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Abstract. Let COP = By N H*™, where By is the little Bloch space on the open
unit disk D, and A(@) be the disk algebra on D. For non-zero functions uy, ua, . .., uy €
A(D) and distinct analytic self-maps ¢1, ¢, . . . , gy satisfying ¢; € A(D)and ||¢;l|lo = 1
for every j, it is given characterisations of which the sum of weighted composition
operators Z]A; 1 4;C,, maps COP into 4(D).

2000 Mathematics Subject Classification. Primary 47B38, 46J20; Secondary
30D55.

1. Introduction. Let D be a domain in C, and X, Y be the Banach spaces
consisting of analytic functions on D. Let ¢ be an analytic self-map of D. Suppose that
fogp e Yforeveryf € X. Then we may define the composition operator C, : X — Y
by C,f =f o¢ for f € X. In the recent four decades, there has been much work on
composition operators on various spaces of analytic functions (see [2, 14]).

Let H* be the Banach algebra of bounded analytic functions on the open unit disk
D with the supremum norm || - || and M (H°) be the space of non-zero multiplicative
linear functionals on H* with a weak-*topology. We identify a function in H* with
its Gelfand transform. For x, y € M(H®), let

p(x,y) =sup{lfM|:f € H, f(x) =0, [f o < 1}
and
P(x)={¢ € M(H®): p(x,¢) < 1}.

The set P(x) is called the Gleason part containing x. We have p(z, w) = |z — w|/|1 —
wz| for z, w € D.
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Let A(D) be the disk algebra on D, that is 4(DD) is the Banach algebra of continuous
functions on D, which are analytic in D. We denote by By the little Bloch space
consisting of analytic functions f on [, provided

lim (1= 2P/ @) =0.

Then f € By N H* if and only if f is constant on any Gleason part in M(H*)\ D,
and for this reason M. Behrens (see [3, p. 442]) called this space COP, for constant on
parts, that is

COP = ByNH*™.

We also identify a function in H* with its radial limit function f(e?) = lim,_, | (re)
a.e. on 9. Sarason in [11] proved that H* + C is a closed subalgebra of L>*(dD),
where C stands for the space of continuous functions on D). Let

QA = (H® + C)N H™.
It is known that
QA =VMON H*®
(see [12]). We have
AD) S QA S COP G H™

(see[3, 5, 12, 13)).

We denote by S(D) the set of analytic self-maps of D. For u € H* and ¢ € S(D),
we may define the weighted composition operator uC, on H* by (uC,)f = u(f o ¢)
for f € H*. It is known that if ¢ € QA, then C, maps QA into QA (see [15]), and if
¢ € COP, then C, maps COP into COP (see [9]).

Let ¢1, 92, ..., @y be distinct functions in S(D). Let Z be the family of sequences
{z,}, in D satisfying the following three conditions:

(a) {z,},1s a convergent sequence,

(b) lgj(zs)l = 1asn — oo forsome 1 <j < N and {¢;(z,)}, is a convergent sequence
foreveryl <j <N,

© { @i(zn) — (pj(Zn)

— } is a convergent sequence for every 1 <i,j < N.
1 - (pi(zn)§0j(zn) n

Let
I{z) =1 =j = N, lgi(z)l = 1 (k — oo)}.
For each t € I({z,}), we write

lo({za}. 1) = € I({za}) : p(@)(2) 9i(2k)) — 0 (k — oo)}.

Then there is a subset {t1, t5, ..., t¢} of I({z,}) such that

¢
I({za)) = {J To{za}. 1)

p=1
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and Iy({z.}, t,) N Lo({zn}, t;)) =9 for p#gq. Izuchi and Ohno in [7] gave a
characterisation of compactness of the linear sum of composition operators Z _1 4 Cy,
on H*. For non-zero functions uy, us, ..., uy € H*, Izuchi and Ohno in [8] have
recently shown that Z _1 4 Cy 18 compact on H* if and only if

lim Y uz) =0 (1.1

k—

jelo({za}, 1)

for every {z,}, € Z and ¢ € I({z,}). Condition (1.1) is called an interior condition, for
(1.1) is a condition given in the interior of D.

