Proceedings of the Edinburgh Mathematical Society (2012) 55, 797-807
DOI:10.1017/S0013091512000016

THE r-MONOTONICITY OF
GENERALIZED BERNSTEIN POLYNOMIALS

LAIYI ZHU AND ZHIYONG HUANG

School of Information, Renmin University of China, Beijing 100872,
People’s Republic of China (huangzhiy@ruc.edu.cn)

(Received 27 September 2010)

Abstract  Let f € C]0,1] and let the B, (f,g;z) be generalized Bernstein polynomials based on the
g-integers that were introduced by Phillips. We prove that if f is r-monotone, then B,(f,q;x) is
r-monotone, generalizing well-known results when ¢ = 1 and the results when » = 1 and » = 2 by
Goodman et al. We also prove a sufficient condition for a continuous function to be r-monotone.
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1. Introduction
Let ¢ > 0. For any n =0,1,2, ..., the integer [n], is defined as
ny=1+q¢+ - +¢" n=012,..., (0], =0,
the g-factorial [n],! is defined as
Wl = W2yl n=12...  [lI=1,

and the g-binomial coefficient (Z)q is defined as

(n) B [n]y!
k ; [klg![n — K]q!
for integers n, k,n > k > 0.

Let C"[a,b], r = 1,2,..., be the class of all functions f(x) which are r-times continu-
ously differentiable on [a, b]. C|a,b] is the usual class of continuous functions on [a, b].
For a non-negative integer r and f € C|[a,b], the rth-order divided difference [xq,x1,
...,z ]f of f at points xg, ..., z, is defined as
[0, @1, .. ., x| f = Z = @)
i=0 I1

j:O,j;ﬁi(xi — ;)

N flx)

1=
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where w;11(2) = [[j_ (¥ — x;). And if the inequality
[0, 1,... 2 ]f =0

holds true for all choices of distinct points zg,x1,...,2, € [a,b], then f is said to be
r-monotone on [a, b].

In this paper we mainly discuss the r-monotonicity of the generalized Bernstein poly-
nomials defined by

n—k—1

n(f4) Zh( ) H (1-¢°x), (1.1)

where an empty product denotes 1, f € C[0, 1] is r-monotone and

fe=1f ([k]q)
[nq
(see [4]). In § 2 we prove a sufficient condition for a continuous function to be r-monotone
which is different from that in [1]. With the proof of the sufficient condition, we discuss
the relation between the number of sign changes of an r-monotone function f and the
sign-preserving properties of its rth-order divided difference. Finally, it is proved that,
for all integers n,7,n > r > 1 and g € (0,1], if f is r-monotone, then B, (f,q;x) is
r-monotone, which is a generalization of the result relating to the classical case ¢ = 1
and the result of Goodman et al. [4]. For more details of g-Bernstein polynomials, see [7].

2. Criterion for r-monotonicity

In [4], Goodman et al. characterized the convexity of a function f € Cla, b] by its number
of sign changes. Motivated by [4], we shall characterize the r-monotonicity of a function
f € Cla,b] by its number of sign changes. For this reason, we shall cite some results
concerning the number of sign changes, which can be found, for example, in [3,4].

Definition 2.1. For any real sequence v, finite or infinite, we denote by S~ (v) the
number of strict sign changes in v.

Definition 2.2. For a real-valued function f on an interval I, we define S™(f); to be
the number of sign changes of f, that is

ST(f)r =sup S~ (f(wo),.- -, f(zm)), (2.1)
where the supremum is taken over all increasing sequences (zo, ..., Z.,) in I for all m.
In [4], Goodman et al. obtained the following theorem.

Theorem 2.3. For any function f € Cla,b],

ST(Bn(f,0)o, < S (o (2.2)
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The following definitions and results concerning the rth-order divided differences and
r-monotonicity can be found, for example, in [1,2, 8].

Theorem 2.4. For a non-negative integer r and any f € C|a, b, the rth-order divided

difference [xg,x1, ..., x.|f has the following properties.
(a) [xo,21,...,2.]f Is symmetric in xg,Z1,...,Ty.
(b) [zo,x1,...,z.]f is a constant if f is a polynomial of degree less than or equal to r,

and is zero for a polynomial of degree less than r if r > 1.

