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Toric Degenerations, Tropical Curve, and
Gromov—=Witten Invariants of Fano
Manifolds

Takeo Nishinou

Abstract. In this paper, we give a tropical method for computing Gromov—Witten type invariants
of Fano manifolds of special type. This method applies to those Fano manifolds that admit toric
degenerations to toric Fano varieties with singularities allowing small resolutions. Examples include
(generalized) flag manifolds of type A and some moduli space of rank two bundles on a genus two
curve.

1 Introduction

Since the appearance of tropical geometry, there are various kinds of applications of
its ideas to problems in classical geometry. But in many cases the ambient spaces are
toric varieties, and the number of applications of tropical geometry to problems in
non-toric varieties is not large. In this paper, we try to extend the applicability of
tropical geometry in the direction of the enumerative problems. More precisely, we
give a method for computing Gromov—Witten type invariants of Fano manifolds of
special type in terms of counting of tropical curves.

Our calculation is based on toric degenerations of Fano manifolds. Given such
degenerations, we can compare holomorphic curves between Fano manifolds and
(singular) toric varieties. On the other hand, the correspondence between curves in
toric varieties and tropical curves is shown in [8, 12, 14]. Thus, we can count curves
in Fano manifolds by counting appropriate tropical curves.

The content of this paper is as follows. After a short review of toric degenerations
in Section 2, we try to define Gromov—Witten type invariants via tropical method
in Section 3. In fact, we will define two types of invariants. The first one (The-
orem 3.39) is directly related to Gromov—Witten invariants and defined when the
incidence conditions (Subsection 3.2) satisfy suitable assumptions (Assumption 3.6
and the transversality assumption in Proposition 3.23). In particular, this invariant
depends on the incidence conditions only through their homology classes. The sec-
ond (Theorem 3.42) is the analogue of the one considered in [14] and is regarded
as the “relative part” of the Gromov—Witten invariants. A priori, it might not be
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a homological invariant, but it gives a lower bound to the corresponding Gromov—
Witten invariants (see Remark 3.43). This second invariant is defined only under
Assumption 3.6 and contains the first invariant as a special case.

In the last section, we give two examples of the calculation of these invariants for
varieties of particular interest (these are both the first type invariants, so we calcu-
late actual Gromov—Witten invariants). In these cases, in principle, we can calculate
all genus zero Gromov—Witten invariants by tropical method. In particular, we can
calculate Gromov—Witten invariants including odd cohomology classes. Also, by the
homological invariance of Gromov—Witten invariants, an interesting combinatorial
invariance of the counting number of tropical curves is observed, which cannot be
deduced purely by tropical method (Remark 4.8).

2 Toric Degeneration

Let us first recall the definition of toric degenerations of projective manifolds.

Definition 2.1 Let (X,w) be a projective manifold X with a Kdhler form w. A foric
degeneration (X,w) of (X,w) is a flat family f: X — B of complex varieties over a
connected complex variety B with two distinguished points py, p1, and a Kdhler form
w on X (defined on the smooth locus), such that (X;,w,;) is isomorphic to (X,w)
as a Kdhler manifold, and (X, wy) is a toric variety with a torus invariant Kdhler
form. Here (Xo,wo), (X, w;) are the restrictions of (X, @) to the fibers over py, p1,
respectively. Note that in general, the toric variety X, has singular points. So, as in
the case of (X, ), the form wy is defined on the smooth locus of Xj.

If (Xo, wp) is a toric Fano variety, then we call (X, ) a toric Fano degeneration of
(X,w).

We note that, given such a family, if there is a holomorphic disk n: D(2) =
{z € C| |z] < 2} — B in the base space B with n(0) = po and (1) = p;, then
there is a natural map, the gradient Hamiltonian flow ([15], see also [13])

¢g1‘H7t: Xt — X07 te [05 l]a

which is a diffeomorphism away from the singular locus of Xj and keeps the Kdhler
forms (also away from the singular points). Here X; is the fiber over 7n(t). We write
dgri1: X1 — Xo by Qe

Definition 2.2 Let X be a (singular) toric variety defined by a fan 3 in R”. We say
that X allows a small resolution when there is a refinement X/ of 3 without adding a
new ray such that the toric variety associated with ¥’ is nonsingular.

An example of a class of Fano varieties having degenerations to toric Fano varieties
allowing small resolutions is provided by flag manifolds of type A (including partial
flag manifolds); see [13].

Remark 2.3 In [13], we developed the notion of toric degeneration of integrable
systems. Using this notion and the methods in [11], the results in this paper can be
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extended to the counting of holomorphic disks with Lagrangian boundary condi-
tions. Note that flag manifolds of type A allow degenerations of integrable systems.
Also, using the method of [12], we can partially extend the results of this paper to
higher genus tropical curves. In fact, combining the methods of [11] and [12], we
can even deal with curves of any genus and any number of boundary components.

3 Computing Gromov-Witten Type Invariants of Fano Manifolds by
the Tropical Method

In this section, we explain that when we have a Fano manifold that has a degeneration
to toric a Fano variety allowing a small resolution in the sense of Definition 2.1, we
can count the number of appropriate holomorphic curves in the Fano manifold. This
will be performed with the help of the tropical method developed in the case of toric
varieties ([8, 12, 14]). Namely, in [8, 12, 14], equalities between suitable counts of
tropical curves in affine spaces and those of holomorphic curves in toric varieties are
shown. The latter are an analogue of Gromov—Witten invariants.

When there is a toric degeneration of a Fano manifold, we can compare the curves
in the Fano manifold and those in its degeneration, that is, the toric variety. When
this comparison is effective, we can compute the number of holomorphic curves in
the Fano manifold by counting appropriate tropical curves. We will show that this
can be performed when the toric variety has a small resolution.

3.1 Tropical Curves

First we recall some definitions about tropical curves; see [8, 12, 14] for more infor-
mation. Let I' be a weighted, connected, finite graph. Its sets of vertices and edges are

denoted T , T Then we denote the weight function by wg: ™ N \ {0}. An
edge E € T has adjacent vertices OF = {V1,V,}. Let ﬁfﬂ T be the set of one-

valent vertices. Weset I' = T\ ﬁ)oo]. Non-compact edges of I are called unbounded
edges. Let Tl be the set of unbounded edges. Let T'!%, T 'wr. be the sets of vertices
and edges of I' and the weight function of I' (induced from w in an obvious way),

respectively. Let N be a free abelian group of rank n > 2 and Ny = N ®; R.

Definition 3.1 A parameterized trivalent tropical curve in Ny is a proper map
h: T' — Np satisfying the following conditions.

(i) T isa trivalent graph.
(ii) For every edge E C I’ the restriction h| 5 is an embedding with the image h(E)
contained in an affine line with rational slope.
(iii) For every vertex V. € T, the following balancing condition holds. Let
Ei,...,E, € T be the edges adjacent to V and let 4; € N be the primitive
integral vector emanating from (V') in the direction of h(E;). Then

m

Z W(Ej)u]' =0.
j=1
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o In this paper, we always assume that the graph I' is trivalent, so hereafter a (param-
eterized) tropical curve means a (parameterized) trivalent tropical curve.

An isomorphism of parameterized tropical curves h: T' — Ng and h': TV — Ny is
ahomeomorphism ®: I — I respecting the weights and h = h'o®. A tropical curve
is an isomorphism class of parameterized tropical curves. The genus of a tropical
curve is the first Betti number of I'. A rational tropical curve is a tropical curve of

genus zero.
The set of flags of I is

FT ={(V,E) | V € 0E}.

By (i) of the definition we have a map u: FI' — N sending a flag (V,E) to the
primitive integral vector u(y,g) € N emanating from V in the direction of h(E).

An I-marked tropical curve is a tropical curve h: I' — Ny together with a choice of
I not necessarily distinct edges

E=(E,...,E) e ("',

The combinatorial type of an I-marked tropical curve (I', E, h) is the marked graph
(I', E) together with the map u: FI' — N.

The degree of a type (I', E, u) is a function A: N \ {0} — N with finite support
defined by

A, u)(v) = #{ (V,E) € FT | E € T, w(B)uiv.p) = v}
Let
e=|A| = Z A®).
veN\{0}

This is the same as the number of unbounded edges of the graph I'. It is known that
the space T(r g, of marked tropical curves of given type (I, E, u), if nonempty, is
a manifold with boundary (in fact, a convex polytope) of dimension larger than or
equal to

e+(n—3)(1—g) —ov(D).
Here ov(I') is the overvalence of I' defined by
ov(D) = Y (HEeTW|(V,E) € FI'}-3).
verlhol
It is also known that if I is rational, the equality
dimT gy =e+ (n—3)(1—g) —ov(l)
holds.

