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Asymptotic Properties for Increments of
I*°-Valued Gaussian Random Fields

Yong-Kab Choi and Miklés Csorgd

Abstract. This paper establishes general theorems which contain both moduli of continuity and large
incremental results for [°°-valued Gaussian random fields indexed by a multidimensional parameter
under explicit conditions.

1 Introduction and Results

Initial studies on the asymptotics of increments of Wiener and related processes, par-
tial sum and empirical processes were integrated and furthered as well in [10]. Since
then, various limit theories on moduli of continuity and large incremental results
have been developed for IP-valued, 1 < p < oo, or finite dimensional space-valued
Gaussian and related stochastic processes [4,6,7,11,12,19,23], and for renewal pro-
cesses [32]. Moreover, Csorgd, Lin, and Shao [8] obtained moduli of continuity
results for [°°-valued one-parameter Gaussian and Ornstein—Uhlenbeck processes.

For illustration of the latter and further reference, we introduce one of the in-
spiring results of [8] (see Theorem 1.1 below). Let {Xi(t), —co0 < t < oo}, be
a sequence of centered continuous Gaussian processes with stationary increments
or(h) == E{Xk(t + h) — Xi(t)}*, where o(h) are nondecreasing in h > 0.

We recall that a function Q(x) is said to be quasi-increasing on (a, b) if there exists
a constant ¢ > 0 such that Q(x) < cQ(y) fora<x < y < b.

Put 02(h) = maxy>; 07 (h), and suppose that oZ(h)/h® is quasi-increasing for
some o > 0.

We quote the following result from [8].

Theorem 1.1  Let Xy (-) and oy (-) be as above. Suppose that there exist positive num-
bers A and hg such that

(1.1) > ot (ho) < 0.

k=1
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Let yy, be the solution of the equation
(1.2) Z(hyh)aiw)/ai(h) —n
k=1
If, in addition, X;(- ), k = 1,2, ..., are independent and for 0 < t; < t, < t5 < 1y,
(1.3) E{ (Xk(t2) — Xi(t1)) (Xi(ta) — Xi(13)) } <0,

then

X, - X
(1.4) lim sup sup max | Xi(t +5) — Xi(t)]

hl0 0<t<1 0<s<h k>1 a*(h){zlog(l/(hyh))} 172

Further, if condition (1.1) is replaced by conditions for 0 < h < hy so that

U*(S) 0*(h)

(1.5) . n<h s = q o) for some ¢; > 0 and every k > 1
<s< k k
and
o0
(1.6) 3 RACLAUISgNS
k=1

then (1.4) remains true with y, = 1, that is,

. |Xi(t+5) — Xp(t)|
(1.7) lim sup sup max 7=
hl0 0<t<1 0<s<h k>1 O'*(h){zlog(l/h)}

In the proof of Theorem 1.1 we can find that 0 < y;, < 1, condition (1.1) implies
condition (1.6), and that the latter condition guarantees that the solution of equa-
tion (1.2) exists and is unique. Thus we conclude that conditions (1.3) and (1.6) are
essential to get (1.7) which is a modulus of continuity for [°°-valued one-parameter
Gaussian processes.

As an analogue of (1.7), Lin and Quin [26] obtained a large incremental result
for I°°-valued one-parameter Gaussian processes under similar conditions to those
of Theorem 1.1.

Various aspects of infinite dimensional Gaussian processes have been extensively
studied in the literature since the appearance of Dawson [13]. Their importance is
based on their natural roles in many different areas of pure and applied mathemat-
ics. In particular, infinite dimensional Ornstein—Uhlenbeck processes have played
a prominent role in the study of stochastic differential equations [1, 14, 18, 29, 34].
They also appeared in constructive quantum field theory [3, 16], in the study of in-
finite particle systems [17] and of infinite dimensional diffusions [18, 20, 28, 30, 33].
The papers listed in the first paragraph of this section also deal with various path
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properties of some of the processes that are found in the just mentioned works (cf.
[7,34]).

The object of this paper is to establish general theorems which contain both mod-
uli of continuity and large incremental results for /°°-valued Gaussian random fields
indexed by a multidimensional parameter under explicit conditions as in (1.8) below
and (1.11) of Theorem 1.3, in place of conditions (1.1)—(1.5) of Theorem 1.1.

Given the nonpositive condition (1.3) of Theorem 1.1, it is in general easy enough
to prove liminf results to get (1.4) and (1.7) by simply applying Slepian’s lemma (see
Lemma 2.4 below). However, since condition (1.11) of Theorem 1.3 yields a posi-
tive (or nonpositive) covariance function of increments, as opposed to the restricted
condition (1.3), the proofs of Theorems 1.3, 1.6 and 1.8 below are accomplished with
new techniques built on several lemmas that are of interest on their own.

We assume that the realizations of random fields {Xi(t),t € [0,00)N 2, in-
dexed by N-dimensional parameter t := (¢, ...,ty) are different objects and that
the choice of coordinates of the parameter is not necessarily limited to length and
time. Any appropriate scale of measurement might be involved.