Izuchi and Ohno [8] also showed essentially that if u; € A(D) and ¢ € S(D)
with ¢; € A(D) for every 1 <j < N, then (Zj}il u;Cy) (f) € A(D) for every f € H®
if and only if (1.1) holds (see also [1, 10]). Since QA and COP are the most
important spaces between 4(DD) and H*, we are interesting in properties of weighted
composition operators on QA and COP. Motivated by the above, we have questions
when (Z;L u;Cy)(f) € A(D) holds for every f € COP (or QA). In this paper, we answer
these questions.

In Section 2, we give interior conditions, and in Section 3 we give boundary
conditions.

2. Sum of weighted composition operators. Let ¢, ¢, ...,y be distinct
functions in S(D) satisfying that ¢; € COP and |¢;llo = 1 for every 1 <j < N. Let
ui, ua, ..., uy € COPbenon-zero functions. Since C,, , maps COPinto COP, Z - 4 C

isan operator on COP. Suppose that ijl u;Cy, COP — COP is compact. Then,

N
> wC,, : AD) -~ COP C H®
j=1

is compact. By [8], this condition holds if and only if (1.1) holds. Moreover, if u;, ¢; €
QA, then similarly Z/}il u;Cy, : QA — QA is compact if and only if (1.1) holds.

In the rest of this paper, we assume that ¢; € A(D) forevery 1 <j < N. Let Z be
the family of sequences {z,}, in D satisfying conditions (a), (b) and (c). Let {z,}, € Z.
By conditions (a) and (b), z, — ¢™® asn — oo for some ¢® € D). We have

I({za)) = {i: 1 <j < N, |gi(e™)] = 1}.
By (¢), we write

b = lim vi(zi) — ¢;(zk)
ij =

1 <ij<N.
k=00 1 — g(z1)gi(zk)

We have
klglgo 0(@i(zr), 9i(zk)) = |Bijl.
For each t € I({z,}), let

L({za}, ) = € I({za)) - 1811 < 1}. 2.1
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For zy, z1, z; in D, we have

p(z0, 22) + p(z2, 21)
71) <
1+ p(z0, 22)p(22, 21)

(2o,

(see [3, p. 4]). Hence, for i,j,t € I({z,}) if |B.il <1 and |B,;] <1, then |8;;] < 1.
This shows that for s, t € I({z,}), we have either I1({z,}, s) = [1({z,}, ?) or I1({z,}, s) N
Ii({z,}, t) = @, so there is a subset {f,1,...,t} of I({z,}) such that I({z,}) =
Uyt 1iza}. 1) and Li({za}, ) N Li({za). 1) = 0 for p # q. We note that |8, = 1
forp # q.

THEOREM 2.1. Letuy, up, ..., uy € A(@) be n_on-zerofunctions and @y, 2, ..., PN €
S(D) be distinct functions satisfying that ¢; € A(D) and ||¢jlloc = 1 for every 1 <j < N.
Then the following conditions are equivalent.

i) (I, 4 Cy)(f) € AD) for every f € COP.
(11) (ZJA;] u;Cy )(f) € A(D) for gveryf € QA.
(ii1) kll)ngo Zjell({zn},r) uj(zi) = 0 for every {z,}, € Z and t € I({z,}).

To prove our theorem, we need some lemmas. By [6] (see also [3]), one can easily
see the following.

LEMMA 2.2. Let f € H®. Then the following conditions are equivalent:

(i) f e COP.
(i1) For any sequences {z,}n, {w,}, in D satisfying that |z,| — 1 and sup,, p(z,, w,) < 1,
then f(z,) — f(w,) — 0 as n — oc.

