

CC+H is the result of mixing together the judgments of the Calculus of Construc-
tions and of HORPO. Except for the last two rules, all the rules are those of the
Calculus of Constructions.

The rule (rew) defines rewriting as a closure by substitution and context of valid
HORPO judgments. It is similar to first order rewriting, but typability has to be
taken care of.

Let a be a term with a potential redex at position p that we want to rewrite using
the rule G+ 1 > r : T and substitution 0. Because of abstractions and products
we need to allow 0 to substitute the free variables in [ by terms in which variables
bound above p in a may occur. Let us introduce the environment PV(a, p) (for path
variables) consisting of the list of these variables, found along the path from the
root to the position p in a, together with their types.

PV(a,A) =[]

PV(x:b.c,1-q) =PV(b,q)

PV(x:b.c,2-q)=(x:b) :: PV(c,q)

PV((x:b).c,1-q)=PV(b,q)

PV((x:b).c,2-q) = (x :b) :: PV(c,q)
PV(be,1-q)=PV(b,q)
PV(bc,2-q)=PV(c,q)

PV(e(b,... ,by),i-q) =PV(b,q) ifeec FUTCUCS

Assuming moreover that a is well-typed in the environment I',  must substitute
variables from G (the environment of the HORPO judgment) by terms that are
well typed in the environment I, PV(a, p). Such a substitution 0 is written § : G —
I',PV(a,p) and is called a well-typed substitution.
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The other difference of our calculus with respect to the Calculus of Constructions
is the conversion rule (conv) which now incorporates not only beta but also the
rewrite relation generated by HORPO.

Although the following two definitions are mutually dependent we give them
separately for the sake of clarity.

Definition 3.6.1 (Well-typed substitution)
A substitution 0 is a well-typed substitution from the environment Ay = x1 : Ay ... X,

Ay to the environment A, denoted by 0 : A; — A,, if for all x; € dom(A;) we have
Ay b xi0 ¢ Ailx10/x1...xi-10/x;i_1].

Definition 3.6.2 (CC+H)
Given a precedence and a status function for HORPO, the system CC+H is defined
as follows:

(@x) Fx . 0O
(var) % (x € Var? \ dom(T'), p € {*,0})
(weak) “Fi’ — ar: ';C P (x € Var’ \ dom(T'),p € {*,0})
o
(abs) L l_Fbl— :/1; a.b : Fxlja()).cc: e ir (x & dom(I'), p € {*,0})
(app) ~—— éxkl;); : c[d/xr] e
(prod) L ianD (x & dom(D), p,q € {*,0})

GHl>r: T al, =10 0 :G—-TI,PV(a,p)

(rew) T+ aflo], —p a[r0],
I'ka:»b 'Ed :p
I'Fb(—=pU—-p)b or THEV(—pU—-g)D
*x O
(cony) L (e (0

In the rules above, I' - a —p b stands for the closure of HORPO by instantiation
and context. The environment I” is necessary (see section 2.5), so we could also write
a —%. b, but not a —y b (the superscript I' cannot be omitted). The relation (—p
U —x)' stands for the union of beta and the rewrite relations and ((—p U —g)h)
is used for its reflexive and transitive closure. For simplicity, we write I' - a — b for
'k a(—>[g U —)b. We also use the notation —T for this relation.

By ST we denote the conversmn relation: T a <> b holds if there is a sequence

*

a = ay 5 ai Z a — ... Z a, = b such that every a; satisfies I' - ¢; : a; or
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I'a; : p; for some ¢;, p; (like in the premises of (conv) rule). Hence conversion is
a restricted version of reflexive, symmetric and transitive closure of —.

According to the definition of rewriting given in the beginning of this section one
would expect I' F a : 4 to be among the premises of (rew). However we prefer
not to include this premise because of technical problems in the proof of subject
reduction. In fact, the system given above is equivalent (derives the same typing
judgments) to the system where I' - a : A is a premise of (rew) and the rule (conv)
is defined for one step of beta or rewrite reduction.

Definition 3.6.3 (Well-typed terms)
The set of well-typed terms, denoted by 7, is defined by:

T={a|33IbTra:buiD}

where a, b are pseudoterms. A I'-term is a term which is typable (or is a type
of some term) in the environment I'. Among I'-terms we distinguish I'-objects
{a ] 3TkFa:bandT kb : *}. Every I'-term that is not a I'-object is called
I'-nonobject.
Lemma 3.6.4
Let I'y, I'; and A be environments. If p; : I’y - A and p, : I'; —» A are well-typed
substitutions such that dom(I';) Ndom(I'y) = @ then their parallel composition p; U ps
is a well-typed substitution from (I'1,I) to A.

Similarly if p; : Ty > I'; and p; : T, — A are well-typed substitution then their
sequential composition pip; is a well-typed substitution from I'; to A.

Summarizing, we may say that the definitions appear in the following order:

1. I'k¢c a : b, the definition of the Calculus of Constructions,

2. T'Fa — b, the definition of beta reduction (the same as a — b),

3. 'ka>b : T, the definition of HORPO, uses 1,

4. T + a —y b, the definition of rewriting, mutually defined with ' -a : b
(typing judgments in of CC+H); they use 2 and 3.

4 Basic meta-theory

This section contains some basic meta-theory of CC + H. The strong normalization
proof is given in the next section.

4.1 Structural properties

We present here some structural properties of CC+H. These are well known prop-
erties of the Calculus of Constructions and our rewriting does not change them.

Lemma 4.1.1 (Substitution property)
LetI'1 =d : a. Then

I'i,x:a,TFb ¢ implies I'y,Ih[d/x]Fbld/x] : c[d/x]
Ii,x:aTyFb—-yb implies T'y,T1[d/x]F bld/x] —y b'[d/x]
Moreover the same holds for — instead of —p.

As a corollary we get that TFb : cand 0 : ' > A imply A F b0 : 0.
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Lemma 4.1.2
IfTy,x:a,y :bIhFc :dand x ¢ FV(b) then ',y :b,x :a,Ih Fc : d

Lemma 4.1.3 (Stripping)
LetI'Fa : b. Then:

. ifazpthenpz*,l"l—b;D,

eifa=xthenx:b e, T :ppe{(*x0, THbY

o if a= f(ay,...a,) then
fi(x1:b1)...(xy : by).c € F",
Vi T'Fa;: bilay/x1,...,a-1/xi-1],
Fl—b;c[al/xb...,an/x,,]

o if a = s(ay,...a,) then
s:(p1:P1)...(p, : P)deTC", de A,
Vi Tka : Plai/p1,...,ai-1/pi-1l,
TFb < dla/x],

o if a =c(ay,...a,d},...a,) then
c:(pr:P)...(pr t Po)(x1 i by) ... (xp 2 by).s(p)w € CSUM
s:(pr:Py)...(py :P).(y1 :d1)...(ym 1 dm)*€TC,
Vi I'ta;: Pflai/py,....ai-1/pi-1l,
Vi T'kd, : bilai/p1,....a:/pdldy/x1,... ,d_ /xi—1],
¢ is a constructor of s, ' - b & (s(p)yw)[a/p] [c?/fc]

e if a = Ax:aj.ap then
de Ix:aibay ¢, T'H(x:ap).c :p,
pe(x0}, THbS (x:ap).c

e if a = (x:aj).ay then
I'ta :p1, T,x:arbax :ps, pi,p2€{*0},
TFbps

e if a = a; ap then
de,d Thay @ (x:¢)d, Thay : ¢, Fl—bgd[az/x]

Definition 4.1.4
Terms of CC+H are split into the following categories:

Kind ={K €T |3I' THK : 0O}

Constr ={AeT |dI,3IK € Kind TH+A : K}
Type={T €T |30 THT :*}

Obj ={MeT |3a,AT € Type T+M : T}

By I'-kind, I'-constr, ... we mean a I'-term belonging to the appropriate class.
Note that Type is a special case of Constr. The other cases are disjoint by the
Classification Lemma : Kind N Type = Constr N Obj = 0.

For the sake of uniformity we will write “a has the type b in the environment

I"” to denote the fact that the judgment I' - a : b is derivable, even though b may
actually be a kind or O.
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Now we can describe terms in each class. The letters K, 4, T, M denote elements
of Kind, Constr, Type and Obj respectively; s denotes a type constructor, ¢ a
constructor, f a function symbol, x a variable from Var* and y from Var":

K = *|(x:T).K|(x:K)K
A = s(ay,...ay) |y | (x:T)T | (x:K).T | Ix:TA|Ix:KA|AM|AA
M = x|f(ai,...ay) | clay,...ay) | Ax:TM|Ix:KM|MM|MA

4.2 Subject reduction

To show that —! has the subject reduction property, it suffices to show it for the
rewrite reduction (—;) and the beta reduction (—p) separately. Most of the section
is devoted to the subject reduction of —%;, which is rather involved due to the fact
that —%; depends on the environment I'. For the subject reduction of —p, we only
sketch how to reuse the proof given by Barbanera, Fernandez and Geuvers (1994,
1997). This proof is more complicated than the proof of subject reduction for the
pure Calculus of Constructions, because the relation that is used in the conversion
rule of CC+H, (—p U — )b, is not confluent.
We begin with some auxiliary lemmas:

Lemma 4.2.1 (Stability under context)

Relations — and —I are stable under context, that is if ' I a(—p U —py)d then
for any environment A, term ¢ and position p, such that I' = A, PV(c,p) we have
At cla],(—p U —p)cld],.

Proof
For —p it is obvious by its definition.

For -l let G-I —r:T and 0 : G — I',PV(a,q) be the rewrite rule and the
well-typed substitution that justify I' - a —g o'. Then the same rule and substitution
justify also A F c[a], —y c[d],. Indeed, 6 may be seen as a well-typed substitution
from G to A, PV(clal,, p-q), because I', PV(a, q) = A, PV(c[a],, p-q) by the assumption
that I' = A, PV(c, p) and the fact that PV(c[al,,p - q) = PV(c,p), PV(a,q) . [

Lemma 4.2.2

LetI',x : b,I" Fa : T hold and let ¢, ¢’ be terms satisfyingI' ¢ : band "'+ ¢ : b.
If 'k c—g d then I',T"[¢/x] F a[c/x] —:H a[c’/x]. The same holds for —p instead
of -1

Proof

It is obvious for —; by definition. For —1, we do the proof by induction on the
derivation of I',x : b,I" F a : T. Below, we give the proof for the case where the
last rule in the derivation is (const):

Vi I,x:bI"Fa; @ dilai/y1,...,ai-1/yi-1]
rax :b’l"/ '_ e(ala"' 9a71) : U[“l/)’la'u :an/yn]

(e:(y1:dy)...(yn :dp)v €X)
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We have to show that I',T"[c/x] F e(ay,...,a,)[c/x] —>*H e(ay,...,ay)[c'/x]. By
induction hypothesis, for every i = 1...n I, T"[c/x] F a;i[c/x] —u a;[¢'/x] holds.
Since e(ay,... ,a,)[c/x] = e(ai[c/x],...ay[c/x]), it is sufficient to use Lemma 4.2.1 n
times to get the conclusion. []

Definition 4.2.3 (Rewriting of environments)

Let I' = x1 : A;...x, : A, be an environment. We say that I' -y I" (I' - I")
if there is some i such that x; : Ay...x;_1 1 Aisg F Ai(—p U —»p)A; and T” = x; -
A1 oo Xj—1 - Ai,l,xi . A:, Xit1 - Ai+1 oo Xyt An.

4.2.1 Subject Reduction of rewriting
Subject reduction of —%; will be a consequence of the following lemma.

Lemma 4.2.4
For all environments I', I and all terms a, d, b, ¢, ¢’:

(1. Tta:bandT'ka -y d imply ' Fd' : b,
2. Tkta :band T g IV imply " Fa : b,
3).Tteogdand T -y I imply I ¢ -y ¢,
4). TEe>"¢ and T »g IV imply I F ¢—"¢.
Proof
The proof is done by mutual induction on the derivation of I't-a : b, '+ ¢ —p ¢
and I' F ¢—>"¢. Let us detail the proofs of (3) and (4) and the proof of (1) in case
the last rule in the derivation of I' - a : b is (const).
(1) (const)

Vi Tka @ dilai/yi,....ai-1/yi-1]
I'Fe(ar,... an) :vlai/yr,... a0/ yal

Let I' Fe(ay,...,a,) > w. We have to check that T Fw : vl[ay/yi1,...,a,/yal.

There are two cases: either there is a j such that I' - a; —p a} or e(a) is a
redex itself. In the first case, by induction hypothesis we have T' a} :djla/y]
and I' F a; : d;[a/y] for every i different from j. Let us set a; = a; for i # j and
yi = [d}/y1,...4a;_,/yi_1] for all i. To apply the (const) rule to ai,...a), we first have

to convert the type for a; for i > j.

(e:(y1:d1)...(yn :dy)v €L)

Since e : (y1 :dq)...(yy :dy)v € Z, we have y :d v : * and foreveryi=1,...n
there is some p; € {*,0} such that y; : dy,...yi—1 :di—y = d; : pi. We will show that
for every i:

I'+dyi : pi and T'Fa; : dy; (*)

This is trivial for i < j, since a; = a;. For i = j we have I' F a; —y a} and
'k a} td jy} by induction hypothesis. The judgment " I d jy} : pj s again trivial.
Now suppose that we have (*) for all natural numbers smaller or equal to some
i > j. We will show (*) for i + 1.

By (*), yi, is a well-typed substitution from y; : dy,...y; : d; to I" and therefore y; :

di,...yi :di b diy1 : piyr implies I' F diy 19/, : pir1 by Substitution property 4.1.1.
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Now, by Lemma 4.2.2, I' F d;y[a/y] —>*H diy17i,- We can apply the (conv) rule to
obtain I' F @, : diy17{,, and we have (*). Similarly we get I' F vy, ., : * and
I Fola/y] —:H VYt

Now, having (*) for all i = 1,...n, we deduce I" + e(al,...a},...an) D vy To
obtain the conclusion, we have to use once again the conversion rule together with
the facts that I" F v[a/7] —g vy and Doy, o0

If e(a) is a redex itself then, by the definition of rewriting, there is a rule
GFI —r: T and a well-typed substitution § : G — I" such that G -1 : T,
GFr :T,e(@=10,w=r0and "'+ T0 S vla/y). Applying 0 to GFr : T we get
I'w : T6, which implies, together with I" - T80 S v[a/y], that T Fw : v[a/y].

(3) (rew)

GHI>r . T al, =10 0 :G—-T,PV(a,p)
'k all6], —u alro],

We have to show that I'" - a[l0], —g a[r0], assuming I' -5 I'". Let G = x; :
A, ...x, Ay

To this end, we have to check that 6 is a well-typed substitution from G to
I, PV(a,p). By assumption, we know that for every i, I,PV(a,p) F xi0 : A;0.
By induction hypothesis we get I'",PV(a,p) - x;0 : A;0, since I' -y I" implies
(I, PV(a,p)) —uy (I",PV(a,p)). But this means that 6 : G — I',PV(a,p) and
consequently, by (rew) I'" - a[l0], —y a[r0],.

(4) The proof for this case consists of multiple application of case (3) By the

definition of —*>, I' F ¢c—"¢ means there is some n such that I' - ¢;(—p U —p)cipt
fori=1,...n,co=candc, =¢.

Let I' >y I". If I' - ¢; = ¢ then obviously I = ¢; —p ¢;4 as beta reduction
does not depend on the environment. Otherwise I" - ¢; =g ¢;+1 and by induction
hypothesis I'" F ¢; —p ¢ip1. Consequently I Fc—"c. [

4.2.2 Subject reduction of beta

The only difficult point in the proof of the subject reduction for —; is to show that
for any two convertible product types there is a sequence of conversions passing
only through products.

Without confluence, the proof of this fact seems difficult, but fortunately it has
already been done in Barbanera et al. (1997). Even though that paper concerns only
algebraic rewriting, the proof itself depends only on the following properties of term
rewriting systems:

1. left-hand and right-hand sides of a rewrite rule must have the same type,
2. rewriting operates on the object level (both sides of the rule are objects),
3. subject reduction for rewriting is satisfied.

Since all these properties are true in our calculus, we can reuse this proof. We
state below the property needed for products.

Lemma 4.2.5 .
Suppose that T' - (x :¢).d <> (x:¢').d" holds. Then there exists a sequence of I'-terms
(x:c1)dy, ... (x:cp).dy such that:
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1. (x:0)d = (x:c1).dy,

2. (x:iem)dy = (x:¢)d,

3. for every i = 1...m — 1 we have either I' F (x : ¢;).di—>"(x : ¢iz1).diz1 or

'k (X ICi+1).di+1—>*(X ICi).d,*.

The intuitive explication of this lemma is that neither —};, nor —g can create or
remove a I1 symbol. For —1; we use essentially the fact that all rewrites take place
at object level. The complete proof is rather long and complicated, and it exploits
the commutation properties of rewriting with beta.

Lemma 4.2.6

IfT'Fa :b,a—pgad and T —»pI" thenI" Fd' : b

Proof

The proof is done by induction on the derivation of I' - a : b. The only difficulty

occurs in case (app), when we need to show that (x :¢).d <% (x :¢').d’ implies ¢ <'¢’

« Ixic
and d & d'. But this follows from the previous lemma. []

Theorem 1 (Subject reduction)
IfT’'ta:bandTFa—d thenT'Hd : b.