We first introduce some notations and conditions that will be used throughout.
Lett = (t;,...,ty) ands = (s1, ..., sy) be vectors in [0, oo)N. Define:

0=(0,...,0) and 1=(1,...,1)in[0,00)";
(t,s) = (t1, ..., tn,S15. .., 5N) € [0,00)2N;

t<s iff; <s; forallintegers1 <i < N;

tts=(t; £s1,...,tnEsn); ts = (£151,...,INSN);
at = (aty,...,aty) forareal number a.
LetD = {t: t:= (t;,...,ty) € [0,00)N} be an N-dimensional parameter space
with the Buclidean norm || - || such that ||t|| = (Zfil t?) V2 Let {Xi(t),t € D},

be a sequence of real-valued continuous and centered Gaussian random fields with
Xi(0) = 0 and stationary increments

or(lh])) = VE{Xx(t+ h) — Xx()}2,

where oy (h) are nondecreasing continuous functions of 4 > 0.

A positive function f(h) of h > 0 is said to be regularly varying with exponent
a>0ath > 0iflim,_,{f(xh)/f(h)} = x* forx > 0.

Put 0. (h) = sup;~, ox(h) and assume that o, (h) is a regularly varying function
with exponent o at b > 0 for some 0 < a < 1. Suppose that either

oo

(1.8) ou(W)fox(h) > \/T+logk, k>1 or Y h=W/A0) < oo

k=1

For instance, take oy (h) = h*/+/1+2 logk, h > 0. Then it is clear that condition
(1.1) in Theorem 1.1 is not satisfied but condition (1.8) is satisfied; in the latter case
of (1.8) one can, for example, take h = h,, = e™", n > 1.
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We note that condition (1.8) is essential and used only for getting large deviation
probabilities for /°°-valued Gaussian random fields as in Lemmas 2.1 and 2.2, and
that it is an explicit condition as well.

Let {X(t) := (X;(t), Xa(t),...),t € D} be a Gaussian random field taking values
in [>°-space with [*°-norm || - ||« defined by [|X(t)||cc = sup;~; [Xk(t)].

Foreachi = 1,2,...,N, let 4;(T) and b;(T) be positive continuous functions of
T = (T1,...,Ty) > 0such that ¢;(T) < b;(T), and denote:

ar = (al(T)7"'7aN(T))7 bT: (bl(T)77bN(T))7

B,(T) = {2(Nlog(||b||/||ax|}) + log | log [br[[) } *,

B2(T) = {2(Nlog(|[bx|/[Jax|) + log, log][brl) } ",

1/2

B5(T) = { 2N log(|[brl/[lar]D} ",

where logx = In(max{x,1})and 1 < § <ee.

In the above context, in case k = N = 1, if we put X(t) = X(t), ox(:) = o(-),
ar = ar, and by = by, then we can see that the results in this paper generalize
some main theorems related to moduli of continuity and large incremental results
for 1-dimensional one parameter Wiener and further Gaussian and related stochastic
processes in [4,7,9,10,25,27,35]. For example, if we putar = 1/T=h (0 < h < 1)
and br = 1 in Corollary 1.9, we obtain the modulus of continuity [7, (3.11)]; if we
put by = T in Corollary 1.9 as well, we obtain the large incremental result [7, (3.17)].

The main results are as follows.

Theorem 1.2  Let X(t) and o,(-) be as above. For eachi = 1,2,...,N, let a;(T)
and b;(T) be positive continuous functions on (0, 00)N such that

LA

(1.9)
[[ar |

+ |lar]] = o0 as||T|| — oo.

Then we have

X(t+s) — X(1)]| o
(1.10) limsup sup sup |X(t+5) Oll <1 as.
It —oo lei<lbrl sl <llarl O+ ([lar])B1(T)

Note that {s : 0 < s <h} C {s: ||s|| < ||h||}. Hence we prefer to take suprema
via Euclidean norms of vectors.

Condition (1.9) implies that ar and by may be many kinds of functions. However,
in order to obtain the opposite inequality of (1.10), the conditions on ar, by and
0« ( ) are a little bit restricted as in the following theorem.

Theorem 1.3  Let X(t) and o, ( - ) be as in Theorem 1.2. Foreachi =1,2,...,N, let
a;(T) and b;(T) be positive increasing and continuous functions on (0, 00)N such that
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lim))| o0 bi(T) = 00 and b; (T)/a;(T) (> 1) is increasing. If, in addition, Xi(- ), k =

1,2,..., areindependent and there are positive constants c; and c, such that, for h > 0,
da’(h) ai(h) d*a’(h) ai(h)
(L1 |Za | 2aT md || <

then we have

limsup ||X(bT +aT) _X(bT)Hoo > 1 s
[Tl —o0 o«([lar[) B (T) = >

The class of variance functions o2 ( - ) satisfying condition (1.11) contains all con-
cave functions with 0 < o < 1/2 (e.g., o2(h) = V/h) and convex functions with
1/2 < a < 1 (see [19]). We recall that the correlation function on increments of a
stochastic process with stationary increments is nonpositive (positive) if and only if
its variance function is nearly concave (convex). In this regard, compare condition
(1.3) of Theorem 1.1 with the paragraph following (2.6) below; see also the nonpos-
itive conditions [7, (3.10), (4.2)].