3.2 Incidence Conditions

To fix the counting problem, we have to define incidence conditions for tropical curves
and holomorphic curves. We recall some terminologies concerning incidence condi-
tions from [14]. See [14] for more details. We formulate them for any genus in view
of Remark 2.3, although in this paper we almost always treat the genus zero case.
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3.2.1 Incidence Conditions for Tropical Curves
We begin with the case of tropical curves.

Definition 3.2 Ford = (d,...,d;) € N, an affine constraint of codimension d
is an I-tuple A = (Ay,...,A;) of affine subspaces A; C Np, defined over rational
numbers, with

dlmA, =n —d,‘ — 1.
An I-marked tropical curve (I", E, h) matches the affine constraint A if

WE)NA #9, i=1,...,1

Let us fix a degree A: N\ {0} — N. Now let L = (Ly,...,L;) be a set of linear
subspaces of Ny, with codim L; = d; + 1. Then the elements

A:(Ala---7Al)7 AieMOl/Li

define affine constraints.

Definition 3.3 ([14, Definition 2.4]) Fix the genus g and a degree A € Map(N \
{0},N) and write |A| = e as before. An affine constraint A = (A,...,A;) of codi-
mensiond = (dy, ..., d,) is general for A and g if

Zldi =e+(n—-3)(1-9),
i=1

and if any [-marked tropical curve (I', E, h) of genus g and degree A matching A
satisfies the following:

i) hIrHnyY A =2.

(ii) his an embedding for n > 2. For n = 2, h is injective on the subset of vertices,

and for any x € h(I'), the inverse image is at most two points, and such x €
h(T) with #{h~1(x)} = 2 is finite.

Proposition 3.4 ([14, Proposition 2.4])  Fix the genus g and a degree A as above. Let
A= Hi:l Naq/L(A;) be the space of affine constraints of codimensiond = (dy, . .., d;)
such that 25:1 di =e+ (n—3)(1 — g). Then the subset

3= {A" € A | A’ is non-general for A and g}

is nowhere dense in U.

This is proved for ¢ = 0 in [14]. The argument extends to any genus with very
little change, and we omit it.

For a marked tropical curve (I', E, h) matching the constraints A, we have other
important numbers: weight and index. The weight is defined by local data of the
abstract graph I'' (weights and markings of the edges) as

1
wIE)= [ wr(E)- [[wr(E).
=

Eertnrd
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There are two kinds of (lattice) indices, written as D(I", E, h, A) and §;(T', E, h, A),
respectively (see [14, Section 8]). The index D(I',E, h, A) is defined as the index of
the inclusion of the lattices ([14], Proposition 5.7):

1
Map(TN) = [ N/Zug-pp x [I N/(Qup-g, g + L(A)) NN,
Eert\rkl i=1

h ((h(D'E) — h(0™E))g, (W(0”E:))i) -

Here 0F : T\ T — T js an arbitrary chosen orientation of the bounded edges,
that is, OF = {07 E,0"E}. For E € T'lU, 9~ denotes the unique vertex adjacent
to E.

The index 6;(T', E, h, A), for each marked edge E;, is given by the product

5i(F,E, h,A) = WF(Ei) . [Zu(g—Ei,Ei) + L(Ai) AN : ((OZM([)—EhE-) + L(Ai)) QN} .

i

3.2.2 Incidence Conditions for Holomorphic Curves in X; and X;

Next, we define incidence conditions for holomorphic curves. Assume that X, is a
toric variety defined by a complete fan in Ni. We use the same notation as above.

Definition 3.5 In the case of toric variety Xy, we take incidence conditions to be the
subvarieties of X, given as the closures of the orbits of general points {q, ..., q;} in
Xo, by the subtori of the big torus acting on X, corresponding to the linear subspace
{L;}. We denote these subvarieties by Z = {Z;}.

For X), recall that there is a gradient Hamiltonian flow ¢g;: X; — Xj. Since
¢grrr: X1 — X is diffeomorphic only away from the singular locus of Xy, if Z; inter-
sects the singular locus of Xy, the inverse image (bg_,}{(Zi) may not be of pure dimen-
sional cycle, or may have boundary. So we assume the following.

Assumption 3.6 Let us write dimZ; = m;. Let intX, be the complement of the
union of toric divisors. Then the inverse image

¢g—,,;(zi Nint Xo)

can be completed to an m;-dimensional cycle in X; in the following sense. Let W =
Xo \ int Xy be the union of toric divisors. Then there is a chain C; of dimension at most
m; in g_,}q(W) such that ng_,}I(Z,- N int Xp) U C; is an m;-dimensional cycle in X;.
Definition 3.7 In the case of X;, we assume that each Z; satisfies Assumption 3.6,
and take the cycle

Zi = ¢y (Z; Nint Xp) U C;
as an incidence condition. There are choices of the chain C;, and the homology class

of Z; may not be unique. We choose one from these choices and denote the cycle by
Z;.

We note that the main results in this paper do not depend on the choice of Z; (see
Lemma 3.38).
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When Assumption 3.6 holds for Z;, we can assume that there is a continuous
family of cycles Z; C X over B such that:
L4 Zi|X1 = Z,‘ and Z’i|X[] = Z,';
¢ yhe complement in Z; of the union

U gt (Zi NintXo)
t€[0,1]

of the inverse images of Z; N int X, by the maps ¢4, t € [0, 1], is contained in
the union of the inverse images of the toric divisors |,y gbg_r}{ (W),

3.3 Preliminary Arguments About Homology Classes

Let (X, w) be a toric Fano degeneration of an n-dimensional Fano projective manifold
(X, w). Let X, be the toric Fano variety.

Assumption 3.8 We assume that X, allows a small resolution. Also, we assume that
the (pointed) base space (B; po, p1) of the degeneration X is an open subset of C" for
some m € N that is diffeomorphic to the pointed open ball, and the marked points are
the origin (= po) and the point (1,0, ...,0) = p;. Let X; be the fiber over (¢,0,...,0).
We assume that Xy, t € (0, 1] is nonsingular.

The main point of Assumption 3.8 is the existence of a small resolution of X,
which is the assumption of Theorem 3.28, the main ingredient of our study of holo-
morphic curves in this paper. It will also be used in Proposition 3.9(ii). Namely, we
proved the following results in [13].

Proposition 3.9 ([13, Lemma 9.2])

(i)  When (X, B) is a toric degeneration of Xy, there is a map ¢: X, — Xo which is
natural up to homotopy (in particular, it is homotopic to ¢grr). The map ¢ is
diffeomorphic away from the small neighbourhood of the singular locus of Xj.

(ii) When Xy allows a small resolution, it induces an isomorphism

Gs: m(Xy) = ma(Xo).
Since X, is a compact toric variety, it is simply connected. So the natural iso-

morphism 7,(Xy) ~ H,(Xo,Z) holds. By Proposition 3.9(ii), the map ¢ induces an
epimorphism of homology groups

¢s: Hy(X1,2) — Hy(Xo, Z).

We note the following about this epimorphism.
Lemma 3.10 The map ¢, has a natural splitting.

Proof Let Sbe the set of singular points of X. Let 7: Xo — X, be a small resolution.
Since X allows a small resolution, any class in 7m,(Xy) ~ H,(Xy, Z) can be represented
by a cycle in X, \ S. Namely, the representative f: S — X can be taken so that
7 1(f(82)) is still the image of a map f: S — X,. Then since 7~ '(S) has (real)
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codimension at least four, fcan be deformed so that the the image of the composition
with 7 is disjoint from S.

Moreover, if fi: S> — Xo and fo: S — X, are two maps representing the same
class in 7, (Xo) ~ H,(Xy, Z) whose images are disjoint from S, the homotopy between
them can also be taken so that the image is disjoint from S, by the same dimensional
reasoning as above.

