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Abstract. The definition of subshifts of finite symbolic rank is motivated by the finite rank
measure-preserving transformations which have been extensively studied in ergodic theory.
In this paper, we study subshifts of finite symbolic rank as essentially minimal Cantor
systems. We show that minimal subshifts of finite symbolic rank have finite topological
rank, and conversely, every minimal Cantor system of finite topological rank is either an
odometer or conjugate to a minimal subshift of finite symbolic rank. We characterize the
class of all minimal Cantor systems conjugate to a rank-1 subshift and show that it is dense
but not generic in the Polish space of all minimal Cantor systems. Within some different
Polish coding spaces of subshifts, we also show that the rank-1 subshifts are dense but
not generic. Finally, we study topological factors of minimal subshifts of finite symbolic
rank. We show that every infinite odometer and every irrational rotation is the maximal
equicontinuous factor of a minimal subshift of symbolic rank 2, and that a subshift factor
of a minimal subshift of finite symbolic rank has finite symbolic rank.
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1. Introduction
This paper is a contribution to the study of symbolic and topological dynamical systems,
but the main notion studied here originated from ergodic theory.

One of the main sources of examples and counterexamples in ergodic theory has
been the measure-preserving transformations constructed from a cutting-and-stacking
process. The first such example was given by Chacén in [10] more than half a century
ago, and since then, there has been a large volume of literature devoted to the study
of measure-theoretic properties of these transformations. In fact, much of the work
concentrated on the so-called rank-one transformations, where there is only one stack
in every step of the cutting-and-stacking process. This is partially because the class of
rank-one transformations forms a dense G set in (the Polish space of) the class of all
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measure-preserving transformations (cf, e.g., [23, 24]), and thus behaviors of the rank-one
transformations capture the generic behaviors of all measure-preserving transformations.
However, measure-preserving transformations of arbitrary finite rank (where there is a
uniform finite bound on the number of stacks used in every step of the cutting-and-stacking
process, first defined by Ornstein, Rudolph, and Weiss in [39]) have also been extensively
studied. In particular, they are known to have different models, some of which are of
geometric nature and some symbolic. Ferenczi [23] gave an excellent survey over a quarter
of a century ago.

Meanwhile, there has also been an effort to develop an analogous theory of topological
dynamics for Cantor systems of finite topological rank. The starting point was [33] by
Herman, Putnam, and Skau, in which essentially minimal Cantor systems were described
by their Bratteli—Vershik representations through a nested sequence of Kakutani—Rohlin
partitions. These were seen to be analogous/parallel to the cutting-and-stacking processes
used to build measure-preserving transformations. In the time period between [33] and [14]
by Downarowicz and Maass, many special kinds of Cantor systems were studied through
their Bratteli-Vershik representations. These systems included odometers, substitution
subshifts, linear recurrent subshifts, symbolic codings of interval exchange maps, etc.
Along with these studies, there had been a number of attempts to produce a good definition
of topological rank for Cantor systems. In the end, the natural notion of finite rank Bratteli
diagram (where there is a uniform bound on the number of nodes on all of its levels)
was chosen to be the connotation of finite topological rank. The supporting evidence was
abundant. First, all the special kinds of systems mentioned above have finite rank Bratteli
diagrams. More importantly, in [14], the authors considered general Cantor minimal
systems with finite rank Bratteli diagrams, and proved that they are either equicontinuous
or else expansive and hence conjugate to subshifts. This important dichotomy theorem
and its proof suggested that the assumption of finite rank Bratteli diagram has far-reaching
consequences. Shortly after, the terminology of finite topological rank started to be used
(by Durand in [16]), and since then, the Cantor minimal systems of finite topological rank
have been more extensively studied in this generality (see Durand [16], Bressaud, Durand,
and Maass [9], Bezuglyi et al [7], Donoso et al [13], Durand and Perrin [17], and Golestani
and Hosseini [25]).

At the same time, motivated by the symbolic definition of measure-preserving transfor-
mations of finite rank, Ferenczi [22] introduced a notion of an S-adic subshift. An S-adic
subshift is defined from a substitution process with infinitely many levels, and it has finite
alphabet rank if there is a bound on the numbers of letters used on all of the levels. This
notion of rank, as well as its interplay with the notion of finite topological rank, have been
studied by Durand [15], Berthé and Delecroix [5], Leroy [38], Berthé et al [6], Donoso
et al [13], Espinoza [19, 20], etc. In particular, it has been shown in [13] that every minimal
Cantor system of finite topological rank is either an odometer or conjugate to an S-adic
subshift of finite alphabet rank. Conversely, every S-adic subshift of finite alphabet rank
has finite topological rank.

In this paper, we consider a notion of symbolic rank for subshifts which is more directly
motivated by the symbolic definition of finite rank measure-preserving transformations. In
some sense, a subshift of finite symbolic rank is simply a finite rank measure-preserving
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transformation without the measure. Rank-one subshifts in this sense have been studied
in the literature. For example, they are known to have zero topological entropy, and
Bourgain [8] proved Sarnak’s conjecture for minimal rank-one subshifts. Other topological
properties of rank-one subshifts have been considered by Adams, Ferenczi, and Petersen
[1], Danilenko [11], El Abdalaoui, Lemanczyk, and de la Rue [18], Etedadialiabadi and
Gao [21], Gao and Hill [25, 26], Gao and Ziegler [28, 29], etc.

A systematic study of subshifts of finite symbolic rank started in [27]. Among other
things, it was proved that they all have zero topological entropy. Much of [27] focused on
the combinatorial properties of infinite words that generate subshifts of finite symbolic
rank, and not so much on the topological properties of the subshifts themselves. In
particular, one of the main questions left unsolved was how the symbolic rank relates to
the other more well-established notions of rank for various Cantor systems.

In this paper, we prove a number of results on the topological properties of subshifts
of finite symbolic rank. The subshifts we consider all have alphabet {0, 1}, and therefore
they are subshifts of 2%. We show that any minimal subshift of finite symbolic rank has
finite topological rank (Theorem 6.7) and conversely, any Cantor minimal system of finite
topological rank is either an odometer or conjugate to a minimal subshift of finite symbolic
rank (Theorem 6.9). Thus, the notion of finite symbolic rank is essentially the same as the
notion of finite topological rank, and by previous results [13], it is also essentially the same
as the notion of finite alphabet rank.

Although we do not solve any open problem about systems of finite topological rank in
this paper, it is our hope that the relatively new notion of finite symbolic rank will provide
a new perspective and an alternative approach to the future study of these systems. For
example, one of the key open problems about minimal Cantor systems is their classification
up to topological conjugacy. In [25], the authors have described a complete classification
of subshifts of symbolic rank one. This gives hope that further progress can be made
by considering subshifts of higher symbolic ranks. Another example of a major open
problem is Sarnak’s conjecture for topological dynamical systems of zero topological
entropy. Bourgain [8] gave a proof for all minimal subshifts of symbolic rank one, and
in [21], Sarnak’s conjecture was confirmed for a class of subshifts of symbolic rank one
which is essentially minimal but not minimal. Note that by results of [2] or our Proposition
6.11 below, subshifts of symbolic rank one can have arbitrarily high topological rank or
alphabet rank. Hence, the results of [8, 21, 25] cannot be covered by results about any
fixed topological rank or alphabet rank.

In this paper, we also consider various classes of Cantor systems and characterize
their descriptive complexity. In particular, the class of all Cantor systems can be coded
by the Polish space Aut(C) (this is defined and discussed in §2.3), and we show that the
classes of all essentially minimal Cantor systems, minimal Cantor systems, as well as those
whose topological rank has a fixed bound all form G; subspaces, and hence are Polish
(§3). However, the class of all minimal Cantor systems conjugate to a rank-1 subshift is
dense but not generic in the Polish space of all minimal Cantor systems (Proposition 7.1).
Additionally, we consider two more Polish spaces of subshifts as done in [40] and show that
the class of minimal subshifts conjugate to a rank-1 subshift is dense in these spaces, but
is not generic in either of them. This is in contrast to the situation in the measure-theoretic
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setting. Nevertheless, together with the results of [40], our results show that the class of
minimal subshifts conjugate to one of symbolic rank < 2 is generic in both of these Polish
coding spaces of subshifts.

We also consider topological factors of minimal subshifts of finite symbolic rank (§8).
We improve Theorem 6.9 by showing that a minimal subshift of finite topological rank
> 2 must be of finite symbolic rank itself (Corollary 8.4), and is not just conjugate to a
subshift of finite symbolic rank as guaranteed by Theorem 6.9. However, the symbolic
rank of the subshift might be much greater than the one to which it is conjugate. We show
that any infinite odometer and any irrational rotation is the maximal equicontinuous factor
of a minimal subshift of symbolic rank 2, which is in contrast with known results about
rank-1 subshifts.

The rest of the paper is organized as follows. In §2, we give the preliminaries
on descriptive set theory, topological dynamical systems, (essentially) minimal Cantor
systems, ordered Bratteli diagrams, Kakutani—Rohlin partitions, subshifts, and what it
means for a subshift to have finite symbolic rank. In §3, we compute the descriptive
complexity of the classes of essentially minimal Cantor systems and those with topological
rank < n for some n > 1, by giving some topological characterizations of these classes
within the Polish space of all Cantor systems. In §4, we give a topological characterization
of all minimal Cantor systems conjugate to a rank-1 subshift. In §5, we characterize
minimal subshifts of finite symbolic rank as exactly those admitting a proper finite rank
construction with bounded spacer parameter. This will be a basic tool in the study of
minimal subshifts of finite symbolic rank. Section 6 is the main section of this paper, in
which we prove the main theorems (Theorems 6.7 and 6.9) which clarify the relationship
between the notions of symbolic rank and topological rank. We give some examples to
show that our results are in some sense optimal. We also prove a result connecting the
notion of finite alphabet rank for S-adic subshifts with the notion of finite symbolic rank.
This gives an alternative proof of Theorem 6.9 via the main result of [13]. In §7, we
consider the density and the genericity of the class of all minimal subshifts conjugate
to a rank-1 subshift in various Polish coding spaces of Cantor systems and subshifts.
Finally, in §8, we consider topological factors of minimal subshifts of finite symbolic
rank.

2. Preliminaries

2.1. Descriptive set theory. In the rest of the paper, we will be using some concepts,
terminology, and notation from descriptive set theory. In this subsection, we review these
concepts, terminology, and notation, which can be found in [35].

A Polish space is a topological space that is separable and completely metrizable.

Let X be a Polish space and dx be a compatible complete metric on X. Let K(X) be
the space of all compact subsets of X, and let dy be the Hausdorff metric defined on
K (X) as follows. For A € K(X) and x € X, letd(x, A) = inf{d(x, y) : y € A}. Now for
A, B € K(X), let

dy (A, B) = max{sup{d(x, B) : x € A}, sup{d(y, A) : y € B}}.
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Then dg is a metric on K (X) that makes K (X) a Polish space. Moreover, if X is compact,
then K (X) is compact.

Let X be a Polish space. A subset A of X is G if A is the intersection of countably many
open subsets of X. A subspace Y of X is Polish if and only if Y is a G5 subset of X. We say
that a subset A of X is generic, or the elements of A are generic in X, if A contains a dense
G subset of X.

More generally, by a transfinite induction on 1 < o < w;, we can define the Borel
hierarchy on X as follows:

E? = the collection of all open subsets of X,

l'[(l) = the collection of closed subsets of X,

0 = { U A, A, € H%ﬂ for some B, < oz},
neN

m =(x\A:4e3x’).

We also define AY = 2% N Y. Thus, A(l) is the collection of all clopen subsets of X. With
this notation, | J, _, 0 = Ug<a, nd = Ug<a, AU is the collection of all Borel subsets
of X. The collection of all G5 subsets of X is exactly Hg.

Let X be a topological space. Recall that a subset A of X is nowhere dense in X if the
interior of the closure of A is empty. Here, A is meager in X if A C UneN B,,, where each
B, is nowhere dense in X; A is non-meager in X if it is not meager in X; and A is comeager
in X if X \ A is meager in X.

2.2. Topological dynamical systems. The concepts we review in this subsection are
standard and can be found in any standard text on topological dynamics, e.g., [4, 37]. By
a fopological dynamical system, we mean a pair (X, T), where X is a compact metrizable
space and T : X — X is a homeomorphism. If (X, T) is a topological dynamical system
and Y C X satisfies TY =Y, then Y is called a T-invariant subset.

If (X, T) and (Y, S) are topological dynamical systems and ¢ : X — Y is a continuous
surjection satisfying ¢ o T = S o ¢, then ¢ is called a factor map and (Y, S) is called
a (topological) factor of (X, T). If in addition ¢ is a homeomorphism, then it is called
a (topological) conjugacy (map), and we say that (X, T) and (Y, S) are (topologically)
conjugate.

If (X, T) is a topological dynamical system and p is a compatible metric on X, then p
is necessarily complete since X is compact. Let (X, T') be a topological dynamical system
and fix p a compatible metric on X. We say that (X, T) is equicontinuous if for all € > 0,
there is § > 0 such that for all n € Z, if p(x, y) < §, then p(T"x, T"y) < €. Since X is
compact, the equicontinuity is a topological notion and does not depend on the compatible
metric p.

Every topological dynamical system (X, T) has a maximal equicontinuous factor (or
MEF), that is, an equicontinuous factor (Y, S) with the factor map ¢ such that if (Z, G)
is another equicontinuous factor of (X, 7') with factor map ¥, then there is a factor map
0:{,S) — (Z,G)suchthaty =0 o ¢.
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If (X, T) is a topological dynamical system and x € X, the orbit of x is defined as
{(Tkx keZ). If Ais a clopen subset of X, the return times of x to A is defined as
Retgy(x) ={n € Z : T"x € A}. We regard Rety (x) as an element of 2Z = {0, 1}2.

2.3. Minimal Cantor systems. Recall that a Cantor space is a zero-dimensional, perfect,
compact metrizable space. Let X be a Cantor space and 7 : X — X be a homeomorphism.
Then (X, T) is called a Cantor system. Here, T is minimal if every orbit is dense, that is, for
all x € X, {T*x : k € Z} is dense in X. A minimal Cantor system is a pair (X, T), where
X is a Cantor space and 7 : X — X is a minimal homeomorphism.

Let C = 2N = {0, 1} be the infinite product of the discrete space {0, 1} with the
product topology. Then every Cantor space is homeomorphic to C. Let d¢ be the canonical
compatible complete metric on C, that is, for x, y € C, if x # y, then

de(x,y) =27" where n € Nis the least such that x(n) # y(n).
Let
Aut(C) = {T : T is a homeomorphism from C to C}

be equipped with the compact-open topology, or equivalently the supnorm metric, that is,
forT, S € Aut(C),

d(T, S) = sup{dc(Tx, Sx) : x € C}.

Then Aut(C) is a Polish space (cf, e.g., [36]). Let M(C) be the set of all minimal
homeomorphisms of C. Then fora T € Aut(C), T € M (C) if and only if for all non-empty
clopen U CC, there is N € N such that C = J_py.,<y 7"U. This characterization
implies that M (C) is a G5 subset of Aut(C), and hence 7\[((3) is also a Polish space. Here,
M (C) is our coding space for all minimal Cantor systems.