The proofs of Theorems 1.3 and 1.6 under condition (1.11) as above are accom-
plished via several lemmas, because we must compute correlation functions for in-
crements of the Gaussian random field (see (2.6) and (2.18)).

From Theorems 1.2 and 1.3 we obtain the following lim sup result.

Corollary 1.4  Under the assumptions of Theorem 1.3, we have

limsup sup sup [IX(t+5) — X(O)]]oc =1 as

1T —oo el <llbrll sl <flarll O+ (llaz[)B1(T)
lim sup [X(br + ar) = X(br)]joc —
|IT)|—o0 a.(|laz[)B: (T)

From now on, we are to show that lim inf results differ from their corresponding
lim sup results under the additional condition (1.12) of the next theorem.

Theorem 1.5 Let X(t) and o, (-) be as in Theorem 1.2. Foreachi = 1,2,...,N, let
a;(T) and b;(T) be positive continuous functions on (0, 00)N such that as | T|| — oo,

(1.12) |[br|| = c00r0 and
log, [ log [|br||

—1n 0<r< oo

where 0 is as in (3,(T). Then we have

liminf sup sup
1Tl — o0 el <Ibe ] fsli<llar) O (llar])B2(T)

_ 1/2
[X(t+s) — X(t)]| 0o S( rN )/ s
1+ rN
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Theorem 1.6  LetX(t) and 0. (- ) beasin Theorem 1.5. Assume that conditions (1.11)
and (1.12) are satisfied. Then we have

(1.13) liminf sup

X(t+ar) = X(O)llo (N |12
[Tl —oo ei<brll O+ ([[aT]DB2(T) —( ) @.s.

1+rN

Condition (1.12) guarantees that the class of vector functions ar and by contains
many functions [2]. As a consequence of Theorems 1.2, 1.3, 1.5, 1.6, and 1.8, we can
obtain moduli of continuity as well as large incremental results as in Examples 1.10
and 1.11. We note also that condition (1.12) and (3,(T) are tools that can be used to
show various deviations between lim sup and lim inf results in other random fields,
as well as in this paper.

Combining Theorems 1.5 and 1.6, we obtain the following lim inf result, which
deviates from Corollary 1.4.

Corollary 1.7  Under the assumptions of Theorem 1.6, we have

liminf sup  sup 1X(t+58) — X(1)]| oo
1T — oo [l < bl sli<llarll - O+ ([[ar])B2(T)

[IX(t+ar) — X(t)||0o

= liminf sup

ITl—oo <oy o+(llar[)B2(T)
( rN )1/2

= a.s.
1+rN

and, equivalently, by (1.12),

X(t+s) — X(1)]|oe
(1.14) liminf sup sup IX(t+ 5) Ol
1T =00 [ < bl sli<llarll O+ ([[ar])B1(T)

[|X(t+ar) — X(t)] o

= liminf sup

1Tl =00 1t < [Ibr | o«([lar|) 51 (T)
B rN 1/2
N ( N + log9) s

where 1 < 6 < e in the definition of 3,(T). The reason why # cannot be equal to e
is shown following (2.20) below. When 0 < r < oo, it is clear that lim sup results in
Corollary 1.4 are different from lim inf results (1.14) if ||ar|| — oo.

In order to obtain a limit result, we consider the following condition (1.15) of
Theorem 1.8 when r = oo in (1.12). In condition (1.15), note in particular that there
is a case that ||br|| converges to a positive constant as well as ||br|| — oo (or 0) in
(1.12), as || T|| — oc.

Theorem 1.8 Let X(t) and o, ( - ) be as in Theorem 1.2. Foreachi =1,2,...,N, let
a;(T) and b;(T) be positive continuous functions on (0, 00)N such that

1 b
(1.15) i 8(brll /llarl))
IT|—oc log, |log [[br|l|
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If condition (1.11) is satisfied, then

(1.16) liminf sup [X(t +ar) — X(8)]oo >1 as.
= fi<forl o+ (lazlAs(T)

Combining Theorems 1.2 and 1.8, we arrive at the following limit result.

Corollary 1.9  Under the assumptions of Theorem 1.8 we have

- IX(¢ + ar) — X(O)] oo
1.17 1
B e oe (DA™

= lim sup sup ”X(t ) — X(t)HOO
1T oo el <llbell s <flarf O (llaT[DB:(T)

=1, i=12,3 as

For example, in the case of N = 1, if we put by = b;(T;) = l and ar = a;(T}) =
1/Ty = h (0 < h < 1) in (1.17), then we obtain the modulus of continuity (1.7)
of Theorem 1.1; if by = T) and ar = a;(T}) in (1.17), then we obtain the large
incremental result [26, (2.9)].

For a one-parameter Wiener process with o.(h) = V/h, initial results that are
preliminaries to Corollaries 1.4, 1.7, and 1.9 can be found in [10].

The structures of the main theorems above and the techniques for their proofs can
be applied to develop a similar limit theory for increments of /°°-valued, /7-valued,
1 < p < o0, or finite dimensional space-valued multiparameter random fields,
extensions of stochastic processes that are dealt with in several papers: Ornstein—
Uhlenbeck processes in [7], Gaussian processes in [4,5,25], and Lévy Brownian mo-
tion in [23,35].

Returning to our present exposition, we present two examples.