Proof
This follows from Lemmas 4.2.4 and 4.2.6. []

5 Strong normalization

To prove the strong normalization of —!, we use the well known method of
“reducibility candidates”. Its untyped version was used in several ways to prove the
strong normalization of the pure Calculus of Constructions, but rewriting forces
us to use sets of well-typed terms for candidates, as introduced in Coquand &
Gallier (1990). The presentation of candidates departs slightly from the original one,
following instead Blanqui et al. (1999).

The proof follows the standard scheme. We first define candidates, as a subset of
strongly normalizing terms closed under some properties. Then we define interpre-
tation of types and we show that every interpretation is a candidate. Compared to
Coquand & Gallier (1990), we have to enrich the definition of candidates with the
case covering rewriting (actually it is covered by the case for neutral terms) and give
the definition of interpretation for inductive types (section 5.2.1).

According to the standard scheme, one then shows the main lemma saying that
every term belongs to the interpretation of its type, and concludes that all terms
are strongly normalizing. In our case, there are three new kinds of terms for which
we have to show the main lemma. Type constructor and constructor headed terms
belong to the corresponding interpretations by the definition of the interpretation for
inductive types. The case of function symbol headed terms is much more delicate,
as these terms may rewrite and, contrary to beta-reduction, there is not enough
information stored in the interpretation to solve this case easily. This problem is
treated in section 5.4.
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It turns out that the only way to show that the function symbol headed term
f(t) belongs to the interpretation of its type is to show the same property for all its
reducts. This is done in the Fun Lemma in section 5.4.3, by inspecting all HORPO
cases and reasoning by induction on >z (the precedence) and (—!)yq (reductions
from 7, with stat the status of f). This kind of lemma and induction was already
present in Jouannaud & Rubio (1999), but the fact that function symbols have
dependent types makes the proof much more involved here.

This section is organized as follows. We begin by the candidates (section 5.1)
and we continue with interpretations (section 5.2). Auxiliary lemmas concerning
properties of interpretations are given in section 5.3. Section 5.4 is devoted to the
reducibility of function symbol headed terms. Fun Lemma is a last part of this
subsection. Two other parts concern the notions needed for the Fun Lemma, that is
equality of interpretations (section 5.4.1) and constructor subterm lemmas (section
5.4.2). We finish by presenting the proof of the Main Lemma in section 5.5.

5.1 Family of candidates

Definition 5.1.1 (Neutral terms, strongly normalizing terms)
The set of neutral terms Neutr is the set of terms, which are not an abstraction or
constructor headed.

We say that the sequent A - M is SN if there is no infinite sequence of —%
reductions originating from M. We define:

SNaa={N+M|ANFM: A AN2Aand A'+M is SN}
SNa=|JSNaa
A

Definition 5.1.2 (Family of candidates)

A family C of sets Ca 4 where A is a A-nonobject, is called a family of candidates
if sets Cp 4 verify the conditions below. Each C € Cp 4 is called a candidate. At the
same time, we define C|n, for every A’ 2 A, that is the restriction of the candidate C
to the environment A':

1. Cap = {SNap},
In this case, we define the restriction of SN'ap to A’ 2 A to be (SNap)|a =
SNy o,

2. CA,* = {SNA,*},
In this case, we define the restriction of SNax to A’ 2 A to be (SN ax)la =
SNA’,*,

3. If 4 is a type or a kind different from *, then Ca 4 is the set of all sets C, each
C being a nonempty subset of SA/s 4 such that the following properties hold:

(S1) If A’+aeCand A'ta—d then A +d €C.

(S2) For every neutral term a, such that A’ Fa : A and A’ 2 A, if for every
term a satisfying A'Fa —d, AFd € C then A'ae C.

(S3) If Aae Cand A = A”, then A" aeC.
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In this case, we define the restriction of C € Cpqto A 2 Ato be Clpy = {A"
MeC|A 2A}.

4. When A4 is in Constr\Type (AF A : (x:B).D) then Ca 4 is a set of all functions
with the following properties:
(a) If B is a kind, then

(P1) h € Cp 4 is a function with domain
{(AFM,C)|AN+M : B, N2A, CeCuy)
such that (A"’ M, C) € Cy.am-
(P2) h(A' M, C) = h(A' M, C) whenever A’ - My <> M,.
(P3) W(AFM,C)|ly = WA FM,C|y) whenever A A< A,A-M : B
and C € Cg .

In this case, we define the restriction of h € Caq to A’ 2 A (h|a) to be
a function with domain {(A” - M,C) | A+ M : B, A" 2 A, C € Car 1}
such that hjx (A" FM,C) = (A" M, C).
(b) If B is a type, then
(P1) h € Ca4 is a function with domain {A' M |A'F M : Band A’ 2 A}
such that h(A, FM) e CA’,A M-

(P2) h(A' M) = h(A' -M,) whenever A’ - M; <> M.
(P3) h(A+M)|y = h(A' +M) whenever A< A< A’ and A- M : B.

In this case, we define the restriction of h € Caq to A’ 2 A (h|a) to be
a function with domain {A” WM | A+ M : B and A" 2 A’} such that
hla(A” M) = h(A” - M).

Remark 0

Cases 4(a) and 4(b) are very similar, 4(b) being a sort of instance of 4(a) with the
second argument (for /) being an empty set. As a consequence, in all proofs to come,
we will always consider case 4(a) only.

Remark 1

Note that the case 4 = S(M), s € TC is hidden in case 3 or 4. Note also that up to
now, there is no way to state whether c(M ), ¢ € CS, belongs to a candidate C. This
will be the subject of section 5.2.1.

Remark 2
From the definition of the family it follows immediately that Ch4 = Cas for

AF A S A and that (Cla)lar = Clar forevery C € Cpyand A = A = A",

Lemma 5.1.3 (Restricted candidate)
Let A be a A-nonobject, C € Co4 and A = A'. Then Clp € Ca 4.

Proof
e if A is O or *, it is obvious,
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e if A is a type or a kind different from * and C € Co4 then Clpy = {A"FM €
C | A" 2 A'}. Of course, C|y € SNy.4 and Cly # 0. To see that C|y € Ca .,
we have just to check conditions (S1), (S2), (S3), which is straightforward.

e if A A : (x:B)D, Bis akind and h € Cp4 then h|p is a function with
domain {(A” FM,C) | A" M : B, A" 2 A, C € Carpy} such that hja(A”
M,C) = h(A"+M,C). To show that h|pn € Cnr 4 We have to check that
(P1) hja(A" EM, C) € Caram, which is true by the definition of h|x and (P1)

for h,

(P2) hja(A” =My, C) = hijap(A” = M;, C) whenever A” = M, AR M,, which
is true since hja (A" F My, C) = (A" F My, C), hja(A” = M,, C) = h(A” +
M,, C) and h(A" =M, C) = k(A" = M,;, C) by (P2) for h,

(P3) h|xy(AFM,C)ar = h|a(A” =M, C|ar) whenever A <A< A", A-FM : B
and C € Cg y;, which is true since

hia(AFM,C)lar = h(AFM,C)|ar by def. of h|n
WA FM,C)lpar = h(A” M, C|ar) by (P3) for h
A" =M, Clar) = hia (A" =M, C|ar) by def. of hlp [0

To show that the definition of the family is correct we need to introduce a
measure m. By induction on m we will construct a canonical candidate cana 4 € Ca 4,
which will roughly be SA'a 4, if A is a O, a kind or a type, and a function, returning
canp 4 p for a given M, otherwise.

Definition 5.1.4
Let T be a type and K a kind. We define m(T) and m(K) inductively as follows:

m@) = 0
m(T) = 0
1 if K =*
m(K) = { max(m(B),m(D)) +1 if K = (x:B).D

It is easy to verify that, if A+ K & K/ then m(K) = m(K’). One can also check that
m(K[M/y]) = m(K).

Lemma 5.1.5
For every A and A-nonobject A, the set Ca 4 exists and is nonempty.

Proof

We define a canonical member canp 4 of Cy 4 by induction on m(K), where AF A4 : K.
At the same time we verify that (cana4)|p = cany 4 for every A" @ A and that
canp 4 = canp 4 for AF A S,

If Ais a O, a kind, or a type, then canp4 equals SNy and is nonempty
because AF* : Oand A)x : A+ x : A for A # O. It is easy to check that the
corresponding properties ((S1) ... (S3) from the definition of the family) are verified.
Obviously, (cana )|y = SNaalny = SNaa = canp 4. Tt is also easy to check that
canp 4 = canp 4 for AF A SoA.

If AF A : (x:B).D then cany 4 is a function. By induction hypothesis, for every
M, such that A = M : B for some A’ 2 A, cany 4 is defined. If B is a kind, we
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set canp 4(A' +=M,C) = cany ap for A =M : B and C € Cy and, if B is a type,
canp 4(A' FM) = canp 4 p. Assume that B is a kind.

(P1) is true by definition.

For (P2), we have to check that cana4(A" - My,C) = canp4(A' + M>, C), for
C € Cayymy and A M, & M,;. First, note that by the definition of the family
Ca.m, = Ca',, wWhich implies C € Ca , and justifies the correctness of cana 4(A' F
M,,C). By the definition of canp 4 it remains to show that cana am, = cany am,,
which is true by induction hypothesis (as A" - A M, 54 M,).

To see that (P3) holds, we have to show that canA,A(A FM,C)la = canp 4(A' F
M,C|n) whenever A Ac A, AFM : Band C € Ci- By the definition of
canp 4, cana 4(A =M, C)|x equals (cang_4p)la and by induction hypothesis it is equal
to cany am = canp (A FM, C|n).

To check that (cana 4)|a = canp 4, it is sufficient to unfold the definition of cana 4
and cany 4 and to notice that (cana 4 m)|a = cana 4 by induction hypothesis.

We are left to show that canp 4 = cans 4 for AF A & A’ But for every A - M : B,
Ce CAf,M

canp 4(A' =M, C) = cany 4 = cany oy = canp 4 (A" =M, C)

because cany 4y = canpy gy by the induction hypothesis applied to A’ - A M AR
AM. O

Lemma 5.1.6
Let C be a candidate. The sequent A - @(Ax :a.b,c) belongs to C if A+b[c/x] € C
and a, ¢ are SN.

Proof

By induction on (Ax :a.b, ¢) ordered by (—, —);x (note that b € SN, as b[c/x] € C).
Since @(Ax : a.b,c) is neutral, it is sufficient (by (S2) from the definition of

candidates) to show that every reduct of A - @(/x :a.b,c) belongs to C. We have

the following reducts:

e AF@(Ax:d'.b,c), where A+ a — d'. Since b[c/x] € C, by induction hypothesis
A+ @(Ax:d'.b,c) € C,

e AF@(Ax :a.b/,c), where A,x : a b b — b'. Obviously, A - b[c/x] — b'[c/x]
and by (S1) from the definition of candidates A F b'[c/x] € C. We conclude
by induction hypothesis that A - @(Ax :a.b',c) € C,

e A F@(Ax :a.b,c), where A - ¢ — ¢’. By Lemma 4.2.2, A + b[c/x]—>"b[c'/x]
and consequently A F b[c'/x] € C. We conclude once again by induction
hypothesis.

e A blc/x], which belongs to C by assumption. []

Lemma 5.1.7
Let A be an environment, 4 a A-nonobject and C a candidate from Cp 4. For every
variable x and strongly normalizing A-terms N if AF xN : A then AFxN € C.

Proof
By induction on xN ordered by —.
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Since xN is neutral, it is sufficient to show that every reduct of A FxN belongs
to C. All immediate reducts of xN are of the form x]\71, where A - N; —» M, for
some i and N; = M; for j # i. By subject reduction we have A - xM : A. And by
induction hypothesis we get A - xMeC. O

5.2 Interpretation of types

Definition 5.2.1 (Candidate assignment)

Given two valid environments I', A, and a well-typed substitution p : I’ - A, a

candidate assignment compatible with p is a function ¢ from Var® N dom(I') to the

set of candidates, such that, for every variable x € Var® Nndom(I"), x& € Caxp-
Given A’ = A, we will write &, for a candidate assignment that associates (x&)|a

to every x € Var® Ndom(T).

Now we can define the interpretation [I' - A], o where I', A are environments,
A is a I'-nonobject, p : I' —> A is a well-typed substitution and ¢ is a candidate
assignment compatible with p. The definition is by induction on the structure of A.

Definition 5.2.2
In the clauses below we use the following conventions: K € Kind , T € Type, A,B €
Constr, D € Kind U Type, M € Constr U Obj, N € Obj and y € Var".

[[F [ DHP@A = S./V’A’D
[[F [ *ﬂp,é,A = SNA,*

[CFEylpea = ¥¢
[TFAB],en = [T'FAl,ca(AFBp, [T B],za)
[TFAN]pea = [I'FA]pea(AFEND)
[TH(x:K)D]pea = {AFM|AFM :((x:K)D)p, A2A, and

VA" 2 N, VA" FA € [T FK],z,,.a» YC € Cara,

A" =M A € [T,x : K b D] up/xcuic/aar)
[T (x:T)DJpea = {AFM|AFM :((x:T).D)p, A2 A, and

VA" 2 A, VA" FN € [T F T], ¢,

A"FMN € [[,x : T F D]uin/xe,0 a7 )
[TFix:K.B]pea = MAFALCT,x : K F B] o), uic/xam

a function with domain

{(A'FA,C)|AFA : Kp, AN 2A, CeChul}
[T Fix:TB]yea = MAFN)T,x:TF B]oumel, an

a function with domain

(NFN|AFN : Tp, A 2A}

A careful reader should notice that there is one case missing in the definition

above: the interpretation for s(M) where s € 7C, and in consequence, for any
I'-nonobject containing s. At the same time we did not restrict p to assign only
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terms not containing s. Fortunately, there is no contradiction here, since in order
to compute [I" - A],:a we need to know only the interpretations for the subterms
of A . Note also, that there is no problem with £, even if xp contains s, because ¢
uses arbitrary candidates from the family of candidates, and not the interpretation
of xp. The interpretation for 5(1\71 ) where s € 7C will be defined in section 5.2.1.

Regarding restricted candidates (&|a) that appear in the definition of interpre-
tation of products and abstractions, it is obvious that when we replace A by A’,
such that A" = A, the interpretation [I" = A],:a becomes [I" F A], ¢, . since,
by the definition of interpretations, candidate assignment must assign candidates
from Ca , to every big variable x. Therefore writing [I" - A], ¢ is in principle
not correct. Despite this, we will often use this simpler writing, since A" carries the
information that a restriction is necessary for &.

To show that the interpretations defined above are not empty and are candidates
we need a technical lemma.

Lemma 5.2.3 (Equivalence of substitutions)

Let I, A be environments, p, p’ well-typed substitutions from I' to A, such that
At xp S xp' for all x € dom(I"), and ¢ a candidate assignment compatible with
p and p'. If A is a T'-nonobject that does not contain symbols from 7C then
[T Alpea =T+ Alyca.

Proof

By induction on the structure of A []

Lemma 5.2.4 (Existence of interpretation)

Let I', A be environments, 4 a I'-nonobject that does not contain symbols from 7°C,
p : I' > A a well-typed substitution and ¢ a candidate assignment compatible with
p. Then [[F = A]]p,g’A € CA,Ap-

Proof
We will prove the statement of the lemma in parallel with

[TFAlpeala = [0 FAlpe,a
referred by (). The proof is by induction on the structure of A.

1. If Ais O, * or y € Var® then [I" - A],ca € Caup by the definition of SNag,
SN a» and the fact that ¢ is the candidate assignment compatible with p.
Of course, if A is a O or * then SAMaylny = SNa 4 and if A is a variable
(A9l = A(C|a)-

2. If A =P Q we do the proof only for the case where Q € Constr (the proof for
Q € Obj is very similar) .
Since A is a I'-term, we have ' P : (x:B).D and ' - Q : B for some B and
D, by Stripping Lemma 4.1.3. By induction hypothesis [I' - P],:a € Cap,
and [[F F Q]]p,é,A € CA,Qp-
By the definition of the family of candidates [I" - P],:a is a function with
the domain

{(NFM,C)|A+M : Bp, N 2A, CeCan)
and such that [I' - P],:A(A" M, C) € Cappum-
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Thus, [I' - P]yea(A F Qp,[I' - Qlpea) € Carpop and consequently [I'

P QJpca € Carpoyp-
Finally, ([T F P Q] ca)la = [T+ P Q], ¢, o because

([T FPQlpea)la = ([T F Ploea(AFQp, [TF Qlpea))la
= ([T F Plpea)la(A =0p, ([T Ql,ca)la) by (P3)
=Tk P]]p,cf\A,,A’(A/ FQp, [T H Q]]PﬁIA/,A’) by ind.hyp.
=['+P Qﬂp,i\AuA’

3. If A = (x:K).D we do the proof only for the case where K is a kind. We have
to check that the set

{ANFM|ANFM : ((x:K).D)p, A 2 A, and
\V/A// > A,, vA/’ FA e [[F = K]]p,é\A/r,A”a VC € CA”,A,
A// l_MA S [[F,X ZK }_ DHpU[A/X],é\ArrU[C/X],A”}

is a nonempty set of strongly normalizing terms and that it satisfies conditions
(S1), ... (S3) of Definition 5.1.2.

First note that by induction hypothesis [I" = K],¢,, o and [[,x : K
D] puia/x1.¢,0uic/var are candidates and consequently 4 and M A are strongly
normalizing. This also implies that M is strongly normalizing.