We will also consider essentially minimal Cantor systems. A Cantor system (X, T)
is essentially minimal if it contains a unique minimal set, that is, a non-empty closed
T-invariant set which is minimal among all such sets.

2.4. Ordered Bratteli diagrams. The concepts and terminology reviewed in this subsec-
tion are from [14, 30, 33]. Some notation are from [13, 16]. Recall that a Bratteli diagram
is an infinite graph (V, E) with the following properties:

e the vertex set V is decomposed into pairwise disjoint non-empty finite sets V = Vo U
ViUV, U- .-, where Vj is a singleton {vg};

e the edge set E is decomposed into pairwise disjoint non-empty finite sets £ = E; U
E,U---;

e for any n > 1, each e € E,, connects a vertex u € V,,_1 with a vertex v € V;,. In
this case, we write s(e) = u and r(e) = v. Thus, s,r: E — V are maps such that
s(Ey) = V,_1and r(E,) =V, foralln > 1;

e s lw)y#£@forallve Vandr '(v) £ @forallve V\ V.

An ordered Bratteli diagram is a Bratteli diagram (V, E) together with a partial
ordering < on E so that edges e and ¢’ are <-comparable if and only if r(e) = r(¢).
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A finite or infinite path in a Bratteli diagram (V, E) is a sequence (e, e, . . .),
where r(e;) = s(ej+1) for all i > 1. Given a Bratteli diagram (V, E) and 0 <n < m,
let E,, be the set of all finite paths connecting vertices in V, and those in V.

If p=-(ent1,-...em) € Epm, define r(p) = r(ey) and s(p) = s(e,+1). If in addition
the Bratteli diagram is partially ordered by <, then we also define a partial ordering
p='qfor p=(ent1,---sem)sq = futir---» fm) € Enm as either p =q or there

exists n+1 <i <m such that ¢; # f;, ¢; < fi, and e; = f; for all i < j <m. For
an arbitrary strictly increasing sequence (ny)x>0 of natural numbers with ng = 0, we
define the contraction or telescoping of a Bratteli diagram (V, E) with respect to (nx)x>0
as (V/, E), where V/ =V, for k > 0 and E; = E,_, », for k > 1. If in addition the
given Bratteli diagram is ordered, then by contraction or telescoping, we also obtain an
ordered Bratteli diagram (V’, E’, <’) with the order <" defined above. The inverse of the
telescoping process is called microscoping. Two ordered Bratteli diagrams are equivalent
if one can be obtained from the other by a sequence of telescoping and microscoping
processes.

A Bratteli diagram (V, E) is simple if there is a strictly increasing sequence (ny)k>0 of
natural numbers with ng = 0 such that the telescoping (V’, E’) of (V, E) with respect to
(ni)r=o satisfies that foralln > 1, u € V,_,, and v € V,,, there is e € E,, with s(e) = u
and r(e) = v. This is equivalent to the property that for any n > 1, there is m > n such that
every pair of vertices u € V,, and v € V,, are connected by a finite path. It is obvious that
if a Bratteli diagram B is simple, then any Bratteli diagram equivalent to it is also simple.

Given a Bratteli diagram B = (V, E), define

Xp ={(en)n>1:en € En, r(en) =s(epq1) foralln > 1}.

Since Xp is a subspace of the product space [[,.; Ex, we equip Xp with the sub-
space topology of the product topology on ]_[n; E,. An ordered Bratteli diagram
B = (V, E, <X) is essentially simple if there are unﬂque elements xmax = (€n)n>1, Xmin =
(fu)n>1 € X p such that for every n > 1, e, is a <-maximal element and f,, is a <-minimal
element. Here, B = (V, E, <) is simple if (V, E) is simple and B is essentially simple. If
an ordered Bratteli diagram B is (essentially) simple, then any ordered Bratteli diagram
equivalent to it is also (essentially) simple.

Given an essentially simple ordered Bratteli diagram B = (V, E, <), we define
the Vershik map Ap: Xp — Xp as follows: Ap(xmax) = Xmin; if (en)n>1 € Xp and
(en)n=1 # Xmax, then let

)"B((el, €2, ..., €Ef, ek—l—ly .. )) = (f19 f2a P ) fks ek—l—ls .. ')9

where k is the least such that e; is not <-maximal, f; is the <-successor of e, and
(f15 - - - s fr—1) is the unique path from vg to s( fx) = r(fx—1) such that f; is <-minimal for
each 1 <i <k — 1. Then (Xp, Ap) is an essentially minimal Cantor system [33], which
we call the Bratteli-Vershik system generated by B. If B = (V, E, <) is a simple ordered
Bratteli diagram and X p is infinite, then (Xpg, Ap) is a minimal Cantor system [30]. If
two simple ordered Bratteli diagrams are equivalent, then the Bratteli—Vershik systems
generated by them are conjugate, with the conjugacy map sending Xmin tO Xmin-
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An essentially minimal Cantor system (X, T) is of finite topological rank if it is
conjugate to a Bratteli—Vershik system given by an essentially simple ordered Bratteli
diagram (V, E, <), where (|V;]),>1 is bounded by a natural number d. The minimum
possible value of d is called the topological rank of the system, and is denoted by
rankop (X, T). Such Bratteli diagrams have been called finite rank Bratteli diagrams in the
literature, but [16] appears to be the first place where the terminology of finite topological
rank was introduced.

An essentially minimal Cantor system (X, 7') with topological rank 1 is called an
(infinite) odometer. It is easy to see that any ordered Bratteli diagram for such an odometer
is necessarily simple, and therefore an odometer is in fact minimal. The infinite odometers
coincide with all equicontinuous minimal Cantor systems.

2.5. Kakutani—Rohlin partitions. The concepts and terminology reviewed in this sub-
section are again from [30, 33], with some notation from [13].

For an essentially minimal Cantor system (X, T), a Kakutani—-Rohlin partition is a
partition

P={T'Bk):1<k<d,0<j<h(k)

of clopen sets, where d, h(l), ..., h(d) are positive integers and B(1), ..., B(d) are
clopen subsets of X such that

d d
U "% Bk = BW.
k=1

k=1

The set B(P) = Uzzl B(k) is called the base of P. For 1 <k < d, the subpartition
Pk) = {TfB(k) :0 < j < h(k)} is the kth tower of P, which has base B(k) and
height h(k).

The following is a basic fact regarding the construction of Kakutani—Rohlin partitions.

LEMMA 2.1. [33, Lemma 4.1] Let (X, T) be an essentially minimal Cantor system, Y be
the unique minimal set, y € Y, and Z be a clopen subset of X containing y, and let Q be a
finite partition of X into clopen sets. Then there is a Kakutani—Rohlin partition P such that
y € B(P) = Z and P refines Q, that is, every element of Q is a union of elements of P.

The proof of the lemma gives a canonical construction of Kakutani—Rohlin partitions.
Specifically, given y € Y and clopen set Z containing y, the function Z — N, x — n,,
where n, is the least positive integer n such that 7"x € Z, is continuous. Thus, by
the compactness of X, x + n, is bounded. For any & > 0, let A, = {x € Z : n, = h}.
Let h(1), ..., h(d) enumerate all h > 0, where A, # &. Then {T;App) :1 <k <d,
0 < j < h(k)} is a Kakutani—Rohlin partition with base Z.

Applying Lemma 2.1 repeatedly, one quickly obtains the following theorem.

THEOREM 2.2. [33, Theorem 4.2] For any essentially minimal Cantor system (X, T) and
X in the unique minimal set, there exist:

e positive integers dy, forn > 0, withdy = 1;

e positive integers h, (k) forn > 0and 0 < k < d,, with ho(1) = 1;
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e  Kakutani—Rohlin partitions P, for n > 0, where
Pu={T'By(k) : 1 <k <dy,0 =< j < hy(k)},

with Bo(1) = X,
such that for alln > 0:
(1) each Py41 refines Py;
(2)  B(Put1) S B(Pn);
() My B(Pn) = {x};
4) U, Pn generates the topology of X.

We call the system of Kakutani—Rohlin partitions in Theorem 2.2 a nested system. From
such a system, we define an ordered Bratteli diagram following [33]. For each n > 0, let

Vi = {Pn(k) 1 <k= dn}

Forn>1,1<k<d,, 1 <€ =<d,1, and 0 < j < h,(k), there is an edge e¢; € E,
connecting P, (k) to Py—1 () if T/ By (k) € Ug<jp, 0y T'Bu1(£). Then, if e, . . ., e,
are all edges in E,, connecting P, (k) to some element of V,,_1, we set the partial ordering
=< by letting e; < e if and only if j < J'. Tt was proved in [33] that this ordered
Bratteli diagram is essentially simple and that the Bratteli—Vershik system generated by
this ordered Bratteli diagram is conjugate to (X, T'), with the conjugacy map sending xpin
to x. If in addition (X, T') is a minimal Cantor system, then the resulting ordered Bratteli
diagram is necessarily simple.

Thus, we have described a procedure to obtain an ordered Bratteli diagram given an
essentially minimal Cantor system (X, 7') and a point x in the unique minimal set. It was
proved in [33] that the equivalence class of the ordered Bratteli diagram does not depend on
the choice of the Kakutani—Rohlin partitions in the procedure, that is, all ordered Bratteli
diagrams obtained through this procedure are equivalent.

Conversely, if B = (V, E, <) is an essentially simple ordered Bratteli diagram and
(X B, Ap) is the Bratteli—Vershik system generated by B, then there is a nested system of
Kakutani—Rohlin partitions for (Xp, Ap) and xp;i, such that the ordered Bratteli diagram
B’ defined above is equivalent to B. Thus, if an essentially minimal Cantor system (X, T')
has finite topological rank d, then there is a nested system of Kakutani—Rohlin partitions
{Pu}n>1, where d,, =d foralln > 1.

2.6. Subshifts. The concepts and notation reviewed in this subsection are from [25, 27].

By a finite word, we mean an element of 2<N = {0, 1}<N = Unent0, 1}V If vis a finite
word, we regard it as a function with domain {0, 1, ..., N — 1} for some N € N, and call
N its length, denoted as |v| = N. The empty word is the unique finite word with length O (or
the empty domain), and we denote it as &. If v is a finite word and s, ¢ are integers such that
0 <s <t <|v|—1,then v[[s, t] denotes the finite word u of length t — s + 1, where for
0<i<t—s+1Lu@)=v(s+i);v|sdenotes v[[0, s], and is called a prefix or an initial
segment of v. An end segment or a suffix of vis v[[s, |v| — 1] for some 0 < s < |v| — 1].
The empty word is both a prefix and a suffix of any word. Any word is also both a prefix
and a suffix of itself. If u, v are finite words, then uv denotes the finite word w of length
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lu| + |v], where wl[0, |u| — 1] = u and w [[|u]|, |u| + |[v] — 1] = v. For finite words u, v
with |u| < |v|, we say that u is a subword of v if there is 0 < s < |v| — |u| such that
u =v[[s, s + |u| — 1]; when this happens, we also say that u occurs in v at position s.

An infinite word is an element of 2N, and a bi-infinite word is an element of 2%. For
any infinite word V € 2N and integers s, t with 0 < s < ¢, the notions V [[s, t], V [s, finite
subwords, and their occurrences are similarly defined. For any bi-infinite word x € 2% and
integers s, t with s < ¢, the notions x [[s, 7], finite subwords, and their occurrences are also
similarly defined.

We consider the Bernoulli shift on 2Z = {0, 1}%, which is the homeomorphism
o : 2% — 27 defined by

ox)(n) =x(n+1).

Since 27 is homeomorphic to C = 2N, (2%, o) is a Cantor system. A subshift X is a closed
o-invariant subset of 2Z. By a subshift, we also refer to the Cantor system (X, o [ X) or
simply (X, o) when there is no danger of confusion.

The following simple fact is a folklore.

LEMMA 2.3. An infinite subshift is not equicontinuous. In particular, it is not conjugate to
any infinite odometer.

If V € 2N is an infinite word, let
Xy ={x € 27 every finite subword of x is a subword of V}.

Then (Xy, o) is a subshift and we call it the subshift generated by V. For any V € N x v
is always non-empty. Note that for any x € Xy and finite subword u of x, ¥ must occur in
V infinitely many times. We say that V' is recurrent if every finite subword of V occurs in
V infinitely many times. When V is recurrent, Xy is either finite or a Cantor set, and Xy
is finite if and only if V is periodic, that is, there is a finite word v such that V. = vovv - - - .
Thus, an infinite subshift generated by a recurrent V is a Cantor system.

It is well known that all infinite odometers form a dense G in the space M (C) of all
minimal Cantor systems. We give a proof of this fact in Corollary 3.4 and Proposition 3.6.

2.7. Subshifts of finite symbolic rank. Some of the concepts and notation reviewed in
this subsection are from [25, 27], and some are new.

Subshifts of finite symbolic rank are defined from infinite words of finite symbolic
ranked constructions, whose definitions are inspired by the cutting-and-stacking processes
that were used to construct measure-preserving transformations of finite rank [23]. We first
define (symbolic) rank-1 subshifts, which are also called Ferenczi subshifts in [2] to honor
the fact that Ferenczi popularized the concept in [23].

An infinite (symbolic) rank-1 word V is defined as follows. Given a sequence of positive
integers {rp}n>0 with r, > 1 for all n > 0 (called the cutting parameter) and a doubly
indexed sequence of non-negative integers {sy ; }»>0,1<i<r, (called the spacer parameter),
a (symbolic) rank-1 generating sequence given by the parameters is the recursively defined
sequence of finite words:
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vy =0,

Upal = v 1%ty - -y, 11y,

Since v, is a prefix of v,4, it makes sense to define V = lim, v,. This V is called a
(symbolic) rank-1 word and Xy is called a (symbolic) rank-1 subshift.

To generalize and define (symbolic) rank-n subshifts, we use the following concepts
and notation. Let F be the set of all finite words in 2=V that begin and end with 0. For
a finite set S € F and finite word w € F, a building of w from S consists of a sequence
(v1, . .., Vk41) of elements of S and a sequence (sq, . . . , Sx) of non-negative integers for
k > 1 such that

w = v11s'v2 e vkls"vkﬂ.

The sequence (s1, ..., s) is called the spacer parameter of the building; it is bounded
by M if s1,...,sr < M. We say that every word of S is used in this building if
{vi,. .., vk+1} = S. When there is a building of w from S, we also say that w is built
from S; when the building consists of (vy,. .., vg+1) and (s, . . ., sx), we also say that
w is built from S starting with vi. These notions can be similarly defined when the finite
word w is replaced by an infinite word W.

For n > 1, a (symbolic) rank-n generating sequence is a doubly indexed sequence
{vi,j}i>0,1<j<n; of finite words satisfying, for all i > O:

o n; <n

e v =0foralll < j <nog;

® Vi1, is built from §; = {vi1, ..., Vip ) starting with v; 1;
e v;y1,;isbuilt from S; forall 2 < j < n;yq.

A (symbolic) rank-n construction is the (symbolic) rank-n generating sequence
{vi,j}i=0,1<j<n; together with exactly one building of v;y; from S; (for v;iy, the
building should start with v; ;) for alli > 0, 1 < j < n;. We call S; the ith level of the
construction. The spacer parameter of the rank-n construction is the collection of all
spacer parameters of all the buildings in the construction; it is bounded if there is an
M > 0 such that all the spacer parameters of all the buildings in the construction are
bounded by M. The (symbolic) rank-n construction is proper if for all i > 0, n; = n, and
forall 1 < j <n, every word of §; is used in the building of each v; ;. Since each v; |
is a prefix of v;41,1, it makes sense to define V = lim; v; 1.