Example 1.10 (Large incremental result) Let X(t) and 0. (- ) be as in Theorem 1.2.
ForT = (T, Ty, T3, Ty) > O with T} > T, > T3 > Ty, let

br = (V(T\ = T3> = (T) = T2, V(T = Ta)? — (T3 = T2, To = T5, T) — T,
ar = (T, — T3)by/||br||.

For convenience, take Ty = T%¢T, T, = ¢!, Ty = T, T4 = 1 for T > 1. Then at and
br satisfy all the conditions of Theorems 1.2, 1.3, 1.5 and 1.6 with

lar| =T, = T3 =" — T,
br|| =Ty +Tp — Ts — Ty = (T> + 1)e’ — (T + 1),
Bi(T) = {8log[((T* + 1)e’ — (T +1))/(e" = T)]
+2loglog[(T? + 1)’ — (T +1)]}'/2,
ar <by and r=2logfin (1.12).
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Thus, by Corollary 1.4, we have

lim sup sup sup [X(t+5) — X(1)]|oo
Tooo (<P —T—1 [s|j<e’—1 Ox(eT = T) Bi(T)

~ limsu |IX(br +ar) — X(br)|/co
P T (T — DB(T)

=1 a.s.

and by (1.14) of Corollary 1.7, we have

lim inf sup sup IX(t+5) — X(t)]| oo
T—oo [t <(2+1)er—T—1s||<et—1 O+(el —T) Bi(T)

— liminf sup [X(t+ar) — X(t)[| o
T—oo gi<rine—1—1  ox(el = T) Bi(T)

~ 3R as

On the other hand, from Corollary 1.9, we can obtain a modulus of continuity as
follows.

Example 1.11 (Modulus of continuity) Let X(t) and 0. (-) be as in Theorem 1.2.
For convenience, let T = (T, T, T5) = (1,2,3)/h* for 0 < |h| < 6/7, then
|IT|| — oo ifand only if h — 0. Putar = (1/T,1/T>,1/T5) and by = |h|ar/||ar]|.
Then ay and br satisfy conditions of Corollary 1.9 with

ar = (1,1/2,1/3)h* =1 a,, |lar|| = 7H*/6, ||br|| = |h],

G1(T) = {2(3log(%) + loglog ﬁ) }1/2 =: B.

Thus, by (1.17), we arrive at

[IX(t+ay) — X(t)||oo [IX(t+s) — X(t)]| oo

lim sup =lim sup sup
—o < O=(7h?/6)5y h—0 < |hl s<7h/s  Tx(7h?/6) 0
=1 a.s.
2 Proofs

We shall accomplish the proofs of Theorems 1.2, 1.3, 1.5, 1.6, and 1.8 via several lem-
mas. The following lemma is another version of Fernique’s lemma [15] for [*°-valued
Gaussian random fields which is proved in a way similar to that of [24, Lemma 2.1]
by using condition (1.8). Theorem 1.2 is verified by Lemma 2.2, which follows from
Lemma 2.1.
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Lemma2.1 Let D be a compact subset of RN with Euclidean norm || - | and let
{Zk(t),t € D}2, be a sequence of real-valued separable and centered Gaussian ran-
dom fields. Assume that {U(t) = (Z,(t), Zy(t), - - ), t € D} is an I°°-valued Gaussian
random field with 1°°-norm || - || . Suppose that

0<TIy:= sup{E(Zk(t))z}l/2 < oo, I'i=suply,
teh >1
ar(llt = sl) := E{Zu(t) — Zi(s)}? < wi([It — |,

@+ (h) = sup @x(h),
>1

where o (h) and pi(h) are positive nondecreasing and continuous functions of h > 0. If
condition (1.8) is satisfied, then for A > 0, x > 0 and B > (4v/2 + 4)\/N, there exists
a constant ¢ > 0 such that

o 2 m(D) 5
> y <
P{ ?g]g U)o > x(I‘ + 3/0 w(A2 )dy) } SN exp(—x°/2),

where m(ID) is the Lebesgue measure of D.

From Lemma 2.1, we obtain the following large deviation probability for the
[°°-valued Gaussian random field X( - ) of our investigation.

Lemma 2.2 Let X(t) and 0, (-) be as in Theorem 1.2. For eachi = 1,2,...,N, let
a;(T) and b;(T) be positive continuous functions on (0, 00)N. Then, for any e > 0, there
exists a positive constant C.. depending only on € such that

2

[IX(t+s) — X()]|oo [[br|[\ N x
P<  sup sup >xp <C; exp| —
{IItHSHbTH lsl<llax] o« (|lar[D } ( ||aT”) ( 2”)
for all x > 0.

We omit the proof, which is similar to that of [24, Lemma 2.2] and does not make
use of equation (1.2) in Theorem 1.1 or of the classical method of positive dyadic
rational numbers that is used in the proof of Theorem 1.1. Lemma 2.2 plays a key
role in obtaining inequality (2.3).

