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Abstract. The nonlinear propagation of pulsar radiation in an electron-
positron plasma is considered. Accounting for the pulsar radiation pon-
deromotive force, the relativistic mass variation, and the plasma magne-
tization, we obtain a pair of nonlinear equations which exhibit coupling
of pulsar radiation with the background plasma slow motions in magne-
tized plasmas. The modulational/filamentation instability as well as the
localization of pulsar radiation are investigated. We conclude that our
investigation is relevant to the microstructures in the pulsar magneto-
sphere.

1. Introduction

Present models {(Sturrock 1971; Ruderman & Sutherland 1975; Arons & Barnard
1986) suggest that a strongly magnetized electron-positron plasma is formed
near the polar caps of a neutron star. The investigation of the coherent radio
emission from the pulsar magnetosphere has attracted a great deal of attention
(Cordes 1979; Michel 1982; Asseo et al. 1990). The observed pulsar radiation
exhibits microstructures (Bartel et al. 1980; Ferguson 1981). The latter can
only be understood in terms of a nonlinear model.

In this paper, we consider the nonlinear propagation of coherent pulsar radi-
ation through a magnetized electron-positron plasma. It is shown that the non-
linear effects caused by harmonic generation, relativistic particle mass variation,
as well as the pulsar radiation pressure can produce an amplitude modulation
of the pulsar radiation, leading to modulational instability and localized wave
trains including envelope solitons. Our theoretical model is capable of producing
the salient features of the pulsar microstructures.

2. The Model

Let us consider the nonlinear propagation of pulsar radiation through a strongly
magnetized electron-positron plasma in which the mass m of the plasma particles
are equal. The external magnetic field By is along the z axis. The dispersion
relation of the linearly polarized ordinary mode (O-mode) is N? = 1 — 2w?/w?,
where N = kc/w is the refractive index, w is the frequency, %k is the wave
vector, c is the speed of light, and w, = (47ne?/m)'/? is the plasma frequency.
The electric field vector of the O-mode is along the z axis. On the other hand,
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linearly polarized (circularly polarized) extraordinary (right or left-hand) pulsar
radiation propagating across (along) the z axis satisfies the dispersion relation
N? =1 - 2wl/(w? — w?), where w, = eBy/me is the electron gyrofrequency.
Thus, the frequency of the X-mode and the circularly polarized radiation are
given by w? = [w? & (w} — 4k2c%w?)1/?)/2, where w? = k%% + w} and W} =
2w§ + w?2. The frequency of the long wavelength (ke << w,w,) fast mode is
w = wy(1+k?c*w? /w};), whereas that of short wavelength modes (k¢ >> we,w,)
is w = ke(1 +wg/kzc2). Furthermore, the frequency of the long wavelength slow
mode is given by w = [ke/(1+a)/?][1 - k2t fwi(1+ a)?), where o = 2w fwk.

In the following, we present the nonlinear model for the pulsar microstruc-
tures.

2.1. The nonlinear O-mode

Combining the Maxwell equations and accounting for the relativistic mass vari-
ation and the harmonic generation nonlinearities, we obtain the wave equation
(Shukla 1985) for the ordinary mode pulsar radiation

(07 - P02+ 2wy = Rw§|l/|21/, (1)

where v = eE,/mpwe, e is the magnitude of the electron charge, E, is the
component of the electric fleld along the z axis, mg is the rest mass of the
electrons or positrons, w? = 2w2 + k%c?, and R = (3/4) + k*c?/(w? — 4w?). In
R the first and second terms come from the relativistic mass variation and the
harmonic generation associated with the nonlinear Lorentz force, respectively.
Assuming that the nonlinear effects produce a slowly varying pulsar radiation
envelope, Eq. (1) leads in the WKB approximation (0, E, << wE,) to

(07 + v40,)v + PO2v + Q|v|*v = 0, 2)

where vy = kc?/w is the group velocity of the pulsar radiation, P = ¢?/2w, and
Q = Rw?/2w.