A sequence {z,}, in D is called sparse (or thin) if

lim =1.
Jim [] rGmz=1
nyn#k

In [4], Gorkin showed that for a sequence {z,}, in D satisfying |z,| — 1 asn — oo,
there exists a sparse subsequence of {z,},. By appropriate modifications of it, we may
prove the following.

LEMMA 2.3. Let {z,,}, be a sequence in D satisfying |z, ,| — 1 as n — oo for every
1 <t <L Supposethat p(z;, zsn) = 1 asn — oo for t # s. Then there is a subsequence
{n;}; such that {z,,, : 1 <t < {,i> 1} is a sparse sequence.

In [16], Sundberg and Wolff proved the following.

LEMMA 2.4. If {z,,},, is a sparse sequence in D, then for every bounded sequence {a,},
of complex numbers there is f € QA such that f(z,) = a, for everyn > 1.

Proof of Theorem 2.1. (1) = (ii) follows from QA c COP.
Suppose that (ii) holds. Let {z,}, € Z and ¢ € I({z,}). We may write z, — ¢ €
dD. There is a subset {t1, f2, ..., t;} of I({z,}) such that I({z,}) = U[l;zl Li({z4}, 1p)
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and 1i({z,}, t,) N 1i({z,}, t;) =@ for p#q. By (ii), for every f € QA we have
ZJN1 uj(2)f (¢i(2)) € A(D). Then the above function is continuous at z = ¢ For each
J & I({z}), we have |g;(e™)| < 1, so u;(z)f (;(z)) is continuous at z = ¢". Hence,

4
Do @)= Y wf (p2) 22)
Jel({za}) p=1jehi({z},1p)

is continuous at z = ¢,

For each j € I1({z4}, t,), by (2.1) we have |8, ;| < 1, so
kli)n;o p(ﬁotp(zk), ‘P_/'(Zk)) = |ﬂt,,,j| < 1.

Since QA C COP, by Lemma 2.2 we have f(g;(zx)) — f(¢;,(zx)) — 0 as k — oo for
every f € QA. By (2.2), there exists the following limit

Jlim Z Z 420 (¢(z1)) = lim Zf(got,,(zk» o w)

P_l jeh({za} [p) /EI]({Z,I},[‘")

forevery f € QA.Since|B,,.,,| = 1, we have p(¢;,(zk), ¢;,(zx)) — lask — ooforp # q.
Since |¢;,(zk)| — 1 as k — oo, by Lemma 2.3 considering a subsequence we may
assume that {¢,,(zx) : kK > 1,1 < p < £} is a sparse sequence.

Since t € I({z,}), t € 1i({z,}, tp,) for some 1 < py < £. By Lemma 2.4, there is f €

QA such that f(¢,,(zk)) = 0 for every p # po, f(¢,, (z2¢)) = 1 and f(g;, (z2x41)) = —1
for every k > 1. Then there is the following limit

(X w1 k- o).

jEIl({Zn}J‘pO)

Consequently we have

0= Y we™= D wu).

jEI]({Zn},t/,O) jeh({za}.0)

Thus, we get (iii).
Next, suppose that (iii) holds. To prove (i), let f € COP and {zn}n be a sequence
in D such that z, — € e 9. It is sufficient to prove that lim,,_, o, Z _ ui(zn)f (9j(zn))

has a limit involving only the point . We may assume that {z,}, € Z. There is a
subset {t1, t2, ..., tg} of I({z,}) such that I({z,}) = Uﬁzl Ii({zn}, tp) and I1({z,}, 1,) N
Ii({z}, ty) = ¥ for p # q. We note that |;(e™)| = 1 forj € I({z,}) and |g;(¢®)| < 1 for
j ¢ 1({z,}). We have

N
D uE) @) = Y wE (@) + Y wlz)f (=)

J=1 Jel{z.h) JEI{za})
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and

A D w9 = Y @) (pe™)).
JEl({zn}) JEI({za)

We also have

limsup| Y w2/ (¢(z0))| = lim sup\Z 3w ).

k—>oo etz p=1 jeli(iznh 1)

Since f € COP, by Lemma 2.2 we have f(g;(zx)) — f(¢,,(zx)) = 0 (k — oo) for j €
Ii({z4}, t,). Hence,

l1rnsup) Z u,(Zk)f(fﬂj(Zk))‘

k=00 jer(iz

14
=1i£nsup’2f (¢1,(zx)) Z “-f(zk)‘

.fEIl({Zn}vt[))

<11msupZ|lf0<ﬂtp||oo‘ Z ”/(Zk)‘
k—oo jehi({za).1)

=0 by (111).