Proof of Theorem 1.2 Let § = +/1 + ¢ for any given € > 0. Define

Ep = {T: 6" < o.(ar|) <}, —oo0 <k < o0,

b ,
Ek,j:{T:ZJSMSZJH,TEEk}, 0<j<oo,

[[ar]|
la,, | = sup{ljar|| : T € By},
[, ;|| = sup{|br[| : T € By j}.
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By condition (1.9), we have

(2.1)  limsup sup IX(t+5) = X(t)]| oo
Tl —oo < lbel fsi<ljar  @<(llazl]) i (T)

. [ X(t+s) — X(t)]| oo
<limsup sup sup sup
K100 2150 TeEy, [ld|<Ilbrll s] <[larll O+ ([[ar]}) 51 (T)

< limsupsup sup sup [IX(t+s) — X(t) || oo
T Ik+i—oo 21 I<]br,, I sl < lar 0% D(k, j)

where D(k, j) = { 2(log 2™/ + loglog §/K*i18:2) | "2 We are to show that

[X(t+s) — X(t)]| oo

(2.2) limsupsup  sup sup T -
[k+1=00 721 ([t <br, 1| sl| <llar, | 0% D(k, j)
X(t+s) — X(t
< flimsupsup sup su IX(t + 5) — X(O)]]o

lkl+i—o00 721 ([ <y, || <[l | O+ ([laze; (1) DCk, 7)

<6 as.

for any 6 as defined above. By Lemma 2.2, there exists C. > 0, depending only on
€ > 0, such that

[IX(t+s) — X(t)]| 0o
(2.3) PJ sup  sup sup — >0
{ 21 1<y, I sl < | 9= ([aT, (DD, ) }

< CEZ( Hka,jH)NeXp(_Z(l +¢) (logZNj +10g10g9\k\+jloggz))

i llay 2+¢
<C. Y MNilkv T
>

< C5 ‘k Vi 1|—1—5' 2—E/Nl

for |k| + I large enough, wheree’ = ¢/(2+¢) and kV 1 = max{k, 1}. Hence we have

[o olENNe o]

X(t+s) — X(t
g E PSsup sup sup [X(t +5) ()||,°° 29} < o0,
oo Lt i<t si<lar, ) O (lan, (DD )

and (2.2) follows from the Borel-Cantelli lemma. Combining (2.2) with (2.1) yields
(1.10) by the arbitrariness of 6. [ |

The following Lemmas 2.3-2.5 are essential for the proof of Thoerem 1.3, and
Lemma 2.3 is a well-known version of the second Borel-Cantelli lemma.
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Lemma 2.3  Let {Ay, k > 1} be a sequence of events. If
o0
i) > P(AY) = oo,
k=1

P(A; N Ay) — P(A;)P(A
(i) liminf > 4, ’;) (1)2( ")go
T e (X5 P@Y)
then P(A,,1.0.) = 1.

>

Lemma 2.4 ([31]) Let{X;,j=1,2,...,n} becentered and stationary normal ran-
dom variables with E(X;X;) = r;j and r;; = 1. Let I'' = [c,00) and 7' = (—00, c).
Denote by F; the event {X; € I} for ¢; € (=00,00), j = 1,2,...,n, where¢; is

eith.er +1or—1. LetK C {'l,.27 ey n}, then P{(;cx F;} is an increasing function of
rij ifeicj = +1; otherwise, it is decreasing.

The proof of Lemma 2.5 is similar to that of [6, Lemma 5].

Lemma 2.5 Assume condition (1.11) of Theorem 1.3 is satisfied. Fori = 0,1,2,3,

let a = (a(li), cee al(\i,)) be positive N-dimensional vectors such that a§~3) — agz) >
a;z) — agl) > 0 foreach j = 1,2,...,N. then there exists a positive constant ¢ such that
[+ [+
/ do?(x) — / do’(x)
[la®-+a]] [la®-+atv]]

L + 2 [ — a2 —a®|
= [+ a2

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3 Let jp > 1 be an integer such that o; (||ar]|) = o.(||ar|]),
where jr depends on ||at||. Then

IX(bp) — X(by — ap)lle _ . X;(bp) — X;,(br — ar)
2.4 1 >1
@A) s T MarDA™ T o (lar A (T)

Let {T; = (Ty,...,Tni) > 0}{°, be an increasing sequence with Ty = 1 whose
points T; are determined by the relation

b(T;) — a(T;) = by(Ti—y), I=1,...,N

with T,, (m = 1,2,--- ,i — 1) defined by induction, where 1 < T; < T < Tj;.
This can be done by noting that by(T) — a;(T) are increasing on (0, 00)~, because
by(T)/a)(T) (> 1) are increasing. For estimating a lower bound of the right-hand
side of (2.4), we simply let j; = jr,, a; = ar, = (a;(Ty),...,an(T;)) and b; = by, =
(b1(T;),...,bn(T;)), i > 1, and set

_ Xj(b;) — X, (b; —a;)

a o (JailD
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The proof of Theorem 1.3 will be completed by showing that

lim sup

L >1 as.
isoo Bi(Ty) —

Foranygiven 0 < & < 1,let B; = {Z; > x;},i > 1, wherex; = (1 — €)3,(T;). First
we show that Z?:Ol P(B;) = oc. For alarge i, we have

1 1 1 1
B) > (1~ ) op( 5

27 X;

1—¢
>exp(——1 x-z) > <|a,—||N>
= 2—¢") 7 \bi[Nlog ][/

> pm) > - Z ol
1o g|\bm|H © — |Iby|

llg

for some ig with m > i > ij. Further, we have

||b o]
col|ai— 1|>
<c log [ 1+
Z g( b ]

for sufficiently large ¢y > 1, where ¢ > 1 is a constant. The last inequality of (2.5)
follows from the fact that there is ¢y > 1 big enough such that

(2.5) |log ||b,,||] < ¢ Zlo

il Ibill bl 1

> S = < ¢
lai—all = bl = [Ibill = flaill 1= ([fail/[[bs]])

for all iy < i < m. It follows from (2.5) that there exists a constant K > 0 such that

i collaii] " o Jail|\ N
N|1og|\bmmsm}jlog(uw) <k bl )
i=io = i=i !

