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1. Introduction

A group G is called a group with boundedly finite conjugacy classes (or a BFC-group for
short) if there is an integer m such that |G : Cg(g)| < m, for all g € G, or, equivalently, by
a theorem of Neumann (see [11, Theorem 4.35]) if G is finite-by-abelian. In a previous
paper [5] we discussed the class of groups with the maximal condition on non-BFC-
subgroups. We recall from [5] that a group G satisfies max-(non-BFC) if every ascending
chain of non-BFC-subgroups terminates in finitely many steps. The condition max-(non-
BFC) is, of course, dual to the condition min-(non-BFC) discussed by Bruno and Phillips
in [1], and our paper [5] and the current paper represent a further contribution to the
theory of groups with certain chain conditions on their subgroups (see, for example, [2—
4,7,8,10] to name but a few articles concerned with this sort of topic).

It is quite easy to see that if a group G satisfies max-(non-BFC), then G is either
finitely generated or is a locally FC-group (i.e. every finitely generated subgroup has
all conjugacy classes finite), and in [5] we obtained the structure of locally FC-groups
with max-(non-BFC). In this paper we take up the case of finitely generated groups with
max-(non-BFC). Here we consider the case of finitely generated soluble-by-finite groups.
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Together with the results of [5] the results we obtain here enable us to give the structure
of all locally soluble-by-finite groups with max-(non-BFC). This is just about as far as
we can go with our current techniques. One obstacle to further progress (for example
in trying to obtain a classification theorem for locally graded groups) is the possibility
that there exists an infinite finitely generated residually finite p-group, for some prime p,
with all subgroups either finite or of finite index. Such a group (if it exists) necessarily
satisfies max-(non-BFC).

In § 2 of this paper we present some further results on modules, analogous to those in § 5
of [5]. In §3 we obtain our main results, Theorems 3.2 and 3.4. We state Theorem 3.2
here to indicate the flavour of the kind of result we obtain.

Theorem 3.2. Let G be a finitely generated soluble-by-finite group satisfying max-
(non-BFC). Suppose that S is the soluble radical of G and that K is that term of the
derived series of S such that S/K is finitely generated but K /K’ is not finitely generated,
and suppose that K is a BFC-group. Then G has a series of normal subgroups F < A < G
satisfying the following conditions:

(i) F is finite;

(ii) A/F is abelian;

(ili) G/A is finitely generated, abelian-by-finite and torsion-free; and

(iv)

Furthermore, if K/K'KP is finite for each prime p, then F' may be chosen such that A/F
is torsion-free and minimax. In this case G is also minimax.

v) A/F is a finitely generated Z{g)-module for each element g € G \ A.

Naturally this paper has a heavy dependence on [5]. Our notation and terminology
follow that paper where they are not explained here.

2. Some results on modules

We refer the reader to [5, § 5] for preliminary information concerning modules over the
integral group ring of an infinite cyclic group. We will be concerned with the action of
an element of infinite order on bounded abelian groups.

Lemma 2.1. Let G be a group satisfying max-(non-BFC). Suppose that g is an
element of infinite order and A is a (g)-invariant infinite abelian bounded p-subgroup,
for some prime p. If A is a periodic Z{g)-module, then (A,g) is a BFC-group and, in
particular, Cg(A) # 1.

Proof. First we suppose that A is an elementary abelian p-group. Let J = F,(g).
Since A is J-periodic, A = EBPenJ(A) Ap, where Ap is the P-component of A. Since
every Ap is (g)-invariant, [5, Lemma 2.2] implies that we may assume that the set IT;(A)
is finite. Let Bp be a basic submodule of Ap. Lemma 5.1 of [5] shows that Ap = Bp
and hence Ap = @AeA Ch, where C) = ¢)J is a cyclic J-submodule for each A € A. If
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P # (g —1)J, then [5, Lemma 2.2] implies that A is finite and hence Ap is finite, since
Cy 25 J/ Annjy(cy), for each A € A. Hence A = B® C, where B is a finite J-submodule,
and C = Cu(g) = Ag, where Q = (g — 1)J. Thus (A(g)) < Bso H = A(g) is a
BFC-group.