Thus, we have

N
lim 3 @) ez = Y wl@™)f(ge™).
J=1

JI({z})
so we get (i). O

Under the assumptions of Theorem 2.1, generally Z,N: 14 Cy, : COP — AD) is
not compact in spite of that condition (i) holds. But it is considered that condition (i)
leads compactness of Zj]i 14 Cy, : COP — A(D) in some weak sense. We denote by
B(COP) the closed unit ball of COP. We have the following.

THEOREM 2.5. Letuy, ua, ..., uy € A(@) be n_on-zerofunctions and gy, a2, ..., 9N €
S(D) be distinct functions satisfying that ¢; € A(D) and ||¢jllc = 1 for every 1 <j < N.
Then the following conditions are equivalent.

) (i, 4 Cy)(f) € AD) for every f € COP.
(i1) klggo Zjdl({zn}’” uj(z) = 0 for every {z,}, € Z and t € I1({z,}).
(iii) If {fin}m is a sequence in B(COP), which converges uniformly to zero on any compact
subset of D, then

lim lim sup ‘(Zu] )(fm)(zk)) =0

m—00 k—o00

forevery {z,}, € Z.

Proof. By Theorem 2.1, we have (i) < (ii). Suppose that (ii) holds. To show (iii),
let {f,»}» be a sequence in B(COP), which converges uniformly to zero on any compact
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subset of D and {z,}, € Z. We have

N

S wcf@G) = Y wz ez + Y uz)fm(i(z)-

Jj=1 Jel({za}) JEl({za})

By the assumption on {f;,},,

lim sup
m—0o0 k>1

Z ui(zi)fm(@i(z1))| = 0.

JI{za})

Let {f1.1..... 1} C I({z,}) such that I({z,}) = U, i({za}. 1,) and Li({za}. 1,) N

5i({zn}, 1) = @ for p # q. Since f,, € COP, we have f,,(¢;(zk)) — fu(g,,(2)) — 0 as
k — oo forj € I1({z,}, t). Then

lim sup lim sup ( XN: M_/'C%)(fm)(zk))
=1

m—00 k—o0

¢
= lim jolip lim sup ) Z Z uj*(Zk)fm(‘Pj(Zk)))

fe=o0 p=1j€11({z,,}$fp)

< limsup XK: ’ Z uj(zk)‘

k=00 1 jen iz )
=0 by

Thus, we get (iii).

Suppose that (iii) holds. To show (ii), let {z,}, € Z and ¢ € I({z,}). Take
{ti,t2, ..., t;} in I({z,}) such that I({z,}) = Uﬁ:l Ii({za}, 1) and Ii({z.}, 1) N
Ii({z,}, t;) = 0 for p # q. Let {f,,}» be a sequence in B(COP), which converges to
0 uniformly on any compact subset of D. In the same way as the first paragraph of this
proof, we have

lim sup \(éujcw)(fm)(zk)] = lim sup gfmm,,(zk» > wl

k=00 Jeh({zah 1)