1=10

Therefore, we have
ZP(B) > s llogllbulllF = o0 asm — o,

and hence condition (i) of Lemma 2.3 is satisfied.
Next, it suffices to show that condition (ii) of Lemma 2.3 holds. Let i < k. If

ji # ji then

E{(Xj,(b;) — X;,(b; — a;))(Xj,(bx) — X, (by —a;))} =0
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by independence of Xi( - ). But, if j; = ji, then

1
(GO BAZ) = arlho Qa1 (0 = Xi0r =)

X (Xj,(bx) — Xj,(bx — &) }
B 1
~ 205 (Jailo(
_ g]?i(||bk —b;+a) + of-‘,(ku —b; —a+ aiH)}
_ 1
205, ([ailo, ([la]

— (05, (|Ibx — bi —ag +a;|) — o (|[bx — by —ax]))} .

{7 (Ibx = bi]|) — o7, (/b — b — ay])

/D)

){Ui(ku —b; +ai||) — o5 (|bx — byl|)

If the right-hand side of (2.6) is less than or equal to zero, that is, if oi( -)isa
nearly concave function with 0 < a < 1/2, then P(B; N B;) < P(B;)P(B;) by Lemma
2.4, and hence (ii) of Lemma 2.3 holds true.

On the contrary, if the right-hand side of (2.6) is larger than zero, that is, if O'i( )
is a nearly convex function with 1/2 < « < 1, then

1

aj||)o;,(

(2.7) E(Z;Z) <

aj(| ()

”bk—bﬁ’a,“l ku—b,-—akJra,-H
x{ / do? (x) — / 4o (x)}
Il [Ibx—b; —ax ||

by —b; —ai+a;|

Applying Lemma 2.5 with a® = by — b; — ai, a'V) = 0,2 = a;,and a® = a; + a;,
the right-hand side of (2.7) is less than or equal to

co (Ibx — bi +a; ) [Ja: | [Jax|
oj,(llailDo, ([lax ) [[bx — b; — ag|>”

(2.8)

By the definition of {T;}{°,, we have

k k
(29) bi—b= a, [bi—b+all = HZalH < (k—i+ D),
I=i

I=i+1

k—1
(210) by —b;i —ayf = H 3 azH > (k—i—Dlaf, k>i+2.

=i+l
Noting that [[b;||/||a;]| is increasing and || Z;{:m aj|| = [|bx — bi|| < [[b]], it follows
that

k
(2.11) laill 5 bill o Mbe=bill Il 1= )
[l [1bxll [l [[bx
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for some 0 < p < 1. From (2.7), (2.8), (2.9), (2.10), and (2.11) and the property of
slowly varying function L( - ), we arrive at
c o} ((k — i+ 1) [ax])[al||a]|
lai[Doj, (llaclD (k — i — 1)2[[a; >
-, o} ((k—i+1)|Jag])|a]|
= o, ((A = pllaklDoj (fJalD(k = i = D*(1 = p)*[|ak|
. (k— i+ 1)2|ag|]>*L*((k — i + 1)||ag]|)
(1 — p)*2{Jar|]>*L((1 — p)|ax|)L(|Jax|[)(k — i — 1)2

<clk—i)* 7' k>i+2

E(ZZ;) <

an(

where o < @’ < 1. The remainder of the proof is exactly the same as the corre-
sponding proof of [27, Theorem 2]. The details are omitted. ]

Proof of Theorem 1.5 First, consider the case 0 < r < co. Given condition (1.12),
there exists a positive number v such that

b ~/log6
H TH Z |10g||bT||‘ v/ log ’

[lar|

provided || T|| is large enough. Thus, it follows from (1.12) and Lemma 2.2 that, for
any ¢ > 0,

[X(t+s) — X(t)]| oo
212 P VI
212 { 02 el 1< farll @ Clax]]) 5(T) g +€}

< ()" oe(a i)

< C.|log HbTH\_N"YE/((“E)l"ge) —0 as|T| — oo,

and [25, Lemma 1.1.5] implies

L [X(t+5) — X(0)]|oo
liminf sup sup

<1 as.
1T —oo 1< Ibrl fsl <[zl @ Cllaz]]) B5(T)

Hence, by (1.12), we get

X(t+s) — X(t)]|oo
(213) liminf sup  sup IR+ =X
1Tl —o0 [ <Ibsll sli<llarll O+ Cllaz]]) B2(T)

“liminf sup  sup IR+ = XOllee 5(D)
Tl —o0 [t < [bll sl <llar)l ~ O*Cllaz) B5(T)  Bo(T)