To see that the set defined above is nonempty consider A’ = A,y : ((x :K).D)p.
Then A’y : ((x:K).D)p and by Lemma 5.1.7 for every strongly normalizing
A such that A F A4 : Kp and A" 2 A" we have A” - yA4 € C’ for any
C" € Carp(puia/x))- In particular A" =y A € [, x : K = D] jupayx.¢,0uic /x40 and
consequently A’ Fy € [I' F (x:K).D],z.

For (S1), let us suppose that A’ Fa € [I' F (x :K).D],¢a and let us take
such that A"+ a — a’. We will show that A’ Fd' € [I' F (x:K).D],¢a.

By the definition of the interpretation of a product, it is sufficient that we
prove A" - a' A € [I',x : K F D], upa/x.cuic/xa for any A", A and C such
that A” 2 A, A" -4 € [T F K] ¢, C € Cary. From the hypothe-
sis that A" F a € [ F (x : K).D],ea we have A” - a4 € [I'.x : K
D] pupa/x1.601c /3,47 Moreover, by induction hypothesis, we know that [I',x : K
D] ura/x.cuic/s1.ar € Carppuia/xyy- Thus, (S1) for [T, x @ K F D] jupa/x.cuic/aa
implies that A" - d' 4 € [[F,x K+ DHpU[A/x],ch[C/x],A’“

To see that [I' F (x : K).D],¢ satisfies (S2) let us consider a neutral term
a such that A" F a : ((x : K).D)p for some A’ 2 A and let us suppose
that every reduct of a belongs to [I' F (x : K).D],ca. We have to show
that A" - a € [I' F (x : K).D], ¢, which is equivalent, by the definition of
interpretation for a product, to A" FaA € [I',x : K F D],upa/x.cuic/x.a7 for
any A", A and C such that A" 2 A', A"FA € [[' - K], ¢4 C € Cara.
Since aA is neutral and [I',x : K F D],uu/.cuic/xar € Carpiurasxg) (by
induction hypothesis), it is sufficient to check that every reduct of (a 4) belongs
to [I',x : K F D],upa/x.cuic/x.ar to get the desired conclusion. Let us prove it
by induction on the reduction starting from A (4 is SN, because A" -4 €
[T F K],.e),.a7)- Since a is neutral, every reduct of a A4 is of the form
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e d' A, whered isareductof a. Then A" - a' A € [I',x : K F D] ,u14/x.cu1¢ /x4
is an easy consequence of the assumption A’ - a' € [I" - (x:K).D] ¢ .

e aA’, where A" A — A" Then A" FaA' € [I',x : K F D],upa/x.c0ic/x.07
follows from the induction hypothesis for A’ and by Lemma 5.2.3 we get
NFaA e [[F,X K F D]]pU[A/x],g'u[C/x],A”-

Condition (S3) trivially holds.
We are left to show that ([I" - (x :K).D],¢a)la = [[' F (x :K).D],¢, a for
every A’ © A. By the definition of interpretations:

(IT F (x:K).D]pe )l =
{A"FM|A" M : ((x:K).D)p, A" 2 A" 2 A, and
VA" 2 A, VA" A € [T K] )y am VC € Can,
AW FMAe [[F,x K+ D]]pU[A/x],f\AWU[C/X],A”’}

[[F [ (x IK).D]]p’ﬂA,’Ar =
{A"EM|A"+M : ((x:K).D)p, A" 2 A, and
VAW = A”, VAW FA e [[F F Kﬂpy(é\A’)\A’”»A”" VC e CAW)A,
A" =M A € [T,x : K = D] pua/ iy )lynuic/an )
Since (&|a)|an = &E|a~ (see Remark 2 after the definition of candidates), the
two interpretations given above are equal.

4. If A =/x:K.B we do the proof only for the case where K is a kind. By the
definition

[F = /lx IK.B]]p’g“’A = ;L(A, "A)/LC[F,X . K+ B]]pU[A/X],Cf\ArU[C/x],A”
a function with domain
{(ANFA,C)|AFA : Kp, N 2A, CeCphul

and we have to check that [I' + Ax :K.B], ¢ satisfies the condition described
in case 4(a) of the definition of the family of candidates (because by Stripping
Lemma 4.1.3, T+ Ax:K.B : (x:K).D for some D).

It is clear that [I' - Ax : K.B],¢a has an adequate domain and codomain,
as [[F,X K+ BHpU[A/x],zflA/U[C/x],A’ € CA’,B(pU[A/x]) by induction hypOthCSiS and
Ca B(puia/x)) = Carixk By 4 by the definition of the family of candidates.

For (P2) we have to show that [I',x : K & B] ,up/x.¢) uic/xa = [Ix : K =
BJppar/x.¢1yuic/x.a0 Whenever A' = A4 S A, But this follows from the previous
lemma (Lemma 5.2.3).

For (P3) it is sufficient to notice that

(IT F 2x:K.BJpea(A FM,C))la = ([T, x : K F Bl py/qe0ic/aa)la

=[x 1 K = Bllyim/a 1y uiCly /x4
= [[F FAx ZK.B]]pf,A(A/ |‘M,C|Ar)

where the second equality holds by induction hypothesis for the (%) property.
We are left to show the (%) property. By the definition of interpretation
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and restriction:

([[F FAx :K-Bﬂp,cf,A)‘A’ = /I(A” "A)/IC[[F,X K+ B]]pU[A/X],f\AHU[C/X],A”,
a function with domain

(A"FAC)|A"FA:Kp, AN S A", C€Cusl
HF FAx :K'B]]p,élA/,A’ = }L(AH FA)}C[[F,X K+ B]]/)U[A/X],(éIA/)\ANU[C/X],A”:

a function with domain
{(A"FA,C)|A"FA : Kp, N = A, C€Cnra}

Since (&|a)|ar = &|ar (this follows easily from the definition of candidates),
both functions are equal and we are done. []

In the sequel, we will often write [I" - A],:a for a candidate assignment ¢ that
is defined only on FV(4) N Var®, even though formally ¢ should be given on all
variables from I' N Var". The following lemma justifies this writing, saying that &
may be extended arbitrarily (for example by canonical candidates).

Lemma 5.2.5

Let I', A be environments, A a I'-nonobject and p a well-typed substitution from
I' to A. Moreover, let us suppose that x € dom(I') N Var®, x ¢ FV(A). Then for
every &, &, candidate assignments compatible with p, that differ only on that x,
[TFA]pea=[TFA]pea

5.2.1 Interpretation of inductive types

To define the interpretation of s(a), s € 7C, we will first define the interpretation of
s, as a least fixpoint of a monotone operator on a complete lattice. Intuitively, the
interpretation of an n-ary type constructor s is a function, which given n arguments,
returns the subset U of strongly normalizing terms, such that M € U iff the fact
that M rewrites to C(N ), ¢ being a constructor of s, implies that every N; belongs to
the interpretation of its type. Hence, the lattice to be used is the lattice of functions
from vectors of terms to the subsets of strongly normalizing terms and it is not
difficult to guess that the monotonicity of the operator to construct will follow from
the positivity condition imposed on constructors.

Inductive definitions (inductive types and their constructors) were introduced to
the signature in some order. The same order will be used to define the interpretations
of inductive types. For this reason, during the definition of the interpretation of
s € 7C we suppose that the interpretations of all terms that contain inductive types
introduced to X beforehand, are given.

Note that, even though formally s € 7C" alone is not a valid pseudoterm (it needs
r arguments), we will still use the notation [I' - 5], to denote the interpretation
of s. All the definitions below assume that we want to define [I" I 5], for s that
is a part of the inductive definition Ind[I',](s : A := ¢y : Cy,...cp : Cp) € Z. In this
case the type of s equals (p; : Py)...(pr : Py).(x1 : b1)...(x, : by).* and the type of
the constructor ¢; equals (p; : Py)...(p, : P).(z] = d})...(z :d).s(p)w]...w}. Recall
that, according to our conventions, the first r arguments of s and ¢; are parameters.
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Let us start with the domain of functions, that are elements of the lattice L.
It is a set of vectors of pairs, each pair consisting of a sequent and (possibly) a
reducibility candidate.

Dom = {(AFa;,Uy),...(Ata, U, (V' Ft, Wy),... (V" Fto, W)
A=V'c..cVl... eV
Vi=1,...r Abta : Pilai/pi,...,ai-1/pi-1],
U; =0 if a; € Obj and U; € Cp,, otherwise
Vj=1,...n \Zs tj : bj[a/ia][tl/xl,... ,tj_l/Xj_]]
W;=0if t; € Obj and W; € Cy;,, otherwise}
For r +n = 0 let us define Dom as the singleton {-}.
By Bot(e), e € Dom we denote the set needed to construct the bottom of the

lattice. It is a set of sequents that do not reduce to constructor headed form. Note
that these sequents are defined in the environment V" (V0 = A).

Bot((A Fay, Uy),...(AFa., U), (V! ey, Wh), ... (V" Fty, W) =
{A"F M € SNy, | A'FM do not reduce to a constructor headed term}

Definition 5.2.6 (Lattice to compute [I' & s],¢.)

L~ ={¢ :Domw— P(SN) |Ve= ((AFa,U),(VFt, W)) € Dom
Bot(e) < g(e) = SNy ai)
where P(SN') stands for the powerset of SN.

Lemma 5.2.7
The set L™ is a complete lattice.

Proof

The minimal element of L™ is a function which assigns Bot(e) to every e € Dom.
The lowest upper bound of ¢;, i € I, is a function which assigns J,.; ¢i(e) to every
e € Dom. A function ¢ € L™ is bigger than a function ¢’ if and only if for every
e € Dom we have ¢'(e) = ¢(e). [

Now, it is time to define the operator F, the least fixpoint of which will be assigned
to [I" F s],¢a. The target interpretation of [I" - s],:a will be a function, which,
given an element from Dom, returns a set containing terms such that if they reduce
to ci(ﬁ/,ﬁ), then every d; and Ny belongs to the interpretation of its type, which
may itself depend on [I' F 5], a.

The operator F makes one step of this recursive definition. It takes ¢ € L™ —
an “old” interpretation of s — and returns a new one, calculated using ¢. More
precisely, it returns a function that for every e € Dom gives the set of terms such
that if they reduce to ci(c;’, N ), then every a; and Nj belongs to the interpretation of
its type, calculated with the assumption that s has the interpretation ¢. The latter
calculation is performed by the operator Inter(¢), which takes an environment, a
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type, a substitution, a candidate assignment and another environment (just like
[+

Recall, that s : (p; : P1)...(pr : Py).(x1 :b1)...(xy : by)* and ¢; : (p1 : P1)...(p,
Po).(z} 2 dy)...(z, : di ).s(p)wi ... w, for every ¢; that is a constructor of s.
Definition 5.2.8 (Monotone operator to compute [I' - 5],z )
The monotone operator F to compute [I" - 5],z is defined as follows:

F(p)=M(AFa,U),(VEt, W){A' M € SNVH,S(a)i \
if A'F M—>*c,~(5’, N) ¢; being a constructor of s, then
A+ a} € Inter(qo)(pl D Py,.. .Dj—1: Pj,I = Pj)[&/i’],[ﬁ/i’],A' and

A'F N; € Inter(o)(p : T’),zi : ﬁ,...z;_l : d;_l F d;)[&/ﬁ]U[N/E'],[U/ﬁ],A’}

and nter(go)(F H A) A is defined by induction on the structure of 4 in the following
way:
1. if s ¢ A, then Inter((p)(l“I—Ap(EA [[FFA]]M,A’ ) ) )
2. if A = s(p)vy,...v, then Inter((p)(F + A)pgA = o((A F p1p,p1&),...(A +
PP PrC) (A Foip, Vi),.. . (A Fu,p, Vy)), where V; = [[F F vl]] 2a il o ¢ Obj

and V; = 0 otherwise.
3.if A=(y:T).B and s ¢ T then

(a) if T is a kind then
Inter(p)(T+ (y:T).B )pih = —{(ANFM|ANFM :((y:T).B)p,
AN'2A, and VA" 2 A’ VA"EN € [[F T,y 40 VC € Caoys
A'FMN € Inter(qo)((f,y :T) - B)ﬁU[N/x],E\A,/U[C/X]A”}
(b) if T is a type then

Inter((p)(F F(y:T).B). bEA = {A/ FM | ANFM: ((y:T).B)p,
A QA, and VA// 2A/ VA// l—N S [[rl_ Tﬂf)f\ //A,,,
A" FMN € Inter(o)(L,y : T) F B) s /. Sl At

Although Inter is not completely defined, the part given above suffices to compute
F. Indeed, by the definition of inductive type, the types of parameters (Pi,...P,) do
not contain s, and in the other input types of ¢;, s occurs strictly positively.

Note that in the definition of F, A" I-d} has to belong to the interpretation
computed in the presence of the candidate assignment which assigns to variables p
candidates U and not [.. = d}] (which would not give a consistent definition). For
this reason [... - N;] cannot appear in a candidate assignment part of Inter. This is
achieved by restricting the form of d; (recall that by definition of the well-formed
signature the type of constructor satisfies star dependency condition, which means
in our notations that no d; depends on z;, € Var®).

Lemma 5.2.9
The operator F defined above is monotone on L.
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Proof
The monotonicity of F follows from the monotonicity of Inter((p)(l“p,f“ F A)i)f,&’
where I', are parameters of the inductive type s, 4 is a term that has only strictly
positive occurrences of s, p : (I}, f) — A and é is a candidate assignment compatible
with p. We proceed by induction on the structure of A.

If s ¢ A then Inter((p)(l“p,f" + A)ﬁ,é,ﬁ = ﬂFp,f F AHﬁ,Zﬁ,A and the monotonicity is
obvious. Otherwise, suppose that 4 has the form (y; : Ty)...(yk : Tk).s(p)vy,...v,
where s does not occur in any v;, T; and p = dom(I",).

If A = s(p)vr....vn then Inter(@)Tp I = A),:z = (A Fpp.p). (A Fvp. V),
where V; = [I'), r vi]]ﬁ’g’ﬁ if v; ¢0bj and V; = () otherwise. The whole expression is
monotone by the definition of the order relation on L.

IfA=(y:T).A and T is a kind, then s ¢ T and s occurs strictly positively in 4'.

We have

Inter(p)(Tp, T A), 24 = (AN EM A - M : ((y:T).4),

AN2A and VA2 A VA"FN € [T, T],; 2 YC €Chp

Ll

A"FMN € Inter()(Tp, Ty = T) F Ay g 2 0ie e )

and we know by induction hypothf:sis that Inter(@)(I'p, I,y : T A/)f)u[N/x],E\A,/U[C/x],A”
is monotone. Hence Inter(o)(I'p, I" - A)ﬁ,E,A is also monotone.

The same reasoning applies if A = (y:T).4" and T is a type. [

Definition 5.2.10 (Interpretation of an inductive type)

Let I', A be environments, s an inductive type, p : I' > A a well-typed substitu-
tion, ¢ a candidate assignment compatible with p and F an operator defined in
definition 5.2.8. Then:

[[F - S]]p,é’A = ,uF
where uF is the least fixpoint of F.

Since the types of the constructors of s do not depend on an environment, we get
the following corollary:

Corollary 5.2.11
The interpretation [I" - s], s does not depend on I', p and &.

Now, that we have defined the interpretation of an inductive type s we can
compute interpretations for every term of CC+H built from symbols introduced to
2 up to s (including s). We start by adding the following case to the definition of
interpretation (5.2.2).

[T Fs(@)]pea= [Tt s]pealAFap,Up)...(AFap,U,)

[I'tF a],ea if a; is a I-nonobject

where U; = { 0 otherwise

We are left to show that [I" F 5(@)],ca € Caap-
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Lemma 5.2.12

Let s have type (p1 : P1)...(pr : Py).x1 : b1)...(x, : by).* and let uF be the
least fixpoint of F used to compute the interpretation of s. Then, for every (A +
a,Uy),...(AFa,U,), such that Vi=1,...r, A a : Pilai/p1,...,ai_1/pi—1] and
U; =0 if a; € Obj and U; € Ca,, otherwise, we have uF(A Fay, Uy),...(AFa,,U,) €

CA,s(Zl) and (uF(A Fa, U;)|Af = ,uF(A’ Fa, Ui) for A' 2 A

Proof
We will show a more general property namely, that for every (V! Fty, Wy),... (V" F
tn, W) if

e A=Vlc V! c, ... V"and
o forevery j=1,...n, V/ - t; : b;[a/pllt1/x1,... ,tj—1/x;—1] and
e forevery j=1,...n, W; =0 if t; € Obj and W; € Cy,,, otherwise,

then for every i =0,...n we have

o ,uF(A I—a, U)(V1 F ty, W1), e (V’ I_tj, Wl) (S CVi,s(&)rl,...tia and

o WFAFa,U)V! F ty, Wi),...(V F t, W)y = pFAFa,U)(V! F t1, W),
...(Viil Ftiq, W,;l)(A, Ft, Wi|A’) for A’ o V.

The proof is done by induction on i decreasing from n down to 0.

If all arguments are applied to uF then we have to check that the conditions
(S1)..(S3) from Definition 5.1.2 of the family of candidates are verified. Let us
denote by e the vector (A Fa, U)(V Ft, W) € Dom. Note that by the definition of
F, uFe consist only of strongly normalizing terms and that it is nonempty because
unreducible terms like V", x : s(@)f Fx belong to it.