The pullback of a map f: $* — Xy whose image is disjoint from S by ¢g,p,1 gives
a well-defined natural splitting of ¢.. ]

Thus, the group H, (X, Z) can be written as
HZ(XI;Z) =~ H; @ H£/7

where ¢, | H] is an isomorphism and ¢, | HY is zero. In particular, the summand Hj} is
torsion free.
Since X, is smooth, Poincaré duality holds, so there is a natural isomorphism

(Hanz(Xla Z)) " = Hé D fH£/7
where fH is the torsion free part of HY'. Let
(Han—2(X1,7)) "~ (Hp, )" @ (Hp, )"
be the corresponding splitting of (H,,—,(X1,7))*.

Let m: Xy — Xo be a small resolution.

Definition 3.11 Let P be the free abelian group generated by the toric prime divi-
sors of X,.

Since 7 is small, toric prime divisors of X, and X, are in natural one-to-one cor-
respondence. So we also denote by P the free abelian group generated by the toric
prime divisors of Xj.

Thus, there is a commutative diagram

(31) Hanz()?OaZ)
el
Pl Hyp—2(Xo, 7).

Here p,, p, are surjections, and 7, is an isomorphism, since 7 is small.
Since Xj is a toric variety, its second homotopy group is generated by holomorphic
spheres, and a natural isomorphism

m(Xo) =~ Hy(Xo,2)

holds. In particular, H, (Xo,Z) is free. Also, since X, is smooth, we have a natural
Poincaré duality isomorphism

(Han—2(Xo,7))* =~ Hy(Xo, 7).
On the other hand, there is a natural surjection

Hy(Xo,7) — Hy(Xo, Z).
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Combining with H) ~ H, (X, Z), we see that there is a natural surjection
Hy(Xy,7Z) — Hj.
Taking the Poincaré dual of the both sides, we have a surjection
P: (Hy2(X0,2)) " — (Hj,_5)"
On the other hand, the dual of the map p; gives an inclusion

pit (Haa(X0,2)) " — P,

3.4 Degrees and Homology Classes

First we recall the following definition from [14].

Definition 3.12 Let X, be an n-dimensional toric variety. A holomorphic curve
C C Xy is torically transverse if it is disjoint from all toric strata of codimension
greater than one. A stable map ¢: C — X, is torically transverse if o~ !(int X,) C C
is dense and p(C) C X is a torically transverse curve. Here int X is the complement
of the union of toric divisors.

Let ¥ C N be the fan defining X,. For each ray of ¥, we have the generator
v € N and its associated toric prime divisor D,.

Definition 3.13 For a torically transverse curve p: C — X, the degree is given by
the map
A(@): N\ {0} =N

defined as follows. For a primitive v € N and A € N, Av is mapped to 0 if R>¢v is
not a ray of ¥, and to the number of points of multiplicity A in ¢*D, otherwise.

Recall that the degree A: N \ {0} — N of a tropical curve in R"” was given by the
data of the direction vectors and multiplicity of the unbounded edges. We have to
define the notion of degree for curves in a general fiber X;.

Definition 3.14 We define the degree of a curve in general smooth fiber X;, t # 0
to be its integral homology class.

Let ¢: C — X be a torically transverse stable map of degree A. We define a
map Ap from the set of primitive vectors in N \ {0} to N as follows. Namely, with a
primitive vector v € N, we associate

Ap(v) =" alA(av) € N.

a>0

This can be regarded as an element of the dual space P* of the space P introduced in
Definition 3.11.
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Definition 3.15 A coarse-degree is a map A from the set of nonzero primitive
vectors in N to the set of nonnegative integers satisfying the condition

> Ay =0.

v:primitive
This can be extended to an element of P*, and we denote it by the same letter A.

A degree A of a tropical curve or a torically transverse stable map in a toric variety
naturally gives a coarse-degree.

Lemma 3.16 For a degree A, the map Ap is a coarse-degree.
Proof This follows from the balancing condition for the tropical curve. ]

Definition 3.17 A coarse-degree A is called rational if it is induced from a degree
of a rational tropical curve (or of a torically transverse rational stable map in a given
toric variety). Let D C P* be the set of rational coarse-degrees of X,.

Recall that there is an inclusion

Pt (Hanea (X0, 2))" — P~
Lemma 3.18 Theset © C P* is a subset of (the image of) the space (Han—>(Xo, 2))*.

Proof Let p;: P — H,—2(Xo;7Z) be the quotient map defined in (3.1). Given an
element A of D, considered as a linear function on P, define A’ (p1(D)) = A(D)

This gives a well-defined element of H,,_(Xo; Z)*. Namely, we have to show that if
p1(D) is zero, then A(D) is also zero. Recall that A(D) is the sum of the transversal
intersection numbers between a rational curve and a linear sum D of toric divisors.
So it must be zero when D is homologous to zero. The latter condition is the same as
requiring p,(D) = 0. |

Lemma 3.19 D is a submonoid of(HZn_z()?o; 7))*.

Proof It suffices that the set of degrees of rational tropical curves forms a monoid.
This follows because given two rational tropical curves, we can parallel transport one
of them so that two tropical curves intersect. By taking a suitable union of graphs as
a domain, we have a new rational tropical curve whose degree is the sum of the given
two. |

3.5 Degeneration of Rational Curves in X,

Let X be an n-dimensional Fano manifold and X — C be a toric degeneration with
X, = X. Take incidence conditions Zi, .. .,Z satisfying Assumption 3.6, and let
m; = dim Z. Let 8 € H,(X,Z). Then the moduli space of stable maps of class
B from pre-stable rational curves without marked point has expected dimension
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n+ ¢ (X)(B) — 3. We assume the equality

I
2(71 —mi—1)=n+aX)(B) -3
iz
holds. The expected dimension of the rational curve of class [ satisfying the inci-
dence conditions is 0.

Our goal is to understand the rational curves in X by the study of rational curves
in the toric variety X,. Moreover, it is desirable that we also understand the rational
curves in X from the view point of tropical geometry. Since tropical curves capture
only those curves in X, that intersects the dense torus orbit, it is favorable that we
can understand the rational curves in X by studying only torically transverse curves
in Xo. The purpose of this section is to prove that this is indeed the case.

To do it, we need to slightly perturb the complex structure on X to a nonintegrable
one (that is, an almost complex structure) so that the moduli spaces of curves in X
become smooth (in particular, of expected dimension).

Let J be the set of almost complex structures that tame the Kdhler form of X.

Definition 3.20 ([7, Definition 3.1.5]) Let § € H,(X,Z) be a homology class. An
almost complex structure J on X is called regular for 3 if every J-holomorphic curve
©: 8 — X of class 3 is Fredholm regular.

Theorem 3.21 ([7, Theorem 3.1.6]) For a fixed class § € Hy(X,Z), the space of
almost complex structures regular for 3 contains an intersection of countably many open
and dense subsets in the space of all almost complex structures.

Let J be a regular almost complex structure on X. Let ¢: C — X be a stable
map from a prestable rational curve with [¢(C)] = [ that satisfies generic incidence
conditions {Z;}.

Lemma 3.22  The domain curve C is a nonsingular rational curve.

Proof Assume that C has two components, C = C; U C,, where C; and C; are
nonsingular rational curves. Then ¢ can be thought of as the pair of maps from
pointed nonsingular rational curves

w1: (Cryx1) = X, 12 (Cpyx) — X,
with the condition ¢(x;) = @2(x;). Let [p1(Cy)] = By and [p,(Cy)] = B, with
B = 1+ 3. Then the moduli spaces of the deformations of the maps ¢ and ¢, have
dimension n+c; (X)(81)—2 and n+c; (X)(52) —2, respectively (note that there is a one
dimensional degree of freedom in varying the point x; or x;). When J is generic, the
condition ¢(x;) = ;(x;) gives an n-dimensional constraint ({7, Proposition 6.2.8]).

Thus, the moduli space of pair of maps (¢1, ;) satisfying the above conditions has
dimension

(n+aX)(B) =2) + (n+aX)(B) —2) —n=n+aX)(B) -4

Since n+¢;(X)(B8) — 3 = 0 by assumption, n+c¢;(X)(8) —4 = —1. Thus, this moduli
space is empty.
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Inductively, one sees that the moduli space of maps ¢: C — X satisfying the
incidence conditions {Z;} is empty when C has more than one component.
Similarly, the moduli space is empty when C is irreducible but has nodes. ]

Let J;, t € (0,1] be regular family of almost complex structures on X; (see [7,
Definition 3.1.7]) that converges to the original toric complex structure of Xy on the
smooth part of Xj. Precisely, take J; so that the family of almost complex structures

(¢ng,t)*]l‘7 te (03 1]
on the smooth part of X, converges to the toric complex structure when ¢ — 0. Let
Sot:Ct_>Xt7 t€(071]

be a family of rational curves of class 3 that satisfies the incidence conditions {Z;}
(see the last paragraph of Subsection 3.2). By Lemma 3.22, each C; is the nonsingular
rational curve.