Given arank-n construction with associated rank-n generating sequence {v; j}i>0,1<j<n; »
we define the set of all expected subwords of v; j,fori > 0and 1 < j < n;, inductively as
follows: for each vy ;, the set of all of its expected subwords is {vg ;} = {0}; for i > 0, the
set of all expected subwords of v;1,; consists of:

®  Vitl,js

® uj,...,uis+1 €S;, where (uy,...,ur+1) and (ay, ..., ax) give the building of
Viy1,j from S;;

e all expected subwords of uy, ..., ux+1 € S;.

Finally, define the set of all expected subwords of V = 1lim; v;; to be the union of the
sets of all expected subwords of v; 1 for all i > 0. Without loss of generality, we may
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assume that for all i > 0, all finite words in S; are expected subwords of V. It follows
immediately from the construction that for all i > 0, the infinite word V is built from S;
starting with v; 1.

Let w e F and S, T C F are finite. Suppose w is built from S and that every word
in S is built from 7. Then by composing the building of w from S with the buildings
of each element of S from 7, we obtain a building of w from 7, and thus w is also
built from 7. Given a rank-n construction with associated rank-n generating sequence
{vi,j}i=0,1<j<n;» and given i <i’, for all 1 < j" <n;y, we obtain a building of vy j
from S; by composing the buildings of elements of S, from S,_; forall i +1 <¢ <i’.
With this repeated composition process, we may obtain, for any increasing sequence
{ix}x>0 with ip = 0, a rank-n construction with associated rank-n generating sequence
{vik,j}kzo,]fjfnik. Since lim; v; ; = limy v;, 1, the resulting infinite words are the same.
We call this process felescoping.

An infinite word V is called a (symbolic) rank-n word if it has a rank-n construction but
not a rank-(n — 1) construction. A subshift X has finite symbolic rank if for some n > 1,
X = Xy, where V has a rank-n construction; the smallest such # is called the symbolic
rank of X, and is denoted ranksymp (X) = ranksymp (X, o).

By definition, if ranksymp (X) = n, then there is a rank-n word V such that X = Xy.

Before closing this subsection, we give some examples. The best known example of a
rank-1 generating sequence is the one coding the Chacén transformation:

vo=0; v+1 = vyvslu,.

The Morse sequence is the infinite 0,1-word generated by the Thue—Morse substitution
0+ 01 and 1 — 10. The subshift generated by the Morse sequence is an example of a
minimal subshift of symbolic rank 2. More generally, any S-adic subshift of finite alphabet
rank, for which the initial alphabet Ay = {0, 1} (defined in §6.4), is a natural example of
subshifts of finite symbolic rank, where the symbolic rank is no more than the alphabet
rank. Our main results in this paper will show that any minimal S-adic subshift of finite
alphabet rank is conjugate to a minimal subshift of finite symbolic rank.

Finally, we turn to symbolic codings of interval exchange transformations, known as
IET subshifts. When there are two intervals of irrational lengths, the interval exchange
transformations are exactly irrational rotations and the corresponding IET subshifts are
generated by Sturmian words. These subshifts have symbolic rank 2 [27]. In general,
when there are more than two intervals and if the corresponding IET subshifts are
minimal, they are known to have finite topological rank, and by our main results in this
paper, they are conjugate to a minimal subshift of finite symbolic rank. If one considers
the quotient systems of these subshifts where one of the intervals is coded by 0 and
the rest are coded by 1, then the subshifts are natural examples of subshifts of finite
symbolic rank.

3. Some computations of descriptive complexity

In this section, we compute the descriptive complexity of various classes of Cantor
systems. We first show that the class of all essentially minimal Cantor systems is a G
subset of Aut(C). Then we give a characterization of all essentially minimal Cantor systems
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with bounded topological rank. As a consequence, we show that for eachn > 1, the class of
all essentially minimal Cantor systems of topological rank < n is a G5 subset of Aut(C).
This implies that for each n > 1, the class of all minimal Cantor systems of topological
rank < n is a G5 subset of M (C).

We first give a characterization of essential minimality for a Cantor system (X, T).
We say a subset A of X has the finite covering property if there is some N € N such that

U—NgngN T"A =X.

PROPOSITION 3.1. Let (X, T) be a Cantor system and let p < 1 be a compatible metric

on X. Then the following are equivalent:

(1) (X, T) is essentially minimal;

(2) for any clopen set A of X, if A has the finite covering property, then there is a clopen
subset B of A with the finite covering property such that diam(B) < diam(A)/2.

Proof. First assume (X, T) is essentially minimal. Suppose A is a clopen subset of X with
the finite covering property, that is, for some N € N, we have | J_ N<n<n IT"A =X.Letx
be an arbitrary element of the unique minimal set of X. Then for some —N <n<N,
x € T"A, where T"A is still clopen. Let Y be a clopen subset of 7" A containing x
such that diam(7~"Y) < diam(A)/2. By [33, Theorem 1.1], Uiz TFy = X. By the
compactness of X, Y has the finite covering property. Let B = T"Y. Then B C A,
diam(B) < diam(A)/2 and B also has the finite covering property.

Conversely, assume condition (2) holds. Starting with A9 = X and repeatedly applying
condition (2), we obtain a decreasing sequence {A,},>0 of clopen subsets of X such that
diam(A,) < 27" and each A, has the finite covering property. Let x be the unique element
of (N, An. Then any clopen subset B of X containing x has the finite covering property. By
[33, Theorem 1.1], (X, T) is essentially minimal. O

Let E(C) be the set of all essentially minimal homeomorphisms of C.
COROLLARY 3.2. E(C) is a G subset of Aut(C), and hence is a Polish space.

Proof. Note that for any clopen subset A of C, A has the finite covering property for (C, T')
is an open condition for 7 € Aut(C). Thus, condition (2) of Proposition 3.1 gives a G
condition for T € Aut(C). O

We next give a characterization of essentially minimal Cantor systems of bounded
topological rank.

THEOREM 3.3. Let (X, T) be an essentially minimal Cantor system, p < 1 be a compati-

ble complete metric on X, and n > 1. The following are equivalent:

(1) (X, T) has topological rank < n;

(2) there exists x € X such that for all € > 0, there is a Kakutani—Rohlin partition P with
no more than n many towers such that diam(A) < € forall A € P, diam(B(P)) < e,
and x € B(P);
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(3) for any clopen subset Z of X with the finite covering property, for any finite partition
Q into clopen sets, there is a Kakutani—Rohlin partition P with no more than n many
towers such that B(P) C Z, diam(B(P)) < diam(Z)/2, and P refines Q.

Proof. We first show (1)=-(2). Suppose (X, T') has topological rank < n. Then there is an
essentially simple ordered Bratteli diagram B = (V, E, <) such that (X, T) is conjugate
to the Bratteli—Vershik system (Xp, Ap) generated by B, and for all k > 1, |Vi| <n. It
suffices to verify that condition (2) holds for (X, Ap). Let y = xmin. Each level V} of B
gives rise to a Kakutani—Rohlin partition P, where each set in Py corresponds to a path
from Vj to a vertex in Vi, and B(Py) consists of all the basic open sets correspondent to
the minimal paths from Vj to each vertex of Vj. Since y is the unique minimal infinite path,
we have (), B(Pyx) = {y}. Let n < 1 be the standard metric on X . Let ¢ > 0. Then there
is a large enough & such that all the minimal paths from Vj to the vertices of Vj agree on
the first &’ < k many edges, where 2=* < ¢ This implies that diam(B(Py)) < 27K ~ e
Also, for all A € Py, diam(A) < 2k 27K ¢, Pr has |Vi| < n many towers. Since
y € B(Py), we have that Py witnesses condition (2) for (X g, Ap).

Next we show (2)=(3). Suppose condition (2) holds for x € X. We note that for any
n € Z, condition (2) holds also for 7" x. This is because the property described in condition
(2) is invariant under topological conjugacy, and 7" : (X, T) — (X, T) is a topological
conjugacy sending x to T"x. Let Z be a clopen subset of X with the finite covering
property. Without loss of generality, assume dim(Z) > 0. Then Z meets every orbit in
X, and therefore there is x € Z such that the property in condition (2) holds. Let Q be a
finite partition of X into clopen sets. Let § > 0 be the infimum of d(y, z) where y, z are
from different elements of Q. Let & > Obe suchthatx € {y € X : p(x,y) < &} C Z and
diam(Z) > 2&.Lete = min{é, £} > 0. Let P be a Kakutani—Rohlin partition with no more
than n many towers such that diam(A) < € forall A € P, diam(B(P)) < ¢, and x € B(P).
Then B(P) C{y € X : p(x,y) <&} C Z,diam(B(P)) < & < diam(Z)/2, and P refines
Q because for any A € P, diam(A) < §.

Finally we prove (3)=-(1). Assume (X, T') is essentially minimal and condition (3)
holds. Note that the base of any Kakutani—Rohlin partition has the finite covering property.
By applying condition (3) repeatedly, we obtain a system of Kakutani—Rohlin partitions
{Pr}r=0 so that Py = {X}, each Pxy1 refines Pr, B(Pi+1) S B(Px), diam(B(Pr+1)) <
diam(B(Px))/2, each Py consists of no more than n many towers, and |_J, Px generates
the topology of X. Let x be the unique element of ("), B(Px). Then any clopen subset of
X containing x has the finite covering property. By [33, Theorem 1.1], x is in the unique
minimal set of X. Now {Py}x>0 is a nested system of Kakutani—Rohlin partitions in the
sense of Theorem 2.2, which gives rise to an ordered Bratteli diagram for (X, T) with
each level consisting of no more than n vertices. Thus, rankio, (X, T) < n. O

COROLLARY 3.4. For any n > 1, the set of all essentially minimal T € Aut(C) with
topological rank < n is a G s subset of E(C). Similarly, for any n > 1, the set of all minimal
T € Aut(C) with topological rank < n is a G subset of M (C).

Proof. This follows immediately from clause (3) of Theorem 3.3. O
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We also have the following immediate corollary regarding the descriptive complexity
of (essentially) minimal Cantor systems with finite topological rank.

COROLLARY 3.5. The set of all essentially minimal T € Aut(C) with finite topological
rank is a Zg subset of E(C). Similarly, the set of all minimal T € Aut(C) with finite
topological rank is a Zg subset of M (C).

Here we remark that the proof of Theorem 3.3 implies that in clauses (2) and (3) of
Theorem 3.3, one may replace ‘no more than » many towers’ with ‘exactly n many towers.’
Similar proofs also give that if the system (X, T') considered is minimal, then in clause (2)
of Theorem 3.3, one may replace ‘there exists x € X’ with either ‘for non-meager many
x € X’ or ‘for comeager many x € X.

Finally, we note that the set of all infinite odometers form a dense G5 in M (C).

PROPOSITION 3.6. The set of all infinite odometers is a dense Gg in the space of all
minimal Cantor systems.

Proof. Since the set of all infinite odometers is just the set of all minimal Cantor systems
of topological rank 1, it is a G in the space of all minimal Cantor systems by Corollary
3.4. We only verify that it is dense. Let (X, 7)) be a minimal Cantor system and suppose
‘P is a clopen partition of X. We only need to define an infinite odometer S on X such
that SZ = T Z forall Z € P. Consider T = T~'. Then (X, T) is again a minimal Cantor
system. If we define an infinite odometer SonXsuchthat S'Z =T 1Z forall Z € P,
then S = S~ is again an infinite odometer, and SZ = T Z holds for all Z € P. Thus, we
focus on (X, 7~’) in the rest of this proof.

By Lemma 2.1, P can be refined by a Kakutani—Rohlin partition for 7. Therefore,
without loss of generality, we may assume that P itself is a Kakutani—Rohlin partition.
Suppose P = {T/B(k): 1 <k <d,0 < j < h(k)}.

We define a directed graph G = (V, E), where V = {vy, ..., vg} has d vertices,
and for any 1 <k, k' < d, there is a directed edge e € E from v to vy if and only if
B(k') N T"®) B(k) # @. 1t follows from the minimality of T that G = (V, E) is strongly
connected, i.e., there is a directed path from any vertex to any other vertex. Now fix a finite
sequence p = (eq, . . ., ey ) of edges in G such that (e1, . . ., e;, e1) is a directed path and
{e1,...,en} = E.Then p is adirected cycle in G.

Consider an edge e € E, say e is from vy to vy. Let n, be the number of times e appears
inp.Let A, = B(k) N T-"® (B(k’)). Then A, is a clopensetin X. Let {Ac 1, ..., Aen,}
be a partition of A, into n, many clopen subsets of X. If e appearsinp as e;, . . ., €;,,, we
associate with each ei; the set A, j for 1 < j < n,.

Thus, we have obtained disjoint non-empty clopen sets Ci,...,C, such that
Q2(Cl,...,Cplisa partition of B(P), and for any 1 <i < m, if ¢; is an edge from vi
to v, then C; € B(k) and T"® C; C B(k'). We define an odometer S : X — X such that
forany 1 <i < m, if ¢; is an edge from vy to vy, then S‘h(k)Ci = Ci41 (with Cp41 = Cy)
and $/C; = T/ C; for 1 < j < h(k). In fact, Q is a Kakutani—Rohlin partition for S (with
one tower), and S is defined by recursive refinements starting with Q. It is now clear that
S71Z =T-1Z forall Z € P as desired. O
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4. A characterization of minimal rank-1 subshifts
In this section, we give an explicit topological characterization for all minimal Cantor
systems which are conjugate to infinite rank-1 subshifts. In contrast to the results in §3, the
descriptive complexity of this characterization will be on a higher level than Gs.

Define

Z={xc¢€ 27 - for all n there exists m > n x(m) =0and

for all n there exists m > n x(—m) = 0}.

Then Z is a o-invariant dense G5 subset of 2Z,
For a bi-infinite word x € Z and a finite word v € F, we say that x is built from v if
o™ (x) can be written in the form

o (x) = - v 21l p Sl .

for a bi-infinite sequence (..., s_3, S_1, S0, 51, 52, . . .) of non-negative integers and for
some n € Z. For finite words u, v € F, we say that u is built from v if there are
non-negative integers sy, . . . , Sx for k > 1 such that

u=vllv ... v1%y.

The demonstrated occurrences of v in u are called expected occurrences.

LEMMA 4.1. Let x € Z and v € F. Then the following are equivalent:

(1)  xis built from v;

(1) forallm € N, there exists a finite word u such that x [[—m, m] is a subword of u and
u is built from v.