(c) If f € C"[a,b], r =1, x; €a,b],i=0,1,...,r, xg < x1 < --- <z, then, for some

fe [x07x7“}7
(r)
o, )f = L) (2.3)
(d) For z; € [a,b],1=0,1,....r, 7 > 1, 290 < 21 < -++ < x,, we have the recurrence
relation
T, T,y T2, T | f — [Ty T1, ey Ty, Ty
(20, %1, ..., xp]f = 0. 2 :]vf—[xo,l - 2,2r-1)f, (2.4)

(e) Forx; € a,b],i=0,1,....,r,r > 1,20 <z <+ <, f €C[a,b], let L.(f,x) be
the Lagrange interpolation polynomial of [ at xg,x1,...,2,. Then for any x € [a, ],
xF£x,i1=01,...,r,

flx) = L.(f,x) = [x0, 21, - - -, Tp, &) fwrs1 (). (2.5)
Theorem 2.5. For a non-negative integer r and f € Cla,b], let f be r-monotone on
[a,b].

(a) When r > 2, f=2) exists and is convex and f("~1) exists almost everywhere in

(a,b).

(b) If r > 1, and f € C"'[a,b], then fO"~1) is increasing and the (r — 1)th-order
divided difference [t1,to, ..., t.]f is a increasing function of each of its arguments.

Using the above results, we can characterize the r-monotonicity of function f € C|a, b]
by its number of sign changes S™(f)(q,4)- Firstly, we have the following theorem.

Theorem 2.6. Let f € Cla,b] be r-monotone on [a,b], and integer r > 1. Then the
inequality
ST(f=Pr1)ap <7 (2.6)

holds true for any polynomial P,_1(x) of degree less than or equal to r — 1.
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Proof. Suppose that there exists a polynomial P._j(x) of degree less than or equal
to r — 1 such that S7(f — Pr_1)[45 = 7 + 1. Choose points x;, i = 0,1,...,7 + 1 with

a<L2<x << Tpp1 <Ob

and so that

sgn[f(z;) — Pr_q(z)] = e(=1)%, i=0,1,...,r+1, e = *1. (2.7)
Therefore, there exist y; € (2;,zi41), 4 =0,1,...,7, such that
fyi) =Pr—a(yi), i=0,1,....r7 (2.8)
However, a unique polynomial L,_1(f,z) of degree less than or equal to r — 1 exists that
interpolates f at y;, ¢ =0,1,...,r — 1. Thus, we must have

Lr—l(.ﬂ (ﬂ) = Pr_l(x).

By Theorem 2.4 (e), we get

r—1
f(l'r) - Pr—l(xr) = [yanl, cee 7yr—1a$r]f H(xr - yi)
=0
and
r—1
f(errl) - Prfl(xrqtl) = [yO;ylv cee 7yr717xr+1]f H(errl - yz)
=0

Since f is r-monotone,

sgn[f(z,) — Pr_1(x,)] sgnlf(zrq1) — Pro1(2r41)]

= sgn [ﬁ(m - yz)} sgn [Tl_[l(xrﬂ - yz)}

=0 1=0
>0,

which contradicts (2.7). This completes the proof of Theorem 2.6. O

Next, we shall investigate the sign-preserving properties of the rth-order divided dif-
ference of the function f € C[a, b] satisfying (2.6). For this we need the following lemmas.

Lemma 2.7. Let f € Cla,b], and let r > 1 be integer. If the inequality
ST(f=Pr1)japy <7

holds true for any polynomial P._1(x) of degree less than or equal to r — 1 and there
exist points t; € [a,b], i =0,1,...,r, to <t; < --- < &, such that

[to,th...,tr]f > 0, (29)
then for any j =0,1,...,r, x € [a,b], © # to,t1,...,tj—1,tj+1,...,tr, we have

[t(),tl, e ,tjfl,tj+1, e ,t,,x]f 2 0.

https://doi.org/10.1017/50013091512000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000016

The r-monotonicity of generalized Bernstein polynomials 801
Proof. For any fixed j, suppose that there exists a point
zj € [a,b], x; #to,t1,...,tj—1,tjq1, .., br,
such that

[t(),tl, . ,tjfl,tjdu, S ,tr,.ﬁj]f < 0.