To check (S1), suppose that A+ M € uFe, with A 2 V", and A+ M - M’. We
will see that A’ - M’ € uFe

If M' does not rewrite to the constructor headed term, then A’ - M’ € uFe.

Otherwise, A’ M/—>*c,-(c;’, N), ¢; being a constructor of s and s being of
type (p : Pim.s(f))ﬁv, and we have to check that A" I d € Inter((p)(lﬁ’) [
P o 209 A+ Nje Inter(c;i)((ﬁ,m) = d)) s a0 e Since, A F
M'—"ci(d’,N) implies A" = M—"c;(d’, N), the required conditions follow directly
from the definition of A"+ M € uFe.

To check (S2), let us suppose that every reduct M’ of a neutral term A" - M belongs
to uFe. To show that A’ - M € uFe we have to look at every constructor headed
term cf(c;’, N) to which M may rewrite and check some conditions for immediate
subterms of ci(c;’, N ) (see above). Since M is neutral it must have a reduct M’, such
that A’ + M — M'—*c;(a’, N). Consequently, the validity of the required conditions
follows from the validity of the same conditions for M.

Condition (S3) obviously holds.

It is also easily seen that (uF(A Fa, U)V Ft, W))|a = uF(A Fa, UV ey, Wy),...
(Vn_l Fto1, anl)(A, F i, Wn|A’)'

Suppose now, that we have proved the claim for k, and let us verify it for k — 1.
We have to show that uF(A Fa, U)(V! Fty, Wy),... (V' iy, Wi_y) verifies the
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condition 4(a) or 4(b) from the definition of the family. We will do the proof for the
case where by, is a kind, so we are interested in the condition 4(a).

First, note that uF(A Fa, U)V! Ft1, Wh),...(V<! F iy, Wi_y) is a function with
a proper domain ({(A' -M,C) | A+ M : bi[a/pl[i/X], A =2 VK" and C € Cynr})
and a proper codomain, as uF(A Fa, U)V! F t1, Wy),...(VE"! iy, Wi (A F
M, C) € Cy s@y,,.1.,m by induction hypothesis. To check (P2) it is sufficient to show
that uF(A Fa, U)V! ey, Wy), ... (VEU by, Wi (A My, C) = uF{A Fa, U)(V!
t, W1, .. (VEU F ey, Wil (A - Ma, C) for A' = My <> M,. This follows directly
from the definition of F using the fact that SN'a, = SN a1, for T F Ty S

For (P3) we have to show that

(WFAFa, U)V' o, Wh),. (V" F e, Wil (A M, C))a
= uF(AFa, U)(V' oy, W), (V" E g, Wil (A F M, Cla)

for V¥=! = A = A’, which is true by induction hypothesis.

It remains to check that (uF(A Fa, U)(V' Ft1, Wi),...(VE"! Fte_y, Wie1))la equals
uF(A I—a,Ui(V1 Ft, Wi),... (N F ti_1, Wi_t|a). But these are two function that
wait for an argument of the form (A” ¢, W) with A” = A’ and then behave like
(WF(AFa, U)V' Fry, Wy),...(VF" Ft_y, Wiey))(A” Ft, W), so they are equal. [

We should now prove again Lemmas 5.2.3 and 5.2.4 for all I'-nonobjects that may
now contain symbols from 7°C up to s, s included.

After having repeated the above procedure for all inductive types from X we get
the final interpretation. Let us summarize its most important properties concerning
inductive types.

Lemma 5.2.13 (Inductive Type Lemma)

Let I, A be environments, p a well-typed substitution from I' to A, and £ a candidate
assignment compatible with p. Let s : (p; : Py)...(pr : Pr).(x1 : b1)...(xy : by).* be
an inductive type and ¢ : (p1 : P1)...(pr : P)(z1 : dy)...(zx : di).s(P)wy...w, its
constructor. Under the above assumptions the following facts hold:

Decomposition If &, @', N, i satisfy A - c(a', N) € [T s(a)i]p.ea then:
o AtFa;e[I'F Pja/pl]pen foreveryi=1,...r and
e AbN; eI,z :dla/p] + di[a/i)]ﬂpu[N/E],i,A for every i =1,...k.
Composition If 4, 5’, N , i satisfy:
o Aba;e[I'F Pja/pl]pea foreveryi=1,...r and
e AbN; eI,z :dla/p] + di[&/i)]ﬂpu[N/E],ﬁ,A for every i = 1,...k and
e i are ['-terms and A c(c?,ﬁ]) : (s(@)u)p
then A F ¢(a’, N) € [T F s(@)il] .z -

The following lemma is a version of Lemma 5.2.3, formulated for all terms of
CC + H. We will refer to it in the next sections.
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Lemma 5.2.14 (Equivalence of substitutions)
Let I, A be environments, p, p’ well-typed substitutions from I' to A, such that

At xp S xp' for all x € dom(I"), and ¢ a candidate assignment compatible with p
and p'. If 4 is a I'-nonobject then [I' - A],:a = [ F A] ¢ a.

5.3 Auxiliary lemmas

This subsection presents some technical lemmas that will be used in the sections
that follow.
Lemma 5.3.1 (Extension of T')
Let (I'y,I'») and A be environments, p : (I';,[’;) = A a well-typed substitution and
¢ a candidate assignment compatible with p. If 4 is a (I'y, I'z)-nonobject, then:
L [T, Ty F Alpen = [Ti.x 1 0,5 = A] p+ £a Where x ¢ FV(A), o is a type and
pt = pU[M/x] for some M satisfying AFM : aop
2. [T, Tk Alpen =[Ti,x : K, I’y - A] p+ ¢+ 4 Where x ¢ FV(A), K is a kind and
pt =pU[M/x], T = EU[C/x] for some M satisfying that A- M : Kp and
some C € Cam

Proof
By induction on the structure of 4. []

Lemma 5.3.2 (Substitution Property for Interpretations)

Let (I';,x : T,I';) and A be environments, 4 a (I'y,x : T,I'2)-nonobject and M a
term satisfying I't = M : T. Moreover let p : (I';,I2,[M/x]) — A be a well-typed
substitution and ¢ a candidate assignment compatible with p.

1. If T =K is a kind then
[T, To[M/x] B AIM/X]]pea = [T1x 0 K, Do = Al poppsg.coliri-m,eaxia
2. If T =0 is a type then
[T, Do [M/x] =AM /x]]pea = [T1x 20, T2 B Alup/a.ca

Proof
Induction on the structure of A. [

Lemma 5.3.3 (Equivalence of environments)

Let I', T” be environments such that dom(I') = dom(I"’) and T + I'(x) S I''(x) for
all x € dom(I'). Let A be an environment, p a well-typed substitution such that
p : I' > A and ¢ a candidate assignment compatible with p. If A is a I'-nonobject
then [[F + A]]p,é,A = [[F/ + Aﬂp’g,A.

Proof

Induction on the structure of 4. [

Lemma 5.3.4 (Equivalence of types)

Let I', A be environments, p : I’ — A a well-typed substitution and ¢ a candidate
assignment compatible with p. For every I'-nonobjects 4 and A", if ' - 4 S A then
[TFAlpea=[FApca

Proof

Induction on the structure of 4. []
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5.4 Reducibility of function symbol headed terms

Using the candidate method to prove strong normalization, the objective is to show
that every term belongs to the interpretation of its type (see Lemma 5.5.2 for the
exact formulation). When passing from the pure Calculus of Constructions to the
Calculus of Constructions with rewriting most proofs remain unchanged; what is
really new is the case of function symbol headed term.

As it was already mentioned, it turns out that the only way to show that the
function symbol headed term f(f) belongs to the interpretation of its type is to check
all its reducts. This is done in Fun Lemma 5.4.6 by inspecting all HORPO cases and
reasoning by induction on the precedence and on reductions originating from 7, but
the proof is technically difficult.

To explain the problem suppose that f(f) rewrites to g(it) in HORPO, with f :
(m).c and g : (y—:d>).e. We have to show that g(it) belongs to the interpretation of
the type of f(7). In fact, the interpretation of the type of f(7) is just [[(x—bs F (] [/31.0A
where ( assigns candidates to those X that belong to Var™ and A is an environment
in which £(7) is well-typed.

Considering g(@), all one can get from the induction hypothesis are statements of
the form g(u) € [[(y—ds F ela/.ea for some & Here, two problems arise: how to
find ¢ and how to prove that [[(x—bs Fclgsen = [[(y_ds F e][i/31.¢,4- Both problems
are solved thanks to the star dependency condition and the form of the HORPO
judgments. The substitution ¢ is just {, as all big y have to be parameters and the
parameters of the right-hand side are included in the parameters of the left-hand
side. The equality of interpretations is true by the Small Substitution Lemma 5.4.1
given in a paragraph below.

In two other parts of this section we give the Constructor Lemma and prove the
Fun Lemma and Computable Closure Lemma.

5.4.1 Small substitution lemma

To understand the notion of small substitution we have to go back to the star
dependency condition in section 2.4.1. A type (ﬁ)(m).c satisfies star dependency
condition if all free and big variables from b and ¢ belong to p, which may be seen
as a generalization of requirements that all X are small. A substitution which is
defined only on those X (and is an identity on p) will be informally called small.

Recall that the notation p;p, denotes sequential composition of substitutions. The
lemma below states that any two types, that are convertible after an application of
small substitutions, have equal interpretations.

Lemma 5.4.1 (Small Substitution Lemma)
Let G,, Gi, G2, G be environments, u;, uo be well-typed substitutions and T, T»
terms in beta normal form, such that

L. FV(Th)NVar® = G,, FV(T,) N Var® = G,,
2.1 (G,,, Gy) — (G,,, G), 1o : (Gp, Gy) — (Gp,G) such that 1y |Gp: 7% |Gp: idea
3. GP,G1 T */\:\, GP,GQ T, : */D,
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If G),G F Ti S Ty then for every environment A, well-typed substitution
0 : (G,,G) — A and a candidate assignment & compatible with 0, we have [G,, G| F
Tilwoea = [Gp. G F To]l 0.4 Moreover, if Ty, T, are terms of the Calculus of
Constructions (G,, G1 Fcc T1 : */0, G, G e Tr @ */0) the same holds without
the assumption that T, T, are in beta normal form.

Proof

The proof is done by induction on the structure of T;. Because of possible A’s and
IT’s in T1 we have to show a more general property, namely that for every n and
vectors A, B,A,N,C of length n, such that A,B,N are terms, A are environments
and C are candidates verifying for all i = 1,...

Gy, G,(y : ) - Ay <> Big and

AO = Aa Ai = Ai*la

AiF Ni € [Gp G (v A) - Al g coie a1

C; € Ca,n, if N; is not an object and C; = 0 otherwise,

if Gp,G,(y :Amw) F Tim < Ty then [G,, Gy, (y : 4) T1] 00t /31200 3D
=[G, Ga, (y : B) - o] 0018 /31,01 /3D
The proof is by induction on the structure of T;.

1. Ty = X, X € {*,0} UVar®. Since G,,G,(y : Au1) - Tips <> Topy and py, pa
are small, T, = X and our claim is proved.

2. Ty = P; Qy. Note that P; is neither an abstraction (T} is beta normal form)
nor a variable which may become an abstraction (in this case P; € Var® and
Piu = Py). Therefore T> must be equal to P> Q> with G, G,m F Py S

Papo, Gy, G,(y = Ap1),x : Prjs - Qipu S Qo
By induction hypothesis we have

[Gp, G, (y - AS - Pl]]m()u [N /F1(EUIC /) ap-A
[[Gp,Gz, ViB)F P 10ULN /51,(E0IE

and if Qy, 0, are nonobjects we have also

[Gp, G1, (v = A + O1] 110N /31.(EULC /3]) A
[Gp. G2a 0B F Qo sicui/sia

By the definition of interpretation of an application, this gives us the desired
conclusion.

3. Ty = (x : P1).Qy. Then T, = (x : P,).0; and G,,G,(y : Auy) - Py < Py,
Gp, G, (y - Apr), x = Prug F Qi <> Qapia.
By induction hypothesis we have

[Gp, G, (7 = A = PulL oo 5120t /shia, i =
[Gp, Go, (y : 35 FP 2ﬂmowfv/ﬂ,(éu[é/ﬂ>|An,An

/¥Dag-A
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[Gp G v = A0, x = PrE Ol 10w ot 1uicr/ad oAt =
[Gp. G2,y Bl.x : P2 - Q2ﬂuzeu FIVIN'/XLEUIC/FIUIC /XD, Bns

for any A = N' € [Gp. Gy = 4) F P oot meuic/mis, a0 Brst 2 An,
C’ € Ca,,,n- By the definition of interpretation of a product type, this gives
the desired conclusion. .

4. Ty = Ax : P1.Qy. Then T, = /x : P>.0; and G,,G,(y :A,uli F Piu; < Py,
Gp, G, (y - Apr),x = Prug F Qi <> Qapta.
The proof for this case is very similar to the proof given above.

5. Ty = s(M) and s € 7C. Then T, = s(N) and for every i we have
Gy, G,(y : Am) F Mipy < Nipio.
By induction hypothesis, [G,, G1,(y : A) F Mﬂm«?U[N/y LEULE /) A = [G,, G,

(y:B) F Nﬂ,uaGUN/} 1EULE /D) A for every M; that is not an object.
To complete the proof 1t suffices to check whether [G,,G,

O A F S, oo s c0cm s = 162 G2 (y B) F L0, FLEUIC/Dlay b BUE
this follows from the Corollary 5.2.11.

If Ty, T, are terms of the Calculus of Constructions (G,,Gi Fce Ti @ */0,
Gp, Gy Fcc T, @ */0) we can beta normalize them before applying the reasoning
presented above. []

In fact a stronger version of Small Substitution Lemma holds; Ty, T, may
depend on some big variables that are not parameters, but will be substituted by
parameters. This lemma is needed only in some proofs concerning application case
(I.6) of HORPO.

Lemma 5.4.2
Let G,, Gi, G2, G be environments, u;, uo be well-typed substitutions and T, T>
terms in beta normal form, such that for i = 1,2

ti : (Gp, Gi) = (Gp, G), such that p;|g,= idg, and if x € (FV(T;) N Var®) then
ui(x) € G
2. Gp,G,' T : */I:\,

If Gp,G F Ty & Ty then for every environment A, well-typed substitutions
0 : (Gp,G) — A and a candidate assignment ¢ compatible with 0, we have [G,, G -
T]HM](-),@,A = [[GP,GQ = Tz]]ﬂz(i,g'z,A, where x& = x¢& for x € Gp and x& = pf for
x € Var® \ G, and such that xu; = p. Moreover, if Ty, T, are terms of the Calculus
of Constructions then the lemma holds, even if Ty, T, are not in beta normal form.

Proof
The proof of this new lemma is almost identical to the original one. []

5.4.2 Constructor subterm lemma

The following property is an easy consequence of Inductive Lemma 5.2.13. We
decided to write it down, because it is formulated in terms of notations used in
Small Substitution Lemma 5.4.1 and Fun Lemma 5.4.6.
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Lemma 5.4.3 (Constructor Lemma)
Let ¢ : (q1 : Q1)...(qr : Qr)(z1 = dy)...(zx : dy).s(@)wy...w, be a constructor of
S:(q1:01)...(qr 1 Qr)(x1 1 b1) ... (xy 2 by).*x

Moreover suppose that G,, G1, G are environments, y; is a well-typed substitution
and s(a)u, c(c;/, N) terms such that:

1. FV(s(a)u) N Var® = G,,

2. pu1 i (Gy, Gr) = (Gp, G), such that 1y ‘sz ide,
3. Gp,Gl Fce S(Zl)ﬁ DX,

4. G, G Fce c(a,N) = (s(@i)u.

For every environment A, well-typed substitution 0 : G,,G — A and candidate
assignment { compatible with 0, if

At c(@0,N0) € [G,, Gy F (@)l 000
then for every t € {5’, N}, there are G,, T, and y, such that:
FW(T,) N Var® < G,,

He - (Gp, G) — (Gpa G), such that g, |G,,= ide,
Gp,Gi e T, */0,

Gp,Gltcct : Ty and
AFtO e [[Gp, G Tt]],uLO,C,A'

ok =

Proof
It is sufficient to apply the Inductive Lemma 5.2.13 to the hypothesis to get

At a0 € [Gy, Gy = Qila/q1] 0.4
A+ N0 € [Gy Gr,z - dla/q) - dila/all o p0en
Since FV(s(a)u) N Var® < G, and the type of the constructor ¢ satisfies star
dependency condition, we have FV(Q;[a/q])NVar® = G, and FV(d;[a/q])NVar® =
G,.
Trivially, we have G,, Gi Fcc Qila/q] : */0, G,, G,z :d[a/q] Fcc dila/q] = */O0
and G, G tFcc a; : Qila/qlm, Gp,Glce Ni @ dila/q](m U [N/Z]). O

Corollary 5.4.4 (Constructor Subterm Lemma)
Under the hypotheses of the previous lemma, for every environment A, well-typed
substitution 0 : G,,G — A and candidate assignment { compatible with 0, if

At c(@0,N0) € [G,, Gy F s(@)il o0
then for every constructor subterm ¢ of c(c;’, N ) there are G,;, T, and y, such that:

FV(T,) N Var® = G,,

e (Gp, Gy) = (Gp, G), such that p, |g,= idg,,
Gp, G lee T */D,

Gp,Glcct @ Ty and

AF1tO e [[Gp, G+ Tz]]y,H,C,A-

R
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Proof
First, we will show that T; is an inductive type if t is a constructor-headed term. From
Gp, G Fcc t @ Ty, it follows that Ty, is an inductive type. But FU(T,)NVar® = G,
and |, = idg, and we conclude that T; is an inductive type itself.

