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SPACES IN WHICH SPECIAL SETS ARE 
z-EMBEDDED 

ROBERT L. BLAIR 

1. Introduction. A subset 5 of a topological space X is z-embedded in X in 
case each zero-set of 5 is the restriction to S of a zero-set of X. (A zero-set is 
the set of zeros of a real-valued continuous function.) For the basic theory of 
z-embedding, see [3] and [4] (and see [4] for a comprehensive bibliography of 
relevant papers). Here we continue the development of the theory of z-
embedding, with the focus on the following three classes of spaces: 

(i) Normal spaces (§ 2). We show that X is normal if and only if every 
closed subset of X is z-embedded (2.1), and that every Fa, or, more generally, 
every normally placed set (in the sense of Smirnov [23]) in a normal space is 
z-embedded (2.3 and 2.5). 

It is difficult to improve on the Fa theorem just cited. This is shown in § 3, 
where a number of examples are given which show that a union of z- (or even 
C*- or C-) embedded sets is only rarely z-embedded. 

(ii) Weakly perfectly normal spaces (§ 4). By definition, these are the spaces 
X with the property that every subset of X is z-embedded in X. The class of 
weakly perfectly normal spaces is strictly included in that of completely nor­
mal spaces, and includes (strictly, if one admits measurable cardinals) the 
class of perfectly normal spaces (see 4.1 and 4.8). But it is an open question 
whether there is a weakly perfectly normal JYspace of nonmeasurable power 
that is not perfectly normal. The main result here is that there is such a space 
if there is a (weakly) perfectly normal TVspace of nonmeasurable power that 
is not realcompact (4.4). As a consequence of this and [25], the existence of a 
weakly perfectly normal compact Hausdorff space of power Xi that is not 
perfectly normal is consistent with the usual axioms of set theory (4.10). 

(iii) The class Oz of spaces in which every open set is z-embedded (§5). This is 
a wide class of spaces which includes all (weakly) perfectly normal spaces, all 
extremally disconnected spaces, and (see 5.6) all products of separable metric 
spaces. Among other things, we show that: (a) X Ç Oz if and only if every 
dense subset of X is z-embedded if and only if every regular closed subset of X 
is a zero-set (5.1), (b) if every finite subproduct of X = I I a € 7Xa satisfies 
the countable chain condition and every countable subproduct belongs to Oz, 
then X 6 Oz (5.5), (c) a pseudocompact product X X Y belongs to Oz only 
if X, Y Ç Oz (5.7), and (d) if X 6 Oz is Tychonoff and of nonmeasurable 
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power, then every nonisolated point of X is contained in a nowhere dense 
zero-set (5.11). This last is a generalization of a theorem of Isbell, that an 
extremally disconnected P-space of nonmeasurable power is discrete (see 5.12). 

Unless otherwise specified, X will denote an arbitrary topological space; 
specific separation properties will always be noted when they are needed. We 
follow the terminological conventions of [16] with respect to separation proper­
ties, but otherwise adopt the notation and terminology of [11] (with which 
familiarity is assumed). In particular, C{X) (respectively, C*(X)) denotes 
the set of all real-valued (respectively, bounded real-valued) continuous func­
tions on X; and if/ Ç C(X), then Z(f) denotes the zero-set of/. The set of all 
zero-sets of X is denoted by 2f(X). We note that 2f (X) is closed under 
countable intersection [11, 1.14(a)]. 

In 1.1 we quote some results concerning z-embedding that are used several 
times in the sequel. Recall first that if 5 C X, then the Gs-closure of 5 in X 
consists of all points x £ X for which each G^-set about x meets 5. (For 
Tychonoff X, this is precisely all x £ X for which each zero-set about x meets 
S.) S is Gô-dense (respectively, G ̂ -closed) in case the Go-closure of 5 is X 
(respectively, S). 

1.1. PROPOSITION, (a) If S is z-embedded in X and completely separated from 
every disjoint zero-set, then S is C-embedded in X. 

(b) If S is z-embedded and G^-dense in X, then S is C-embedded in X. 
(c) / / 5 is z-embedded in the Tychonoff space X, then the Gi-closure of S in vX 

is vS. 