By Gromov’s compactness theorem [4], there is a sequence {;} C (0, 1], converg-
ing to zero, such that the sequence of maps ¢y, : C;, — X;, converges to a limit stable
map ¢y: Cyp — X from a prestable rational curve. The following proposition is the
main result of this subsection.

Proposition 3.23  Assume that each Z; = Z,; N Xy is transversal to each toric stratum.
Then the prestable curve Cy is the nonsingular rational curve. Moreover, gy is torically
transverse.

Proof Since J, is regular, each ¢, is a point on the moduli space of rational pseudo
holomorphic curve of class 3 that is smooth and has dimension n + ¢;(X)(3) — 3.
Then by Gromov’s compactness theorem, there is a family of holomorphic curves in
Xp that deforms ¢, and has dimension at least n + ¢; (X)(5) — 3.

On the other hand, by Theorem 3.28 below, any member of this family can be
deformed into a torically transverse curve. Since torically transverse curves are Fred-
holm regular by Lemma 3.25 below, such curves can be deformed into X; for t with
the norm |¢| sufficiently small. Thus, if the above family in X, has dimension greater
than #n + ¢;(X)(8) — 3, then we can construct the same dimensional family of curves
in X;, t # 0 that deforms ¢;, contracting the regularity of J;. So this family in X, has
dimension #n + ¢;(X)(8) — 3.

Those curves in this family whose domain is not nonsingular are contained in
a strictly lower dimensional subfamily. However, since the incidence conditions
{Z;} on X, are transverse to each toric stratum, these incidence conditions imply
n+¢;(X)(8) — 3 dimensional conditions even for curves some of whose components
are contained in toric divisors. Thus, the curves in the above subfamily cannot satisfy
general incidence conditions. This proves the proposition. ]

Corollary 3.24 When each variety Z; is a point, then any rational stable map ¢: C —

Xy satisfies the properties that ¢ is torically transverse and the domain curve C is the
nonsingular rational curve.
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Proof When each Z; is a point, the transversality assumption is equivalent to the
statement that Z; is not contained in the union of toric divisors. However, this is
automatically satisfied when {Z;} is generic. [ |

We used the following simple result in the above proof.

Lemma 3.25 Let C be a nonsingular rational curve, let X be a smooth toric variety,
and let ¢: C — X be a holomorphic map whose image intersects the dense torus orbit
of X. Then y is Fredholm regular.

Proof It suffices to prove that the cohomology group H'(C, ¢* TX) vanishes. Since
X is smooth, ¢*TX is a sum of line bundles

CTX 2L @ DL,

Let x € C be a point that is mapped into the dense torus orbit of X by ¢. Let
v € (p*TX), be any vector in the stalk of ¢*TX at x. Recall that an infinitesimal
deformation of ¢ gives a section of ¢*TX. By the torus action on X, there is an
infinitesimal deformation of ¢ such that the value of the corresponding section of
@*TX at x is v. This implies that each line bundle L;, i = 1,...,n, above has a
nontrivial section. This in turn implies that H'(C,L;) = 0,i = 1,...,n. Thus,
H(C, ¢*TX) vanishes. |

Remark 3.26 The moduli space of maps to Xy of class [¢g(co)] from prestable
rational curves can have larger dimensional components composed of curves with
several components some of which are contained in toric divisors. However, they are
not relevant to the counting of curves in X under the assumption of Proposition 3.23.

3.6 Rational Curves in a Toric Variety Admitting Small Resolutions

In this subsection, we prove the result (Theorem 3.28) that we used in the proof
of Proposition 3.23. First we recall the result of Cho and Oh [1] regarding the ex-
plicit presentation of holomorphic discs in smooth projective toric varieties with La-
grangian torus boundary condition.

Theorem 3.27 (Cho and Oh [1, Theorem 5.3]) Let L be a Lagrangian torus fiber of
the moment map in a smooth projective toric variety

Xy = (C'\ Z(£)/K.

Here r is the number of one dimensional cones of a fan X, the subset Z(¥) C C" is
defined by the Stanley—Reisner ideal, and K is the kernel of the map (C*)" — (C*)N
defined by one dimensional cones in .. Then any holomorphic map

p: (D*,0D%) — (X5, L)
can be lifted to a holomorphic map

p:D* = C\ Z(%)
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so that the homogeneous coordinate functions (z,(9),...,z,(p)) are given by the
Blaschke products with constant factors

Moz — o X

~ j:
zj(p) =¢j - —

J J kl;II 1— ()LJ‘J(Z7
where ¢; € C*, o € IntD? and p; is a non-negative integer for j = 1,...,r.
Moreover, the Maslov index of o is given by

v(p) =2 Zr: Hj-
=1

We prove the following result about curves in a toric variety whose singularities
admit small resolutions, which is the main result in this subsection.

Theorem 3.28 Let C be a nonsingular rational curve and X be a toric variety whose
singularities admit small resolutions. Let p: C — X be a holomorphic map whose image
intersects the dense torus orbit. Then ¢ can be deformed (through holomorphic maps)
into a torically transverse map.

We prove this theorem in several steps. First we note that this result was proved for
discs with Lagrangian torus boundary condition in [13, Proposition 9.5]. We recall
the proof for the reader’s convenience.

Lemma 3.29 Let X be a toric variety whose singularities admit small resolutions. Let
¢: D — X be a holomorphic disc with a boundary condition on a Lagrangian torus
fiber of the moment map. Then ¢ can be deformed into a torically transverse disk with
the same boundary condition.

Proof LetX — X beasmall resolution of X. Lett): D — X be the proper transform
of ¢. Since X is smooth, the map v has an explicit description

~ Hiz— ok

2i(f) = ¢+ [] -2

! D L=z
by Theorem 3.27. The map 1) intersects a toric stratum of codimension larger than
one exactly when there are j; # j, such that aj i, = aj,, for some k; and k.
From this remark, and since X is a small resolution of X so that the exceptional locus
has codimension larger than one, we can make 1 torically transverse by perturbing
@j k» Since the resolution is small, torically transverse disks in X project to torically
transverse disks in X. [ ]

On the other hand, the proof of [14, Theorem 8.3] shows that there is a degenera-
tion of X together with a degeneration of the map ¢ that decomposes ¢ into a union
of simple pieces. To state the precise statement, we recall some results from [14].

Let E be any toric stratum of X. By the construction of [14, Section 3], there is a
variety X over C with the following properties:

e X is a toric variety and the map 7: X — Cis toric.
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* Each fiber X, = 7~ !(t), t # 0 is isomorphic to the toric variety X. The central
fiber Xy = 7~ 1(0) is a union of toric varieties intersecting along torus orbits (see
[14, Proposition 3.5] for precise description).

¢ There is a natural embedding i: E x C — X over C.

We called such a family a toric degeneration of X in [14]. Such a family X can be taken
so that it satisfies the following properties. Let € be the union of all the toric strata of
X that have codimension at least two.

Lemma 3.30 There is a degeneration w: X — C of X into a union of toric varieties

Xo = 7 1(0) as above and a family of stable maps ¢;: € — X over C (t € C) that

satisfies the following properties:

A er=e

(ii) Let po: Co — Xo be the stable map over 0 € C. Let Cy; be a component of
Co. Then the restriction of g to Cy; is torically transverse except at o, L&), and
w;l(ﬁ) is a finite subset. In particular, the image ©o(Co ;) is not contained in a
torus orbit of positive codimension.

(iii) Moreover, if C ; is a component that contains a point mapped to &, then the image
of Co,i by vy is the closure of an orbit of a one parameter subgroup of the torus
acting on the corresponding component of X.

Here C is a suitable family of prestable rational curves over C. Also, we regard € as a
subset of Xy using the natural embedding i above.