Repeating the Subterm Lemma as many times as needed we get the con-
clusion. []

5.4.3 Fun and computable closure Lemmas

This subsection is devoted to one of the most important proofs in the paper, namely
to the proof of the Fun Lemma. We will show that the reducibility of function
symbol headed terms follows from the reducibility of their arguments. In this proof
we will use all the machinery introduced before.

The proof of the Fun lemma will be done by inspecting all possible HORPO cases.
Since HORPO depends on the computable closure, it is not surprising that there will
be a similar lemma concerning tuples from the computable closure. Moreover, since
computable closure uses HORPO, this lemma will refer to the induction hypothesis
of the Fun Lemma. Hence, we decided to organize the section as follows: first we
give the statement of the Fun Lemma, then we state and prove the lemma about the
computable closure, and finally, we prove the Fun Lemma.

The following trivial lemma is needed to justify the induction used in the lemmas
below.

Lemma 5.4.5

Let us denote by —2 U>®S the union of —* and constructor subterm relations.
IfTFt>%uand 0 : T — A then A F t0(—? UCS)ud. Moreover if A Ft is a

term such that —* terminates starting from ¢, then —* U>¢S also terminates on .

Lemma 5.4.6 (Fun Lemma)
Let f be a function symbol of type (py : P1)...(p, : Pr).(x1 : b1)...(x, : by).c such
that A& f(&,6) : c[a/p,d/X] holds. For every {, a candidate assignment compatible
with [a/p], if &, ¢ satisfy:

o AF o € [[ﬁ = Pi]][&/ﬁ],C,A’ for all ] =1,...r,

e A gj (S [[ﬁ,x—[; F bj]][&/ﬁ]u[(}/g]’;A, for all ] = 1,...]1,

then A+ f(a,d) € [[p : ﬁ,x : Z; H C]][&/i;]u[&/)'c],g,A'
The proof of the Fun Lemma will be given at the end of the section.

Lemma 5.4.7 (Computable Closure Lemma)
Let f be a function symbol of the type (p; : P1)...(pr : Py).(x1 = b1)...(x, : by)-c,
such that G,,G & f(p,u) : c[u/X] holds for some environments G, = p—P) and G
and for some terms ii.

For every environment A, well-typed substitution 6 : G,,G — A and candidate
assignment { compatible with 0, if

AFpibelp: B F Piloga forall j=1,...r, and
A+ ujG € [[p : I_:‘,X 2; F bjﬂ[it/&]('),l,A for all Jj= 1,...n
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and if Lemma 5.4.6 holds for all A g(/?,ﬁ), smaller than f(p0,u0) in (>z, (=2
U>S)ga)ier, Where stat is the status of f, then for every t € CCI(G,, G & f(p, i)
there exist G;, Ty, u, satisfying:

FV(T,) N Var® = G,,

e+ Gp, Gy — (G, G) such that w|g,= idg,,
Gy, G e T; = */0,

Gp, Ghlecet T:u: and

A+t e [[Gp, G, T,]]M(),;,A.

DNhR LD =

Proof
We actually prove a slightly more general statement.

We will show that for every (t, G;;BV + T;, u) € CCl(G,,G F f(p, 1)), with
BV = (z1 : A1)...(zm : An), and for every N, Cand A = Ay S Ay... = A, satisfying:

Vi Ai FN; e [[Gp, G, BV |- Ai]],urHU[N/E],CU[é/E],A,-
Vi C; € Ca,n, if N;is not an object and C; = @) otherwise
the following properties hold :

FV(T,) N Var® = G, UBV,

e+ Gp, Gy — (G, G) such that w |, = idg,,
Gp, G, BV e Ty - */0,

Gy, G, BV i ':CC t: T,

Ay Ft(0 U[N/Z]) € [G), G, BV + Tl]]u,eu[ﬁ/z],gu[é/zm

sBm

SNhA L=

We obtain the conclusion of the lemma by taking an empty set BV.

Properties 1 to 4 hold by the definition of a (G,,G)-tuple and Lemma 3.3.3.
Property 5 is now proved by induction on the derivation of (¢, G;; BV, - Ty, ) €
CCU(Gy, G = f(p, ).

Initial set By the hypothesis we have
Atrp0elp:PFPoca forall j=1,...r, and
At uf €p:B.x bt blumoca forall j=1,..n
Introduction of variables

Gp, G, BV Fccy A, y € dom(BV)
(v, Gu; BV A, 1)

We have to show that A, - y(6U [1\1/2]) € [Gp, G, BV A]]uOU[N/z],gu[é/Z],Am' Since
y € dom(BV), y = z; and y(0 U [N/z]) = N;. We complete the proof using the
assumption for N;.

Abstraction
(t, Gu;BV,y tAET, p)  (Ap, Gu; BV F pa, )
Gp7GmaBV:y A l_CC T . D1 Gp»GmaBV I_CC A D2
(A4y :Apt, Gp; BV = (y:A).T, w
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To show A, F (Ay : Aut)(0 U [N/2]) € [Gp. G, BV & (v 2 A).T] pui /21,001 214, 1t
suffices to check whether A,y F @((Ay : Aut)(0 U [N/2]), M) € [Gp, G, BV, y

A F T g /201001 21010 i A (OT ANY Angt 2 Ap, any Apy = M €
!
[Gp, G, BV - Aﬂpeum/z],gu[é/z],Am and any C’ € Ca,,,, M.

By induction hypothesis we know that A, - (O U[N/Z]U [Méy]) € [Gp, G, BV,
y:AE T]]uOU[N/E]U[M/y],CU[C/E]U[C’/y],AmH’ But @((4y :Ap.t)(0 U [N/Z]), M) —p t(O U
[N /Z]U[M/y]), which gives our claim by Lemma 5.1.6 (together with the fact that
Au € SN that follows from induction hypothesis applied to (4, G,,; BV  pa, w)).

Application to a variable

(t, Gy; BV F (x:A4).B, n) (v, Gu; BV A, 1)
(@(t,y), Gu; BV = Bly/x], )

By induction hypothesis we know that

A b 10 U [N/2]) € [Gp. G BV = (x:4).B] g5 21001 21,

AwF y(0UN/Z]) € [Gp, Gy BV Al oo 210010 21,

and y = z; € dom(BV'). By applying the definition of interpretation of a product
type we get

A F@(t(0 U [N/2]), y(0 U [N/2]))

€ [Gp. Gu, BV, x 1 A F B]]WU[N/f]U[Ni/XLCU[é/E]U[Ci/X],Am

Since y : A and x : A are two variables that are equal after applying substitution
on terms and candidates (N;, C; are the values), we can substitute y for x and
conclude that A, - @(t,y)(0 U [N/Z]) € [Gp, G, BV + B[Y/x]Hu()u[ﬁ/z],gu[é/z],A .

m

Application to a parameter

(t, Gu; BV = (x:P).B, p)
(@(t,p), Gm; BV + Blp/x], p)
where p : P € G,. The proof is very similar to the proof of the previous case and

relies on the fact that p : P (like y : A in the previous case) is already in the
environment G,, G, BV.

Application to a small argument

(tla Gm;BV l_ (X A)B, H) (l’2, Gm,BV l_ A, :u)
(@(t1,t2), G, x 1 A; BV = B, pU[t2/x])

if x € Var* and t, and A are clean. By induction hypothesis we know that

A b 11(0 U [N/2]) € [Gp. Gy BV += (x:A). By 5021001 /210,
A F(0U[N/Z]) € [Gp. G BV = A] o 15210018 /210

m
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By applying the definition of interpretation of a product type we get

A F@(t1(0 U [N/2]), t2(0 U [N /2]))

€ [Gp, Gw, BV, x : A& B] o 1% /21010018 /21)/51.001E /21 A0

Since A is clean, Gp, Gy, BV,x : A = Gy, Gy, x : A,BV. Moreover uf U [N/E] U
[2(0 U [N/Z])/x] = (uU [t2/x])0 U [N /Z]. Then

[Gp. G, BV, x : A& B] g /21010008 /21 /1. 0IC /210 =
[[Gp’ G, x A, BV - B]](#U[Iz/X])9U[N/E],CU[6/E],A”1

and the proof is complete.

Application to a nondependent argument

(t1, Gu; BV F(x:A).B, ) (t2, Gu; BV A, p)
(@(tlaIZ), Gm;BV F B» :u)
if x ¢ FV(B). By induction hypothesis we know that

An F t1(0 U[N/Z]) € [Gp, Gy BV F (x L A)B o210 21,
A F 620 U [N/Z]) € [Gp, G, BV F Al oo 210018214

m

By applying the definition of interpretation of a product type we get

Aw F@(11(0 U [N/2]),12(0 U [N /2]))
€ [Gp, G, BV, x - A F B g /21000018 /21 /1001 /2101C /514,

If x ¢ FV(B) we can eliminate it from the environment G,, G,, BV,x : A and
the substitutions u0 U [N/2] U [t2(0 U [N/2])/x] and ¢ U [C/2] U [C’/x], without
changing the interpretation (by Lemma 5.3.1), and get the desired conclusion.

Precedence
_ N )
Vi (ti, G,y :d[p'/q); BV = di[p'/q], pU [t/7])
N — = > -
(g(@,1), Gp,y :d[p'/q); BV Felp'/q], nu[t/7])

if f>rg g:(q1:01)...(q :Q)(y1 :d1)...(¥m : dn).e, p < dom(G,) and for
every i either t; is clean or y; € FV(dy,...dy,e).

By induction hypothesis we know that for every i, A, F t;(0 U [N /2]) € [Gp, G,
—_— > .

y 2dp'/q), BV & dilp'/ Q1] i oot z100i¢ 214, @0d since Gy, BV, p, [N/Z] and
[C /Z] are not important in the interpretation of d;, we have

TS 5,
A =10 € [Gy,y 2 dlp'/q) = dilp /a1l i 500,
By the assumptions of the lemma we know that for all i:
Am = p,'@ (S [[Gp = Pi]]G,C,Am

>

Since E’ € p, there is a function on indices n such that p; = p, and p: P I
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0:lp'/4] < P,,. From this
[Gy &= Pyloca, = [p - P+ Oilp /dlloca, =[q: O F Qloca,

— . N
[[Gp,y 2dlp' /g di[P’/Q]]][f/y]e,g,A,,, = [[q : é,y cd = di]] /7108 A

where ¢;0" = p0, q;{" = p}(.
Now, it is sufficient to use the assumption about terms that are smaller than
f(p0,u0) in (>z, (=4 U>C¥)4q) to get,

. — TR >
Ant=g(p,0)0 € [q : Q),y td ke /3100 A — [Gp.y :dlp' /4] + e[P//Q]]][E/y]e,g,A

which is equivalent to the desired conclusion:

m

A= g(p,0)(0U[N/Z]) € [[Gp, Gm,y :d[p'/ql,BV = e[P//CI]]](Mu[i/y])9u[N/z],gu[C/z]’Am

Recursive call
Vi (ti, Guyx : D30 F by, U [i/%])
(F(B: 1) G x D30+ ¢, wU[E/3])

if G,,G F (b)) >SS (p. 1), where stat is a status of f : {p : P)(x : b).c and >SS is
a stat extension of the constructor extension of >.

This case can be handled in much the same way as the previous one, the only
difference being in the decreasing argument. To use the hypothesis of our lemma
we need to know that A + po,uf(—2 UCS),po,t0. Fortunately it can be
concluded from G, G I (p,it) >S5 (p,f) and the fact that (= 0) < (=2 UCS)
(see Lemma 5.4.5).

Constructor—decomposition

(¢(d,N"), Gy; BV F s(@)ii, p)
(a;, Gm;BV F Ql[&/zl]y ,u)

(c(@,N'), G BV F s(@)ii, p)
, T 1 5> /> NI
(sz G,z : d[a/q],BV = di[a/q]a ny [N /Z])

if ¢ :(q1 :01)...(q0 : Op)(zy : dy)...(zx : dy).s(@)wy...w, is a constructor of
s:(qr :01)...(qr : Op)(x1 : b1)...(x, : by)*, if a are clean and if for every i
either N/ is clean or z; ¢ FV(dit1, ... dy).

In this case, the desired conclusions are simple consequences of Constructor
Lemma 5.4.3 applied to

A b e(@,N')(0 U [N/2]) € [Gp, G, BV = s@)it] 90152100121

which is true by induction hypothesis.
Constructor

Vi(a), Gu; BV - Qila/dl. ) Vi (N, G,z :d[a/ql; BV Fdila/ql, pU IN'/2])
pr Gl11>BV l_CC S(Zl)ljl : * pr G,BV,U l_CC C(a,, N’) : (S(Zl)ﬁ):u

(c(@,N'), G; BV F s(@)ii, )
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if ¢ :(q1 :0Q1)...(q0 : Op)zy1 : dy)...(zx : dy).s(@)wy...w, is a constructor of
s :(q1 2 Q1)...(gr  Qw)(x1 :b1)...(xy : by).* and if FV(a,u) N Var® = G, UBV.
The desired conclusion is a simple consequence of Inductive Lemma 5.2.13 applied
to G,, G, BV tcc c(d,N') : (s(@)i)u and

Ay a;(Q U [N/E]) € [Gp’ G, BV F Qi[a/é]]]u()um/z],gu[”/z]A

/ L N o sBm
An = Ni(OU[N/zZ]) € [[Gp; G,z :dla/q], BV - di[a/qm(uu[z\?//z])gu[N/z],gu[C’/z],Am
that are true for all i by induction hypothesis.

Type constructor
Vi(ai, Gu; BV FAi, ) Vi(u, Gu;BV - Ui, ) Gp, G, BV bcc s(a)u @ *
(s(@)it, Gu; BV =%, )
ifs:(q1:01)...(qr : Qp).(x1 : bl)---(le 1by)x e TC.
We must show that A, F s(@)i(0 U [N/Z]) € [Gp, G, BV = *] o iz /21.000

Since interpretation of * is just SN a it suffices that a(6 U [N /Z]) and 4(0U
are strongly normalizing. By the induction hypothesis we have

C_{Z],Am'
[N/Z])

m

A F ai(0 U [N/Z]) € [Gp, G, BV F Aill jouri 210018214
Aw Fui(0 U [N/2]) € [Gp, Gy, BV - Uil ooiiez.001¢ /210

m

for some A, U. We complete the proof using the fact that every interpretation is
a candidate, which is a subset of strongly normalizing terms.

Product type

(A7 Gl‘l‘l;BV|—p1> l’t) (B) GM)BVaX : C|_p27 )u)
Gp G, BVi,x : Arce B : p Gp G, BVukce A Cu
((x:A4).B, Gu:BV & pa2, p)

if p1,p> € {*, 0}
The proof is very similar to the proof of the previous case.
Reduction

(t, Gu; BV ET, p)
(¢, Gu;BV ET, p)

if t —p t.

The proof is immediate as the property of being an element of an interpretation
is closed under reduction.

Weak1

(t, Gn;BVET, Gp,Gm Fcc A @ */0 GP,G Fee M @ Ap
(t, Gu,x : A;BV =T, pU[M/x])

if x ¢ dom(G,,, BV). Note that neither BV nor T depend on x. Consequently,

[Gps Gms x 2 A, BV = T payouii /210010 /5100 /210, =

[Gp, G, BV F T]]m)u[N/zl,cu[é/z],Am
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(by Lemma 5.3.1) and

An Ft(OU[N/Z]) € [Gy, G, X : A, BV + Tﬂ(,w[M/x])eu[N/z’],;u[C'/x]u[C/z'],Am-

Weak?2
(t: Gm;BVl_Ta ,Ll) Gp:GmaBV I_CCA :*/D
(t, Gu;BV,x :AF T, p)
if x ¢ dom(G,,, BV) and FV(4) N Var® < G,,BV. The reasoning used in the
previous case applies. []

The following easy lemma will be often used in the proof of Fun Lemma.

Lemma 5.4.8 (Recursive Comparison in HORPO)
Suppose that G,, G;, G are environments, y; is a well-typed substitution and I, T;
are terms satisfying:

L. FV(T)NVar® = G,,

2. (Gp, G)) — (Gp, G) such that g |G,,: id(;p,
3. Gp, G ltee T - */D,

4. G,,Glcc !l @ Ty and

For every environment A, well-typed substitution ¢ : G,,G — A and candidate
assignment { compatible with 0, if A 10 € [G,, G| F Ti] 004 and G,, G -1 > ¢
then there exist G,, T; and y, such that:

FV(T,) N Var® = G,,

e (Gp, Gy) = (G, G) such that y |g,= idg,,
Gp, G lee T */D,

Gp,Glect @ Ty and

Akt e [[Gp, G, T[]]'u,(),g,A.