For 1.1(a), see [4, 3.6B] or [3, 4.1B]. 1.1(b) (proved in [5, 1.1(a)]) follows 
immediately from 1.1(a); see also [4, 4.4]. For 1.1(c), see [5, 1.1(b)] or [4, 
2.6(a)]. 

2. s-embedding of closed sets. In this section we consider the requirement 
that every closed subset of X be z-embedded in X. This is easily seen to be 
equivalent to normality: 

2.1. THEOREM. For any space X, these are equivalent: 
(a) X is normal. 
(b) Every closed subset of X is z-embedded in X. 
(c) F \J Z is z-embedded in X whenever F is closed in X and Z is a zero-set 

in X disjoint from F. 

Proof, (a) => (b) is a consequence of Urysohn's Extension Theorem, and 
(b) => (c) is trivial. 

(c) => (a): Let F be closed in X. By (c), F is z-embedded. Suppose that 
Z e 2?(X) with FC\Z = 0. Then F G &(FKJZ), so by (c) there is Z' G 
2f(X) such that F = (F U Z) Pi Z'. Thus F C Z' and Z P Z' - 0, so F and 
Z are completely separated. It follows from 1.1(a) that F is C-embedded, and 
we conclude that X is normal. 
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An easy consequence of 2.1 is the fact t ha t every completely regular Lindelof 
space X is normal [11, 3D.4] (since every closed subspace of X is Lindelof, and 
a Lindelof space is z-embedded in every superspace [13, 5.3]). (Of course it is 
known, more generally, t ha t every regular Lindelof space is normal [16, p. 113].) 

2.2 PROPOSITION. Let S C X. If every neighborhood of S contains a normal 
(respectively, normal and z-embedded) subspace that contains S, then S is normal 
{respectively, normal and z-embedded). 

Proof. Let F be closed in X and let A £ 2f (F). Since every zero-set is a Gj, 
we can write A = H ^ N G ^ . , where each Gn is open in F. Now X — (c\xA C\ 
clx(F — Gn)) is a neighborhood of S, so for each n there is, by hypothesis, a 
normal subspace Tn of X such tha t 

S CTnCX - {dxA C\ c\x(F - Gn)). 

Since cl r n-^ and c l r n ( ^ — Gn) are disjoint closed sets in the normal space Tn, 
there is Zn G &(Tn) such tha t A C Zn and Zn C\ (F - Gn) = 0. If we set 
Z = n n G N ( 5 n Z n ) , then Z e 2?{S) and A = F C\ Z. Thus F is z-embedded 
in S, so 5 is normal by 2.1. To prove the parenthetical assertion of 2.2, we may 
assume tha t each Tn is z-embedded in X. Then (with the notation as before) 
Zn = Tn C\ ZÙ for some Zn' £ 3f (X). Set Z ' = n w € N Z / , take F = S, and 
note t ha t 4̂ = 5 H Z. Thus S is z-embedded in X. 

The nonparenthetical assertion of 2.2 is due to Smirnov [27]. 
An Tvset in a normal space need not be C*-embedded (e.g., consider the 

open interval (0, 1) in R). But , in normal spaces, TVs retain a t least z-embed-
dabil i ty: 

2.3. T H E O R E M . Every Fa-set in a normal space is z-embedded. 

Proof. If (Fn)n^ is a sequence of closed sets in the normal space X, then 
we must show tha t S = UneN^w is ^-embedded. Consider a n y / £ C(S). For 
each n £ N, define a function fn on Fn \J c\xZ(f) as follows: 

/ n W (0 if* G c l x Z ( / ) - TV 

Note tha t if x £ ^ H c l x Z ( / ) , then x £ Z ( / ) , and hence fn(x) = f(x) = 0. 
Thus / W = 0 on c l x Z ( / ) and fn = / o n .Fn, s o / n is continuous. By normali ty of X, 
each / n has an extension gn £ C(X). Let Z = P l^N^fe i ) and note t ha t Z £ 
3f(X). One easily verifies tha t Z ( / ) = S C\ Z, and thus 5 is z-embedded. 