By Lemma 2.3, considering a subsequence we may assume that {¢, (zx) 1k > 1,1 < p <
£} is a sparse sequence. Note that 1 € I;({z,}, t,,) for some 1 < py < £. By Lemma 2.4,
thereexists 1 € QA such that (¢, (zx)) = Oforevery p # poand h(g,, (zx)) = 1forevery

k > 1. We may put ¢;, (zx) — ¢ € 9D ask — oo. Let ¢(2) € A(D) satisfy g(e™) = 1

and |¢(z)| < 1forz € D \ {¢"™}. For each positive integer m, let f,, = hq™ € A(D). Then
{fin}m 1s @ bounded sequence in COP and f,, — 0 uniformly on any compact subset of
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D. Thus, we get

lim sup lim sup ‘ ( i ujC¢i>(ﬁn)(Zk))

m— 00 k—o00

= lim sup lim suplf (¢4, (21)) Z uj(zk)‘

m— 00
1611({Zn}a1p0)

= lim sup 11m sup ‘q’"(gptmJ (zx)) Z uj(zk)‘

m—o0
JEN({zahitng)

=limsup‘ Z uj(zk)’
ko0 jE[]({Z,,],pr)

=limsup‘ Z uj(zk)‘.

k=00 jenzt
By conditon (iii), we obtain (ii). O

We denote by m the normalised Lebesgue measure on 0. In the same way as the
proof of Corollary 2.4 in [8], we have the following.

COROLLARY 2.6. Let wuj,up,...,uy € A(@) be non-zero_ functions and
@1, 92, ..., on € S(D) be distinct functions satisfying that ¢; € A(D) and ||¢jllec = 1
Jor every 1 <j < N. Let T(g;) = {e” € 0D : |g;(e”)| = 1}. If(zjj\;1 u;Cy)(f) € A(D)
Jor every f € COP, then m(I'(¢;)) = 0 for every 1 <j < N.

3. Boundary conditions. Let ¢, ¢, ...,0y € S(D) be distinct functions
satisfying that ¢; € A(D) and ||¢jlloc = 1 for every 1 <j < N. By Corollary 2.6, we
may consider a similar concept of Z on dD. Suppose that m(I'(¢;)) = 0 for every
1 <j < N. Let Y be the family of sequences {¢?}, in 9D satisfying
(d) {e®}, is a convergent sequence.

(e) |¢j(ei9“)| < 1foreveryl <j<Nandn>1, {(pj(eign)}n is a convergent sequence for

every 1 <j < N and |g;(e®)] — 1 asn — oo forsome 1 <j < N.

() — (e
oil ij ( . ) ] is a convergent sequence for every 1 <i,j < N.
1 — gi(e)p;(e) I

Let
J{e" N ={:1<j< N, lgi(e™)| = 1 (k- oo)}.
By (f), we write

10k 10k
B = i pi(e™) — @i(e™) 1<ij<AN.

o 1= gi(em) GOl

We have limy_, o, p(¢i(€™), ¢;(e")) = |B;;]. For each 1 € J({z,}), let

Ji(te™), 1) = {j € J(te™)) 1 1B, < 1.
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Then in the same way as in Section 2, there is a subset {1, t5, ..., t;} of J({z,}) such
that J({e®}) = Uf;=1 Ji({e}, t,) and Ji({e}, 1,) N Ji({e}, t,) = ¥ for p # ¢. In the
similar way as the proof of Theorem 2.1, we may show the following.

THEOREM 3.1. Letuy, uy, ..., uy € A(ﬁ) be non-zero functions and ¢y, @3, ..., N €
S(D) be distinct functions satisfying that ; € A(D) and l@jlloc =1 foreveryl <j<N.
We assume that m(I'(¢;)) = 0 for every 1 <j < N. Then the following conditions are
equivalent:

(1) (Zf;l u;Cy)(f) € A(D) for every f € COP.
(i1) klim Zjell({zn},t) uj(z) = 0 for every {z,}, € Z and t € 1({z,}).

(i) Hm 3 ey, om).r ui(e™) = 0 for every (e}, € ¥ and t € J({e™}).

Proof. (1) < (ii) is proven in Theorem 2.1.