Proof. The implication (i)=>(ii) is immediate. We show (ii)=>(i). Let n be the number of 0
terms in v, that is, n is the number of distinct occurrences of 0 in v. Let m be large enough
such that x [[—mg, mg] contains at least » many Os. Let k| < - - - < k,, € [—mo, mg] be
such that x(k;) = 0 for all 1 <i < n and that if k| < k < k, is such that x(k) = 0, then
k = k; for some 1 <i < n. By condition (ii), for each m > my, there is a finite word u
such that x [[—m, m] is a subword of u and u is built from v. Exactly one of k1, ..., k,
corresponds to a starting position of an expected occurrence of v in u. We denote this
value of k € {ky, ..., k,}ask(m). Let koo € {ki, . .., k,} be such that for infinitely many
m > mo, k(m) = koo. Let M, be the infinite set such that for all m € My, k(m) = koo.
Then v occurs in x starting at position k«,. We claim that for all k > k, such that x(k) =0
and there are a multiple of n» many Os from ko, to k — 1, v occurs in x starting at position k.
This is because, fixing such a k and letting m € My, with m > k 4 |v|, there is a finite
word u such that x [[—m, m] is a subword of u and u is built from v; since the occurrence
of v starting at position k, corresponds to an expected occurrence of v in u, it follows that
there is another expected occurrence of v in u starting at the position corresponding to k,
and so v occurs in x starting at position k. By a similar argument, we can also prove a claim
that for all k < koo such that x (k) = 0 and there are a multiple of » many 0 terms from k to
koo — 1, v occurs in x starting at position k. Putting these two claims together, we conclude
that x is built from v. O
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Lemma 4.1 implies immediately that for any v € F, the set of all x € Z such that x is
built from v is closed in Z.

Let (X, T) be a Cantor system and let A be a clopen subset of X. Define Br(A) to be
the smallest Boolean algebra B of subsets of X such that 7" A € B for all n € Z. We say
that (7', A) is generating if By (A) contains all clopen subsets of X.

THEOREM 4.2. Let (X, T) be a minimal Cantor system and xo € X. Then the following
are equivalent:
(1) (X, T) is conjugate to a (infinite) rank-1 subshift;
(2) thereis a clopen subset A of X such that (T, A) is generating and for alln € N, there
isav € F satisfying:
e |v| > n and Ret(xo) is built from v; and
e for any u € F such that |u| > |v| and Rety(xqg) is built from u, there exists
u' € F such that |u'| < |u| + |v|, u’ is built from v, and u is an initial segment

of u'.

Proof. Clause (2) is apparently conjugacy invariant, thus to see (1)=-(2), we may assume
V is a rank-1 word, X = Xy is an infinite minimal rank-1 subshift, and 7 = o. Let
A ={x € X :x(0)=1}. Then (T, A) is generating and Ret4 (x¢) = xo. The set of all
finite words v such that V is built from v is a subset of the set of all finite words v such that
Xo is built from v. Now given any n € N, let v € F be such that V is built fundamentally
from v (see [25, Definition 2.13]). Then by [25, Proposition 2.16], for any 4 € F such that
|u| > |v| and V is built from u, u is built from v. This proves clause (2) by [25, Proposition
2.36].

Conversely, assume A is a clopen subset of X witnessing clause (2). Since (T, A)
is generating, the map Rety : X — 2% is a homeomorphic embedding such that Rety o
T = o o Rety. Thus, Retq(X) is a minimal subshift, and Ret4 is a conjugacy map. By
repeatedly applying clause (2), we obtain an infinite sequence of finite words {v,},>0 in
F such that Retg(xg) is built from each v, and for all n > 0, v, is an initial segment
of v,41 and v,41 is an initial segment of some u# which is built from v,. This allows us
to define an infinite word V = lim,, v,. By definition, V is a rank-1 word. To finish the
proof, it suffices to verify that Ret4(X) = Xy. By the minimality of Rety (X), for any
y € Rety (X), the set of all finite subwords of y coincides with the set of all finite subwords
of Rety (xg). However, our assumption guarantees that the set of all finite subwords of
Ret4 (xp) coincides with the set of all finite subwords of V. Thus, Ret4(X) = Xy and X is
conjugate to Xy, a rank-1 subshift. O

The apparent descriptive complexity given by clause (2) of the above theorem is X2,
which is significantly more complex than Gs.

5. Proper finite rank constructions
The following is a basic property regarding symbolic rank-n constructions.

PROPOSITION 5.1. Let n > 1. Suppose {T;}i>0 is a sequence of finite subsets of F such
that Ty = {0} and for all i > 0, |T;| < n and each element of T; 1 is built from T;. Then
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there is a rank-n construction with associated rank-n generating sequence {v; j}i>0,1<j<n;
such that for alli > 0, v; 1, ..., Vi € T;.

Proof. For eachi > 0 and v € T;11, fix a building of v from 7;. Define a binary relation
R on Ui>0 T; by R(u,v) if for some i > 0, u € T;, v € T;4+1, and the building of v
from T; starts with u. Let < be the transitive closure of R. Then < is a (strict) partial
order on Ui>0 T;. We inductively define an infinite R-chain of words {u;};>0, that is,
u; € T; and ;Q(u,', uj4+1) for all i > 0. Let ug = 0. Note that there are infinitely many
words u € (J;~o Ti such that ug < u (in fact, ug < u for all u € |J;~( 7;). In general,
assume u; has been defined such that there are infinitely many w € Ui>_0 T; with u; < w.
In particular, the set W = {w € szi+2 T :u; < w} is infinite. Note that for each
w € W, there is a uy € T;41 such that R(u;, u,) and u, < w. Since T;j4p is finite,
there is a v € T;41 such that for infinitely many w € W, u,, = v. Let u;411 = v. Then
there are infinitely many w € Ui>0 T; such that u; 1 < w. This finishes the inductive

construction.
Now define v; ; for each i > 0 so that v;; =u; and {v; 1, ..., vy} = T;, where
n; = |T;|. With the fixed buildings, this gives a rank-n construction as required. O

Next we characterize the rank-n subshifts which have proper rank-n constructions. We
use 1% to denote the element x € 2%, where x (k) = 1 forall k € Z.

THEOREM 5.2. Let n > 1 and let X be a subshift of symbolic rank n. The following are

equivalent:

(1) there exists a rank-n word V such that X = Xy, and V has a proper rank-n
construction;

(2)  for any rank-n word V such that X = Xy, V has a proper rank-n construction;

(3) forany x € X such that x # 1%, the orbit of x is dense in X.

Proof. We first show (1)=>(3). Suppose V is a rank-n word such that X = Xy, and V has
a proper rank-n construction with associated rank-n generating sequence {v; ;}i>0,1<j<n-
For each i > 0, define a; = maxj<j<, |v; j|. Let x € Xy and assume x # 1Z. There
exists an m € Z so that x(m) = 0. Fix an i > 0 and consider the finite word u = x|
[m — aj+1, m + a;j+1]. By the definition of Xy, u is a subword of V. Since V is built from
Si+1, by considering the length of u, we get that there is 1 < jo < n such that v;41 j, isa
subword of u. By the properness of the rank-n construction, v;; is a subword of v;41,jy,
and hence a subword of x. This implies that the orbit of x is dense in Xy .

Next we show (3)=>(2). Let V be a rank-n word such that X = Xy. Suppose for any
x € Xy such that x # 1%, the orbit of x is dense in X v. We fix a rank-n construction with
associated rank-n generating sequence {v; ;}i>0,1<j<n;» Where V = lim; v; ;. Since V is a
rank-n word, it does not have a rank-(n — 1) construction; by telescoping if necessary, we
may assume that n; = n for all i > 0. Also, without loss of generality, we assume that for
all i > 0, all finite words in S; are expected subwords of V. In particular, if i < i’, then
every finite word in ; is an expected subword of some word in Sj.

Next we claim that for any ip > 0 and 1 < jy < n, there exists i > ip such that for any
1 < j <n,vj,,j, is an expected subword of v; j. Assume not; then for any i > iy, there is

https://doi.org/10.1017/etds.2024.45 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.45

Subshifts of finite symbolic rank 825

1 < j < nsuch that vj,_j, is not an expected subword of v; ;. We define a sequence {7 }x>0
of finite subsets of F as follows. Let Ty = {0}. For k£ > 0, let T} be the set of all v, ;
for 1 < j < n such that v;_ j, is not an expected subword of vj;«,;. Then for all k > 0,
Tk € Sip+k and so [Tx| < n — 1. Also, for all k > 0, each element of T} is built from
Ti. By Proposition 5.1, there is a rank-(n — 1) construction with associated rank-(n — 1)
generating sequence {wy ¢ }k>0,1<¢<m, suchthatforallk > Oand 1 < € < my, wie € Ty <
Sio+k- Let W = limg wy 1. Then every finite subword of W is a subword of V. Hence, Xy
is an closed invariant subset of Xy . It is clear from the construction of W that there is
x € Xw such thatx # 1%, Since the orbit of x is dense in Xy, we get that Xy = Xy. This
contradicts our assumption that ranksymp(Xy) = n.

Using the claim, and by telescoping, we obtain a proper rank-n construction for V.

Finally, (2)=(1) is immediate. [

Note that the implication (1)=>(3) in the above theorem does not require that X is of
symbolic rank n.

COROLLARY 5.3. Let n > 1 and X be an infinite subshift of symbolic rank < n. Suppose
X = Xvy and V has a proper rank-n construction. Then (X, o) is an essentially minimal
Cantor system. In particular, there is k € N such that OF is not a subword of V.

Proof. Since X = Xy, where V has a proper rank-n construction, V is recurrent. Since
Xy is infinite, it is a Cantor set. Now if 1Z ¢ X, then by Theorem 5.2(3), X is minimal; if
1Z € X, then {17} is invariant and by Theorem 5.2(3), it is the unique minimal set in X.
Thus, (X, o) is an essentially minimal Cantor system. In either case, 0% ¢ Xy, and thus
there is k € N such that 0 is not a subword of V. O]

Note that any rank-1 construction is proper, and thus any infinite rank-1 subshift is an
essentially minimal Cantor system.

COROLLARY 5.4. Letn > 1 and let X be an infinite subshift of symbolic rank n. Then the

Jollowing are equivalent:

(1) X is minimal;

(2) there exists a rank-n word V such that X = Xy, and V has a proper rank-n
construction with bounded spacer parameter;

(3) for any rank-n word V such that X = Xy, V has a proper rank-n construction with
bounded spacer parameter.

Proof. To see (1)=(3), suppose X is minimal. Then 1% ¢ X and clause (3) of Theorem 5.2
holds. By Theorem 5.2, for any rank-n word V such that X = Xy, V has a proper rank-n
construction with associate rank-n generating sequence {v; ;}i>0,1<j<n. Without loss of
generality, we may assume that every word in this sequence is an expected subword of
V. We claim that this given proper rank-n construction has bounded spacer parameter.
Otherwise there are arbitrarily large k with 1% as a subword of V, and then 1Z € X v =X,
which is a contradiction.
The implication (3)=>(2) is immediate.
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Finally, we prove (2)=(1). Suppose V is a rank-n word such that X = Xy, and V
has a proper rank-n construction with bounded spacer parameter. Then 1% ¢ Xy, and by
Theorem 5.2, X is minimal. O]

Again, we remark that the implication (2)=>(1) of the above corollary does not require
that X be a subshift of symbolic rank n.

6. Finite symbolic rank and finite topological rank

In this section, we prove that minimal subshifts of finite symbolic rank have finite
topological rank, and conversely, any minimal Cantor system of finite topological rank
is either an odometer or conjugate to a subshift of finite symbolic rank. Together with
previous results [13, 14], our results show that the three notions of finite rank for minimal
expansive Cantor systems all coincide with each other.

6.1. From finite symbolic rank to finite topological rank. We first consider minimal
subshifts of finite symbolic rank.

The following concept of unique readability will be useful in our proofs to follow. Let
n > 1. Fix a symbolic rank-n construction with associated rank-n generating sequence
{vi,j}i>0,1<j<n. Let V =1lim; v; ;. Without loss of generality, assume every v; ; is an
expected subword of V, and that for each i > 1, the words v; 1, . . ., v; , are distinct. For
x € Xy, areading of x is a sequence {E;};>0 satisfying, for each i > 0:

(

—

) each element of E; is a pair (k, j), where | < j < n and £ is the starting position of
an occurrence of v; ; in x;

(i) if (ki, j1), (k2, j2) € Ei and ki < ka, then ki + |v;,j, | < k2;

(i) Eog={(k,j):x(k)=0and j = 1}; and

(iv) for each (k, j) € E;, there is exactly one (k/, j') € E;+1 such that k¥’ < k and

K+ i1l = k+ v jl.

If every x € Xy has a unique reading, we say that {v; ;};>0,1<j<m has unique readability,

and we call an occurrence (starting at position) k of v; ; in x expected if (k, j) € E; for the

unique reading of x. Every rank-1 generating sequence whose induced infinite rank-1 word

is not periodic has unique readability [25, Proposition 2.29].

LEMMA 6.1. Let n>1, {vi }i01<j<n be a rank-n generating sequence, and
V =1lim; v; 1. Then any x € Xy has a reading.

Proof. We fix a rank-n construction of V with associated rank-n generating sequence
{vi,j}i=0,1<j<n- Without loss of generality, we may assume that every v; ; is an expected
subword of V, and that for each i > 1, the words v; 1, . . ., v; , are distinct. For each i > 0,
define q; = maxi<j<n |U,',j| and b; = inflfjf,, |U,',j|. Then b,‘+1 > 2b; foralli > 0.

We consider several cases.

Case 1: x = 1%, In this case, a unique reading is given by E; = @ for all i > 0.

Case 2: there exists ko € Z such that x(kg) =0 and x(k) = 1 for all k < kq. First,
fix any i > 0. Define u; = x [[ko — a;, ko + a;]. Since u; is a subword of V, V is built
from {v; 1,...,vix},anda; > |v; j| forall 1 < j < n, we have that for some 1 < jo < n,
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ko is the starting position of an occurrence of v; j, in x. Now following the rank-n
construction of V, by an induction on t =i,i — 1,...,0, we define collections E} for
t <i as follows. First, let El’ = {(ko, jo)}. Suppose now E,’ has been defined, which is
a collection of some pairs (k, j), where k is the starting position of an occurrence of
v;,j in x. Assume that for (k1, j1), (k2, j2) € E,’ with k1 < kz, we have k1 + |v;j, | < ka.
Now for each (k, j) € EL, the building of v, ; from {v,_11,...,v—1,} in the fixed
rank-n construction gives rise to pairs (k’, j’), where v;__j» occurs at position k" and this
occurrence corresponds to the occurrence of v;_ ;- in the building of v;,; as an expected
subword. We put all such (£, j/) in Effl. It is clear that for (K, j}), (k5. j}) € E;;l
with k| < k), we have k| + |v,,1’jl/| < k. It is also clear that for each (k', j') € E}_,,
there is exactly one (k, j) € E! such that k < k" and k + [vg,j| = k" 4 |v,—1,j|. Finally, we
note that Eé ={(k, j) : x(k) =0,ko <k <ko+ |v;j| — 1, and j = 1}. This finishes the
definition of E} for t+ <i. We have that for all ko <k <ko+b; + 1, (k, 1) € E(’) if and
only if x (k) = 0.

For i > 0, define ¢; € {0, l}NXZX“""’"} by letting e;(t, k, j) = 1 if and only if + <1

of {e;}i>0. For each t > 0, define E; = {(k, j) : e(t, k, j) = 1}. Since {b;};>0 is strictly
increasing, we conclude that for all k > kg, (k, 1) € Ey if and only if x (k) = 0. The other
properties of a reading are also easily verified. Thus, {E;};>0 is a reading of x.

Case 3: there exists kg € Z such that x(kg) = 0 and x (k) = 1 for all kK > k. This case
is similar to Case 2.