In the general case, since A is a bounded infinite abelian p-group E = A/AP is infi-
nite and since A is Z(g)-periodic it follows that E is F},(g)-periodic. By the above, E
contains a finite (g)-invariant subgroup U such that (E,g¢)/U is abelian. Hence (A4, g)
contains a normal subgroup V such that (A,¢)/V is an infinite elementary abelian p-
group. Lemma 2.3 of [5] implies that H = (A, g) is a BFC-group. Thus, for each a € A,
|H : Cg(a)| is bounded and hence g™ € Cy(A), for some integer n, as required. O

Lemma 2.2. Let G be a group satisfying max-(non-BFC). Suppose that g is an
element of infinite order and A is a (g)-invariant infinite bounded abelian subgroup. If
(A, g)’ is infinite, then A is a finitely generated Z{g)-module.

Proof. First we suppose that A is an elementary abelian p-group, for some prime
p. Let J = F,(g) and let T be the J-periodic part of A. Lemma 2.1 implies that T #
A. Let M = {ex | A € A} be a maximal J-independent set of elements in A. Then
C=MJ=@,. crJ is a free J-submodule. Since Annj(cy) = 0, we have (cy,g) =
() 1 {g), and hence (cy,g)’ is infinite for each A € A. Since c¢yJ is (g)-invariant, [5,
Lemma 2.6] implies that A is finite so that C' is a finitely generated J-module. Clearly,
(C, g)' is also infinite so [5, Lemma 2.6] shows that A/C satisfies max-F),(g). In particular,
A/C is a finitely generated F),(g)-module and hence so is A.

Next, suppose that A is a bounded p-group, for some prime p. Let A; = 2;(A), for
i € N. There is an integer k such that Ay = A. For a € A; the map ¢; : a — a?
is a Z(g)-endomorphism from A; to Ap, so that A;/A;—1 = A;/Ker¢; = Im¢; < A;.
If (Ay,g) is a BFC-group, then A; is J-periodic and hence A;/A;_y is J-periodic for
1 < i < k. It follows that A is Z{g)-periodic, and Lemma 2.1 implies that (4,g) is a
BFC-group. This contradiction shows that (Ay,g)’ is infinite and hence A; is a finitely
generated J-module. Thus A;/A;_1 is a finitely generated J-module for 1 < i < k and A
is a finitely generated Z{g)-module, in this case.

Finally, in the general case, let

A= Dr A

pen(A) D

where A, is a Sylow p-subgroup of A. If, for every p € w(A), the subgroup (4,,g) is a
BFC-group, then the finiteness of m(A) implies that (A(g))’ is finite. Hence there is a
prime p such that (A, g) has infinite derived subgroup. Then A, is a finitely generated
Z({g)-module, and by [5, Lemma 2.6] A/A, satisfies max-Z(g). Hence A/A, is a finitely
generated Z{g)-module, and the result follows. O

Next we consider the case when A is torsion-free.
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Lemma 2.3. Let G be a group satisfying max-(non-BFC). Suppose that g is an
element of infinite order and A is a (g)-invariant abelian torsion-free subgroup. If (A, g)’
is infinite, then A is a finitely generated Z{g)-module.

Proof. First we suppose that A is Z(g)-periodic. Since (A4, g)’ is infinite there is an
element a; € A such that g ¢ Cg(a1). Let A} = a1Z{g) = (a;){9 and E = A ®7 Q. Then
E is a Q(g)-periodic module and Q(g) is a principal ideal domain. We have a;Q(g) =

Q(g)/ Annggy(a1). Since Annggy(ai) # 0 it follows that dimg(Q(g)/ Anngg(a1)) is
finite. Thus a1Q(g) has finite torsion-free rank, and hence the torsion-free rank of A;
is also finite. By a theorem of Hall [11, Corollary 1-Lemma 9.53], A; contains a free
abelian subgroup C' such that A;/C is periodic and w(A;/C) is finite. Since A; has finite
torsion-free rank, C' is finitely generated, and hence A; is minimax. If A;(g) is a BFC-
group, then it is abelian since (A;{(g))’ < A;, a torsion-free group. This contradicts the

" is infinite. Since (g) has the maximum condition, A/A;

choice of a; and hence (A1{g))
satisfies max-(g) and hence A is a finitely generated Z(g)-module in this case.
Next let T' be the Z(g)-periodic part of A and suppose that T' # A. Then the argument

of Lemma 2.2 can be used to show that A is a finitely generated Z({g)-module. O

Finally, we obtain the main result of this section.