Proof In fact, ¢y is a generalization of what in [14] we called a maximally degen-
erate curve where restriction of g to each component of Cy (and also all i, t # 0)
was required to be torically transverse. The extension to the case where we allow in-
tersection with the locus € is straightforward. Namely, blow up X so that the proper
transform of ¢ becomes torically transverse (in particular, this will be different from
small resolutions of X in general). Then apply the argument of the proof of [14, The-
orem 8.3] so that we obtain a maximally degenerate curve. Now blow down the
divisors over E x C to obtain a degeneration of X (not of its blow up). The resulting
curve satisfies our requirements. [ ]

Let Cy; be a component of C that contains a point mapped to the locus €. Let
Xo,i be the component of X, to which Cy; is mapped. Then by Lemma 3.30(iii), the
intersection of the image of Cy; by ¢ with a Lagrangian torus fiber of the moment
map is, if nonempty, a circle (possibly multiply covered). In particular, such a circle
divides the restriction ¢ ; of ¢, to Cp; into two holomorphic disks with Lagrangian
torus boundary condition. Let

@oilp: D= Xoi, i=1,2

be these holomorphic disks and let g |p, : D — X ; be the one whose image con-
tains the point mapped to the locus € (we can assume such a point is unique on Cy ;
by suitably modifying the degeneration X if necessary).

By Lemma 3.29, ¢gi|p, can be deformed into a torically transverse disk
©0ilp s D — Xo;. However, although ¢y ;|p, satisfies the same Lagrangian torus
boundary condition as ©0.ilp)> ®o,ilop, and @67i|apl are different maps. So we cannot
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glue ¢ ;|p, and g ;|p, to obtain a map from a rational curve into X ;. But this point
can be fixed by the argument in [11, Section 9.2.3]. Let us recall it briefly.

Namely, in [11, Section 8], we constructed a degeneration of holomorphic disks
in a toric variety with Lagrangian torus boundary condition.

Lemma 3.31 Thereisa degeneration m;: X; — C of X ; into a union of toric varieties

and a family of stable maps o, ;: D — X; over C that satisfies the following properties:

1) P = wo;lp,-

(i) Forallt € C, &, is a torically transverse map.

(iii) The pre-stable disk Dy has only one component Dy, that has boundary. The re-
striction of po,; to 0Dy is the same as o ;|ap, under the natural identification of
the Lagrangian tori to which g ;|ap,, and @ i|op, are mapped.

Here D is a suitable family of prestable disks (see [11, Definition 4.5] for definition of
prestable disks) and Dy, t € C, is the fiber of D over t. ]

The degeneration can be torically embedded in P? x C — C for some integer d
(see [11, Section 8.1]). Here IP? is a projective toric manifold. So a metric is induced
on the total space X; of the degeneration. The following is a consequence of results
of [11, Section 8.2].

Lemma 3.32 Let € be an arbitrary small positive constant. After a suitable base
change of the family m;, the degeneration of Lemma 3.31 can be taken so that the
Gromov—Hausdorff distance between the images of ¢, ; and pq ; is smaller than €, con-
sidered as maps to the same target space P9 ]

The degenerations 7: X — C and 7;: X; — C can be combined to a single de-
generation 7': ¥ — (C of the original toric variety X. On the central fiber of this
degeneration 7', there are two stable disks ¢o|c,\int p, and @o ;. Here int D; is the set
Dy \ OD,;. The Lagrangian tori to which the boundary of these maps are mapped
are in general different. But the image of ¢ ;|p, can be taken as close to the image
of ¢oi|p, as we like (with respect to the Gromov—Hausdorff distance), so by Lem-
mas 3.31 and 3.32, slightly deforming @, ; by the torus action, these two maps glue
to give a stable map ¢ ; from a nodal rational curve to Xj, the central fiber of the
degeneration 7’: ¥ — C.

Performing this construction at all the points of ¢ where it intersects the singular
locus E of X, we obtain a torically transverse rational map @, to XJ.

Then by [14, Theorem 8.3], such a map can be (not uniquely) smoothed to a map
in X. Moreover, as in Lemma 3.32, the Gromov-Hausdorff distance between the
images of the original map ¢ in Theorem 3.28 and such a smoothed map @’ can be
taken as small as we like (after a suitable base change if necessary).

Proof of Theorem 3.28 Let ¢’ and ¢ be the proper transform of these maps to a
small resolution X of X. By the above argument, the distance of the images of "
and ¢ can be taken as small as we like. Since X is a smooth toric manifold, by the
regularity (Lemma 3.25) there is a family of stable maps that contains both ¢’ and
@". Projecting this family to X, we obtain a desired deformation of . ]
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3.7 Coarse Degree for X, Associated with a Class in H}

By Lemma 3.22 and Proposition 3.23, when the incidence conditions Z; in X, are
transversal to each toric stratum, then we only need to consider stable maps with the
properties to study the relationship between the counting problems in X; and Xj:
¢ The domain is the nonsingular rational curve.
e For the case of curves in Xy, the map is torically transverse.

So in the following the domain of stable maps will always be the nonsingular ra-
tional curve, and stable maps in X are torically transverse unless otherwise specified.

A torically transverse rational stable map : P! — X lifts to a torically transverse
rational stable map ¢: P! — Xo, where X, is a small resolution of X,. Since X, is
smooth, the image of ¢ gives an element of (Hzn,z(f(mZ))*. On the other hand,
Since ¢ is Fredholm regular by Lemma 3.25, ¢ lifts to a torically transverse stable
map ¢;: C — X;. Since X is smooth, too, ¢ gives an element of (Hy,_»(X1,7))*,
in fact, an element of (H},_,)* using the notation of the previous subsection.

Recall that there is a natural surjection

P: (Hyus(X0,2)) " — (H, )"

and a submonoid ® C (Ha,_»(Xo, Z))*. Using the construction so far, we have the
following proposition.

Proposition 3.33 Let [¢'] € H) be an element represented by a rational stable map
in X; that is a lift of some torically transverse rational stable map ¢ in X,. Then the
intersection of P~1([¢']) and D in (Hy,_»(Xo,7))*, or its image in P*, is given as
follows:
(i)  Consider all the deformation classes of torically transverse rational stable maps
ei: P! =Xy, i=1,...,m
whose lifts to X, give the class [¢'].

(if) Liftp; to Xo. This gives an element a; of P*.
(iii) Then we have P~ ([¢']) N D = {ay,...,am}.

Definition 3.34 For [¢'] € H} as in the proposition above, we call the subset
P (¢ ND

the set of coarse-degrees corresponding to [¢']. We may also consider it as a subset of
P* by the natural inclusion p7.

3.8 Stable Maps in X, and their Deformations to X;

In Subsection 3.5, we studied the degeneration of holomorphic curves in a Fano man-
ifold X = X; to curves in X,. In this subsection, we study the converse and establish
that there is a one-to-one correspondence between curves in X; and in Xj in a suit-
able sense.

Let us assume that we have fixed a degree A of a torically transverse rational
stable map in Xo. Let e = |A| be the number of the unbounded edges of the
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associated tropical curve as before. Take generic incidence conditions (Zy, ..., Z;)
in X, corresponding to a sequence of linear subspaces (Li,...,L;) of Ng. Write
codimL; = codimZ; = d; + 1 and assume that Ele di = e+n— 3. We also
assume that the domain of a stable map is the nonsingular rational curve and such a
map is torically transverse when it is a map to X, as noted in the previous subsection.

Recall that we are considering regular family of almost complex structures on
X;, (t > 0), converging to the toric complex structure on the smooth part of X,.
We assume that X; is sufficiently close to Xj, by suitable base change as in Lemma
3.32. Since a torically transverse rational stable map ¢ in X is Fredholm regular by
Lemma 3.25, ¢ lifts to a stable map ¢; in X;.

Lemma 3.35 The virtual dimension of the moduli spaces at  is the same as that
of ¢1.

Proof By assumption the map ¢ is torically transverse. In particular, there is a
neighborhood U of the image of ¢ in X, on which the restriction

o1
¢g7‘H|q‘)g:Ill(U)- (z)ng(U) — U

is a diffeomorphism. Since the virtual dimension of a stable map is calculated by a
characteristic number, which is a topological invariant, the virtual dimensions of the

moduli spaces at ¢ and ¢; are the same. [ ]
Thus, if (Z1, ..., Z;) are incidence conditions on X, for curves of class § = [¢]
satisfying Assumption 3.6, then (Z;, ..., Z;) can be used as incidence conditions on

X, for curves of class [¢;]. By the Fredholm regularity, the maps around ¢ in the
moduli space of stable maps deforming ¢ locally (and noncanonically) correspond
to the maps around ¢; in a one-to-one manner. In particular, we have the following
proposition.