Case 4: for any k € Z, there are k| < k < kp such that x (k1) = x(kz) = 0. Let kg be an
integer satisfying x (ko) = 0. Fori > 0, let £; | be the (2a; + 1)th natural number such that
x(ko 4+ ¢i,1) = 0; let £; » be the (2a; + 1)th natural number such that x (ko — £;2) = 0.
Define u; = x[[ko — £; 2, ko + €i.1]. Then u; is a subword of V. Since V is built from
{vi1, ..., vin}, by the definition of a;, there exist m; < ko and a subword w; of V such
that:

e w; is of the form v; j, 1°1v; ;,1°2v; j,, where 1 < ji, jo, j3 < nand sy, s2 > 0;

e m; is the starting position of an occurrence of w; in x; and

o m;+ v, 'Y < ko < m; + |v; j, 1P j| — 1.

Now we proceed as in the proof of Case 2 to define E; for all + < i and finally obtain a
reading {E;};>0 of x by compactness. O]

Next we define a concept that guarantees unique readability. Let n > 1. We say a rank-n
construction with associated rank-n generating sequence {v; j}i>0,1<j<n 18 good if it is
proper and forany i > O and 1 < j < n, v; ; is not of the form

N s S
al™v j 2o g - i 4B,

where k > 1, a is a non-empty suffix of some v; j,, and f is a non-empty prefix of some
Vi ji4, - If @ rank-n construction is good, we say that the infinite word V' = lim; v; 1 is good.

LEMMA 6.2. Consider a good rank-n construction with associate rank-n generating
sequence {v; j}i>01<j<n- Then {v; j}i>0,1<j<n has unique readability.
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Proof. Let x € Xy. Let {E;};>0 be a reading of x, which exists by Lemma 6.1. By the
definition of a reading, we have that for each i > 0, E; gives a way in which x is built from
{vi1, ..., vin}. Now suppose {E,{}izo is another reading of x, and suppose i > 0 is the
smallest such that E; # E;. Without loss of generality, let (k, j) € E; \ E.

Consider two cases.

Case 1: there is j' # j such that (k, j') € E]. In this case, without loss of generality,
assume |v; ;| > |v; j|. Then v; ; can be written in the form v; ;/1%1v; j, - - - v; j, 134! B for
some £ > 0 and non-empty 8, where 8 is a prefix of some v; j,,,. This contradicts the
assumption that our rank-n construction is good.

Case 2: there is no j' such that (k, j') € E/. By the definition of a reading, there
is a unique (k', j') € E!, where k' < k such that k < k" + |v; j|. If k' + |v; j| <k +
[vi,jl, then v; ; can be written in the form o1°1v; j, - - - v; j, 1°¢*! B, which contradicts
the assumption that our rank-n construction is good. If k" + |v; /| > k + |v; ;|, then
v; j» can be written in the form al®lv; j - - - v; j, 1%+ B, which again contradicts our
assumption. O

Note that the definition of goodness does not rule out the possibility that some v; ; is a
subword of v; j for j' # j.

LEMMA 6.3. Suppose V has a good rank-n construction with associated rank-n generating
sequence {v; j}i>0,1<j<n. Then foranyi > 0,1 < j < n, and k € Z, the set

{x € Xy : there is an expected occurrence of v; j at position k}
is clopenin Xy.

Proof. Let E; i denote the set in question. Then x € E; j; if and only if for any
0<t<luvjl—1 x(k+1)=v;;() and for any 1 < ;' <n and k' <k, if j/ # j and
k" 4 |v; jr| = k + |v; j|, then there is 0 < s < |v; js| — 1 such that x(k" 4 s5) # v; j(s).
This implies that E; ; x is clopen. O

PROPOSITION 6.4. Letn > 1 and X be an infinite subshift of symbolic rank < n. Suppose
X = Xy and V has a proper rank-n construction. Then there exists a word W with a good
rank-2n construction such that X is a factor of Xw. Moreover, if in addition X is minimal,
then W can be chosen so that Xy is minimal.

Proof. Fix a proper rank-n construction of V with associated rank-n generating sequence
{vi,j}i=0,1<j<n. Without loss of generality, assume v; 1, . . . , v; , are distinct for all i > 1.
By Corollary 5.3, there is a ko € N such that 00 is not a subword of V; we fix such a k.
For all i > 0, define a; = max<j<, |v; j| and b; = infi< <, |v; j|. Then b; 1 > nb; for
all i > 0, and hence, in particular, b; > n' foralli > 0.

We define a rank-2n generating sequence {wpg4}p>01<g<2n. Let woy =0 for
1 < g < 2n.To define wy 4, letiy > 0 be such that b;; > 4ko + 4. Then define

wr . — |Yita ifl <g <n,
L= 010Man1=410  ifn+1<q <2n.

Note that forall 1 < j < n, |wyj| = w1, j1nl = |viy,jl-
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For p > 1, suppose i, has been defined and w , have been defined forall 1 < g < 2n.
We define i, 1 and w14 as follows. First set

’Vaip+1—‘
b,'p

Then let i1 > i, be large enough such that by telescoping using the buildings in the
proper rank-n construction {v; j}i>0,1<j<n, We can write, for all 1 < j <n, v;,,,,; in the

form

L1518y,
Ulp:]ll 1 vlpv./@-%—l (1)

with € > 12m, + 4n. This is doable since £ > nir+1=ip Note that for j =1, we have
j1 = 1. We also note the following property (*) of the word in equation (1): for any
1<t =<€+2-2mp, {j,..., j,+2mp_1} = {1, ..., n}. This is because

A T
u= vlpa]tl vlps]f+2mpfl (2)

consists of 2m , many consecutive expected occurrences of subwords of v; ,,,; of the form
Vi, j's since Vi1, is built from {vip+1,1, R Ui,,+1,n}, by our definition of m,, u must
contain some expected occurrence of Vi, 1,575 where 1 < j' < n, as a subword. Hence,
property (*) holds by the properness of the construction.

We now fix 1 < j <n and assume that Vi1 is in the form of equation (1). For
1 <t <{+1,define

b1 = Ji+n f2<t<2mp,+j+lorl—2m,—j+1=<t=<¢,
R otherwise
and
V() = ji+n if2<t<2mp+j+n+lorl—2m,—j—n+1=<rt=<¢,
s otherwise.
Then define
Wp+l,j = Wpg) 1™ - T wp s
and
Wpl,j4n = Wpy) 1™ - T wp o).

This finishes the definition of {wp 4} p>01<g<2n-

We verify that the construction defined is proper, that is, for all p>1 and
1 < g <2n, all words in {wp1,...,wp2,} are used in the building of wyy1,. We
first assume 1 < g < n. Since £ > 12m, + 4n, there exists 1 < #p < £ + 1 such that for
all 1o <t <ty +2mp — 1, ¢(t) = j;. By property (*), {¢p(t0), ..., ¢t +2m, — 1)} =
{Jig> -+ > j,+2mp_1} ={l,...,n}. Thus, all words in {wp1,...,wp,} are used in
the building of wp14. However, for 2 <t <2m, + 1, ¢(¢t) = j, +n. By property
(*) again, {¢2),...,¢Cmpy+ 1} ={p+n,..., J2mp+1 +n}={n+1,...,2n}
Hence, all words in {wp;41, ..., wp2,} are also used in the building of wy414. The
casen + 1 < g < 2n is similar.
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Next we claim that:
e forall p>2and1 <g < 2n,w,, is not of the form

alwy g 1wy g, - Wpg, 1B, 3)

where d > 1, « is a non-empty suffix of some wp 4,, and B is a non-empty prefix of
SOME Wp g5 and
e forallp>2and1 <gq,q" <2n,ifg # q’, then w4 is not a subword of w, ;.
We prove this claim by induction on p > 2.
First suppose p = 2. We observe that w2, can be written as ujyu>, where 0% is not
a subword of y, y begins and ends with 0, every word of {v;, 1, ..., v;, »} occurs at least
three different times in y, and both u| and u, are of the form

«01°1010"1 1012010210 - - - 010"27p+4 101527 +a+1 0B, 4)

where «, B have lengths at least 3k, 0% is not a subword of either « or 8, and h; > 4k for
all 1 <t < 2m, + q. The statement about y is based on the observation that, by equation
(1), y can be taken to contain subwords of the form in equation (2) for three different
values 2m, +2n+1 <t) <t) <t3 <{—4m, — 2n, where t3 — 15, 1o — 1 > 2mp; by
property (*), for each value 71, 7, 13, the subword of the form in equation (2) contains a
distinct occurrence of each word in {v;, 1, . . ., vi, »}. Note that for ¢’ # ¢, w2, does not
have a subword of the form in equation (4), and hence w4 is not a subword of wy ;. Now
suppose w4 can be written in the form of equation (3), then by the above observation,
there are 1 < g1, g2 < 2n, a non-empty suffix y; of wyg4,, and a non-empty prefix y, of
W2,4,, Such that wo , = y;1° y, for some non-negative integer s. First suppose g1 = q2 = g.
Then w;, must have a subword of the form z £ 02010151y, ; 1¥v;, ;, 1°2010%%0 and,
in fact, y must be a subword of z. However, note that y has at least three different
occurrences of each word in {v;, 1, . . ., v, »}, while z does not have this property, which
is a contradiction. Next suppose g1 # ¢g. Then u; is not a subword of w4, so yj is a
prefix of u;. It follows that yu; is a suffix of y;, g2 = ¢, and y, must be w4 itself, which
contradicts the assumption that y; is non-empty. The case g2 # ¢ is similar. This completes
the proof of the claim for p = 2.

Suppose the claim holds for p > 2. We verify it for p + 1. First we observe that for any
1 < g <2n,wpy1,4 can be written as u| yu,, where u and u; are of the form

Wpgi 1M Wp g, 172 152mp+a+1

C Wpgam gt Wp.gomp+q+2° o)

where 1 < g, 9om,+q+2 <n, n+ 1<gqg;<2n for all 2 <t < 2mp +q + 1, and by
inductive hypothesis, if wp, is a subword of y, then 1 <« <n. By the inductive
hypothesis, if ¢ # ¢’, then w1 ,» does not contain a subword of the form in equation (5),
and hence wp114 is not a subword of w, .. Next assume wj1,4 can be written
in the form in equation (3) with p + 1 replacing p. Then by the above observation,
there are 1 < g1, g2 < 2n, a non-empty suffix y; of w,414,, and a non-empty prefix
y2 of wpy1,4, such that w, 1, = y11°y2 for some non-negative integer s. First suppose
¢1 = q2 = q. Then wp41 4 has a subword of the form z £ w,, j;, 'w, ;, Sw, j; 12w, ;,,
wheren + 1 < ji, ja <2nand1 < j, j3 < n.In fact, y must be a subword of z. However,
y contains at least three different occurrences of words in {wp 1, ..., wpy,}, which is a
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contradiction. Next suppose g1 # ¢, then u; is not a subword of w11,4,, 50 y1 is a prefix
of up. It follows that yu» is a suffix of y», g2 = ¢, and y> must be w114 itself, which
contradicts the assumption that y; is non-empty. The case g2 # ¢ is similar. This completes
the proof of the claim.

In view of the claim, if we define {w;j,q}PZOJSQSz” by letting w(’)’q =0 and
wl’y’q = Wp41y for p>1 and 1 < g <2n, then we obtain a good proper rank-2n
construction. Let W = lim,, w;,l. Note that W = lim,, wp ;.

We define a factor map ¢ : Xw — Xy.Forx € Xy and k € Z, if thereis 1 < j <n
such that the position k is part of an expected occurrence of u/l’ jor w’l’ itn which starts
at position k’ < k, then let ¢(x)(k) = vj,, j(k — k'); otherwise, let ¢(x)(k) = 1. By the
unique readability, and since for all 1 < j <n, |w’l’j| = |w’1’j+n| = |wy,jl = |wa j4nl =
[viy,jl, @ is well defined. By Lemma 6.3, ¢ is continuous. It is clear that ¢ is a factor map.

Finally, if Xy is minimal, then the construction associated with {v; ;}i>0,1<j<, must
have bounded spacer parameter, because otherwise, 1ZeXx y and {IZ} is invariant. Now it
follows from our construction that the defined proper rank-2n construction of W also has
bounded spacer parameter, and by the implication (2)=-(1) of Corollary 5.4 (which does
not require the assumption on the symbolic rank of Xy ), Xw is minimal. O

The following is a corollary to the proof of Proposition 6.4.

PROPOSITION 6.5. Letn > 1 and X be an infinite subshift of symbolic rank < n. Suppose
X =Xy and V has a proper rank-n construction {v; j}i>0,1<j<n Which has unique
readability. Then for anyi > 0, 1 < j <n, and k € Z, the set

{x € X : there is an expected occurrence of v; j in x at position k}
is clopen in X.

Proof. Let W be the infinite word with a good rank-2n construction with associated
rank-2n generating sequence {w;,’q} p=0,1<g<2n and let ¢ : Xy — Xy be the factor map
both given in the proof of Proposition 6.4. Giveni > 0,1 < j <n,and k € Z, let E; j x
denote the set in question. It suffices to show that E; ; x is clopen for all i = i, for some
p> 1.

Suppose i = i), for some p > 1. Note that a reading of y € Xw can determine a reading
of ¢(y). Thus, ¢! (E;,j k) consists exactly of those y € Xw such that there is an expected
occurrence of w’ . or w’ in y at position k. By our construction, ¢~ (E;. k) is easily

pJ pojt+n =
seen to be clopen. Thus, E; ; x is clopen. O

We are now ready to compute the topological rank of a minimal Cantor system if it has
a good construction.

PROPOSITION 6.6. Letn > 1. Let X be an infinite minimal subshift of symbolic rank < n.
Suppose X = Xy and V has a good rank-n construction. Then X has finite topological
rank.

Proof. Fix a good rank-n construction with associated rank-n generating sequence
{vi,j}i=0,1<j<n. Let £ € N be such that 1¢ is not a subword of V. Note that for each
i > 0, there are at least four distinct expected occurrences of v; 1 in v;431. We let k; be the
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starting position of the second expected occurrence of v; 1 in v;43,1. Let xo be the unique
element of 2Z such that for all i > 0, there exists an occurrence of v3;,1 which starts at the
position — Y " _;/—;_; k3i. Then every finite subword of xo is a subword of v3; 1 for some
i >0, and thus_xo_e Xy.

Now for every m > 2, let A,, be the set of all x € Xy such that there is an expected
occurrence of v3,, 1 in x starting at the position — ) 5_;_,,_; k3;, which is the second
expected occurrence of v3,1 in an expected occurrence of V3py3,j in x for some
1 < j <n.ByLemma 6.3, each A,, is clopen in Xy. By definition, xo € A,,.