Lemma 2.4. Let G be a group satisfying max-(non-BFC). Suppose that g is an
element of infinite order and A is a (g)-invariant abelian subgroup with bounded torsion
subgroup. If (A, g)’ is infinite, then A is a finitely generated Z(g)-module.

Proof. Let T be torsion subgroup of A. Since T is bounded, A = T x B for some
torsion-free subgroup B and there is an integer k such that 7% = 1. Let £ = A*. Then
E < B and FE is a (g)-invariant torsion-free subgroup of A. If (E,g)’ is infinite, then
Lemma 2.3 implies that F is a finitely generated Z{g)-module. Also A/FE satisfies max-
Z{g), by [5, Lemma 2.6], and hence A/FE is a finitely generated Z(g)-module and the
conclusion holds. Thus suppose that (E,g) is a BFC-group. Since (E(g))’ < E and E
is torsion-free, E(g) is abelian and hence g € Cg(A/T). Thus if T is finite then A(g)
is a BFC-group, contrary to hypothesis. Hence T is infinite. Suppose that (T,g) is a
BFC-group. Then T contains a (g)-invariant subgroup U such that 7/U is an infinite
elementary abelian p-group for some prime p and g € Ce(T/U). Again we have A/U =
T/U x C/U for some torsion-free subgroup C/U. Let D/U = (A/U)?. Then D/U < C/U
and D/U is a (g)-invariant torsion-free subgroup of A/U. Thus [4/D,g] < TD/D so
(A/D, gD) is nilpotent. Since A/D is an infinite elementary abelian p-group, Lemmas 5.3
and 2.3 of [5] show that A(g) is a BFC-group. This contradiction shows that (T(g))" is
infinite. Since (g) has the maximum condition, A/T satisfies max-Z(g) and hence A/T is a
finitely generated Z{g)-module. By Lemma 2.2 T is also a finitely generated Z{g)-module,
whence so is A. d
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3. Finitely generated soluble-by-finite groups

In this section we discuss finitely generated soluble-by-finite groups G with max-(non-
BFC) and obtain our main results. We shall use the following notation throughout this
section. We shall let S denote the soluble radical of G andlet S =Sy > S1 > ---> S5, =1
be the derived series of S. We shall assume that S is not polycyclic, in which case there
is a least integer ¢ such that S/S; is polycyclic, but S;/S¢41 is not finitely generated. We
shall denote Sy by K. It turns out that the situation is slightly different depending upon
whether or not K is a BFC-group. We have found it convenient to separate the following
technical lemma off from the main argument.

Lemma 3.1. Let G be a finitely generated soluble-by-finite group satisfying max-
(non-BFC) and suppose that S = {H < G | K < H and |H'| < oo}. Let A be a maximal
element of S and F' a finite G-invariant subgroup of A such that A/F is abelian. If B is
a G-invariant subgroup of A such that F' < B and |A : B| is finite, then

Cq/r(B/F)=AJF.

Proof. First note that since G/K is polycyclic-by-finite, S has the maximal condi-
tion and hence S has indeed got maximal elements. Note also that A is not finitely
generated, otherwise A has the maximal condition, whence K is finitely generated, a
contradiction.

Let C/F = Cg/p(B/F). Then C/F is central-by-polycyclic-by-finite. Since A/F
is not finitely generated neither is B/F. If C/F is finitely generated, then C'/F has
max-1, by a theorem of Hall (see [11, Theorem 5.34]) and the central subgroups of C'/F
therefore have the maximum condition, which is a contradiction. Hence C' is a locally
FC-group.