Proposition 3.36 Let o: P! — X be a torically transverse stable map of given de-
gree A\ as above, satisfying the incidence conditions (Z,, . . ., Z;), and assume that each
Z; is transversal to each toric stratum, as in Proposition 3.23. Assume also that each Z;
satisfies Assumption 3.6 and choose Z; C X, for each i. Then @ can be uniquely de-
formed into a stable map oy : P* — X; satisfying the incidence conditions (Z,, . . ., Z)).
Its degree [3 satisfies the property that the coarse-degree Ap € P* associated with A is
contained in the set of coarse-degrees corresponding to B (Definition 3.34).

Proof This follows from the transversality of o with respect to the incidence condi-
tions. See the proof of [14, Proposition 7.3]. ]

For each 7, we take a family of cycles Z; over the base B as in Subsection 3.2.2. Then
the above proposition can be formulated for this family, giving lifts ¢,: C — X; for
every t € [0, 1]. There may be several choices for Z; as in Definition 3.7. However,
this does not matter (see Lemma 3.38).

We can prove the converse of Proposition 3.36.
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Proposition 3.37  Consider the same situation as Proposition 3.36. Then there is a
positive number T with the following property: For any t with 0 < t < T, assume
that there is a rational stable map ;: P! — X, of degree (3 satisfying the incidence
conditions given by the restrictions Z;|x,. Then @, is contained in the ones constructed
in Proposition 3.36 (with X, replaced by X;).

Proof Suppose the statement is false. Then there is a sequence of rational stable
maps ¢y, : P! — X, of degree 3, with t; — 0 as i — oo satisfying the incidence con-
ditions, but not contained in the ones constructed in Proposition 3.36. By Gromov’s
compactness theorem, we may assume that v;, converges to a limit rational stable
map ¢: C' — X satisfying the incidence conditions (Zi, .. ., Z;), whose homology
class is ¢ ().

However, by Proposition 3.23 the domain of the map ¢ must be the nonsin-
gular rational curve and ) is torically transverse. Then, by Fredholm regularity
(Lemma 3.25), the sequence v, must be contained in one of the families in Proposi-
tion 3.36, a contradiction. |

Lemma 3.38  The family o, does not depend on the choice of Z,;

Proof A torically transverse map o: P! — X, of the given degree satisfying con-
straints {Z;} does not intersect any Z; on the toric boundary if the constraints {Z;}
are generic, by dimensional reasoning (the transversality with respect to the incidence
conditions, see the proof of [14, Proposition 7.3]). Since the choice of Z; only deter-
mines how to lift Z; around its intersection with the singular locus of X, the choice
does not affect the configuration of rational curves satisfying the constraints. ]

3.9 Counting Invariants via Toric Fano Degeneration

We define two counting invariants. One is directly related to the genuine Gromov—
Witten invariants, and the other is the transversal Gromov—Witten type invariants
considered in [14].

3.9.1 Gromov-Witten Invariants

As before, reparameterizing the base B, we assume X satisfies the condition of Propo-
sition 3.37.

We briefly recall the definition of Gromov—Witten invariants. See [2] for more
information. Let X be a projective algebraic manifold and let 5 € H,(X,Z). Let
My n1(X, B) be the moduli stack of stable maps of genus g with target X, where the
homology class of the image is 3, and let [M, ,(X, 3)]"" be its virtual fundamental
class. [Mgﬂn(X , )] has dimension

(1-¢g)(dimX —3) — /wx + n.

B
Let 7y: ﬁg_n(ﬁ, X) — X" be the natural map given by evaluations. Let oy, ..., ay
be elements of H*(X, Q). Then the Gromov-Witten invariant I, , s(y, . .., ) is
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defined by
Ig,n.ﬂ(ah”wan):/i Wf(al®"'®an)~
[ Mg (X,3)]¥r

We are concerned with the case when g = 0.

To state the main theorem, we recall what we count and at the same time we in-
troduce some notations. Let us fix a class € H) (see Subsection 3.3) represented
by a rational stable map. Let Ag = {ay, ..., a,} be the set of coarse-degrees corre-
sponding to (3 in the sense of Definition 3.34.

On X,, we count (a priori not necessarily torically transverse) stable maps ¢: C —
X satisfying the following:

(a) The domain C is a connected, I-pointed rational prestable curve.

(b) ¢ satisfies general incidence conditions Z = (Z;,...,Z;) of codimension d =
(dy,...,d)), satisfying Assumption 3.6 and the transversality assumption of
Proposition 3.23.

(c) Then by Proposition 3.23, ¢ has to be torically transverse. In particular, the
degree A of ¢ in the sense of Definition 3.13 is defined. The degree A should
satisfy the property that the associated coarse-degree Ap is contained in the set
Ag.

By Proposition 3.23, C has to be the nonsingular rational curve.

For the case of X;, we count stable maps ¢: C — X; such that the following hold:

(a) Cisa connected, I-pointed rational prestable curve.
(b) 1 satisfies the incidence conditions determined by Definition 3.7 (which we de-
note by 7).
(c) 1 hasdegree 8 € Hy C Hy(Xy,7Z).
In this case too, C has to be the nonsingular rational curve (Lemma 3.22).
For the case of tropical curves, we count tropical curves h: I' — Ny such that the
following hold:

(a) The graph I' is connected, rational, and I-marked: E = (E,, ..., E).

(b) h: I' — R" satisfies generic incidence conditions A = (A4, ..., A;) of codimen-
sion d such that Z; is the closure of an orbit of the subtorus corresponding to L;,
the linear subspace of Ny parallel to A;.

(c) (I, h) has degree A and this A satisfies the same property as in the case of Xj.

Tropical curves have to be counted with multiplicity

1
(W) w(l,E) - D(T,E,h,A) - [] 6;(T,E, h,A)
i=1
(see Subsection 3.2.1). _

We denote these counting numbers by N, (Ag, Z), Nx, (3, Z), and Niop(Ag, L)
respectively. If the virtual dimension of the moduli spaces of the curves is not equal
to the codimension of the incidence conditions, we define these numbers to be 0.
Our main theorem follows.
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Theorem 3.39  The following equalities hold:
Nx,(8,Z) = Nx,(85,2) = Nwop(A, A).

These numbers do not depend on the choice of Z, ZorA, if they are general.

Proof In [14, Theorem 8.3 and Corollary 8.4], the equality between Nx,(Ag,Z)
and Niop(Ajg, A), as well as the independence to the choice of incidence conditions
are shown. So it suffices to show the equality between Ny, (8, Z) and Nx,(Ag, Z).
By Proposition 3.36, we see that any rational stable map of degree A such that Ap
is contained in Ay and satisfying the incidence conditions Z in X, uniquely lifts to
a rational stable map in X; satisfying the incidence conditions Z By Lemma 3.35,
the virtual dimensions of the rational stable map in X, and its lift in X, are the same.
This shows that the inequality Nx, (3, Z) > Nx,(Ag,Z) holds. So the problem is to
show that this lift is surjective, which is done in Proposition 3.37. |

Corollary 3.40 Ny, (5, Z) is the Gromov—Witten invariant Ip; g(cv, . . ., oy), where
«; is the Poincaré dual of the homology class of Z;.

Proof By the theorem, the stable maps contributing to Nx,(Ag, Z) and Ny, (5, i)
are in one-to-one correspondence. Recall that the stable maps contributing to
Nx,(Ag, Z) are Fredholm regular. So the stable maps contributing to N, (3, 2),
which are small perturbations of those contributing to Nx,(Ag, Z), are Fredholm
regular, too (recall that we assume X; is sufficiently close to Xy). So the moduli space
of rational stable maps of degree /3 intersecting with general incidence conditions Z
in X; is Ny, (8, Z) points, and its virtual fundamental cycle is equal to itself. ]

Theorem 3.41  Using the same notation as in Corollary 3.40, The Gromov—Witten
invariant Ipj g(au, . . ., oy) for X = X is equal to Nirop(Ag, A).