Now consider the canonical Kakutani—Rohlin partition P with base A,, defined in
the remark after Lemma 2.1. The number of towers in P corresponds to the number
of different 42 > 0 such that & is the smallest positive integer with o(x) € A,, for
some x € A,,. Suppose x € A, and let 1 < j < n be the integer such that an expected
occurrence of v3,43; in x contains the position 0. Suppose % is the smallest positive
integer with o"(x) € A,,. Then there is an expected occurrence of v3,,43; in x for
some 1 < j' < n such that the second expected occurrence of vy | in this occurrence
of V3,43, starts exactly at h —  o_;,, 1 k3;. By the minimality of &, we get that the
expected occurrence of v3,,43,; and this expected occurrence of v3,, 3 ;7 is only separated
by some 1°. Conversely, the expected occurrence of some v3,,3, ;- immediately to the right
of the expected occurrence of v3;;43,; determines the smallest & such that crh(x) € Ay
Therefore, for 1 < j, j' <nand 0 < s < ¢, if we let Bj . j be the set of all x € Xy such
that there is an expected occurrence of v3,, 1 in x starting at the position — ZO<i<m—1 k3;,
which is the second expected occurrence of v, 1 in an expected occurrence of v_3m+3, j in
x, and this expected occurrence of v3,,43,; is followed by 1° and an expected occurrence of
V343, inx, we know that {B i : 1 < j, j <n;0 <s < £} is a clopen partition of A,,
and this partition refines P | A,,. In summary, we obtain a new Kakutani—Rohlin partition
P’ whose base is still A,,, and if B} ; j» # @, then B, ;. y € P'. Here, P’ has at most n¢
towers.

Finally note that the diameter of A, is at most 2~ lvsm=311 gince for any x € Ap,
X [[=1v3m—-3.1l; [v3m—3.111 = X0 [[—[v3m—3.1l, [v3m—3.1] and is thus completely fixed. Sim-
ilarly, every clopen set in P’ has a diameter at most 2~ /%»-3.11 By Theorem 3.3(2), Xy has
topological rank at most n2¢. O

THEOREM 6.7. Let X be an infinite minimal subshift of finite symbolic rank. Then X has
finite topological rank.

Proof. By Corollary 5.4, X = Xy, where V has a proper rank-n construction for some
n > 1. By Proposition 6.4, there is a word W which has a good rank-2n construction
such that Xy is a factor of Xw and Xw is minimal. By Proposition 6.6, Xw has
finite topological rank. Thus, Xy has finite topological rank by the main theorem [31,
Theorem 1.1]. O

In [31], the authors showed that if a minimal Cantor system (Y, §) is a factor of a mini-
mal Cantor system (X, T') of finite topological rank, then ranke, (Y, S) < 3rankop (X, T).
In [19, Corollary 4.8], this is improved to rankeop (Y, S) < rankiop (X, T'). Combining these
with our results, we can state the following quantitative result.
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COROLLARY 6.8. Let Xy be an infinite minimal subshift of finite symbolic rank. Then
rankiop(Xy, o) < 4(M + 1) (ranksymn (X)),

where M is a bound for the spacer parameter of any proper construction of V.

6.2. From finite topological rank to finite symbolic rank. It was proved in [14] that every
minimal Cantor system of finite topological rank is either an odometer or a subshift on a
finite alphabet. We will show that in the case it is a subshift, it is conjugate to a subshift of
finite symbolic rank.

We use the following notation from [31] (with a slight modification) in this subsection.
Let B = (V, E, <) be an ordered Bratteli diagram. For eachi > 1, let Vl* denote the set of
all words on the alphabet V;, and define amap ;41 : Viy1 — Vl* as follows. For v € V4,
enumerate all edges e € E;;| with r(e) = v in the <-increasing order as ey, . . . , ex, and
define

Ni+1(v) = s(er) - - - s(ex).

We also define 1y : Vi — Ef, where E7 is the set of all words on the alphabet Ej. For
v € Vi, enumerate all e € E; with r(e) = v in the <-increasing order as ej - - - ¢k, and
define

m@) =ey---e.

THEOREM 6.9. Every minimal Cantor system (X, T) of finite topological rank is an
odometer or is conjugate to a minimal subshift Xy of finite symbolic rank. Moreover, if
(X, T) is not an odometer, then ranksymp(Xv) < rankep(X, T).

Proof. We just need to show that for every simple ordered Bratteli diagram B = (W, E, <),

where |W;| < n foralli > 1, if the Bratteli—Vershik system (X p, A p) generated by B is not

an odometer, then it is conjugate to Xy for a word V which has a rank-n construction. By

telescoping if necessary, we assume without loss of generality that the following properties

hold for B:

(1) foreachi >0, w e W;, and w' € W;41, there is an edge e € E; 1 with s(e) = w
and r(e) = w';

(2) foreachi > 1, |W;| > 2;

(3) foreachi > 1, there are vertices winin and wfnax in W; such that for every w € W4,
ni+1(w) starts with w . and ends with w}

(4) foreach w € Wy, [n1(w)| > n;

(5) for any x,y € Xp, if x # y, then there exists w € Wy such that Rety, (x) #
Rety, (y), where A,, denotes the union of the Kakutani-Rohlin tower determined
by w.

1 .
max?

For proprty (3), we consider the unique xmpin and xpax. Fix ani > 1. Let wﬁnin € W; be
the vertex in W; which xpi, passes through and wfnax € W; be the vertex in W; which xpax
passes through. Then by the uniqueness of xp,, there is an ig > i such that for all i’ > i

and w € W;,, the minimal path between vy and w passes through wfnin. Similarly, there
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is an iy such that for all i’ > i; and w € W;s, the maximal path between vy and w passes
through wﬁnax. Now we get property (3) by telescoping.

For property (5), we use the main theorem of [14], which guarantees that (X, T) is a
subshift on a finite alphabet. In particular, there is a finite partition P of X into clopen
sets such that the smallest Boolean algebra containing elements of P and closed under
T and T~ contains all clopen subsets of X. Now we also have that (X, T) is conjugate
to (Xp, Ap). Thus, there is also a finite partition Q of X into clopen sets such that the
smallest Boolean algebra containing elements of Q and closed under A p and )LE] contains
all clopen subsets of X g. Hence, there is i > 1 such that every element of Q is the union of
the basic open sets given by the paths from vg to some elements of W;. Let F be the set of
all paths from vy to an element of W;. For each p € F, let N, denote the basic open set of
Xp given by p. Then for all x, y € Xp with x # y, there is p € F such that Rety, (x) #
Reth (). Now for any w € W;, let A,, denote the union of the Kakutani—Rohlin tower
determined by w, then A, is the clopen set given by all paths from vg to w. We claim that
for all x, y € Xp with x # y, there is w € W; such that Rety4, (x) # Rety,, (y). For this,
note that for any w € W;, if we enumerate all paths from vg to w in the <’-increasing order
as p1,..., pr.thenforany x € Xp,1 < j <k,andm € Z, m € Rethl_ (x) if and only if
m—ak—j+1,...,meRety, (x)andm —ak — j ¢ Rety, (x) for a natural number a.
Thus, if x # y € Xp and p is a path from v to w such that Rety, (x) # Rety, (y), then
Rety, (x) # Reta,, (). Now property (5) follows by telescoping.

For each i > 1, enumerate the elements of W; as w;j, w;i2,..., Ww;,, where
2 <n; <n,sothatw;| = wfmn. Define

vy = 0(01)/0lm (wl,j)|—2”_4j_2(10)j+110

for1 < j < ny.Fori > 2, assume v; 1 ; have been defined forall 1 < j < n; 1. Then we
define

vi,j = Ui—l,j] Ui—l,jz e Ui—l,jk
if
0i (Wi j) = Wi—1,j,Wi—1,jp * * * Wi—1,j;-

It is clear that this defines a rank-n construction. Let V = lim; v; ;.

We note that V has a proper rank-m construction for some m < n. In fact, let m > 2 be
the smallest such that n; = m for infinitely many i > 2. Let {ix }x>0 enumerate this infinite
set of indices. Then by telescoping with respect to {ix}x>0, we obtain a proper rank-m
construction for V. We note in addition that the rank-m generating sequence associated to
this construction is a subsequence of the rank-n generating sequence {v; ;};>0,1<j<n;, and
therefore has bounded spacer parameter. Thus, by Corollary 5.4, Xy is minimal.

We claim that for any 1 < j < ny, vy ; is not of the form

s K K
al lvl,jll 2., Ul,jk_ll kﬁ,

where k > 0, « is a non-empty suffix of some vy j,, and B is a non-empty prefix of some
V1,j,.- This follows easily from the observation that vy, ; has a prefix of the form 00(10)7 00
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and a suffix of the form 00(01)/*700, and for 1 < j' < nj, where j' # j, vy, does not
contain either of these words as a subword.
Let ¥ = (2"1)Z and view it as a shift over the alphabet 2", Define 6 : X — Y by

6 (x) (k) (w) = Rety,, (x) (k).

Then 6 is clearly continuous. It is easy to check that 6 o Ap = o 0 6. By property (5),
0 is injective. Thus, 0 is a conjugacy map between (Xp, Ap) and (X pg), which is a
subshift of Y.

Finally, we verify that Xy is conjugate to (X ). For this, we define ¢ : Xy — (
by letting ¢(z)(k)(w1,j) = 1 if and only if there is k" < k with k" + |v; ;| — 1 > k such
that vy ; occurs in z starting at position k. Here, ¢ is well defined because of the above
claim. It is clear that ¢ is continuous and injective, and ¢ o0 = o o ¢. Thus, ¢ is a
conjugacy map between Xy and ¢(Xy). To complete our proof, it suffices to show
0(Xp) = ¢(Xv). Consider a y € Xy such that y[[0, co) = V. Then by our definitions
of 6 and ¢, and particularly because |v; ;| = [n(wy;)| for all 1 < j <n;, we have
0 (Xmin) [0, 00) = @(¥)[[0, 00). By the shift invariance and the compactness of (X p)
and ¢(Xy), we get 0(Xp) N(Xy) # &. By the minimality of (Xy) and ¢(Xp), we
have 0(Xp) = ¢(Xy) as required. ]

2W1)Z

The consideration of the shift Y in the above proof is motivated by the work in [34] (the
construction before [34, Theorem 3.4]).

6.3. Some examples. In this subsection, we give some examples to demonstrate that the
results in the preceding subsections are optimal. We first show that a non-minimal rank-1
subshift need not have finite topological rank.

PROPOSITION 6.10. There exists a rank-1 word V such that Xv is not minimal and Xy is
not of finite topological rank.

Proof. For any n >0, let r, >2n+5 and sy, ..., Sy,,—1 be non-negative integers
satisfying the following:
(i) spp=3n+1lands,,,—1 =3n+2;

(i) foralll <i <r,—1,s,; =3mforsome 0 <m <n+41;
(iii)) forany 1 <m <n+ 1, thereexist ]| <i < r, — 1suchthats,; = s,;+1 = 3m.
Then as usual, define vg = 0 and v, = v, "1y, 122 . . . [¥nm—1y, inductively, and let
V = limn Un,1-

We note that forany n > 1,0 <m < n + 1, and u a non-empty prefix of v,, 013"y is
not a suffix of v,,.

Toward a contradiction, assume Xy has topological rank K > 1. Fix a positive integer
N > 1. Then by Theorem 3.3, there is a Kakutani—Rohlin partition P of Xy with the
following properties:
(a) P has K many towers, with bases By, . . ., Bg;
(b) 1% € B(P) = U <t~k Bx and diam(B(P)) < 27 N=2;
(c) diam(A) <2 ¥ Zforall A € P.
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Since every A € P is clopen, there exists N’ > N + 4 such that for every A € P, there
exists Us € {0, 112V *! with

A={xe Xy :x[[-N',N'Te Uy}

Letn > N’ +3N.

Fixany 1 <m <n+ 1. Letx € Xy be such that v, 13" v, 13"y, occurs in x at position
—|v,|, and each of the three demonstrated occurrences of v, is expected. Then from the
definition of N’, and because |v,| > 2" > n > N’, we have that o [vnl+3m (x) and x belong
to the same set in the partition P. Thus, there is 0 < j < |v,| + 3m such that ol (x) €
B(P).Lett =3m — j. Then —|v,| <t < 3m,y £ ¢3! (x) € By forsome | <k < K,
v, 13y, 13"y, occurs in y at position t — |v,| — 3m, and every z € Xy with an occurrence
of v, 13"y, 13y, at position  — |v,| — 3m is in Bg. Let 1, be the least such ¢ and &, be
the corresponding k. We note the following two properties of the element y. First, there is
an occurrence of v, 13m vy, in y at position #,,. Second, because of the minimality of 7,,, we
have that for any 0 < j < t,, + |va|, 0/ (y) € 0/ (By, ) and o/ (B, ) N B(P) = @ when
Jj # 0, and so o/ (B,,) is an element of P (it is one of the sets in the k,,th tower of P).

We claim that for any 1 <mj,my <|N/3] with m; # my, we must have
Km, # km,. Toward a contradiction, assume k = k,, = ky,,. Without loss of generality,
assume t,;,, < ty,.

Consider first the case f;, < t,. Then we have a subclaim that #,,, > t,,, + 3m1. To
see this, let y; € By be an element with an occurrence of v, 13y, at position f,,,, as
above, and similarly, y» € By be an element with an occurrence of v, 13"2v, at t,. Since
diam(By) < 2~N-2, Vil[=N, N] = y2[[-N, N]. Also, since for all 0 < j < t,,,, + |v,l,
o/ (By) is an element of P, which has diameter < 2~V=2, we have that y; [[-N + j,
JF+NI=»n[[-N+j,j+ Nlforall 0 < j < ty, + |v,|. In particular, y(t, + V4| —
1) = 0 = y1(tm, + |val — 1). Since t,,, + |va| — 1 > 1,4, + |vs| and y; has an occurrence
of 13M1 at tm; + |vsl, we must have t,, + |va| — 1 > by + |vg| +3m1 — 1, or 1, >
tm, + 3mq as in the subclaim. Note that our argument above gives that

Yilltm, + [vnl = 1, ty + vpl — 11 = y2 [t + [Vn] = 1, tiy, + |vn] — 11

Since t,, > t;y, + 3my, the left-hand side is a word of the form 0131y where u is a
non-empty prefix of v,,. However, the right-hand side is a suffix of v,,. This contradicts our
construction of v,,.

Thus, #,,, = tjn,. Denote ¢ £ m; = tm,. Without loss of generality, assume m| < my.
By the above argument, we again have y{ [[—N + ¢ + |v,|, t + |v,| + N] = y2[[-N +
t+|vgl, t 4 |vn| + N]. Since 3my <3my < N, we have in particular yq[[t + |v,],
t+ vyl +3my — 1] = » [t + |val, t 4+ |vn| + 3my — 1]. However, the left-hand side
is of the form 131y, where u is a non-empty prefix of v,, while the right-hand side is
13™2 which is a contradiction.

This finishes our proof of the claim that whenever 1 < m # my < [N/3], we have
ki, # km,. It follows from the claim that K > | N/3]. This contradicts the arbitrariness
of N. O]
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The next examples show that the topological rank is not bounded by a function of the
symbolic rank alone, and thus the extra parameter as in Corollary 6.8 is necessary. The
proposition is also a consequence of [2, Corollary 4.9].

PROPOSITION 6.11. Forany N > 1, there is a minimal rank-1 subshift whose topological
rank is at least N.