Since K < A < C the lemma will follow, using the maximal choice of A once we show
that C' is a BFC-group. If A/A’ AP is infinite for some prime p, then [5, Lemma 5.3] shows
that C' contains a normal subgroup H such that C'/H is an infinite elementary abelian
p-group, and then [5, Lemma 2.3] implies that C' is a BFC-group. Thus we may assume
that A/A’ AP is finite for all primes p. Since G/A’ satisfies max-n, by [11, Theorem 5.34],
the torsion subgroup P/A’ of A/A’ is bounded and hence A/A’ = P/A’ x E/A’ for
some torsion-free subgroup E/A’. Since A/A’AP is finite P/A’ is also finite. Hence P,
the torsion subgroup of A, is finite and since C/A is polycyclic-by-finite the torsion
subgroup of C is also finite. Since C is a locally FC-group, [5, Lemma 2.1] gives the
result. |

Theorem 3.2. Let G be a finitely generated soluble-by-finite group satisfying max-
(non-BFC). Suppose that K is a BFC-group. Then G has a series of normal subgroups
F < A < G satisfying the following conditions:

(i) F is finite;

(ii) A/F is abelian;
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(iii) G/A is finitely generated, abelian-by-finite and torsion-free; and
(iv) A/F is a finitely generated Z{g)-module for each element g € G \ A.

Furthermore, if K/K'KP? is finite for each prime p, then F' may be chosen such that A/F
is torsion-free and minimax. In this case G Is also minimax.

Proof. Let
S={H<G|K < H and H' is finite}.

Then K € S and S has a maximal element A, since G/K is polycyclic-by-finite. Then A
is a BFC-group and A is not finitely generated otherwise A has the maximal condition,
whence K is also finitely generated, a contradiction.

We show first that G/A is torsion-free. To this end let U/A be a finite subgroup of
G/A. Then U is not finitely generated so U is a locally FC-group and by [5, Lemma 2.1]
its torsion subgroup is periodic. Since G/K' satisfies max-n, by [11, Theorem 5.34] the
torsion subgroup P/K’ of K/K’ is bounded and hence K/K' = P/K' x E/K’, for some
torsion-free subgroup E/K’.

If K/K'K? is finite for all primes p, then P is finite and since U/K is polycyclic-
by-finite the torsion subgroup of U is also finite, and hence U is a BFC-group by |5,
Lemma 2.1]. If K/K'KP? is infinite for some prime p, then A/A’AP is also infinite, since
A/K A’ is a finitely generated abelian group and [5, Lemma 3.2] implies that U contains
a normal subgroup W such that U/W is an infinite elementary abelian p-group. Hence
U is a BFC-group in this case also, by [5, Lemma 2.3].

Now let F' be a finite G-invariant subgroup of A such that A/F is abelian. Let
U/A = {wA, ..., u,A} and write V/F = (uF, ..., u, F)Y/F. Since U/F is a BFC-
group, V/F contains a finite normal subgroup X/F such that V/X is finitely generated
and torsion-free abelian. By a theorem of Jategoankar and Roseblade (see, for exam-
ple, [9, Theorem 12.3.13]), G/F is residually finite. Therefore, G/F contains a normal
subgroup D/F' of finite index such that D/F N X/F = 1. Let D; = DN A. Since D, /F
and V/F are normal in U/F we have [V/F,D,/F] < V/FND,/F =Y/F, say. By the
choice of Dy, Y/F is torsion-free. On the other hand, [V/F,D,/F] < (U/F) and (U/F)’
is finite. Therefore, [V/F,D1/F| < Y/F N (U/F)" = 1 and hence V/F < Cq/p(D1/F).
Since VA = U it follows that A/F 5 Cq,p(D1/F), contrary to Lemma 3.1. Thus G/A
is torsion-free.

Next, let g € G\ A, let Q = (A, g) and suppose that @) is a BFC-group. If (z) = C4(Q’),
then |(g) : (z)] is finite. For each element a € A we have a® = ab for some element b € Q’.
If r = |Q'|, then 27 "az" = ab” = a and hence 2" € Cx(A), so that 2" € A, by Lemma 3.1.
Thus g € A since G/A is torsion-free. This contradiction shows that (A/F, gF)’ is infi-
nite. By Hall’'s Theorem [11, Theorem 5.34], G/F satisfies max-n and hence the torsion
subgroup of A/F is bounded. Lemma 2.4 now shows that A/F is a finitely generated
Z{g)-module.

If K/K'KP? is finite for all primes p, then, as we noted above, the torsion subgroup
of A is finite and we let F' be this subgroup in this case. Since G/F satisfies max-n,
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A/F is a finitely generated Z(G/A)-module. By a theorem of Hall (see [11, Corollary 1-
Lemma 9.53]) A/F contains a free abelian subgroup M/F such that A/M is periodic
and m(A/M) is finite. Since A/A’AP is finite for each prime p, it follows that M/F is
finitely generated and hence A/F is minimax in this case. If K/K'K? is infinite for some
prime p, then we let F' = A’.