By (2.9) and Theorem 2.4 (b), we know that z; # ¢; and f is not a polynomial of degree
less than r.
The idea of the proof is as follows. We shall find a polynomial P,._q(z) of degree less
than or equal to r — 1 such that S~(f — P,—1) > r + 1, which leads to a contradiction.
Assume that z; € (tg—1,tk), k=0,1,...,7r+1, wheret_; = a (if a < ty) and t,41 = b
(if t, < b). Let

2)(2) = (@~ to)(w — 1) -~ (& — 1) (@ — ty41) -+ (& — 1),
and let ¢ be a positive number depending on j such that

- 1
C< Z W(tz)(tz_tg”) < [t07ﬁ1,...,tjfl,tj+1,...,tr]f7 (210)

i=0, izj |

and

r 1 )
c — | < |[t0,t1,...,t‘_l,t'+1,...,tr,1"}f|. (211)
(Z.;# |425(8:) (t: — ;)] Y !

We shall construct a different function pu(x),x € [a,b] depending on the value of k, so
that
ft:) —Proa(ts), i=0,1,...,r

and f(z;) — Pr—1(z;) have r 4+ 1 sign alternations, where P._;(z) is the Lagrange inter-
polation polynomial of f(z) — p(z) at t;, i =0,1,...,5— 1,7+ 1,...,7, that is,

f(tl)—PT,l(ti):,u(tZL Z:O,l,,]—l,]+1,,T (212)

By the definition of the divided difference and Theorem 2.4 (e), for x € [a,b], x # t;,
1=0,1,...,5—1,7+1,...,r, we have

f(lL')*Pr_l(l'): <[t03t13"'atj—htj—‘rl?"'atrax]f Z m)ﬂj(x)

i=0,i] (i) (i — @
(2.13)
Notice that
sgnle2,(1,)] = (-1, 214)
o JEDTE k<,
sgn[ﬂg(%)] - {(_1)r—k—1’ k> j (2.15)
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Thus, if |u(t;)| =¢,i=0,1,...,5—1,7+1,...,r, then (2.10)—(2.15) imply
sgn[f(t;) — Pr_i(ty)] = (1), (2.16)

(—1)rF1 k<,

(1), k>j. (217)

sgn[f(z;) — Pr—1(xj)] = {

Now, we define the function p(z), x € [a,b], only at points t;, ¢ = 0,1,...,5 — 1,7 +
1,...,7, respectively, in the following cases.

Case 1 (k = 7). We define

(=) te, i<,
pu(ti) = _ L
(=1)" "¢, izj+1.
Case 2 (k = j 4+ 1). We define
(=), i<j—1,
u(ti) = il L
(-1 e, izj+1.
Case 3 (k < j). We define
(~1)r=i-le, i<k—1,
Wit = { (<1yrie,  k<i<j-1,
(C1y=ie, iz

Case 4 (k > j 4+ 1). . We define

(-1)" %, i<j—1,
pti) =9 (=1)""%¢, jH+1<i<k-1,
(=) te, ik

It is easy to see that in any case the numbers f(tg) — Pr—1(to), ..., f(tr) — Pr—1(¢,) and
f(z;) — Pr—1(z;) have (r +1) sign alternations. This completes the proof of Lemma 2.7.
(I

Lemma 2.8. Let f € Cla,b], and let r > 1 be integer. If the inequality
ST(f=P1)ay <7

holds true for any polynomial P,._i(x) of degree less than or equal to r — 1 and there
exist points t; € [a,b], i =0,1,...,r, to <t; < --- < &, such that

[to,t1,. .. ] f >0, (2.18)
then for any j =0,1,...,r, x € [to,t,], * # to,t1,..., tj—1,tj41,...,tr, we have
[to,tl,...,tj_l,tj+1,...,tr,ZE}f 2 0

The proof is omitted as it is similar to that of Lemma 2.7.
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Remark 2.9. In Lemma 2.8, if [to,t1,...,t:]f = 0, then f(z), « € [to,t,], is a poly-
nomial of degree less than or equal to r — 1.

Indeed, considering f and —f, respectively, yields that
[t()vtla s 7tj717tj+17 cee ,t’r‘; fE]f =0

holds true for any j = 0,1,...,r, € [to,tr], * # to,t1,...,tj-1,tj41,.--,tr. Let
L,_1(f,x) be the Lagrange interpolation polynomial of f at to,t1,...,tj_1,tj41,.. ..t
By Theorem 2.4 (e), we have

f(ﬂl‘) :Lr—l(,ﬂx), T < [to,tr].
The next result follows from Lemma 2.8.

Theorem 2.10. Let f € Cla,b], and let r > 1 be integer. If the inequality
ST(f=P1)ay <7

holds true for any polynomial P,._i(x) of degree less than or equal to r — 1 and there
exist points t; € [a,b], i =0,1,...,r, a =1ty <t; <--- <t =b, such that

[to,t1,...,tr]f =0,
then f is r-monotone on [a, b].