Proof. Fix p > 2N and g > N. Define vgp = 0 and
Unt = (U D70 1710, 192 - 1000, (1Y 20,1,

where a,, 1, . . ., ay,p are non-negative integers satisfying the following:
(i) foranyl <i<p,2<a,; <N-+1;
(i) forany2 <m < N + 1,thereis 1 <i < psuchthata,; = ani+1 = m.
Let V = lim, v,,.
By an easy induction, we have that foralln > land 1 <m < N + 1, if uis a non-empty
prefix of v,, then 01"« is not a suffix of v,,.
Consider a Kakutani—Rohlin partition P of Xy such that:
(a) P has K many towers, with bases By, . . ., Bk;
(b) diam(B(P)) <2~N—4,
(c) diam(A) <2 N4 forall A € P.
Since every A € P is clopen, there exists N’ > N + 6 such that for every A € P, there
exists Uy C {0, 132V +1! with

A={xeXy:x|[-N,N']e Ul

Let n > N’ + 3N. Similar to the proof of Proposition 6.10, we can define, for each
2<m < N + 1, numbers t,, where —|v,| <t, <m, k, where 1 <k, <K, and an
element y € By, such that v, 1™ v, occurs iny at position f,,, and for all 0 < 1 < 1, + |v,],
09(B,,) is an element of P.

As in the proof of Proposition 6.10, we have that for all 2 <mj,m, < N + 1, if
m1 # my, then k,,;; # ky,. This implies that K > N. ]

6.4. From finite alphabet rank to finite symbolic rank. In this subsection, we explore
some connections between subshifts of finite symbolic rank and S-adic subshifts of finite
alphabet rank considered by various authors, e.g., [6, 13].

We first recall the basic definition of S-adic subshifts and related notions following
[13]. For a finite alphabet A, let A* be the set of all finite words on A. If A, B are
finite alphabets, a morphism 7 : A* — B* is a map satisfying that t(2&) = @ and for
all u,ve A%, t(uv) = t(u)r(v). A directive sequence is a sequence of morphisms
T=(1,: AZH — A¥)p>0. For 0 <n < N, denote by 1y, the morphism 7, o 7,4 0
-+ -o1y_1. Forany n > 0, define

L(")(r) ={we Af; : w occurs in 1, y)(a) for some a € Ay and N > n}
and

X" =(xe A% : every finite subword of x is a subword of some w € L™ (1)}.
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Here, X 5") is a subshift on the alphabet A,, and we denote the shift map by o. Now let
X=X 50). Then (X, o) is the S-adic subshift generated by the directive sequence 7.
The alphabet rank of T is defined as

AR(t) = liminf |A,|
n—od
and the alphabet rank of a subshift (X, o) as
AR(X) = inf{AR(7) : X; = X}.

As a convention, inf @ = +00.

There is a similar notion of telescoping for directive sequence T which does not change
the S-adic subshift generated by .

An S-adic subshift X; is primitive if for any n > 0, there exists N > n such that
T[n,N)(a) contains all letters in A, foralla € Ay.

If t:A*— B* is a morphism, x € BZ and Y C AZ is a subshift, then a
T-representation of x in Y is a pair (k, y) € Z x Y such that x = ok(r(y)). Moreover,
(k,y) is a centered t-representation if 0 <k < |t(y(0))| in addition. Now 71 is
recognizable in Y if each x € BZ has at most one centered T-representation in Y, and
a directive sequence T = (7, : A: s A¥)p>0 is recognizable if for each n > 0, 7, is
recognizable in Xi”“). An S-adic subshift X; is recognizable if T is recognizable.

THEOREM 6.12. Let X, be a primitive, recognizable S-adic subshift of finite alphabet
rank K. Then (X, o) is conjugate to a subshift of finite symbolic rank < K. Moreover,
there exists a proper rank-K construction for a uniquely readable rank-K generating
sequence {v; j}i>0,1<j<k such that (X, o) is conjugate to (Xvy, o), where V. = lim; v; ;.

Proof. This is similar to the proof of Theorem 6.9. By telescoping if necessary, we assume
without loss of generality that the following properties hold for 7:

(1) foreachi >0,a € A; and b € A;11, t;(b) contains the letter a;

(2) foreachi > 1, |A;| = K;

(3) foreacha € Ay, |tp(a)| > K.

Since each A; is finite, a finite splitting argument similar to the proof of Proposition 5.1
shows that we can enumerate each A; as a; 1, . . ., @; »; such thatn; = K foralli > 1 and
for each i > 0, 7;(a;+1,1) starts with a; 1. Now, as in the proof of Theorem 6.9, define

v = O(O])jo\fo(al.j)\—2n—4j—2(10)j+n0
forl<j<K.Fori>1landl <j <K,if
Ti(@it1,j) = @i jyGijy - i
then let
Vitlj = Vi,jiVijp * " Vi ji-

This gives a proper rank-K construction for V = lim; v; 1.
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Clearly, the recognizability of z, together with our definition of vy ;, imply the unique
readability of {v; ;}i>0,1<j<k. Now (X, o) and (Xy, o) are conjugate by the substitution
To(a,j) = vij. O

With Theorem 6.12, our Theorem 6.9 becomes a consequence of the main theorem of
[13] which states that every minimal Cantor system of finite topologival rank is either an
odometer or conjugate to a primitive, recognizable S-adic subshift of finite alphabet rank.

7. Density and genericity of subshifts of finite symbolic rank

It is known that the set of rank-1 measure-preserving transformations is a dense G
subset of the Polish space of all measure-preserving transformations (see [23]). Here
in the topological setting, we show that the situation is different. In fact, we consider
various different spaces of Cantor systems and subshifts, and show that the class of all
rank-1 subshifts is dense in all but one of them but generic in none. However, we note
that subshifts of symbolic rank 2 are generic in the spaces for all transitive and totally
transitive subshifts.

We start with the coding space for all minimal Cantor systems.

PROPOSITION 7.1. The set of all minimal Cantor systems conjugate to a rank-1 subshift is
dense but not generic in the space of all minimal Cantor systems.

Proof. By Proposition 3.6 and Lemma 2.3, the set of all subshifts is meager, and
not generic, in the space of all minimal Cantor systems. For the density, in view of
Proposition 3.6, it suffices to show that infinite minimal rank-1 subshifts can approximate
any infinite odometer. To be precise, we need to show that for all k£ > 2, there is an
infinite rank-1 subshift Xy and a clopen subset A of Xy such that ok (A) = A and
{A,0(A),...,c*"1(A)} form a partition of Xy .

Fix k > 2. We define the following Chacon-like rank-1 generating sequence:

vy = 0
v = 02](1](0](

Upgl = U,,v,,lkvn forn > 1.
Let V = lim,, v,. Then Xy is infinite. Let A be the set of all x € Xy such that
x 10, 3k — 1] € {03, 0%%1%, 0F1%0%, 1¥0F 1%, 1¥0%).
Then A is a clopen subset of Xy with the required property. [

To investigate the density and the genericity of subshifts of finite symbolic rank, we
consider some spaces of subshifts as defined in [40]. First, let S> be the space of all
o-invariant closed subsets of 2%. Here, S, is a G subspace of K (ZZ), and hence is a
Polish space. The Hausdorff metric on S; is equivalent to the following metric which is
easier to work with in our setting. For X € S, and integer n > 0, let L, (X) be the set of
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all finite words of length n which occurs in some element of X. Let L(X) = |J,, L,(X).
For X,Y € &y, let

dL (X, Y) =2 inf{n:Ln(X);ﬁLn(y)}.

However, S is not a perfect space; in particular, the finite subshifts are isolated points
in this space. Thus, following [40], we consider the following perfect subspace, which in
particular includes all infinite rank-1 subshifts. Let S, be the subspace of all elements of
&> which are not isolated (the notation is inspired by the Cantor-Bendixson derivative; see
[35]). Here, S} is a perfect subspace of S,, and hence a Polish space.

Recall that a Cantor system (X, T) is (point) transitive if there exists x € X such that
the orbit of x is dense in X; it is totally (point) transitive if for all integer n > 1, there exists
x € X such that {T™x : k € Z} is dense in X.

Let 7, be the subspace of all transitive subshifts in ). Let ?2/ be the closure of 7, in
S}. Moreover, let 777 be the subspace of all totally transitive subshifts in S}. Let 777 be
the closure of TT/z in S}. Then 7'_7"2 - ?2’ are both closed subspaces of S, and hence are
Polish spaces, and the metric d; remains a compatible metric on these subspaces.

The following theorem shows that minimal rank-1 subshifts can approximate infinite
minimal subshifts of topological rank 2 in the sense of dy .

THEOREM 7.2. Let n > 1 and let (X, o) be an infinite minimal subshift of topological
rank 2. Then there exists an infinite minimal subshift (Y, o) such that L,(X) = L,(Y)
and (Y, o) is conjugate to (Xvy, o) for some infinite rank-1 word V. Moreover, if (X, o) is
totally transitive, then we can find (Y, o) which is also totally transitive.

Proof. By the main theorem of [13], (X, o) is conjugate to a primitive, recognizable

S-adic subshift of alphabet rank 2. By the proof of Theorem 6.12, there exists a proper

rank-2 construction for an infinite word W with the following properties:

(1) the associated rank-2 generating sequence {w; ;};>0,1<j<2 has unique readability;

(2) foralli >1 and j =1, 2, the spacer parameter in the building of w;41,; from
{w; 1, w; 2} is bounded by 0;

(3) (Xw, o) is conjugate to (X, o).

Let f be a conjugacy map from (Xw, o) to (X, o).

Fix n1 > 1 such that for any x, y € Xw and k € Z, whenever x [[k —ni.k + ni] =
yilk —nyi, k+ny], we have f(x)(k) = f(y)(k). For any v € L(Xw), if |v| > 2n1, and
for some x € Xw and k € Z, we have x [[k, k + |v| — 1] = v, then define ®(v) = f(x)|
[k +n1, k4 |v]| —np — 1]. Clearly, ®(v) is well defined and does not depend on the
choice of x.

For any finite or infinite word u# and m < |u|, let L,,(«) denote the set of all subwords
of u of length n.

Let iop > 1 be sufficiently large such that for j =1,2, |w;, ;| > 2n+4n; and
Lyyon, (W) = Lyqon, (wjy,;). Since X is infinite, W is aperiodic, and it follows that there
is jo € {1, 2} such that for any j = 1, 2, both w;, j,wi,,; € L(W) and wj,, jwj,, j, € L(W).
For the same reason, there exists i; > ip such that ®(wj;, ;) does not have a period ¢
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for any t < |wjy 1| + |wiy2|, that is, there are 0 <a < a + kt < |®(w;;,1)| such that
@ (wiy,1)(a) # P(wiy1)(a + kt).
Define a rank-1 generating sequence by letting

U1 = Wiy, jo Wiy, 1 Wi, jo
and for any i > 1,
vig1 = vyv; 1Mool

As usual, let V = lim; v;. Then V is a minimal aperiodic infinite rank-1 word.

Define a map g from Xy to 2% as follows. For x € Xy, if k is a part of an expected
occurrence of vy in x, then set g(x)(k) = x(k); if not, let k" be the starting position of
the next expected occurrence of vy in x, and set g(x)(k) = wj, j, (|wig, jo| +k — k). Let
Z = g(Xvy). Then (Z,0) is a subshift and g is a factor map. By our definition,
Ln+2n1 (Z2) = Ln+2n1 W) = Ln+2n1 (Xw).

For x € Z and k € Z, define h(x)(k) = ®(x[[k —n1,k +n1]). Let Y = h(Z). Then
(Y, o) is a subshift and # is a factor map. By our definition, L, (Y) = L,(X). It also follows
that there exists y € Y such that y does not have a period ¢ for any ¢ < |w;, 1] + |w;, 2]

By [28, Theorem 1.5], the maximal equicontinuous factor of Xy is a finite cycle of
length p, where p is the maximum such that for sufficiently large i, p divides both |v;| and
[vi| + |wjy,j, |. It follows that p is a factor of |wj,, j,|. However, since Y, a factor of Xy,
contains an element which does not have a period 7 for any t < |wj,_j,|, we conclude that
Y is an infinite set. By the main theorem of [29], any non-trivial factor of Xy is conjugate
to Xy. Thus, Y is conjugate to Xy . This finishes the proof of the main conclusion of the
theorem.

Suppose (X, o) is totally transitive. We define W, {w; j}i>0,1<j<2, n1, 1o, and
i1 as before. We claim that |wj, 1| and |w;,2| are relatively prime. To see this, let
a = ged(|wjy 1], |wiy2]) and assume a > 1. Then by property (2), the set of all x € Xw
such that there exists an expected occurrence of wj, 1 or w;,» starting at some multiple
of a is a clopen, o“-invariant, proper subset of X, which contradicts the assumption that
(X, o) is totally transitive.

Let p = |wjy,j,| and g = |w;,3—j,|. Since p, g are relatively prime, we can find a
positive integer m such that |w;, j,w;, 1] + (m + 1)p and p — g are relatively prime. We
inductively define a rank-1 generating sequence as follows. First let

V1 = Wi jo Wiy 1 (Wi, jo)™ -
For i > 1, if v; has been defined such that |v;| + p and |v;| + ¢ are relatively prime, then

let v;4+1 be defined to satisfy the following properties:
(i)  vj41 is built from v; and the spacer parameters are only selected from {p, ¢g};
(ii)) for any 0 < j < i, there exist k; < kp such that kp — k1 — j is a multiple of i, and
k1, ko are the starting positions of expected occurrences of v; in v;41;
(iii)  |vix1] + p and |v;41]| + g are relatively prime.
Let V = lim; v;. Then V is a minimal aperiodic infinite rank-1 word. By property (ii),
(Xv, o) is totally transitive. The rest of the argument is identical to the above proof.  [J
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COROLLARY 7.3. The set of all minimal subshifts conjugate to a rank-1 subshift is dense
inT, and TT.

Proof. By [40, Theorems 1.3 and 1.4], a generic subshift in ?2/ or 7°T7 is minimal and has
topological rank 2. Thus, the conclusion follows from Theorem 7.2. O

THEOREM 7.4. The set of all minimal subshifts conjugate to a rank-1 subshift is not
generic in either S}, T,, or TT%. Moreover, it is not G in either T, or T'T.

Proof. By [40, Corollary 4.9], the set of all minimal subshifts is nowhere dense in S}.

By [40, Theorem 1.3], a generic subshift in ?2/ is a regular Toeplitz subshift which
factors onto the universal odometer. In contrast, by [28, Theorem 1.5], the maximal
equicontinuous factor of a rank-1 subshift is finite. Hence, the set of all minimal subshifts
conjugate to a rank-1 subshift is not generic in ?2’ Since it is dense in ?2’ by Corollary 7.3,
itisnota G in ?2’

By [40, Theorem 1.4], a generic subshift in T_T/2 is topologically mixing. In contrast,
by [28, Theorem 1.3], a minimal rank-1 subshift is never topologically mixing. Hence, the
set of all minimal subshifts conjugate to a rank-1 subshift is not generic in 777. Since it
is dense in 7'_7”2 by Corollary 7.3, itisnota Gs in T7T%. O

THEOREM 7.5. The set of all minimal subshifts conjugate to a subshift of symbolic rank
< 2is generic in T, and T'T.

Proof. By [40, Theorems 1.3 and 1.4], a generic subshift in ?2/ or TT’z is minimal and has
topological rank 2. Thus, the conclusion follows from Theorem 6.9. O

8. Factors of subshifts of finite symbolic rank

By results of [19, 31], and our Corollary 6.8 and Theorem 6.9, a Cantor system that is a
factor of a minimal subshift of finite symbolic rank is conjugate to a minimal subshift of
finite symbolic rank.