The group A has a finite series of G-invariant subgroups

F=A <A< <A =A

such that A;y1/A; is elementary abelian for 0 < @ < k — 2, and Ay/Ak_1 is torsion-
free. The group ring Z(g) is Noetherian so A/F is a Noetherian Z({g)-module and hence
Aiy1/A; is a finitely generated Z{g)-module for each i. Suppose first that Ay/Ap_1 is
not of finite rank. Then, for each g € G\ Cg(A;+1/4;), [6, Lemma 18 and its Corollary]
show that G/Cg(Ai+1/4;) is abelian-by-finite for 0 < i < k — 1. If Ag/Ax_1 is of
finite rank, then there is a series of G-invariant subgroups Ax_1 = By < By < B; =
Ay with B;11/B; G-rationally irreducible, for ¢ = 0,...,l — 1. By Clifford’s Theorem
and Mal’tsev’s Theorem [13, Lemma 3.5], S/Cs(B;+1/B;) is abelian-by-finite and hence
G/Cq(B;+1/B;) is also abelian-by-finite.
In either case, if

L= Cg(Al/Ao) N---N CG(Akfl/Akfz) M Cg(Bl/Bo) [AERE C(;(Bl/Blfl)

(setting By = Ag—1 and By = Ay if Ap/Ak_1 is not of finite rank), we have that G/L
is abelian-by-finite. If g € L\ A, then (A/F,gF)’ is infinite, (A/F, gF) is nilpotent and
also finitely generated, which is a contradiction. Hence L < A so A = L, and hence G/A
is abelian-by-finite. This completes the proof. O

Let p be a prime. In [8] it is shown that if (z) is an infinite cyclic group and if K = Fj,(z)
is the group ring over the field with p elements, then the group G = K x(x), where K is
the additive group of K, satisfies the maximal condition on non-abelian subgroups. Hence
G also satisfies max-(non-BFC) and it is finitely generated. The necessary conditions
obtained in Theorem 3.2 are also sufficient as we now show.

Lemma 3.3. Let G be a group having a series of normal subgroups FF < A < G
satisfying conditions (i)—(iv) of Theorem 3.2. Then G satisfies max-(non-BFC).

Proof. Let H; < Hy < -+ < H, < --- be an ascending chain of subgroups, each
having infinite derived subgroup. Since A is a BFC-group, H, ;E A for all n € N. If
g € H1\ A, then A/F is a finitely generated Z(g)-module and Z{g) is a Noetherian group
ring. Thus A/F is a Noetherian Z(g)-module and, as (AN H;)F/F is a Z{g)-submodule
of A/F, there exists r € N such that (AN H,)F' = (AN H,)F for all n > r. Since F is
finite there exists s € N such that AN Hy, = AN H, for all n > s and since G/A satisfies
the maximum condition, there exists ¢t € N such that H;A = H, A for all n > ¢. Thus if
k = max(s,t), H,, = Hy, for all n > k, so the result follows. |

Next we handle the case when K is not a BFC-group.
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Theorem 3.4. Let G be a finitely generated soluble-by-finite group satisfying max-
(non-BFC). Suppose that K’ is infinite. Then G has a series of normal subgroups F <
T < A < G satisfying the following conditions:

(i) F is finite;

(il) T = FD, where D is a divisible Cernikov q-subgroup, for some prime q and
D < Z(A);

(iii) A/T is abelian and torsion-free;

(iv) G/A is finitely generated, abelian-by-finite and torsion-free;

(v) A/T is a finitely generated Z(g)-module for each g € G\ A; and
(vi) if the subgroup H has infinite derived subgroup, then D < H.

Proof. Clearly, K is a locally FC-group and by [5, Lemma 2.3] K/K'KP? is finite for
all primes p. Let P be the torsion subgroup of K. Then K’ < P and K/P is minimax
by [5, Lemma 6.1]. Thus G/P is also minimax since G/K is polycyclic-by-finite. Let

S={H<G|K<H and (H/P) is finite}.