Proof. Let z; € [a,b], i = 0,1,...,r, with 9 < 27 < -+ < x,. The idea of the
proof is as follows. Using Lemma 2.8, we replace t,,t,_1,...,t1,t0 in [to,t1,...,tr]f
by z,,z._1,...,T1,To, successively, where exactly one point is changed at each step.
Therefore, without loss of generality, let ©,. € (tg,—1,tx, ), 1 < k1 < r. By Lemma 2.8, we
have

[t07'--7tk171>xr7tk1>~-;trfl]f>O~ (219)

In this case, if we define
t =t i<k — 1,
1
tl(cl) =Ty,
t =t izki+1,

then (2.19) becomes
), ] >0,

Let z,_1 € (t,ii)_l,tliz)), 1 < ky < r. By Lemma 2.8 again, we have
[t(()l)7 .- atl(clg)*l’ Tyr—1, tl(clz)’ s atg‘l)]f 2 07

and we continue in this way to derive the inequality

[to,.’lil, e ,xr]f Z 0.
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Finally, by Lemma 2.8, we get
[0, x1,... 2] f =0,

which implies that f is r-monotone on [a, b]. This completes the proof of Theorem 2.10.
a

The following theorem is a consequence of Lemma 2.7 and Theorem 2.10.

Theorem 2.11. Let f € C(I), I = (a,b) or I = R and let r > 1 be integer. If the
inequality
S_(f - Pr—l)] g T

holds true for any polynomial P,_1(x) of degree less than or equal to r — 1 and there
exist pointst; € I,1=0,1,...,r,tg <ty < --- <t,, such that

[t()atla s 7t7’]f > Oa
then f is r-monotone in I.

Proof. Let x; € I, i = 0,1,...,7, with g < 1 < -+ < x,.. If ©; € [to,t,], @ =
0,1,...,r, then it follows from Theorem 2.10 that

[xo,x1,. .., 2] f = 0.
If t; € [xg,z,]),i=0,1,...,r, then

[xo, 21, .. x| f 20,
for otherwise Theorem 2.10 with — f yields

[to,t1,.--,tr]f <O,

which contradicts the assumption [tg,t1,...,¢:]f > 0. Therefore, without loss of gener-
ality, let =g < tg and z, < t,.. In this case, by Lemma 2.7, we have

[xo,t1,...,tr]f = 0.
It follows from this and Theorem 2.10 that
[xo,z1,..., 2] f = 0.
This completes the proof of Theorem 2.11. (I
For f € C"[a,b], r = 1, we have the following theorem.
Theorem 2.12. Let f € C"[a,b], and let > 1 be integer. If the inequality
ST(f=Pr-1)jap <7

holds true for any polynomial P,_;(z) of degree less than or equal to r — 1, and there
exist point xo € [a,b] such that f(")(xz¢) > 0, then, for any z € [a,b], f")(x) > 0, and
hence f is r-monotone on [a, b].
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Proof. Suppose that there exists a point 1 € [a, b] such that f(")(2;) < 0. Then there
exists § > 0 such that f(")(z) < 0 for any = € (21 — 6,21 + 6) N [a,b]. Therefore, taking
points t; € (x1— 6,21 +)N[a,b], i =0,1,...,r, tg <t; < -+ < t,, from Theorem 2.4 (c)
we have

lto, 1, ... t,]f <O0.

It follows from Theorem 2.11 with —f and Theorem 2.5 (b) that f(")(z) < 0 for any
x € [a,b], which contradicts the assumption f(")(z¢) > 0. This completes the proof of
Theorem 2.12. g

3. The r-monotonicity of generalized Bernstein polynomials

In [4], Goodman et al. proved the following theorem.

Theorem 3.1. Let f € C[0,1], ¢ € (0,1]. If f is increasing on [0,1], then B,(f,q;x)
is increasing on [0, 1], and if f is convex on [0,1], then B, (f,q;x) is convex on [0, 1].

In this section, we shall prove the following theorem, which generalizes Theorem 3.1.

Theorem 3.2. Let f € C[0,1], q € (0,1]. For positive integers n, r, with n > r, if f
is r-monotone on [0, 1], then B, (f,¢;x) is r-monotone on [0, 1].

To prove Theorem 3.2 we need the following lemma.