In this final section of the paper, we prove some further results about factors of minimal
subshifts of finite symbolic rank, and in particular about odometer factors and non-Cantor
factors of minimal subshifts of finite symbolic rank. In the following, we first show that
for any N > 1, there exist minimal subshifts of finite symbolic rank which are not factors
of minimal subshifts of symbolic rank < N.

LEMMA 8.1. For any N > 1, there exist m > N and a good rank-m construction with

associated rank-m generating sequence {v; ;}i>0,1<j<m Such that the following hold for all

i>1:

(i) foranyl < ji, jo < mwith j1 # j2, vi j, is not a subword of v; j,;

(ii) forany 1 < j < m, there is a unique building of viy1,j from {v; 1, . . ., Vi m} whose
spacer parameter is bounded by 0;

(iii) there is a positive integer £ > 1 such that, given any two finite sequences
(ts J2s - - -5 Jo) and (i, j5. - - ., J,) of elements of {1,2, ..., m}, there is at most
one element w of
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{vijvij:1<j,j <myUfvj:1<j<m}
such that

v NETI

VijiVijp » " Vi, je Wi i.j;

JrVisgy
is a subword of V £ lim, Un.1;
(iv) Xy is minimal and rankgymp(Xy) > N.

Proof. Let (X, T) be a minimal Cantor system whose topological rank is K < oo, where
K > 8N2. By Theorem 6.9, there exist k < K and a proper rank-k construction of an
infinite word W such that (X, o) is conjugate to (X, T'). It also follows from the proof of
Theorem 6.9 that the spacer parameter of W is bounded by 1. Let m = 2k. By the proof of
Proposition 6.4, there exists an infinite word V with a good rank-m construction such that
Xw is a factor of Xy . Moreover, the spacer parameter of V is also bounded by 1 and so Xy
is minimal. By analyzing the proof of Proposition 6.4, we can see that this construction
satisfies properties (i), (ii), and (iii). In fact, properties (i) and (ii) are explicit from the
proof. For property (iii), we can take £ to be larger than the lengths of all buildings of
Viy1,j from {v; 1, ..., v} for 1 < j < m.Then property (iii) follows from the argument
for the goodness of the construction in the proof of Proposition 6.4.

It remains to verify that ranksymn(Xy) > N. Suppose ranksymp(Xy) =n. Then
by Corollary 6.8, we have rankip(Xy,o0) < 8n2. By [19], K =ranky,(X,T) =
rankop(Xw, o) < rankp(Xy, o) < 8n2. Since K > 8N2, we haven > N. 0O

PROPOSITION 8.2. For any N > 1, there exists a minimal subshift Xy which is not a
factor of any minimal subshift of symbolic rank < N. In particular, Xy is not conjugate to
any minimal subshift of symbolic rank < N.

Proof. By Lemma 8.1, there is m > 4N? + 1 and we have an infinite word V which has
a good rank-m construction with associated rank-m generating sequence {v; j}i>0,1<j<m
satisfying properties (i), (ii), and (iii) in Lemma 8.1, so that Xy is minimal and
rankgymp(Xy) > 4N 2 4+ 1. Assume toward a contradiction that n < N and W’ has a proper
rank-n construction with bounded spacer parameter such that Xy is a factor of X .

By Proposition 6.4, we have an infinite word W which has a good rank-2n construction
with associated rank-2n generating sequence {wp 4} p>0,1<¢g<2n such that Xy is minimal
and Xy is a factor of Xy . Let f be a factor map from (Xw, o) to (Xy, o).

Let k; be a positive integer such that 1%1 is not a subword of W. Let k, be a positive
integer such that for any x, y € Xw and k € Z, whenever x [[k — ky, k + k] = y[[k —
k2, k + k2], we have f(x)(k) = f(y)(k). Let r > 1 so that minj<j<m |vr ;| > ki + 2k>.
Let £ > 1 be given by property (iii) in Lemma 8.1, that is, for any two finite sequences
(j1s J2s - - -5 jo) and (j{, j}, ..., j;) of elements of {1,2,...,m}, there is at most one
element w of

{vrjvr i 1< j, j <myUfvj:1<j<m)
such that

UrjiUrjp * 0 UrjeWOp iU i oo = Uy o
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is a subword of V. We can also find sg > 1 so that

minl§q§2n |ws0,q| — 2k

>0+ 2.

maxi<j<m |Vr,j

We claim that for any s > 50, 1 <¢,¢' <2n, a >0, and x € Xy, if wyq41%w;
occurs in x, where the demonstrated occurrences of wy, and wy, are expected, then
a is determined by ¢ and ¢’ only (and in particular a does not depend on x). To see
this, let k be the starting position of the assumed occurrence of w; 419wy in x, and
let k" be the starting position of the demonstrated occurrence of wy 4. Then f(x)[[k +
ko, k + lws gl — ko — 1] and f(x)[[k" + k2, k" + |w, 4| — k2 — 1] are determined only by
w;s,4 and wy s by our assumption, and since s > s, each of them contains a subword of
the form v, j, v, j, - - - v j,. Since a < ki and minj<;<p v, ;| > ki + 2ko, we get that
fQ) [k + k2, k' 4 |wg 4| — k2 — 1] contains a subword of the form

UrjiUrjp = 2 Urje WO iUy oo = Vp iy

where f(x)[[k + k2, k + |ws 4| — ko — 1] contains the part v, j, - - - v, j,, fX)[[K +
ko, k' + |ws,q' — ko — 1] contains the part Uy jl e Vp s and w is either of the form v, ;
for some 1 < j < m or of the form v, v, j for I < j, j* < m. By our assumption, there
is a unique such w, which implies that there is a unique a by considering |w]|.

By telescoping, we may assume that the claim holds for any s > 1. We may also assume
that |wy 4| > 2ks + ki + ko for 1 < g < 2n, where ko is such that 1%0 is not a subword of
V. For any finite word u, let i € F be the unique subword of u such that u = 19i1” for
some non-negative integers a, b. Now we define a set T of finite words in F for all s > 0
as follows. Forany s > 1 and 1 < ¢, ¢’ < 2n, if there are x € Xy, k € Z, and a > 0 such
that the word wy 41w, 4 occurs in x, where the demonstrated occurrences of wy , and
w; 4 are expected, then define a word u , o = U, where u = f(x) [[k + ko, k + |ws 4] +
a + kr — 1]. Let T be the set of all Ug gq.q thus obtained for s > 1 and 1 < ¢, ¢’ < 2n.
Let Tp = {0}. Then the sequence {T;},>0 satisfies the hypotheses of Proposition 5.1; in
particular, every element of T is built from 7. Also, |T;| < 4n?. By Proposition 5.1, we
obtain a rank-4n> construction of an infinite word V. Since each u 4, is a subword of V,
we have that Xy € Xy. By the minimality of Xy, we have Xy = Xy, and thus Xy has
symbolic rank < 4n? < 4N?, which contradicts rankgymb (Xv) > 4N 241, O

In a sense, we separate the topological rank (or alphabet rank) complexity of a subshift
into two parts: symbolic rank and spacer parameters. This proposition together with
Proposition 6.11 shows that both of these two parts are non-trivial.

Next we show that an infinite subshift factor of a minimal subshift of finite symbolic
rank is not just conjugate to a subshift of finite symbolic rank—it is itself a subshift of finite
symbolic rank. This is a technical improvement of the result we mentioned at the beginning
of this section. The proof of this result is similar to the one for the above proposition.

THEOREM 8.3. Let X be minimal subshift of finite symbolic rank and Y be an infinite
subshift that is a factor of X. Then Y has finite symbolic rank, that is, there is an infinite
word V with a finite rank construction such that Y = Xy.
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Proof. By Proposition 6.4, we may assume that X = Xy where W has a good rank-n
construction for some n > 2, with associated rank-n generating sequence {wp 4} p>0,1<g<n-
Let f be a factor map from (Xw, o) to (Y, o).

Let ki be a positive integer such that 1%! is not a subword of W. Let k, be a positive
integer such that for any x, y € Xw and k € Z, whenever x [[k — kp, k + k] = y[[k —
ko, k 4+ ky], we have f(x)(k) = f(y)(k). Here, Y is an infinite minimal subshift, let k3
be a positive integer such that 143 is not a subword of x for any x € Y. Without loss of
generality, we may assume |wi 4| > 2ky + ki + k3 forall 1 < g <n.

Similar to the above proof, for each p > 1, if the word w)41°w, . occurs in some
X € Xw at position k € Z, where the demonstrated occurrences of w4 and w, , are
expected, we define a word u, 4 o s = U, where

u= f)[lk+kak+lwsgl+s+k —1].
Then it is clear that every y € Y is built from
Ty ={upgqs:1<qg,q4 <n0=<s <k}

By Proposition 5.1, we obtain a rank-n’k; construction of an infinite word V such that
Xy C Y. By the minimality of ¥, we must have Xy = Y, and thus Y has finite symbolic
rank. O

A curious example is when V is an infinite rank-1 word and ¢ : Xy — Y is the
conjugacy map defined by the substitution 0 — 1 and 1 > 0. In general, Y is no longer a
rank-1 subshift but it has finite symbolic rank.

The above theorem has the following immediate corollary.

COROLLARY 8.4. Let n > 2 and let X be a minimal subshift of topological rank n > 2.
Then X has finite symbolic rank.

Proof. By Theorem 6.9, X is conjugate to a minimal subshift of finite symbolic rank. Thus,
X has finite symbolic rank by Theorem 8.3. O

Next we show that any infinite odometer is the maximal equicontinuous factor of a
minimal subshift of symbolic rank 2. This is in contrast with the result in [28] that any
equicontinuous factor of a rank-1 subshift is finite.

We use the following fact, which is folklore.

LEMMA 8.5. Let (X, T) and (Y, S) be topological dynamical systems, and let f be a
factor map from (X, T) to (Y, S). Suppose (Y, S) is equicontinuous and suppose for
all x1,x2 € X, if f(x1) = f(x2), then x1, x are proximal. Then (Y, S) is the maximal
equicontinuous factor of (X, T).

THEOREM 8.6. For any infinite odometer (Y, S), there exists a minimal subshift Xy of
symbolic rank 2 such that (Y, S) is the maximal equicontinuous factor of (Xvy, o).

Proof. We inductively define two sequences {p;, g; }i>0 of positive integers as follows. Let
po=gqo=1.Fori >0,let pi;1 =2p; +2q; and g;+1 = 2p; + g;. It is easy to see that
forany i > 0, g; is odd and p;, g; are relatively prime.
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Let B = (W, E, <) be a simple Bratteli diagram associated to (¥, S) such that |W;| = 1
anda; 11 2 |E;11] > 1foralli > 0. By telescoping, we may assume a; > p; + g; for any
i > 1. Consider the following proper rank-2 construction:

vo,1 =vo2 =0,
v, = 091124100, vip = 09119109,
Vig11 = Vi Y0 o2y Gy o = vy Gy oy 4t ford > 1

It is easy to see that the subsequence {ix }x>0 where ip = Oand iy = k + 1 fork > 1 givesa
telescoped construction that is good and hence has unique readability. Also, for any n > 1,
|Vn,1] = pn [1i=; @i and |va2| = ¢u [}~ ai. For notational simplicity, let A, = []/_, a;
foralln > 1 andlet Ag = 1. Let V = lim,, v, ;.

For each i > 1, enumerate the elements of E; in the =<-increasing order as
€il,...,eiq. Define f: Xy — Xp by letting f(x)(i) =e;41,; if there exists an
expected occurrence of v;41,1 in x starting at position k € Z such that for some ¢ € Z,
we have that 1 < j < a;4 satisfies

(j—DA; <k +LAj41 < jA;.

Here f is well defined because |v;41,1| and |v; 12| are both multiples of A; 1, and thus for
any two expected occurrences of v; 41 in x, their starting positions differ by a multiple of
Aj41. Itis clear that f is a factor map from (Xy, o) to (X, Ap).

By Lemma 8.5, to complete the proof, it suffices to show that for any x, y € Xy, if
f(x) = f(y),then x, y are proximal. Toward a contradiction, assume x, y are not proximal
but f(x) = f(y). Thus, there exists n > 1 such that no k € Z is the starting position of
both an expected occurrence of v, ; in x and one in y. Let ng be the least such n.

However, from the assumption f(x) = f(y), we can verify by induction that for all
n > 0, if k; is the starting position of an expected occurrence of v, 41,1 or v,412 in x and
k» is the starting position of an expected occurrence of v,41,1 Or V412 in 'y, then k1 — kp
is a multiple of A, 1.

We claim that there existno k < A suchthath —k =tAy 41 forsome 1 <t < ppoy1,h
is the starting position of at least p,,11 many consecutive expected occurrences of v,;412
in x (or y), and k is the starting position of at least g,,+1 many consecutive expected
occurrences of v,,41,1 iny (or x, respectively).

If not, then from the property that p,,+1 and g,+1 are relatively prime, we can
get positive integers a < guo+1 and b < py,41 such that t = ap, 41 — bguy+1. Then
k + alvyg+1,11 = h + blvyy41,2]. This is the starting position of an expected occurrence
of vyy+1,1 iny (or x), while at the same time, it is also the starting position of an expected
occurrence of vy,41,2 inx (or y, respectively). Thus, it is the starting position of an expected
occurrence of v, 1 in both x and y, which contradicts our definition of ng.

Now let P be the (ng + 2)th layer of the reading of x, that is, (k, j) € P if and only
if there is an expected occurrence of vy, 42, in x; let Q be the (no + 2)th layer of
the reading of y. Suppose (k, j) € P, where j =1 or 2. Consider the positions from
k + ang12|Vng+1,11 10 k + angi2|vpgr1,11 + B — jlany+2|vng+1,2]. If one of these positions
is the starting position of an expected occurrence of v,,42,1 Or Vyy422 in y, then from
Qng+2 > DPng+2 + Gnog+2, We get a contradiction to the above claim. So these positions
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must be contained in the same expected occurrence of vy,42,1 Or V42,2 in y, which gives
us a unique (k', j') € Q. It follows from the above claim and the assumption a,,+2 >>
Pro+2 + dno+2 that j/ = j and |k — K| < }|vng122]. Let m =k —k’. Applying this
to all (k, j) € P, we obtain corresponding (k’, j) € Q and m =k — k’. Clearly, m is
constant, which implies that y = ¢ (x) and that f(x) = f(y) is periodic, which is a
contradiction. O

Finally, we consider non-Cantor factors of subshifts of finite symbolic rank. By a
combination of existing research, we can see that any irrational rotation is the maximal
equicontinuous factor of a minimal subshift of symbolic rank 2. In fact, the symbolic
rank-2 subshifts are generated by the Sturmian sequences that are symbolic representations
of irrational rotations (for details, see e.g., [3, §6.1.2]). In [27], it was shown that all
Sturmian sequences have a proper rank-2 construction. As noted in [12], it follows from
the work of [32] that for any irrational number 0 < @ < 1, there is a Sturmian sequence V,
and a factor map 6 from (Xy,, o) to (T, 4+«) such that 8 is injective on a comeager subset
of Xy, . By a well-known criterion (e.g., [41, Proposition 1.1]), (T, +«) is the maximal
equicontinuous factor of (Xy,, o). Conversely, since any Sturmian sequence is V, for
some irrational 0 < o < 1 (see e.g., [3, Theorem 6.4.22]), the maximal equicontinuous
factor of a subshift generated by a Sturmian sequence is an irrational rotation.
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