Nk W=

Proof

By the definition of >“°, G,,G | > t means that there is a term s such that
1> sand G,,GF s>t : Aors=t By Constructor Subterm Lemma 5.4.4, for
this s there are Gy, Ty and u; satisfying properties 1 to 5 above (with G;, T; and
w replaced by G, Ts and y). Now, if G,,G s >t : A then by the condition
(S1) from the definition of candidates A + t0 € [G,,Gs - T],004. Moreover,
Gp,G Fec t @ Tsus because HORPO compares only terms of equal types. Other
properties follow immediately. [

Proof of Fun Lemma 5.4.6
Let us recall the statement of the lemma:

Let f be a function symbol of type (p; : P1)...(p; : Py).(x1 : by)...(xy, : by).c such
that A - f(a,6) : c[a/p,6/X] holds. For every candidate assignment compatible
with [&/p], {, if

o AF o€ [[[ﬁ)) = Pj]][&/ﬁ],C,Aa for all j= 1,...r,
e A oj € [[[)—P),n F bj]][&/ﬁ]u[é/i],c,A» for all j= 1,...n,

then A F f(&,(-))') c [[p : ﬁ,x : Z; = C]][&/i,]u[g/g]’g,A.
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The proof is done by nested induction. The first one is on (f,(&,)) ordered by
(>£, (=2 U>CS)gu)iex, Where stat is either mul or lex depending on the status of
f. Given A F f(a,6) we will check whether all its reducts, i.e. all terms ¢ such that
At f(3,8) —t, belong to [p : P,x : b + cl/p0i6/51.0.4- The second induction is on
the size of the reduct. Let ¢ be the rewriting positionand I' =1 > r : T the HORPO
judgment used to rewrite f(d&,d) to t.

According to the position ¢ and the HORPO case used to prove ' -1 >r : T,
we distinguish the following possibilities:

1. ¢ # A. Let us denote f(3,6) by f(d). In this case A - f(d) — f(i) and there
is some i such that A d; — t; and t; = d; for j # i. Let us denote by D; the
type (P; or b;_,) of d;. By condition (S1) from the definition of candidates we
have Ak t; € [[ﬁ,ﬂ F Di]a/puis /5.4~ Let us denote by y; the substitution
[a/p] U [6/X] with t; assigned to the ith variable. Since [a/p] U [6/X] and y; are
convertible, Lemma 5.2.14 shows that A ¢; € [[ﬁ,n F Di],.c.a. By the
first induction hypothesis A F f(f) € [[ﬁ,ﬂ F ¢c]l,,ca and we conclude by
Lemma 5.2.14 that A - f(i) € [p : P, X : b F clpioe/s1.ca-

2.q=AIfTFI>r : T is the judgment used for rewriting, then

L=(pi:P)...(pr 2 P),G
I=f(l)=f(p,u)
10 =f(p0,ub) = f(&,6), t=r0

where 6 is a well-typed substitution from (ﬁ, G) to A. Let us denote by 1y
the substitution [ii/X]. Note that [6/p] U [6/X] = u0. Let us also denote by G,
the environment ﬁ We have to check all HORPO cases which could have
been used for proving 'FI1>r : T:

(a) Case I.1: Then either t € CCl(p, i) or T = [; =S r for some i. In any case
there exist G;, T; and g, such that G, G+t : Tyu, and AFt0 € [G,, G, F
T:]woc.a (by Lemma 5.4.7 if t € CCls(p, 1) and by Lemma 5.4.8 otherwise).
Since G,, G F Ty, S cu; and T, and ¢ are terms of the Calculus of
Constructions, Small Substitution Lemma 5.4.1 shows that [[p_P),x_E =
CHM&C,A = [[Gp, G, = Ttﬂ,u,@,g“,A~ Hence AFt e [[ﬁ,x—ﬁ = Cﬂmf),C,A'

(b) Case 1.2: Then f > g, g:(q1 : Q1)...(qr : Qr).(y1 :d1)...(Vim : dp).e € X,
I'=(pi:Py)...(py : P,),G and

N

L= ()= f(p.0), r=g(p. W)
10 = f(p0,u0) = f(a,6), t=r0=g(p'd,wh)

We first show that every argument of g (i.e. pif, w;f)) belongs to the
interpretation of its type. By the definition of HORPO we know that P < p.
This inclusion can be viewed as function on indices # such that p; = p,,
and (py : P1)...(pr : P,) F Qilp'/4] S P,,. After applying substitution 0 to
p and p’, we conclude that A Fpi0 belongs to [[ﬁ F Py lasies = [[p—ﬁ F
0ilp /illg/nea =4 - O F Qi p/qyoa. Where of = o, and q,l’ = p,, L.
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We are done with [3’0. For w0, there are three cases to consider, depending
how the original rule was accepted. For every w; we have either I' F
fB, i) >w; : T,or T'Fuj > w; :b;[it/X] or w; € CCly(p,it).

IfI'F f(p,u) > w; @ T then A w; € [[ﬁ,ﬂ F ¢]uoa by the second
induction hypothesis, as [w;0| is smaller than |¢|. In this case let G,, = ;:Ti,
T, =c and u, = ;.

Otherwise, either by Lemma 5.4.7 or by Lemma 5.4.8 we get A - w;0 €
[Gp, Gy F Tylu00a for some Gy, T, w, such that FV(T,,) N Var® = G,
tw : (Gp, Gy) = (Gp, G), py |6, = idg, and G, G = w; @ Tyuy.

Since G,, G + Ty, < d;[p'/q][#/7] and T,, and d;[p'/] are terms of the
Calculus of Constructions, Small Substitution Lemma shows that [G,, G, -

- — >

Twluocn = [[ﬁ,y d[p'/q] & dilp'/dl] s j570...a- Moreover, by simple re-
naming [p : B,y : d[p'/d] F dilp'/dl]wssmoca = [@: 0.y :d = il s
where ¢;0' = p,,0 ({’ has been defined few lines above).

Now, we can apply the first induction hypothesis (f > g) and get A

> — - —— >
g(p0.70) € [¢ =0,y T d +elsmoza = [ Poy : [0/d] - el /@wmoca
Maabiiidnte

We complete the proof of this case by noting, that [lﬁ,y :[p'/q] +
e[l;//(?]]]][‘;,/j,]g,g’A = [[ﬁ,n F c]uoca (again by Small Substitution
Lemma 5.4.1 using the fact that e[I;//Zj] and ¢ are terms of the Calcu-
lus of Constructions).

(c) Case 1.3: Then r = f(p,w), f € Mul and t = r0. The proof for the previous
case still works here. The only change is in the induction argument, which
now relies on (=2 UCS),..

(d) Case 1.4: Then r = f(p,w), f € Lex and t = r0. As above, the proof for
case 2(b) can be repeated here. This time the induction argument uses
(_’A U I>CS)Iex-

(e) Case 1.5: Then r = ¢/(9,F), where ¢’ is a constructor of an inductive type s,
t =r0, and for every d € (0,7):

CHl>d: T or T'k1;>% dforsomel; or de CCl(l)

Since G,, G + ¢(8,7) : ¢y and py is small (FV(c) N Var® = G, and
tlg, = idg,), ¢ = s(a)ii for some 4, ii. By Inductive Lemma 5.2.13, to prove
that AF '(3,7)0 € [p: Bx bt s(@)ui]) 0.4 it is sufficient to show
Arv0e[p:P.x bt Qila/dl]uoca
AFr0elp:P,x bz :dla/q) F dila/g

]]]wlu[f/z’no,g,A

provided that ¢’ : (g1 : Q1)...(qr : Qw).(z1 : dy)...(zk : di).s(G)wy...w, and
s (q1 2 Q1) (gr 2 Qr)(x1 tb1) .o (Xy 2 by) X

By the second induction hypothesis and Lemmas 5.4.7 and 5.4.8 we get
that every A +d0, where d € {0,7}, belongs to some [Gp, Gg = Tyl
where FV(Ty) N Var® = Gy, pa : (Gp, Gg) — (G, G), pa |g,= idg, and
Gp, GrHd : Td,ud.
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Since G,,G + Qi[a/plu < Tapq for d = v, Gp, G & difa/pl(w U [F/2]) &
Tyug for d = r; and all Q;[a/pl, d;[a/p], T, are terms of the Calculus
of Constructions, we get the desired assertions by the Small Substitution
Lemma.

(f) Case 1.6: Then

r=~A"nm, @(ro, r1,...7y) 1s a left flattening of r
t =70 fz@ =111y, @(to, t1,... tm) = @(7’09, 7‘1(‘), - rmB)

By the definition of HORPO, we know that for every r;, i > 1, either
L& fpa) >=r : T,or T u > :bili/X] or r; € CCl(p, ).
In all cases, A F r0 € [G,,G,, Tri]]e(ur,)’c’A for some G, T,, p, such
that FW(T,) N Var® = G, u, : (G, Gy) — (G, G), w, lg,= idg, and
Gp, G Fri @ T,y (the reasoning is exactly the same as in case (b)).

Let us now examine ro. By the definition of HORPO either I' - f(p, ) >
ro : T or pj =71y or T F u; > ry. In any case, this implies, that
AFrelp:B.x bt Tyluoca (T, equal to some P, b or c).

It's clear that the type of ry is functional, and in consequence, that T,
is convertible with a product (y; : Ay)...(ym : An).B. Please recall that y
are subject to several restrictions as @(rg,r1,...7,) satisfy the application
condition 3.2.1. These restrictions ensure that for every z € (.7-'V(;1,B) N
Var"™), we have either z € p or z = y; such that r; € p.

Let us denote by uy, the substitution [i/X] U [#/y] and by {, the candidate
assignment defined by x{, = x{ for x € G, and x{, = p{ for x = y; such
that r; = p. Note, that u,0 = [3/p] U [6/X] U [{/7].

By the strong version of Small Substitution Lemma 5.4.2, the interpretation

HGp, Gr,- k= Tr,]],u,‘.B,C,A
is equal to

[[p D > X 1 Z’y rAE Ai]]llzngVZaA

as A;, T, are terms of the Calculus of Constructions, p : ﬁ,G F T, &
Aty and zpy € p for every z € FV(A) N Var".
By the definition of the interpretation of a product type we get

A+ @(t(), t1,... lfm) S [[[ﬁ, n,y—/l = B]],uz(),Cz,A
and again by Lemma 5.4.2 we conclude that
AF @(to, t1,... tm) € [[[)—P),n H C]]mo’g,A
Since @(to,t1,...tm) = @(f1, 1), this completes the proof of this case and
of this lemma. [
5.5 Main theorem

This subsection presents the main lemma of the paper stating that every term
belongs to the interpretation of its type; as a corollary we get the theorem that every
term is SN.
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Definition 5.5.1 (Validity of substitutions)

Given a well-typed substitution p : I' — A and a candidate assignment ¢ compatible
with p we say that p is valid with respect to &, if for every x € dom(I") we have
AbFxp eI FT(x)]pea We write [p,E] : T’ — A whenever p : I' - A, £ is
compatible with p and p is valid with respect to .

Lemma 5.5.2 (Main Lemma)
Let I be environment and M, A terms such that I' - M : A. Then for every
environment A and [p,&] : ' > A we have AF- Mp € [T F A] ¢ a.

Proof
Induction on the derivation of ' M : A.
(ax)
F*x: 0O
This case is obvious, because *p = * and [I'F O], :a = SNga.
(var)
I'ka:p » (
_ |

Fx aFx a (x € Var? \ dom(T'),p € {*,0})
We have AF xp € [[,x :at a],¢a by the definition of [p,&] : (I, x :a) > A.
(weak)

I'ka:»b I'kc:p )
r * 0

Fx cFa b (x € Var? \ dom(T'),p € {*,0})
and we have to show that for [p,¢] : (ILx :¢c) > A, AFap e [I,x :ck b,
holds.

By induction hypothesis, for every A’ and every p', &’ such that [p',&] : T’ — A’
we have A" Fap’ € [I' F b]yza. If we show that [p,é] : I' > A then we get
Atap € [Tk b],ea and, by Lemma 5.3.1, Alap € [T, x : ¢k b],ea.

Let us verify that [p,¢] : T’ —> A. We have to prove that for every y € dom(T'),
Atyp eI FTIW)]yea We know, from [p,&] : (I,x : ¢) — A, that for every
y €dom(), AFyp e [Ix : ¢k (Ix : c)(y)]pea As T'(y) = (I,x : ¢)(y) and
[TH@x o) Wpea =[x t ek (Tx : e)(¥)]pea by Lemma 5.3.1, the proof of
this case is finished.

(const)

Vi I'ka; :bilay/xq,...,ai-1/xi-1]
I'Fe(ag,...,ay) : clay/xt,...,an/x,]

This case has three subcases, for s € 7C, c € CS, f € F.

(e:(x1 :b1)...(xy : by)c € L)

Inductive type Let us start by specializing the typing rule to an inductive type s of
type (p1 : P1)...(p, : Py).e, with e = (xq : by)...(x, : by).*x.
Vi T'ka; : Pla/p)
't s(ay,...a) : ela/p]
We have to prove that A & s(ap) € [I' - e[a/p]],.c.a, assuming that A+ aip € [T+
Pi[a/p]]p.ea holds for all a;.
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We will show a more general property namely, that for every (A' Fd;, Cy),... (A" -
dy, Cy), if A =A% = Al... = A" and for every j = 1,...n, AV +d; € [I,x b+
bj[&/Z)]}]pu[;l/}],éu[é/ﬂlA]_,Aj and C; =0 if d; € Obj and C; € Caig; otherwise, then for
every i=1,...n we have A’ - s(ap)dy,...d; € [T, x : = (xix1 @ bixtla/pl). .. (x,
bula/Pl). ]]nu [d/31,U1C /3] i A1 .
The proof is done by induction on i decreasing from n down to 0.
For i = n, the claim is obviously true, as the interpretation of * is equal to
SN anx and we know by definition of interpretation that ap and d are strongly
normalizing.
Now, let us prove the claim for i — 1, supposing that it holds for i > 0.
Let us denote by T the type (xir1 : biri1[a/p])...(x» : byla/p]).* and suppose
that b; is a kind (for b; a type the proof is similar). We have to show that
A s(dpydy,...dioy € [T, x : zl— (x; : bi[z’/f’])'T]]pu[a/&],gu[é/fx],ml' By the defini-
tion of interpretation, [I", x : bt (x; = bi[a/p]). Tﬂpu[ﬁ/i],éu[é/i],&*‘ equals to the set
(NEM | N FM : ((xi:bia/p)).T)p U [d/X], A = A™!, and VA" = A, VA" +
A e [[rax :g F bi[a/p]Hpu[d/)g],(gu[c/x].)u”’Am VD € .CA”,A: A" '_ MA € [[F,X 1; l—
T]]pU[:i/i]u[A/x],(_)éu[é/fc]u[D/x])\Au,A”} A direct appllcatlen of the induction hypothesis
shows that s(ap)d;,...d;—; belongs to the set described above.

Constructor As in the previous subcase, let us start by specializing the typing rule for
cof type (py : P1)...(pr : Py).(zy : dy)...(zx : dy).s(p)w;...wy,, ¢ being a constructor
of an inductive type s : (p1 : P1)...(pr : Pr).(x1 : b1)...(x : by).%.

Vi Tka : Pla/p] Vj Tkt :dla/p,t/2]
T+ @) : s(@wila/pt/2],...wala/p,1/2]

> EEsee— .
We have to show that A + c(ap,tp) € [I" F s(@)wla/p,t/Z]],ea, assuming that
At aip € [T+ Pila/pl],ena for all a; and A & t;p € [T & d;[a/p, /2] e for all ¢;.
. 5 s 2o =3 5 >
Since [I" - d;la/p,t/2]]pea = [U,z :dla/p] & d;la/pl] o206 DY Lemma 5.3.2,
we complete the proof by applying the composition case of Lemma 5.2.13.

Function The rule for function symbols is exactly the same as for constructors. If
f:i(p1:P1)...(pr : P).(xy :by)...(xy : by).c then it is as follows:

Vi TFa : Pla/p] Vj Tkt :bla/p,t/x]
T+ f(a1) : c[a/p,i/X]
But the proof that A F f(dap,tp) € [T + c[&/iv,f/fc]]]p,é,A is completely different
from the previous one, because a function symbol headed term may rewrite.
By induction hypothesis we know that A + a;p € [I" + Pi[a/p]],ea for all g

and AFtip eI+ b [a/p,t/X] 1]p.ea for all t;. By Lemma 5.3.2, we know also
that [I" F Pi[a/pl]pen = [p : P+ P]][ap/p ([Tl and [T & bi[a/p,t/X]]pea =

[[p l_)) x:bFb ]][ap/p[/)/x ﬂl"#u]]/) A/PLA
E [
We can now apply the Fun Lemma (with o = ap, ¢ = tp and { = [[I" - a],¢a/P])
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to obtain A + f(dp,tp) € [p : B.X b+ C]][&p/f),?p/fc],[m/ﬁ],A
Lemma 5.3.2 that A - f(dap,tp) € [T+ c[a/p,i/X]]pen-

. We conclude by

(abs)

Ix:akb:c I'k(x:a)c :p N
O
I'Jx:ab : (x:a).c (x ¢ dom(I'),p € {*,0)

We will do the proof only for the case when a is a kind.

We have to check that A F/x :ap.bp € [I' F (x :a).c],ea. By the definition
of interpretations, it is equivalent to verifying that VA" < A, VA" v N € [I' b
alpeiars YC € Carny A" E(Ax:ap.bp) N € [T, x 1 a 't ] uinx.¢lpuic /a7

By induction hypothesis we know that for every p’, £ such that [p',&] : (I, x :
a) - A” we have A" Fbp' € [I',x :at c], ¢z a. Let us take:

p'=pUIN/x], & =<lpUIC/x]

If these p’ and & are compatible, then we have A” Fb(p U [N/x]) € [I,x :a b
cﬂpU[N/x],i\A//U[C/X],A”' Hence, A"+ ()LX apbp)N € [[F,x ak C]]pU[N/x]ﬂi\A//U[C/x],A” by
Lemma 5.1.6 (N € SN by assumption and ap € SN by induction hypothesis).