The modulational instability of a constant amplitude (Fy,) pulsar pump
can be investigated from the nonlinear dispersion relation

Kt KZ%c2

- 2
(= Ko =0+ 50r

w2 R =0, (3)

where Q(<< w) and K are the frequency and wavenumber of non-resonant per-
turbations modulating the pulsar radiation and vy = v(Eyp,). The modulations

are unstable if vy > Kc¢/vV2Rw,, with R > 0. The maximum growth rate is

Ym = wZRVE/2w. A possible final state of the modulational instability can be
represented as an envelope soliton

vt = vk sech?(£/9), (4)

where £ = 2 — v,7, Uy, = V(Em), E,m is the maximum amplitude at £ = 0, and
8 = (2/R)Y%¢/w,vm is the pulse width. The temporal pulse width is roughly
To~1/ \/Ryswpl/m, where v; is the relativistic factor associated with the stream
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velocity of the secondary electrons and positrons. The number of wave crests in
a given modulation is

No = 8k /21 = \/R/2mkc/wpvm, (5)

indicating that Mg is inversely proportional to v,,. This fact is observed in
experiments (Cordes 1979; Ferguson 1981).

From the observed temporal pulsewidth of the pulsar microstructures (~ 1p
s to 1 ms) and the frequency range of pulsar radio emissions (~ 100 MHz to 1
GHz), Chian & Kennel (1983) noticed that Aj varies roughly from one hundred
to one million. Taking typical values v, = 100,45 = 1072, w. = 1091w, =
108571, ke/w, ~ 100,w ~ 108571, we find from our theory that 7o ~ lus and
MNo = 10%. The latter is consistent with the observations (Bartel et al. 1980;
Ferguson 1981).

2.2. Amplitude modulation of circularly polarized pulsar radiation

The evolution of the modulated circularly polarized (CP) pulsar packet in the
WKB approximation is given by (Stenflo et al. 1985; Shukla 1993).

(8- + vg:0,)E + 2ng<92 AE =0, (6)

where vy, = dw/dk is the group velocity along the z axis, v,, = 8%w/8k? is the
group velocity dispersion, and the nonlinear frequency shlft 1s given by

2,2 2
wiwy ny 2ww 2uw? (e 202 Bis

k
Voot @ ma) B

2
_ Vg2

T ke? (w2 —-wlng

+4, (7)

where n;,V, and By, are, respectively, the density, the fluid velocity, and the
compressional magnetic field perturbations associated with the plasma slow mo-
tion. The nonlinear frequency shift due to the relativistic particle mass variation
is

_ 'ngw w, [4w2w2+(w 4+ w; ) ]62|E|2
T ke 2 (w? — w?)* mg

For quasi-stationary (V, = 0) modulations, we have

(®)

|EI? Wy |EP

™M _ (N2 =_
no (¥ 1)47rnoT T w?—wdnn T’ ©)
and a2 -
& - — “p € ‘E‘ , (10)
Bo (w? — w?)?2 mic?

where T is sum of the electron and positron temperatures.
Hence, the nonlinear frequency shift takes the form

[
ke? (w? —wz) drngT  (w? — w?)? mic?

20, wiw) |EJ? w?  eE)?

A=— + A, =-Cn|E|? (11)
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Several comments are in order. Since A < 0, it appears that long and short
wavelength fast modes are modulationally unstable as U;Z is positive. We will
thus have an envelope CP pulsar soliton consisting of bell shaped electric fields
accompanied by compressional (rarefactional) density (magnetic field) pertur-
bations for w < w,. On the other hand, long wavelength slow modes remain
modulationally stable because v'z < 0. However, the modulationally stable
wave packet can propagate as a cfark envelope soliton.

3. Conclusions

In this paper, we have shown that nonlinear effects associated with the relativis-
tic particle mass variation, the harmonic generation, as well as the ponderomo-
tive force can cause amplitude modulation of pulsar radiation in a strongly mag-
netized electron-positron plasma. The evolution of the modulated wave packet
is governed by a Schrodinger-like equation. The latter describes the modula-
tional instability and the localization of the pulsar radiation. Our results show
that O-mode pulsar radiation is always modulationally unstable, leading to the
formation of envelope soliton structures. The number of wave crests in a given
modulation is inversely proportional to the square root of the intensity of the
pulsar radiation; a fact which is observed experimentally. On the other hand,
circularly polarized fast pulsar radiation along the ambient magnetic field is
subjected to a modulational instability. A possible final state of the latter is a
bright envelope soliton consisting of a bell shaped electric field profile of the pul-
sar radiation accompanied with compressinal (rarefactional) density (magnetic
field) perturbations that are driven by the ponderomotive force of the pulsar ra-
diation. This indicates that the pulsar microstructure can be partly understood
in terms of the present nonlinear model equations.
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