Proof This follows from Theorem 3.39 and Corollary 3.40. ]

3.9.2 Transversal Gromov-Witten Type Invariants

The transversality assumption of Proposition 3.23 for an incidence condition Z; in
Xo does not hold in general. Nevertheless, even without this assumption we can de-
fine counting invariants of curves by restricting attention only to torically transversal
curves, as we did in [14]. When the transversality assumption holds, all the curves
satisfying the incidence conditions have to be torically transverse, so under this as-
sumption, these two invariants are equal.

Thus, here we only assume Assumption 3.6 for the incidence conditions Z;. In
this case, we count the following. As before, we fix a class 3 € H} represented by a
rational stable map.

On Xj, we count stable maps ¢: C — X, such that the following hold:

(a) The domain C is a connected, I-pointed rational prestable curve.
(b) ¢ istorically transverse, satisfying general incidence conditions Z = (Z,, ..., Z)
of codimension d = (d,, . . ., d;) that satisfy Assumption 3.6.
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(c)  has a fixed degree A such that the associated coarse-degree Ap is contained in
the set Ag.

By Proposition 3.23, C has to be the nonsingular rational curve.

For the case of X;, we count stable maps 1): C — X such that the following hold:

(a) Cisa connected, I-pointed rational prestable curve.

(b) 1 satisfies the incidence conditions determined by Definition 3.7 (which we de-
note by Z) and 1) is a lift of a torically transverse stable map  in Xj as in Propo-
sition 3.36. Note that in Proposition 3.36, the transversality assumption for Z;
is assumed, but for torically transverse ¢, the conclusion holds without this as-
sumption.

(c) 1 hasdegree 8 € Hy C Hy(X,,7).

For the case of tropical curves, we count the same objects as before, namely, tropical

curves h: I' — Np such that the following hold:

(a) The graph I' is connected, rational, and I-marked: E = (E,, ..., E).

(b) h: I' — R" satisfies generic incidence conditions A = (A4, ..., A;) of codimen-
sion d, such that Z; is the closure of an orbit of the subtorus corresponding to L;,
the linear subspace of Ny parallel to A;.

(c) (I, h) has degree A and this A satisfies the same property as in the case of Xj.

As we mentioned before, tropical curves have to be counted with multiplicity (W).

We denote these three counting numbers by Ny*™(A,Z), Ny*™ (8, Z), and

Nirop(A, L) respectively. Then the conclusion as Theorem 3.39 is proved by the same

proof.

Theorem 3.42  The following equalities hold:
NE™(8,2) = N§™ (85, 2) = Nuwop( A, A).
These numbers do not depend on the choice of Z, ZorA, if they are general.

Remark 3.43 Note that N¥*™(3, Z) may not be a homological invariant, that is,
if we change the cycle Z; within the same homology class, but not necessarily re-
lated to Z; as in Assumption 3.6, the number of rational stable maps incident to
them may change. However, by the Fredholm regularity of the maps contributing to
Ny*™(,Z), it gives a lower bound for the Gromov-Witten invariants

N*™(8,2) < Iyip(ay, ..., a),

where «; is the Poincaré dual of the homology class of Z;.

4 Examples
4.1 Flag Manifold F;

In this section, we give an example of calculation of Gromov—Witten invariants by
tropical method in the case of flag manifold F3, which parameterizes the full flags in
. It is embedded in P* x IP? by Pliicker embedding, and its toric degeneration is
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given explicitly by
X = { ([Zl 2y 23], [Z12: 2031 23], t) | 21 Zys — ZpZys +t2321; = 0}-
with the central fiber
Xo = { (121:22:23), (2123 Z13:2]) € PP X P | 24233 = 22713 = 0.
The Gelfand—Cetlin polytope (see [13] for details) of F; is defined by the inequalities

Al > A2 > A3
N o T N o %
)\1 )\2

and graphically given by Figure 1. This is the same as the polytope associated with

A

AP
A

Figure I: The Gelfand-Cetlin polytope for n = 3

the toric Fano variety Xj.

We use the coordinate (x, y, z) = (/\§2)7 )\(12), )\(11)) for My ~ R3. Let 1, 7, be the
natural projections of Fj to the factors of P? x P2. The generic fiber of 7;, i = 1,2,
is isomorphic to P!, and the corresponding homology classes generate the second
homology group H,(F3,7Z), which is isomorphic to 7>. We denote these generators
by (1,0) and (0, 1). Then clearly

Io1,a,0(pt) = Io1,01)(pt) = 1.

The two point function Iy 1 (1,1)(pt, pt) is calculated by counting tropical curves with
degree
(_17 07 0)7 (Oa 17 0)7 (07 _17 1)1 (17 07 _1)

These are the same as the tropical curves corresponding to the lines in IP?, and so
there is one such tropical curve through generic two points. Thus,

Io1,a.)(pt, pt) = 1.
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We calculate the three point functions Iy 5 g(pt, pt, pt) for § = (1,2),(2,1). Itis
easy to see that the tropical curves corresponding to (1, 2) have degree

(717070)7 (Oa 717 1)7 (Oa 7170)7 (0; 170)7 (Oa 170)3 (1,0, 71)-

Projecting such a tropical curve I to the xz-plane, we still have a tropical curve I'. It
is a plane tropical curve with degree

(_13 0)7 (07 1)7 (17 _1)

That is, it is a tropical line with unbounded edges of these directions. Three un-
bounded edges (directions (0, —1,0), (0, 1,0),(0,1,0)) are projected to points on
the xz-plane.

Projecting three generic points @, b, ¢ in R? to this plane, we have three generic
points a, b, c on R2. If the original tropical curve intersects generic three points, the
projected curve also intersects three points. However, there is no tropical line on R?
that is incident to generic three points, so it follows that there is no rational tropical
curve in R%of the degree given above which is incident to d, b, ¢. This means

Ios,1.2)(pt, pt, pt) = 0.

The identity Iy 3 21)(pt, pt, pt) = 0 can be shown in the same way. By the same
proof, it follows that

Lok ar—1(pt,...,pt) = loxx—1,)(pt,...,pt) =0

forall k > 2.

In fact, we can calculate all genus zero Gromov—Witten invariants by tropical
method. As noted above, the second homology group of the flag manifold F; is
rank two, and it is generated by rational curves whose classes we denoted by (1, 0)
and (0, 1). We rewrite these as 1, .

In X, these classes are tropically represented by lines with direction vectors
(1,0,0) and (0, 1, 0). These curves lift to X;, so, considered as incidence conditions,
they satisfy Assumption 3.6 and the transversality condition of Proposition 3.23. Real
four dimensional classes are evaluated using the divisor axiom. Generators of these
classes 51, 5, are uniquely determined by the relations s; N [; = 4;;.

Foraclass 8 = (s, t) € H,(F3,7Z), the set of coarse-degrees Az corresponding to 3
(Definition 3.34) is given by the following set of degrees for rational tropical curves.

Lemma 4.1 A coarse-degree A belongs to Ag = Ay if and only if the following
conditions are satisfied.
Representing a coarse-degree as an integer valued function on the set of primitive
vectorsin N = 77,
A(~1,0,0) =s, A(0,1,0) =t,
A(1,0,0) =5,  A(1,0,-1) = s,
A(0,~1,0) =1, A(0,~1,1) =1,

where s, + s, = s, 11 +t, = t and t, = s,. The others are zero.

Then we have the following proposition.
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Proposition 4.2  Let
pt € Hy(F3,72),11, 1, € Hy(F3,72),51,5, € Hy(F3,7Z)

be the generators as above and let pt¥ | 1Y | I) s\, sy be their dual cohomology classes.
Let B = (s, t) be the degree of the curve as above. Then, when

2(s+t)=2a+b+c,

we have,
Iors((pt™)%, ()8, (), (s7)%, (s)°) = st To w5 ((pt¥)%, ()P, (1)),
where
k=a+b+c+d+te, kK =a+b+c
The number

Tow 5 ()%, ()", (1))
is the same as the number of k' -marked rational tropical curves of degree A incident to
generic a points, generic b lines with direction (1,0, 0) and generic ¢ lines with direction
(0,1,0). The degree A should satisfy the condition that the associated coarse-degree Ap
belongs to A ). When 2(s +t) # 2a + b + ¢, the invariant is zero.