We are left to check whether [p/,&] : (T,x :a) > A", ie. A" Fyp' € [T,x :a) F
(T, x 2 a)(y)]pea forall y € dom(I',x :a). If y=xthen A" FN € [I',x :at a]yza
is a consequence of applying Lemma 5.3.1 to A" =N € [I" - a],¢,, o If y # x then
[p.€] : ' > A implies A Fyp € [I' - I'(y)],ea. To deduce A” Fy(p U [N/x]) €
[T,x :at (T, x :a)(y)] puin/x.e,0uic/aar it is sufficient to note that:

e A"Fyp e [I'FT(y)],e,.a because, by the definition of restriction, we have

[T ETWpear = ([FET]pea)lar,
o [I'FTWpepar = [Lix s at (Ix @)y o /m.clpuic/xan from Lemma
5.3.1 and because x ¢ I'(y).

(prod)
I'ka:p Ix:akb :q
I'k(x:a)b :gq
We have to check that A F(x:ap).bp € [T F g],¢a. Note that [T g],:a = SNag,
as g = * or ¢ = O. Trivially A F (x:ap).bp : q. We have also A -(x:ap).bp € SN,
because, by induction hypothesis, A Fap € SNa,, and A, x :ap Fbp € SN (ax:ap)g-

(x & dom(I'), p.q € {*,00})

(app)
I'ka:(x:b).c I'td:b
I'tad : c[d/x]

We will do the proof only for the case when b is a kind.

By induction hypothesis, we know that A Fap € [I' F (x : b).c[ae, and A F
dp € [I" - b]ae,. By the definition of the interpretation of a product type, we get
A Fapdp € [T,x : b & c,upp/x.co[rrdl,.a/x1a and by applying Lemma 5.3.2 we
conclude that AFapdp € [T+ c[d/x]]pea-
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(conv)
I'kta:b | )
I'ka : b
The conclusion follows from the induction hypothesis (A Fap € [I" F b],¢:a) and
Lemma 5.3.4 by which [I'Fb],:a = [T Fb],ea. O

(pe{*0}and T +b S b)

Theorem 2
Every term of CC+H is strongly normalizing.

Proof
The term O is obviously strongly normalizing. For every other term M there are I’
and 4 such that ' - M : 4 and we will use Lemma 5.5.2 to show that it is strongly
normalizing.

Let’s take an identity substitution piy : I' — I' and a canonical candidate
assignment gy :

xpiq = x for all x € dom(T")

xEean = canr  for all x € dom(T') N Var®

where canonical candidates are defined in Lemma 5.1.5

These pig and &4 trivially satisfy [pig, Ecan] @ T — I'. Hence, by Lemma 5.5.2,
I'FM e [I' - A],,c..r- It completes the proof, as every interpretation is a candidate
and every candidate is a subset of the set of strongly normalizing terms. []

6 CC + R - Calculus of Constructions with rewriting generated by user-defined
rules

In the previous sections we have proved that the Calculus of Constructions with
rewriting defined by HORPO is terminating. But in practice, we do not want to
consider all HORPO. We have instead some user-defined rules and we want to be
sure that the Calculus of Constructions with the conversion enriched by the rewrite
relation induced by these rules is terminating. For a given term rewriting system R,
let us call such a system CC+R. In this section we will show, that for the rules
orientable by HORPO, CC+R is terminating.

Of course, we suppose that the rewrite rules come together with the signature
containing all constants with their arities and types and that this signature is
well-formed according to Definition 2.4.3 (the latter condition can be checked
automatically).

The form of the rules must correspond to the form expected by HORPO. The
general and quite standard condition is that the left-hand and right-hand sides (I, r)
have the same type in the environment consisting of the free variables of [ and r.
Additionally, the left-hand side must start with a function symbol and its parameter
arguments must be distinct variables.

Definition 6.0.3 (Rule and term rewriting system)
A rule is a quadruple (G,[,r, T') where:

1. G"ccl . TandGl—ccr . T,
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2. 1=f(p,a)and G = (p; : P1)...(pr : P.),G, provided f € F"" and f : (p; :
Py)...(pr : Po)(x1 :by)...(xy : bp).c € X.

The rules are written as G =1 — r : T. A term rewriting system is simply a set of
rules.

Definition 6.0.4 (CC+R)

Given a term rewriting system R, the system CC+R is defined just like CC+H, with
two exceptions. In case (rew) we use rules of R instead of HORPO judgments, and
consequently in case (conv) we replace —y by —r.

GFl—->r:TeR al, =10 0 :G—->TI,PV(ap)

(rew) T F all0], —x a[r0],
I'ka:b kDY :p
'k b(—>/3 U—og)bd or Tk b/(—>/; U —Rr)b (
* [
(conv) Tea b (p e {*0))

Just like in the case of CC+H, we write I' - a —ryp b for any of I' - a —r b and

a —p b. We denote by —*>£Uﬁ the reflexive, transitive closure of —% ,;, and by quﬁ
the conversion relation of CC+R.

Lemma 6.0.5
Given a term rewriting system R, if there is a precedence and status such that every
rule 'l —r:T €Rverifies ' 1 >r : T then the following statements hold:

. every term of CC+R is a term of CC+H,
. the reduction relation is richer in CC+H than in CC+R (_’Euﬂ c -,

1

2

3. the conversion relation is richer in CC+H than in CC+R (i»guﬁ S ),

4. the strong normalization of CC+H implies the strong normalization of CC+R.

7 On the star dependency condition

This section provides an explanation for imposing star dependency (see Defini-
tion 2.4.1) on function and constructor symbols, and parametricity (see Defini-
tion 3.1.1) on HORPO judgments.

7.1 Star dependency, parametricity and HORPO

In our paper, the general condition imposed on the left-hand side of HORPO
judgments and rewrite rules comes in two parts: star dependency and parametricity
conditions. Both these conditions follow from the proof of the Fun Lemma. In this
proof we need to know that, if the left-hand side of the rewrite rule starts with
a function symbol f, then all meaningful type arguments of f must be different
variables (where the ith argument is meaningful for f : (x—b;c if x; appears
somewhere in ¢ or b; for j > i). The role of the star dependency condition is to
find those meaningful arguments (they are included in parameters) and the role of
parametricity condition is to ensure that they are distinct variables (all parameter
arguments must be distinct variables).
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Let us see with an example that these conditions are important; let

J:(A:*)(B:*x)A—>B— A have a rule

JX, X, a, b)—b

The arguments on parameter positions are not distinct variables, therefore star
dependency is not satisfied. But let us try to use this rule in the Fun Lemma.

In the proof of the Fun Lemma, by the hypothesis about arguments of J we would
know that a belongs to the interpretation of A (At a € [I' - A],¢a), b belongs to
the interpretation of B (A+ b € [I' - B],¢a) and p satisfies Ap = Bp = X. The goal
would be to prove that J(X, X, a, b) belongs to the interpretation of 4 and we
would try to do it by showing that b — the only reduct of J(X, X, a, b) — belongs
to this interpretation. But this could not be done, since the information that A -
b € [T F B],:a = B¢ in general would not imply that AF b € [I' - A, :a = A,
because the candidate 4¢ may be different from B¢ even if 4p = Bp.

We would therefore not succeed to do the proof of the Fun Lemma, because the
fact that the right-hand side is of adequate type (b is of type X) would not be
enough here.

Looking at the type of J, (4 : *)(B : x)A — B — A, we see that the second
argument, B, is the type of the fourth one, and the first argument, A, is the type of
the result.

In our rule J(X, X, a, b) — b, both A and B are substituted by X, and this
is why we can return the fourth argument, b, as a result. We can say that b is of
adequate type only “accidentally”. And it turns out that this coincidence leads to
nontermination, as shown below.

Let U = (f:*).p — S and let us define the term ¢ of type U:

c=fxAix:pJ(B, U—->U, x, t)
where t = Az:U.(z (U —» U) (Ax:U.x) z).
Consider now the term ¢ (U — U) (Ax:U.x) ¢ of type U.
¢c(U—-U)(Ax:Ux)c—y
JUU—-U,U—-U, ix:Ux, t)c —
tc—=pc(U—-U)(Ux:Ux)c— ...
So, we have found a nonterminating reduction sequence.
The example of the function symbol J and its rule derives from the one presented
by Girard (1971); it was shown to the author by Christine Paulin.
The conclusion is that even very simple rules that do not have distinct variables
as meaningful type arguments may lead to nontermination.

Now, let us briefly discuss the difference between linearity and the requirement
that arguments on parameter positions are distinct variables. First, let

f :(n :nat)(List n) — (m : nat)(List m) — List n have a rule

f(n, Iy, n, b) = b
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This rule is nonlinear, but f has no parameters. It is a valid rewrite rule and it is
accepted by HORPO. Let now

f:(A:*)4dA—>A—> A have a rule

f(4, a, f(4, b, ¢)) > a

From the type of f it follows that the first argument must be a parameter. In
this rule we have two occurrences of 4 on parameter positions, but they appear in
different function calls. Consequently, it is a valid rule accepted by HORPO. Finally,
let

f:(A:*)a:A)(n :nat) > A have a rule

f(nat, a, n) > n

The rule is linear, but is not accepted, because f must have at least one parameter
and, consequently, the first argument of f should be a variable (in fact if we try to
do the proof of the Fun Lemma with this rule, we will encounter the same problems
as for the rule J(X, X, a, b) — b).

Therefore, star dependency condition is not equivalent to linearity of parameter
variables.

7.2 Star dependency and inductive types

The star dependency condition on constructors is needed to define the interpretation
of inductive types.

In our framework, the interpretation of inductive types has to be defined in such a
way that the reducibility of the constructor headed term c(i&i) implies the reducibility
of every u. To see this, consider the elimination rule for natural numbers:

natgep(P, z, f,s(n)) = @(f, n,natge,(P, z, f,n))

During the proof that nats,(P,z, f,s(n)) belongs to the interpretation of its type, I,
one assumes that P, z, f and s(n) belong to the interpretations of their types, and
tries to show that every reduct of nats,(P,z, f,s(n)) belongs to I.

The fact that @(f,n, natg.p(P,z, f,n)) € I can be obtained only by analyzing its
direct subterms and combining interpretations to which they belong. In particular
in our example, we are led to the problem how to deduce that n belongs to the
interpretation of its type from the hypothesis that so does s(n). In other words,
we want to know that “reaching under a constructor” is a safe operation from the
reducibility point of view.

In the definition of the interpretation of the inductive type s, if a constructor
headed term c(c;/, N) belongs to this interpretation, then every a} and N; must belong
to a certain, explicitly written interpretation. More precisely, if s : (p; : P1)...(p»
P)).(x1 :by)...(x, :by)*xand ¢ : (py : P1)...(pr : Pr)(z1 i dy),... (2K : di).s(D)wy ... wy,
then a; must belong to the interpretation of P;, and N; to the interpretation
of d;. Since P; and d; may have big free variables, defining their interpretations
requires an adequate candidate assignment. Candidates assigned to big parameters
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are just candidates corresponding to parameters of s and they are given. But how
to get candidates for big non-parameter variables, that would not contradict the
well-foundedness of the definition of interpretation? In particular, assigning the
interpretation of N; to z; € Var™ is no good, because the interpretation of N; may
not be defined yet.

Summarizing, we know how to define the interpretation of an inductive type if
every input type of its constructor depends only on those big variables that are
parameters. And this is exactly what the star dependency condition states.

In the literature, there are other proofs of strong normalization for calculi which
contain the Calculus of Constructions and inductive types with their elimination
rules (traditionally, small elimination is an object-level rewriting rule and large (or
strong) elimination is a type-level rule). In the two examples that we know (Werner,
1994; Stefanova, 1999), there is no additional restriction (apart from positivity) on
types of constructors in order to define the interpretation of inductive types. But
neither of the authors needed to safely reach under a constructor.

In (1994) Benjamin Werner defines the interpretation of inductive types so as to
have small elimination for free, and he can do so because eliminations are the only
rewriting rules in his system.

The definition of interpretation of inductive types, presented by Milena Stefanova
in (1999), resembles very much to ours, but instead of giving explicitly the candidate
assignment and interpretations to which belong immediate subterms of a constructor
headed term, the author assumes only that an adequate candidate assignment exists.
This is sufficient for small elimination (and in fact we could do it as well), but it is
not enough for reaching under a constructor, which seems necessary when we have
not only eliminations but also other rules as we do.

On the other hand, it turns out that in both papers (Werner, 1994; Stefanova,
1999) large elimination requires an additional condition on types of constructors. In
Werner (1994), constructors must be small, i.e. every argument of a constructor must
be either a parameter or an object, and in Stefanova (1999), the type of constructors
must satisfy the safeness condition, which allows a little bit more inductive types
than the small constructors condition.

Both conditions, that is small constructors and safeness, are strictly stronger than
the star dependency, which is not surprising, since large elimination is much more
powerful than reaching under a constructor (in our framework, even if we can reach
to some big term N, we cannot return this N as a result — the right-hand side of a
rewrite rule — because we consider only object-level rewriting).

To conclude, we think that reaching under a constructor in the context of the
object-level rewriting is something between small and large eliminations and star
dependency is the necessary condition which makes it possible.

8 Examples

Before we give some examples of dependently typed rules, let us mention the fact
that all positive examples given in Jouannaud & Rubio (1999) are also accepted by
our HORPO.
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In the examples below, for the sake of clarity we resigned from parentheses after
type constructors (we write List A and not List(A)). We also omit types in HORPO
judgments, whenever they are clear form the context.

Example 10 (Dependent elimination on natural numbers)
Let natge, : (P : nat — *)(u : P 0)(v : (n : nat)(P n) — (P s(n)))(m : nat)(P m) €
F13) have the multiset status and let us denote by I' the environment:

P :nat—>*, z:PO0, f:(n:nat)(P n)— (P s(n)), n:nat
Consider the rules:

I' - natgep(P,z,f,0) >z : PO
[+ natyep(P, z, f,s(n)) = @(f,n,natgep(P, z, f,n)) : P s(n)

The first rule is easily oriented by case I.1 of HORPO, as z is an immediate
subterm of the left-hand side of the rule.

To verify the second rule, we first use case 1.6 of HORPO and we are left to show
that T+ f =S f, T+ s(n) = n and natyep(P, z, f,n) € CClyar,,, (P, z, f,s(n)). Case
1.6 is applicable because AppCon(I" - @(f, n, natse,(P,z, f,n))) holds (as ' - f : (n :
nat)(P n) — (P s(n)) and nat and (P n) are of type *).

The first two inequalities are trivial. Let us detail the proof of natye,(P,z, f,n) €
CClyat,,, (P, z, f,s(n)). By the definition of the initial set the tuples

(P, 0;0 - nat — *, [P/P])
(z, 0;0+ PO, [P/P])
(f, u: P 0;0F (n :nat)(P n) — (P s(n)), [P/P,z/u])
(s(n), u : P 0,v : (n:nat)(P n) — (P s(n));0 - nat, [P/P,z/u,f/v])

are in CClyg,,, (P, z, f,s(n)). By applying Constructor—decomposition to the last tuple,
we get another tuple in the computable closure, namely:

(n, u: P O,v:(n:nat)(P n) — (P s(n);0+ nat, [P/P,z/u,f/v])
Now we can apply Recursive call to obtain:
(natgep(P,z, f,n), u: P 0,0 : (n : nat)(P n) —> (P s(n)),m : nat;0 = P m, y)

where y = [P/P,z/u,f/v,n/m]. The use of this rule is justified, because I'
(P,z,f,s(n) =S (P,z,f,n) (as T F s(n) =% n). Since natye,(P,z,f,n) and P m
are clean we conclude that nat.p(P,z, f,n) € CClya,, (P, z, f,s(n)).

Note that we could not compare natq.p(P, z, f,s(n)) with nats,(P,z, f,n) by case

1.3 of HORPO, because these terms have different types (P s(n) and P n).

Example 11 (Dependent elimination on lists)

Let listgep : (A : *)(P : (List A) — *)(P nil(A)) — ((a : A)(I : List A)(P I) —
(P cons(A, ,a, 1))) = (I : List A)(P I) be a symbol with two parameters and the
multiset status.
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Let us denote by I' the environment:

A:*x P :ListA—*, f{:P nil(A4),
f2:(a:A)I : List A)P l) — (P cons(A, a, 1)), a:A, 1:(ListA)

and let us consider the rules:

I' = listgep(A, P, f1, f2,mil(A)) — f1 : P nil(A)
r '_ liStdep(Aaszl)fZaconS(Aa a, 1))
— @(f2,a,1listaey(4, P, f1, f2,1)) = P cons(A4, a, I)

The first rule is easily oriented, as f; is an immediate subterm of the left-hand side
of the rule (case 1.1 of HORPO).

To verify the second rule, we first use case 1.6 of HORPO and we are left to
show that T - f, >¢° f5, T F cons(4, a, 1) >¢° I, T + cons(A4, a, 1) >°° a and
listep(A, P, f1, f2,1) € CClijgy,,, (A, P, f1, f2,cons(A, a, 1)). The application condition
holds, since I' F f, : (a : A)(I : List A)(P, ) = (P cons(A, a, 1)) and A, List A and
(P I) are of type *.