Suppose that (ii) holds. To show (iii), let {¢"}, € V and t € J({e?}). For each
positive integer n, let {r,x}x be a sequence of numbers such that 0 < r,x <1 and
Ik — lask — oo. Put z,; = r, €. We may choose a sequence {k,}, such that

lim z,., = lim ¢, lim g(zax,) = lim g;(¢™) (1 <j < N)

n—oo n— o0

and

. 0iznk,) — 0i(znk,) . gi(e™) — @j(e)
lim - = lim —
1= 1 — @i(Zn i, )@i(Znk,) "7 1 — @i(en)pi(en)

Put z, = z,,. Then {z,}, € Z, t € I({z,}) and I,({z,}, 1) = J1({e"®}, 1). By condition
(ii), we have

lim u:(e®) = lim ui(zx) = 0.
k—o0 Z j( ) k— o0 Z j( k)
jeJi(fen}, 1) Jjeh({za},0)

Suppose that (iii) holds. To show (i), let /' € COP. We have

N N N
(Y wC) NG = Y u ), zeD\[Jr@).
j=1 J=1 J=1
Hence, (Z/A; 1 4Cy)(f) is well defined and continuous on D\ U]Ai 1 I'(¢;). To show
(T uCy () € AMD), since (3 1;,C,)(f) € H*, it is sufficient to show that the
function (Zj]\; 14 Cy)(f) on aD \ Uj\; 1 T'(¢)) is continuously extendable to 9. Since

m(T(g;)) =0 for 1 <j < N, it is sufficient to show that for a sequence {e}, in 9D \
UJ{L [(¢)) satisfying e — e ¢ [ JY, ['(¢g)),

N
Tim (™) (gi(e™))
J=1

has a limit involving only the point ¢®. The remaining is the same as the proof of
Theorem 2.1. 0
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We do not know a direct proof of (iii) = (ii).
The following is a boundary version of Theorem 2.5, which may be proven in the
same way of it.

THEOREM 3.2. Letuy, uy, ..., uy € A(ﬁ) be non-zero functions and g1, @2, . .., pn €
S(D) be distinct functions satisfying that ¢; € A(D) and ||¢jlloc = 1 for every 1 <j < N.
We assume that m(I'(¢;)) = 0 for every 1 <j < N. Then the following conditions are
equivalent. .

@) (L, uCy)(f) € AMD) for every f € COP.
(i) lim Z uj(z) = 0 for every {z,}, € Z and t € I1({z,}).
O e n
jehiza),
(iii) If {fin}m is a sequence in B(COP), which converges uniformly on any compact subset
of D, then

=0

m— 00 k—>00

lim lim sup ‘ ( i u; C¢,) (™)
=1

Sor every (%}, € .

We may also give a boundary condition, which is equivalent to condition (1.1).
Let {€?}, € V. For each t € J({€"}), let

Jo(te™}, 1) = {j € J({e™}) : pj(e™), pi(e™)) — 0 (k — o0)}.

Then there is a subset {11, 2, . .., t,} of J({e?}) such that J({¢?}) = Uf;zl Jo({e™}, 1)
and Jo({e™}, 1,) N Jo({e™}, 1,) = W for p # q.

THEOREM 3.3. Letuy, un, ..., uy € A(@) be non-zero functions and ¢, @2, . .., pn €
S(D) be distinct functions satisfying that ¢; € A(D) and ||¢jlloc = 1 for every 1 <j < N.
We assume that m(I'(¢;)) = 0 for every 1 <j < N. Then the following conditions are
equivalent.

(1) Z/]il u;Cy, is compacion H®>.
(i) (N, u4Cy)(f) € AD) for every f € H®.
(i) lim Y uz) =0 for every {z,)y € Z and t € I({z,}).
k—o00 ’
Jel({za},0)
(iv) lim Z u;(e™) = 0 for every {¢"}, € ¥ and t € J({e™}).
k— o0 -
JjeJo({e},1)

Sketch of Proof. In [8], equivalencies of (i) < (ii) <> (iii) were proven. In the same
way as the proof of Theorem 3.1, we may prove that (iii) = (iv) = (ii). O
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