4.2 Moduli Space of Rank 2 Bundles on a Curve of Genus Two

In this subsection, we give another example of calculation of Gromov—Witten invari-
ants of a Fano manifold of particular interest via tropical method. Newstead [10]
and Narasimhan and Ramanan [9] showed that the moduli space of stable rank two
vector bundles with a fixed determinant of odd degree on a genus two curve defined
as the double cover of P! branched over {wy, . . .,ws} C C, is a Fano complete inter-
section
X=Q1NQ,
of two quadrics
5 5
Q:: Z%xiz =0, Q: ;)wixiz =0

i=l i=

in IP°. The Betti numbers of X are easy to calculate:

bo=by,=by=bs=1, bs=4,

and the others are 0. Then X has several different structures of integrable systems,
known as Goldman systems [3], and X can be degenerated (without considering in-
tegrable system) to Fano toric varieties in several ways. Nevertheless, there seems to
be no known toric degeneration of X as a Fano integrable system in the sense of [13].
In fact, we see that, from the view point of toric degenerations of integrable systems
and enumerations of holomorphic curves associated with them, Goldman systems
are not good ones (see below).

By deforming the defining equations Q; and Q, (and changes of variables), we
have, for example, three toric degenerations, whose toric varieties are given by
(@) xy =zw,zw = uv,
(b) x> = zw, zw = uv,
(c) x* = yz, w? = uv,
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where u, v, w, x, y, z are homogeneous coordinates of P5. The moment polytopes of
them are octahedron, quadrangular pyramid and tetrahedron respectively. Jeffrey
and Weitsman [5] explicitly described the Goldman system in this case and showed
that the moment polytope will be either a quadrangular pyramid or a tetrahedron,
depending on the pants decomposition of the genus two curve. However, the toric
varieties associated with these polytopes do not satisfy Assumption 3.8 (namely, they
do not admit small resolutions), so they are not very good from the enumerative
point of view.
Here we investigate the case of the octahedron. The torus action is given by

[x:y:ziwiuv] = [ax:By:yz:afy 'wiafu:v],a, B, € C*.
The moment polytope is the convex hull of

{(A,0,0),(0,A,0), (0,0, A), (A, A, =A), (A, A, 0),(0,0,0)}, A >0,
and the defining inequalities are given by

O(u) = {(0,1,1),u) >0, ={(=1,0,0),u) + A > 0,
O5(u) = ((0,—1,0),u) + A > 0, 64 u) ((1,0,1),u) > 0,

ls(u) = {(0,1,0),u) >0, Lo(u) = ((—1,0,—1),u) + X > 0,
L(u) = ((0,—1,—=1),u) + A\ >0, Llg(u) = ((1,0,0),u> > 0.

It is easy to see that X, has a small resolution. In fact, all the singularities of X are
locally isomorphic to the singularity of the degeneration of F;. As before, by the
Fredholm regularity of torically transversal rational curve in toric varieties ([1]), we
have the following.

Proposition 4.3  Any torically transverse rational stable map in X, can be deformed
to a rational stable map in X.

By Proposition 3.9, it is easy to see that in this case there is a natural isomorphism
Hy(X,Z) = Hy(Xo,2).

One sees that there are four families of P's on X corresponding to the pairs of par-
allel facets of the octahedron. These curves have two dimensional freedom (given
by the parallel transport) to move in X,y. These are all homologous, and generate
H,(Xo, 7). By the isomorphism above, any of their lifts generate H,(X,Z), due to
Proposition 4.3.

Now since the singular points of X, are locally isomorphic to that of the degen-
eration of Fs, the inverse images of them under the gradient flow ¢, are three di-
mensional spheres. On the other hand, X is ruled by any one of the two dimensional
families of P! that are the lifts of the rulings on X. General members of these rulings
on X, do not intersect with the singular points, so general members of the corre-
sponding rulings on X do not intersect with the three dimensional spheres above.

Let p;,i = 1,...,abe general pointson X, and [;, j = 1,. .., bbe general lines in
one of the rulings of Xy, a,b € Z>. Extend them to a holomorphic family p;,, [;, on
X — Caround the origin of C. The following is a consequence of Propositions 3.36
and 3.37. Note that when 1: C — X, is a torically transverse holomorphic map, it
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gives a natural map zz : X — X, where X, is a small resolution of X,. The proof of
Lemma 3.10 shows that this gives a map

T Hy(Xo,2) = Hy(Xo, 2),
that splits the pushforward map

Tt Hy(Xo, 2) — Hy(Xo, 7).

Proposition 4.4  There is a natural one-to-one correspondence between the families
of rational stable maps p: C; — X; with ¢\(X;)(¢(C;)) = 2a + b intersecting p;,, l;;
fort # 0, and the rational stable maps ¢ : C' — X with

a(Xo)(m* (¥(C")) = 2a+b

intersecting p;, ;. The domains C,,C’ are in fact P', and v is torically transverse. ~ ®

Remark 4.5 In the case of degeneration to the quadrangular pyramid or to the
tetrahedron, the rulings of X, are broken and it seems difficult to calculate the in-
variants of X, directly from the tropical calculation on X,. Also, as we mentioned
above, X does not satisfy Assumption 3.8, and the behavior of holomorphic curves
may change when we move from X; to X,. This is the reason that Goldman systems
may not be good from the view point of toric degenerations of integrable systems (or
from the view point of enumerative geometry).

Concerning this point, it is an interesting problem to find a natural construction
of a structure of an integrable system on X that torically degenerate to X, (note that
we can pull-back the toric integrable system structure on X, to X by (;ng}i. However,
its geometric meaning is not clear, compared to Goldman systems).

By Propositions 4.3 and 4.4, we can compute the Gromov—Witten invariants of X
by counting curves in Xj, which in turn can be calculated by tropical method. In this
case, H, (X, Z) is free of rank one and so we can parameterize it by the set of integers.
Let I be the generator of H,(X, Z) represented by a rational stable map. Let & be the
generator of Hy (X, Z) such that the intersection pairing satisfies I - h = 1.

In this case, the set A,.; of coarse-degrees, a € N is described as follows.

Lemma 4.6 A coarse-degree A belongs to A,.; if and only if the following conditions
are satisfied.

Representing a coarse-degree as an integer valued function on the set of primitive
vectorsin N = 77,

A0,1,1) = A0, —1,—1) = ay,
A(1,0,0) = A(—1,0,0) = a,
A(0,1,0) = A0, —1,0) = a;,
A(1,0,1) = A(=1,0,—1) = au,

where a; + a, + a3 + a; = a. The others are zero.

Then we have the following proposition.
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Proposition 4.7 When 2m = 2a + b, we have
Iogma((pt")", ()", (HY)) = mToge ma((pt )", (1)),

wherek = a+b+c k' = a+b. The number Iy a((pt")?, (IV)?) is the same as the
number of k'-marked rational tropical curves of degree A incident to generic a points
and generic b lines parallel to either (1,0,0),(0,1,0),(0,1,1) or (1,0, 1). The degree
A must satisfy the condition that the associated coarse-degree A is contained in A,.;.
When 2m # 2a + b,

Togma((pt)", (1), (BY)%) = 0.

Remark 4.8 It might be interesting that the counting number of the tropical curves
in the proposition is the same however we choose the number of lines parallel to
(1,0,0),(0,1,0),(0,1,1), or (1,0, 1), provided the total number is b. This is not
a purely tropical consequence, but follows from the homological invariance of the
Gromov—Witten invariants.

Using our method, we can also calculate the Gromov—Witten invariants with odd
degree arguments. First, as we remarked above, the generators o;, i = 1,2,3,4 of
H3(X) are collapsed to singular points of X, by the map ¢g,y. If some Iy; 3 # 0
with o; in the argument, then there is a family of rational stable maps ¢;: C; — X,
t € (0, 1] satisfying the incidence conditions. Assume that there are other arguments
other than o;s. By Gromov’s compactness theorem, we can assume that 1), converges
to a rational stable map in Xj.

By the above remark about the classes o}, the limit curve must intersect the sin-
gular points of Xy. On the other hand, it satisfies the incidence conditions induced
from the classes other than o;. However, as in the proof of Proposition 3.23, such a
curve belongs to a lower dimensional subvariety of the moduli space, and so it can-
not satisfy these incidence conditions. The case where all the arguments are from o;s
can be dealt with by similar dimension counting argument. So we have the following
proposition.

Proposition 4.9  The number Iy g(oy, ..., ox) = 0 if one of o; is a cohomology class
of odd degree.
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