Lemma 3.3. For f € C[0,1], ¢ € (0,1] and positive integer n, let x; = [i]q/[n]q,
1=0,1,...,n, and let

7

Akf _ zk:(_l)kfiq(kfi)(kfifl)ﬂ (k) f2 (31)
=0 q

denote the kth g-difference of f at points xg, x1, ..., x, k < n, where f; = f(x;) [4, (2.1)].
Then we have the following formula:

k]!
Ak f = %qkw_l)m[xmxl,...,xk]f. (3.2)
[n]
This is a slight modification of Theorem 1.5.1 in [6].
Proof of Theorem 3.2. It is easy to see from [4, (2.4)] that By(e;,q;x), i =
0,1,...,7 — 1, are linearly independent, where ¢;(x) = z¢, i = 0,1,...,7 — 1. There-

fore, for any polynomial P._j(x) of degree less than or equal to r — 1, there exists a
unique polynomial P,._j(x) of degree less than or equal to 7 — 1 such that

Pr—l(x) = Bn(Pr—la q,x)
If f is r-monotone on [0, 1], then Theorems 2.3 and 2.6 yield
S_(Bn(fa q) - PTfl) = S_(Bn(f - p’r‘*lv Q))

S_(f - Prfl)
T, (3.3)

NN
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On the other hand, it follows from [4, (2.2)] (see also [5]) that

Bu(figia) =) (’j) A'fa.

=0

By virtue of (3.2), this gives

|
B®(f,4;0) = k'(n) Ak f = k'(?) @q“’“*l)/?[xo,xl, LaRlf, k=0,1,...,n.
q

g [l
(3.4)
Thus, if f € C[0,1] is r-monotone, then BT(Z')(f7 q;0) > 0. Let us write
Fi(z) = [xo, 21, ..., x), 2] f (3.5)

for z € [0,1], x # x4, 1 =0,1,..., k. Then, from the definition of the divided difference,

[T, @1,y xp)f = [Xry Tpr1,y - oo g Froy (3.6)

holds true for any k, r < k < n.

If Bf[)(f, q;0) > 0, then it follows from Theorem 2.11 that B, (f,¢;x) is r-monotone
on [0,1].

If Bff)(f,q;O) =0, then (3.4) gives [xg,1,...,2.|f = 0. By (3.5) and (3.6) we have

[.’Eo,ifl, cee 7xr+1]f = [-T'r‘; errl]Frfl

_wo, a1, g f

xr+1 — Ty

> 0. (3.7)

In this case, if [zg,2z1,...,2Z,41]f > 0, then (3.4) gives B,(LTH)(f,q;O) > 0, and there
exists & > 0 such that Byt (f,q;x) > 0, z € (0,9), which implies that there exists
a point ¢ € (0,9) such that Bgf)(ﬁ q;t) > 0. Thus, it follows from Theorem 2.12 that
B, (f,q;x) is r-monotone on [0,1]. If [z, 21, ..., Zr41]f = 0, then By(LTH)(f,q;O) =0,
and (3.5) and (3.6) give

(20 T1, - -+, Trg2l f = [, Trg1, Trg2] Fra
[0, @1y ooy Tpe1, Tpga] f
B (Trg1 — 20 ) (Trg2 — Try1)
> 0. (3.8)

Continuing the process, we have either Bﬁk)(f,q;O) =0, k=mrr+1,...,m—1, and
Bfabm)(f,q;O) > 0 for somen > m > r, or Bﬁlk)(f,q;O) =0fork=r,r+1,...,n In
the case when Bff)(f,q;()) =0,k=r,r+1,...,m—1, and B,(Lm)(f,q;()) > 0 for some
n > m > r, there exists § > 0 such that Bflm)(ﬁq;x) > 0 for z € (0,0). Then Taylor’s
Formula yields

. "B a0) o B e B
B (fga)= A s EECEDI

k=0

, (3.9)
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where z € (0,9), & € (0,z), implies that there exists a point ¢t € (0,6) such that
Bﬁf)(f7 g;t) > 0, which shows that B, (f,¢;z) is r-monotone on [0,1]. In the case when
Bfﬁ)(f7 ¢;0)=0,k=r,r+1,...,n, it follows from (3.2) and (3.4) that

r—1
B.(frq:x) = (’Z) A'fat,
q

=0

which implies that B, (f, ¢;x) is a polynomial of degree less than or equal to r — 1, and
hence is r-monotone on [0, 1]. This completes the proof of Theorem 3.2. (|
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