Then K € § and since G/K satisfies the maximum condition, S has a maximal element
A. Let T/ P be the torsion subgroup of A/P. Since A/K is polycylic-by-finite and K /P
is torsion-free, the torsion subgroup T'/P of A/P is finite. By Hall’'s Theorem [11, The-
orem 5.34] G/K' satisfies max-n so P/K’ is bounded and hence finite since K/K'K? is
finite for each prime p. If A is finitely generated, then A/P has the maximum condition,
whence K /K’ is finitely generated, contrary to the choice of K. Hence A is a locally
FC-group and A/T is a torsion-free abelian group by [5, Lemma 2.1].

Let C/T = Cq r(A/T). Since A/T is not finitely generated then neither is C/T', as
in the proof of Lemma 3.1. Hence C/P is a locally FC-group and as in Lemma 3.1 we
have C = A. If U/A is a finite subgroup of G/A, then U/T is not finitely generated so
U/T is a locally FC-group. Thus (U/T')’ is periodic and since A/T is torsion-free we have
U/T < Cqr(A/T) = A/T. Thus G/A is torsion-free.

Let g € G\ A. If (A, g)/T is a BFC-group, then, as above, gT € Cq,r(A/T) = A/T, a
contradiction. Hence (A4, g)/T has infinite derived subgroup and Lemma 2.4 implies that
A/T is a finitely generated Z{g)-module.

Since A is a locally FC-group, [5, Lemma 6.5] implies that AS < T so that A/AS is not
finitely generated. By [5, Theorem 6.8] A contains a finite A-invariant subgroup F; and
a divisible Cernikov g-subgroup D, for some prime ¢ such that T = DF; and D < Z(A).
If X is a finitely generated subgroup of G such that G = AX, then F = F{X < T and it
is easy to see that F' is finite. Of course, F' is G-invariant.

Finally, let H be a subgroup such that H’ is infinite. Suppose that E = DN H # D.
Then D/E is a non-trivial divisible Cernikov group and by [5, Lemma 2.6] it has the
maximal condition on H-invariant subgroups. This is a contradiction and the result
follows. O
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Several additional facts can be obtained concerning groups in this case and we note
these here.

Lemma 3.5. Let G be a finitely generated soluble-by-finite group satisfying max-
(non-BFC). Suppose that K' is infinite. Using the notation of Theorem 3.4 the following
hold:

(i) A contains a subgroup B > T such that B/T is finitely generated and A/B is a
Priifer gq-group for some prime gq;

(ii) G is minimax;
(iii) A’ is infinite; and
(iv) if g ¢ Ce(D), then g induces an infinitely irreducible automorphism on D.

Proof. Item (i) follows from Theorem 6.8 of [5] and (ii) is then immediate. Item (iii) is
clear from the definition of A. To prove item (iv) let g ¢ Co (D). If (D, g) is a BFC-group,
then D < Z((D, g)) by [12, Theorem 1.9], a contradiction. Thus (D, g) is infinite. Now
D has a finite series of (g)-invariant divisible subgroups 1 = Dy < Dy < --- < Dy = D,
every factor of which is (g)-infinitely irreducible. In particular, either [D;i1,g9] < D;
or [Dit1/D;,g] = Diy1/D; for 0 < i <t — 1. Since (D, g)’ is infinite there is a least
integer m such that [Dy41/Dm, 9] = D41/ Dam and it follows that (Dy,41/Dpm, 9D’
is infinite. Clearly, D = D11, by [5, Lemma 2.6]. If D,,, # 1, then [D,,, g] = 1, again
using [5, Lemma 2.6]. By [4, Lemma 4.14] D contains a (g)-invariant divisible subgroup
M, which is (g)-infinitely irreducible such that D,,M = D, [M,g] = M and M N D,, is
finite. As above, D = M, and hence g acts on D infinitely irreducibly. O

Finally, we show that the necessary conditions of Theorem 3.4 are also sufficient.

Lemma 3.6. Let the group G satisfy the conditions of Theorem 3.4. Then G satisfies
max-(non-BFC).

Proof. Let Hi < Hy < --- < H, < --- be an ascending series of subgroups such
that H), is infinite for each n € N. Since D < H,, for each n € N the result follows by
Lemma 3.3 applied to G/D. a
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