N 1/2
< ( ) a.s.
1+rN
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Next, consider the case r = 0. It follows from (1.12) that for any £ > 0,

[br |
[[ar]

for ||T|| large enough. Similarly to (2.12), we have

[IX(t+s) — X(t)]| 0o
P ez
{ i AP | P TEAGY > Vel }

s¢ ( |||];:|I ) N eXp( _z(zi 5)55('”)

< c|log ||by||| 7=/ esh o a5 ||T|| — oo,

< | IOg ||bT|| |5/((2+5)N10g9)

which implies that

X(t+s) — X(t)||oo
liminf sup sup [X(t+s) ol <0 as.
ITl|—o0 1t <Iball sl <llarll O+ ([[az[DF(T)

Combining this inequality with (2.13) completes the proof of Theorem 1.5. ]

To prove Theorem 1.6, we need the following two lemmas. The proof of Lemma
2.6 is similar to that of [6, Lemma 5].

Lemma 2.6  Assume that condition (1.11) of Theorem 1.3 is satisfied. Let a > 0 and
b > 1 be N-dimensional vectors. Then there exists a positive constant C such that

’/Iall [Ib+1]] dgz(x)_/mn IIb]l PR <CM.
llall lIb]] llall [Ib—1]| - IIb—1]]2

Lemma 2.7 ([4,21,22]) Let N = (ny,...,nn) be an N-dimensional vector, where
nyy...oony =1,2,... L and let {Iy := (L, ..., l.y)} be a subsequence of {N}. Sup-
pose that {Y (N)} is a sequence of N-parameter standard normal random variables with
AN, N’) := Cov (Y(N),Y(N')) for N # N’ such that § := maxnn [AN,N')| < 1
and
AN, N | := | Ay, Iy)] < |IN = N'|| 7

for some v > 0. Denotem = (my,...,my) withm; < L, 1 <i < N. Setu =
{(2 -n) log( Hfil mi) } 1/2, where0 < n < (1 —0)v/(1+ v+ ). Then we have

P{ 1211\Ia<me(IN) < u} < {@(u)} T, + c(l_N[ mi) _60,
== i=1

where ®(u) = [*_ ﬁ_ﬁe*yzﬂ dy, 6o = {v(1=8) —n(1+5+)} /{(1+v)(1+8)} > 0
and ¢ > 0 is a constant independent of N and u.
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Proof of Theorem 1.6 The inequality (1.13) is obvious when r = 0. In what fol-
lows, we assume that 0 < r < oco. Let = 1+ € for 0 < € < 1. Define

Bij={T: 0" < |by| <6507 <a(T) <6 1<i<N},

where k and j; are integers. Denote j = (ji,..., jn), 09 = (6%1,...,6%N) for
-0 <a<ooandj = 5 Zfil ji- In the sequel, we always consider k and j such
that By; # @. Note that |lar| > 0l for T € By;. By condition (1.12), there exists
7 > Osuchthat j < k+1— v(loglog ") /(log #)> =: K for |k| sufficently large.
Noting that

. [B(T) rN + 1y 1/2
lim = ( ) ,
IT|—o0 35(T) N
the inequality (1.13) is proved if we show that

X —-X
(2.14) liminf sup |X(t + ar) Ol >1 as.

ITl—oo < lbr  Ox(([ar[DA(T)

By (1.12), we can write

. [ X(t +ar) — X(t)]|oo
(2.15 liminf su
) 7] —o0 HtHSHPbTH a.(|laz|]) B5(T)

X i — X
> liminf inf sup IX(t+6) ®lo

|k| =00 j<K llt]|<or—1 U*(HGJH) /2N10g9k71+1

—limsup sup sup  sup
[k|l—oo  J<K [|t||<0% 01~1 <s<6)

IX(t+60) —X(t+5)]0o .||} — O]

0.(160 — 0-1]) /2N 1oggrirt - =67

=i — L.

First, we claim that
(2.16) L >1 a.s.

By the definition of o.(h), there exists an integer ¢ > 1 such that o.(||@]|) =
o.(||0%]). Put

i) = i ; :# k—1—j1 k—1—jn
Bk, j) = (B(k, j1), ..., Bk, jn)) \/NM(Q AN )

for sufficiently large M > 0. Then

e Xc(M10) + ') — X (M19))
(2.17) J;i > liminf inf max - .
[kl —oo j<K 1<I<Ak)) o (]|63]]) /2 log(TIY., B(k, ji))
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Let
X(M10) + 0) — X (M16))
oc(|67]]) ’

zZ(l) = 1 <1< p(k,j).

Similarly to (2.6), we have, for allland 1" with 1 > I,

(2.18) N(L1") == Cov(2(1), Z;(1"))

1 N e . 5 e
- IZ(MA-1)0 +O|) — (M1 —1)6
20_%(||0J||){0§(H ( ) + ||) Ug(” ( ) H)

— ((IMA-1)8|)) - 2(IMA-1)8 — &'|])) }.