The first two inequalities are trivial. In the third one we really use the construc-
tor part of >, since cons(4, a, 1) and a have different types. Note that it is
the only way to limit this g, as there are no immediate subterms of the left-hand
side listaep(A, P, f1,f2,cons(A, a, 1)) of type A. To get the fourth assertion, we first
decompose the constructor cons, to get a,l € CClyy,, (A, P, f1, f2,cons(4, a, 1)),
and then apply lists, to its arguments (it is possible, as (P,f1,f2,1) is smaller
than (P, f1, f2,cons(A4, a, 1)) in >§1f,). Note that, like in the previous example, we
could not compare the whole left-hand side [isty.p(A, P, f1, f2,cons(A4, a, 1)) with
listgep(A, P, f1, f2,1) by case 1.3 of HORPO.

Example 12 (fold _left and fold right on lists with length)
Let us take the following inductive definition:

Ind[A : *](LList : nat — * := Lnil : LList 0,
Lcons : (n : nat)A — LList n — LList s(n))
and suppose that fold left,fold right : (A : *)(B : *)(4 - B — B) — (n :

nat)(LList A n) - B — B € F?* have lexicographic status.
Let us denote by I' the environment

A:*x B:x f:4—->B—>B, a:A n:nat, |:LListAn, x:B

and let us consider the rules:
' + fold_left(A, B, f,0, Lnil(4, 0),x) — x : B
I' + fold_left(A, B, f,s(n), Lcons(4, s(n), a,l), x)
— fold left(A,B, f,n, 1, @(f,a,x)) : B
I' + fold right(A,B,f,0, Lnil(4, 0),x) - x : B
I' + fold right(A, B, f,s(n), Lcons(A, s(n),a,l), x)
— @(f,a,fold right(4,B,f,n,l,x)) : B

The first rules of fold _left, fold right are trivially accepted by case 1.1 of HORPO.
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To orient the second rule of fold _left we use the case lex (I1.4) of HORPO and we
are led to show I' F s(n) >¢S n, T'  Lcons(A, s(n), a, 1) =S I, which are obvious
and I" + fold _left (A, B, f, s(n), Lcons(4, s(n), a,l),x) > @(f,a,x) : B that can be done
by case 1.6. The second rule of fold right may be handled in a similar way as the
second rule of elimination on lists.

Example 13 (Membership in a list)

Given an element a and a list /, the result of the mem function will be the proof
that a is in | or the proof that every element of [ is different from a. To formalize
this we need to introduce inductive types representing disjunction, equality, false,
membership and verification of a predicate by all elements of the list. The type ~A
stands for A — False.

Ind[A : *,B : *](Or : * = left : A — Or, right : B — Or)
Ind[A :*,x : Al(Eq : A —» * = refleq : Eq x)
Ind[](False : * =)

Ind[A : *,a : Al(In : (List A) - * =
in_hd : (I : (List A))(In cons(4, a, 1)),
in_tl : (I : (List A)(b : A)Inl) — (In cons(A, b, 1))

Ind[A :*,P : A — *|(AllIS : (List A) > * =
allS nil : (AlIS nil(A)),
allS _cons : (a : A)(I : (List A))(P a) — (AlIS 1) — (AlIS cons(4, a, 1)))

Let eq_ind, mem and if have the following types:
eqind : (A :*)a:A)P :A— *)(b:A)EqAab)— (Pa)— (Pb)ec FG,
mem : (A :*)(a:A)— ((c,d : A)(Or (Eq Acd)(~ Eq A cd))) —
(I : (List A))Or (InA al) (AlIS A (Jx:A.~Eq Aax)l)) € F1,
if © (A:*)(a,b:A)I:List A) > (Or (Eq A ab)(~Eq Aab))—
(Or(InAal)y(AllIS A(Ax:A.~EqAax)]))—> (Or(InAa
cons(4, b, 1)) (AllIS A (Ax:A. ~ Eq A a x) cons(4, b, 1)) € FI5

And let us consider the rules (all given in the environment I'):

I'=A4:*x x:A, P:A—>* h:(EqAxx), eqDec : (¢c,d : A)(Or (Eq A ¢ d)
(~EqAcd))), b:A, |l :ListA, d :¥Y,d, :~Y,i:(0r®;, Y3), ¢ :D3, ¢ : 13

1. T'Feqin(A, x, P, x, h, p) > p: P x,
2. T'+mem(A, a, eqDec, nil(A4))
— right(®y, Yy, allS nil(A, (Ax:A. ~ Eq A ax))): Or ®1 Yy,
3. I' - mem(A, a, eqDec, cons(A, b, 1))
— if (A4, a, b, I, @(eqDec,a,b), mem(A, a, eqDec, 1)) : Or ®, Y,
4. T'Hif(A, a, b, I, left(¥, ~ ¥, d)), i)
— left(D,y, Yo, eqina(A, a, (Ax:Adn A a cons(A, x, 1)), b, dj,
il’Lhd(A, a, l))) :0rd, Y,
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5. T Fif(A, a, b, I, right(Y, ~ ¥, d,), left(®;, Y3, ¢))
— left(®,, Yy, intl(A, a, I, b, ¢)) : Or ®; Y,
6. ' Hif(A, a, b, I, right(Y, ~ Y, d,), right(®s3, Y3, e))
— right(®y, Y, allS _cons(4, (Ax:A.~EqAax), b, 1, d., e)): Or ®; Y,

where

W=EqAab
@, =1In A anil(A)
Y, =AllIS A(Jx:A. ~ Eq A a x) nil(4)
®, =1In A acons(A, b, 1)
Y, =AllS A (Jx:A. ~ Eq A a x) cons(A, b, 1)
O;=InAal
Y;=AlISA(Ix:A. ~EqAax)l

For HORPO we choose the precedence mem > if >r eqiq and we give to mem
the multiset status. Let us concentrate on the second, third and fourth rules.

After applying case 1.5 of HORPO to the second rule we are left to show
that allS_nil(4, (Ax : A. ~ Eq A a x)), ®; and Y; belong to the CCl,.m(A,a,
eqDec, nil(A)). Let us denote the terms (A, a, eqDec,nil(4)) by t. By the definition
of the initial set, terms A, a, eqDec and nil(A) belong to CClyem(f). To get ®; €
CClyem(t), it suffices to apply constructor type rule to A, a, nil(4). For Y; and
allS nil(A,(Ax : A. ~ Eq A a x)) the only difficulty is to check whether (ix :
A. ~ Eq A a x) € CClyen(f). The proof of this fact goes like this: by the type
constructor composition rule we can get Eq A a x with a free variable x. To
obtain the negation, we should first introduce False to CCl,.n(f) again by the type
constructor composition rule and then use the product rule. We finish by abstracting
the variable x. Once we have (Ax : 4. ~ Eq A a x) € CClyem(?) it is sufficient to
apply type constructor rule to get Y; € CClem(f) and constructor composition rule
to get allS nil(A,(Ax:A. ~ Eq A a x)) € CClyem(1).

In the third rule, since mem > if, we are left to show that every immediate
subterm of if is comparable with some subterm of mem or belongs to its computable
closure. Terms A and a are just subterms of the left-hand side and b, | can be
compared with cons(4, b, I) by means of >¢S. We will show that @(eqDec,a,b)
and mem(A, a, eqDec, 1) belong to the computable closure of mem. Note that we
cannot use directly case mul (I.3) of HORPO to compare mem(A4, a, eqDec, 1) with
the whole left-hand side, as the types do not match. By the definition of the initial
set, terms A, a, eqDec, b and | belong to CCl (A, a,eqDec,cons(A,b,l)). By the
application rule we get @(eqDec, a, b) in the computable closure and by the recursive
call rule mem(A4, a, eqDec, 1) € CClyen(A4, a,eqDec, cons(A4,b,1)). The application of
the recursive call rule is correct as (4, a, eqDec, cons(A4, b, 1)) =S5 (4, a,eqDec, ).

For the fourth rule we first apply case 1.5 of HORPO and we are led to show
that ®@,, Y, and eq;,q applied to its arguments belong to the computable closure
of if. The proof for ®, is simple and the one for Y, resembles very much to
the proof given above that Y; € CClen(A4,a,eqDec,nil(A)). For the eqjuq, it is
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obvious that CClis(A,a,b,l,left(Y,~ ¥, d;),i) contains A4, a, b, I, d; as they are
either immediate or constructor subterms of the left-hand side. We will show that
(Ax:A.In A a cons(A, x, 1)) and in_hd(A, a, I) also belong to the computable closure.
For the latter it is sufficient to use the constructor composition rule, for the former
we have to first use the constructor composition rule to build (cons 4 x [) with a free
variable x, then the type constructor composition rule to have (In A a cons(A, x, 1))
and finally the abstraction rule over x. We complete the proof by applying the
precedence rule for eqjg.

The acceptance proofs for other rules are similar to the proofs we have described.

The remainder of this section is devoted to examples which do not fit in our
current framework.

Example 14 (Constructors that do not satisfy star dependency condition)

Ind[](StrangeList : * =
nil : StrangeList

cons : (X : *)X — StrangeList — StrangeList

In this example the star dependency condition is violated, because X is a big
variable that appears in the type of another argument of coms, but it is not a
parameter. Consequently, the definition of well-formedness 2.4.3 is not satisfied and
this inductive definition is not accepted in our system.

In practice types violating the star dependency condition are rare; we have
searched Coq’s contribution files, but have not found any (nota bene, this example
is accepted by Coq).

Example 15 (Elimination on Brouwer’s ordinals)
Let ordipg : (P : *)P — (ord > P — P) — ((nat — ord) — (nat - P) —» P) —
ord — P € F'¥ have a rule:

P:.:xfi:P,f,:ord > P — P,f3:((nat > ord) — (nat > P) — P),
F :nat — ord -
ordina(P, f1, f2, f3,lim(F)) — @(f3, F, Ay :nat. ordinq(P, f1, f2, f3, @(F, y)))

In the recursive call of ord;,; there is a term @(F,y) where y is a variable bound
above ord;,q. Our method is not sufficient here, but we hope to extend it very soon
using ordinals related to the fixpoint construction of the interpretation of inductive
types, like in (Werner, 1994).

9 Practical issues

The long term practical motivation of our work is the incorporation of rewriting
in interactive theorem provers such as Coq (Barras et al, 1999). To be suitable
for implementation in such a framework, the termination criterion must have two
important properties: decidability and modularity.

The first requirement is obvious. The second would allow the user to treat
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definitions by rewriting just like normal definitions (s)he is used to. It would be
possible to enter one rewriting system, work with it, and then enter a new one on
top of the first one. The modular termination criterion would then assure him(her)
that the entire system is strongly normalizing.

9.1 Decidability

Concerning the first practical requirement, HORPO without computable closure is
decidable in polynomial time (for a given precedence and status, and if we do not
count the conversion used in the type checking). Full HORPO, computable closure
included, is surely semi-decidable, but we cannot guarantee decidability. In fact, if
we want to find out whether a given I'-term ¢ belongs to CCl f(f) using the rules
given in Definition 3.3.2, we are faced with a potentially infinite nondeterminism.

If we try to proceed bottom up we first have to choose a term T and a substitution
1 with the only constraint that I' - ¢ : Tu. Even though some (most?) choices are
clearly wrong it is not obvious whether we can limit ourselves to a finite class.
Similar problems arise when trying to apply backward the rules which do not enjoy
the subterm property (like Application to a nondependent argument or Reduction).

On the other hand if we try the top down method, we have the same problem
of potentially unbounded nondeterminism in the rule Constructor. Moreover we do
not clearly know when to stop the research of a derivation, due to the rules like
Reduction or Constructor decomposition, which may decrease the size of a leading
term.

The trivial remedy to the problem of undecidability in an implementation is to
limit to a given constant the number of rule applications. A better solution, in our
opinion, would be to find out a decidable restriction of the computable closure,
permitting at the same time to simplify its definition. We believe that removing the
Reduction rule, and imposing small restrictions on a few others would permit such
a simplification together with a strategy leading to a polynomial algorithm. But this
problem obviously needs further work.

9.2 Modularity
As presented so far, the result of this paper applies to the case where the set of rules
is given from the beginning.

In fact, we can do more, because our method for proving termination is modular.
Modularity means that rules may be given step-by-step, a whole set at a time,
possibly using the rules given at a previous stage for typing the new ones. Consider
for example the rules for plus and append (inductive type list corresponds to integer
lists with length).

plus . nat — nat — nat
plusOn—n
append . (n,m : nat) (list n) — (list m) — (list (plus n m))

append O m nil Im — Im
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Unless we have the rule for plus in the conversion relation of the system, the types of
the left-hand and right-hand side of the rule for append are different. Consequently,
HORPO would reject this rule.

Our method of proving termination is modular because we can use it for proving
the strong normalization of every CCR,, defined by:

CCRy = CC
CCR, = CCRy—1+Ry

where R, is a set of rewrite rules, potentially defined on symbols from the new
signature X,, and type-checked with CCR,_;.

To this end, we can repeat the trick employed in the whole paper. Instead of
proving the strong normalization for the system with user-defined rules, we will
show the termination of the system based on the certain version of HORPO. Just
like R, is build on top of R,_;, we will construct a hierarchy of HORPOs Hy, ...
H,, one on top of another, and we will show that if every R, satisfies H, then the
termination of CCR, follows from the termination of CC + H,. More formally,
let Hy, ¢ and >(])_- be empty and H, be a HORPO that uses CC 4+ H,_; for type
checking, whose precedence > includes > 'and which is defined on the signature
2, 2 X,_1. We will show that every CC + H,, is terminating by induction on n.

For n = 0, CC + Hy is terminating because the Calculus of Constructions is
terminating.

For n > 1, the following schema works:

verification of the new signature X, in CC 4+ H,_1,
construction of H,,

construction of the system CC + H,,,

proof of strong normalization of CC + H,,.

bl

It is obvious how to do the three first steps. Note that all we need is the definition
of CC + H,_; and not its decidability.

For the proof of strong normalization of CC + H,, we claim that it is the proof
for CC + H where we replace everywhere H by H, and use CC + H,_; instead of
CC for typing. To see this, one has to realize how the proof of strong normalization
for CC + H relies on the fact that the signature and HORPO use CC for typing.

The only place where the Calculus of Constructions is explicitly mentioned in the
proof of CC + H is the Small Substitution Lemma 5.4.1. This lemma works only
for terms that are f-normalizing, in particular for terms of CC. Later on, we use
the Small Substitution Lemma in Fun Lemma 5.4.6, and we use it on terms that
either come from the signature or result from the Computable Closure (Definition
3.3.2) or the Constructor Subterm Lemma 5.4.4. Fortunately, if the signature and
HORPO use CC for typing, then the Computable Closure and the Constructor
Subterm Lemma return terms typable in CC.

It turns out that the relationship described above, between terms resulting from
the Computable Closure and the Constructor Subterm Lemma and the type system
used to check the signature and HORPO, is true for any CC + H,,.
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Consequently, in the proof of strong normalization of CC + H,, the Small Sub-
stitution Lemma is used only on terms of CC + H,_; and it holds for these terms,
because CC + H,_; is terminating by induction hypothesis.

Now, let us suppose that for every m, the term rewriting system R, is accepted by
H,, or, if we treat R’s and H’s like relations, that

VYm R, € H,
By the definition of H,, we have also:
Ym H,_1 < H,

Consequently, Ry UR,U...R, € H{ U...H, = H, and the strong normalization of
CC +R; +...R, = CCR,, follows from the strong normalization of CC + H,, (the
argument is similar to the one used in Lemma 6.0.5).

Formally, the proof of modularity would therefore require to repeat all the
definitions and proofs done for CC + H, assuming that the signature and HORPO
use the system CCX with a certain relation >y included in HORPO and such that
(—x U —p) is terminating.

10 Conclusions

We have defined an extension of the Calculus of Constructions by higher-order
rewrite rules of possibly dependent types and presented a criterion (HORPO) which
guarantees the strong normalization of the resulting calculus.

The restrictions we impose are twofold:

1. We consider rewriting at the object-level only, and consequently we use only
inductive types of star arity.

2. Types of function symbols and constructors of inductive types have to satisfy
the star dependency condition.

The first point is a choice: rewriting at the level of types is a difficult question
as shown in Werner (1994), Dowek et al. (1998) and Dowek & Werner (1999).
Very recently, Blanqui (2001) generalized the General Schema to the rewriting on
types. Adapting ideas from his paper to our framework would raise some important
technical difficulties, since a basic assumption made by Blanqui is confluence which
cannot be satisfied by HORPO.

It is not clear how important the second restriction is. At present, it is crucial for
the proof of normalization and we believe that it should be difficult to weaken it
significantly. Moreover, it seems that star dependency on constructor types is not a
severe restriction.

In our paper we have not addressed the problem of logical consistency, but we
believe that the strong normalization proof is a step towards it. In fact, in presence of
rewriting two consistency problems arise: whether there is an uninhabited type and
whether the term structure does not collapse. For both problems some conditions
on the types of constants will surely be needed, and for the latter one, probably
some confluence properties will be necessary too.
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Another interesting problem would be to check if the results presented in this
paper extend to the Calculus of Constructions with beta and eta reductions in the
conversion.
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