If the right-hand side of (2.18) is less than or equal to zero, then it follows from
Lemma 2.4 that forany 0 < € < 1,

(2.19) P{ inf max 40 < 1—5}
SIS [2 log (11, (k. )

<> { @(\/(z —2¢)log (1IN B(k, j))) ) }HL gk

J<K

On the other hand, if the right-hand side of (2.18) is positive, that is, (f% is a nearly
convex function, then it follows from the regular variation of Jg and Lemma 2.6 with
a=60 andb=M(1-1) that

ALD) 1 e ol o a1l
AT g‘/ do (x)—/ do2(x)
’ o100 | Jyeiy ma-1y) ¢ \oil IMa-1)—1)

_ e Ma 1)+ 1)

= oo [[MA-1) — 12

MA—1) + 12 .
SCWIM(I—I’)HIIZ :
<=1

for sufficiently small £ > 0, where v = 1 — « > 0. We now apply Lemma 2.7 for

Y(h) =z, 1<1<pkj), m=/gk,j),
ALD)| = NA) <EN=T7", v=1—a>0,

u= {2 —nlogM¥ Bk, jN}? 7 =2
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Then we have

(2.20) P{ inf max 40
SIS /3 log(IEY, 5k, )

< S { @I s 4 c(ﬂﬁuc, i) "
i=1

J=K

g\/ﬁ}

< Z{CXP( o CesN(k—i)) + C(QN(k—i))*ﬁo}
I<K

<¢ Z g—Noo(k—j)  9—Néry(log,log 051y /10g 0
IsK
<c¢ |k|7N607/ log 6
for sufficiently large |k|. Note that the right-hand side of (2.19) is less than or equal
to that of (2.20). Taking # > 1 such that log# < N&y7y in (2.20), the Borel-Cantelli

lemma implies (2.16) via (2.17).
Next, we show that

(2.21) I, < 2ce?  as.
for any small ¢ > 0, where ¢ > 0 is a constant. Since o, (h) is regularly varying, we
have ) .
(|0 -0~
(L
o (16711

Therefore, (2.21) is proved if we show that

) [X(t+6) — X(t+5)]|0o
(2.22) limsup sup sup sup — <2 as.
Moo j<K ¢ <0k 0-1<s<8 5 (||gi — §i~1])y/2N log 6% ~I*!

Similarly to the proof of Lemma 2.2, it follows that for sufficiently large |k|,

X(t+60) —X(t+5)|oo
P{ sup sup X ) (t+9)] — > 2+ 5}
[t <6* 071 <s<0 & (|6 — i—1|)1/ 2N log §*1*!
ONk 2(2+¢)? i
</ ————Nlog# _l“)
=g —e1|¥ eXp( 2+e 08
< C(@SN)_(k_i).
Since
(oo} (o9}
ST < e Y T <
lk|=1 j<K k=1
we obtain (2.22) and hence (2.14) holds true via (2.21), (2.16) and (2.15). This proves
Theorem 1.6. [ |
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Proof of Theorem 1.8 In case r = oo in the condition (1.12) of Theorem 1.5, by

considering
N\ 1/2
lim ( r ) =1
r—oo\ 1+ rN

in (1.13) of Theorem 1.6, it follows from (1.13) and condition (1.15) that the in-
equality (1.16) is immediate as long as limj| o ||br|| = oo (or 0) in (1.12). Thus
it remains to prove (1.16) under the construction By; in the proof of Theorem 1.6
when

(2.23) 0< hmmf |Ibr|| < limsup ||br|| < oo

ITl— ||| — o0
in (1.15). The latter (2.23) in (1.15) implies that, as ||T|| — oo,

[br |
[[ar||

By (2.23) and (2.24), it is clear that

(2.24) — oo orlar| — 0.

o tog(flbr]l/[lar|D
IT|—o0 loglog(|[br||/|lar]])

= Q.

Hence, for sufficiently small l < 0, it follows from the construction By that

. k—
j<k+1-——>loglogt . ,

(9)

and there exists M > 0 large enough such that

Bk, j) = (B(k, j1), ..., Bk, jn)) = fM(Qk L0 >

by (2.23) and (2.24). Thus, we have

. [ X(t +ar) — X(t) || oo
(2.25) liminf su
Tl =00 ||t|\§|1\)b—r|| o+ ([lar[])55(T)

i) _
> liminf inf  sup [X(t+6") — X(t)||oc
j——o00 j<J ||t <6kt a'*(”BJH \/2 log ilﬁ(k, ]1))

—limsup sup sup  sup
jo—oo j<T ||| <6k 9i—1<s<6)

|X(t+0) —X(t+5)]0o  ou(]|0) — O
o (071

0.(]|6 — 6-1|)) \/2N log 6 1*!

=5~ I
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In order to prove
(2.26) Ji>1 as,

we proceed along the lines of the proof of (2.16). Then we arrive at

Zi(1
P{ inf max i

<] 1<1<A(k < \/E} < C(k_i)—Nag/bgo
J<J 1<1<p(K,) \/2 log(TIN | B(k, ji))

for sufficiently large k — j. Setting j = — ]_’ ( ]_’ > 1), we obtain (2.26) by the Borel—
Cantelli lemma. It is easy to show that

(2.27) L =0 as.

along the lines of the proof of (2.21). Combining (2.25), (2.26), and (2.27) yields
(1.16) as well under (2.23). This completes the proof of Theorem 1.8. [ |
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