2.4. Remarks, (a) The countabili ty hypothesis implicit in 2.3 is essential; 
see 4.1 below. 

(b) We sketch an al ternative proof of 2.3 (due to H. E. White , J r . ) : One 
shows first (by induction) t ha t any two separated TVs in a normal space are 
contained in disjoint cozero-sets. {A and B are separated in case A f~\ cl B = 
B P\ cl A = 0. A cozero-set is the complement of a zero-set.) Then, for 5 an 
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Fv in X and / £ C(S), set Zn = {x G 5: |/(x)| ^ 1/w}. Z(f) and Z„ are 
separated TVs in X, so for each n there is Zn ' £ 2f (X) with Z( / ) C Zn ' and 
Zn H Zn ' = 0. Then f W ^ n ' G 3T(X) and Z( / ) = 5 H ( f \ € N Z, / ) . 

(c) 2.3 may be viewed as a theorem concerning z-embeddability of certain 
unions of z-embedded sets. On general principles, one might expect such a 
result to have some generalization to Tychonoff spaces. However, there seems, 
in fact, to be no immediate generalization: the examples of § 3 show rather 
conclusively that a union of z- (or even C*- or C-) embedded sets is very likely 
not z-embedded. (Of course, certain FJs are always z-embedded: A cozero-set 
in any space X is z-embedded in X [5, 1.1 (c)], and any c-compact S is Lindelof 
and hence z-embedded in any superspace [13, 5.3].) 

A subset 5 of X is normally placed in X in case for every neighborhood V of 
S there is an ivse t H in X such that 5 C H C V (see [27]). It is known that 
every F„ in a normal space is normal (see, e.g., [7, Chap. IX, § 4, Ex. 6]) and 
that, more generally, every normally placed subset of a normal space is 
normal ([27, Theorem 1] ; see also [9, Problem 2G]). We sharpen the latter 
(and use 2.1, 2.2, and 2.3 to simplify its proof) as follows: 

2.5. THEOREM. If S is normally placed in the normal space X, then S is normal 
and z-embedded in X. 

Proof. By 2.2 and 2.3, it suffices to show that any iv se t H in X is normal. 
But if F is closed in H, then F is an Fa in X, and hence z-embedded in X by 
2.3. It follows that F is z-embedded in H, so H is normal by 2.1. 

For completeness, we give an example of a normally placed set (in fact, a 
generalized cozero-set) that is not an Fa. (S is a generalized cozero-set in case 
for every neighborhood V of 5 there is a cozero-set P such that S C P C V.) 

2.6. Example. Let X be any regular Lindelof TVspace that is not ^-compact 
(e.g., the Sorgenfrey line). Then X is a generalized cozero-set, but not an Fay 

in pX. 

Proof. If F is a neighborhood of X in fiX, then X can be covered by a 
countable family (Pn)nŒ of cozero-sets in fiX such that Pn C V for each n. 
Then U^N^n is a cozero-set in pX which lies between X and V; and since X 
is not cr-compact, X is not an Fa in pX. 

3. Unions of z-embedded sets. Most of this section is devoted to the 
examples alluded to in 2.4(c). For completeness, we phrase some of these 
examples in terms of u-embedding as well as z-embedding. (A subset S of the 
Tychonoff space X is v-embedded in X in case vS C vX [2]. Every realcompact 
subspace of X is (trivially) u-embedded, and every z-embedded subset is 
u-embedded [2, 3.5].) 

Recall that X is completely normal in case every subspace of X is normal. 
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3.1. Example. Let X = D U {00} be the one-point compactification of an 
uncountable discrete space D. Then X is completely normal and D is not 
z-embedded in X. (Hence a union of uncountably many closed subsets of a 
normal space need not be s-embedded.) 

Proof. Complete normali ty is obvious. Let N be any countably infinite 
subset of D and define / £ C(D) as follows: f(x) = 0 (respectively, 1) if 
x G N (respectively, x £ D — N). Suppose there is g £ C(X) such t ha t 
Z ( / ) = D C\ Z(g). Then clearly g(oo ) = 0, so for each n > 0 there is a finite 
subset Fn of D such t ha t \g{x)\ < \/n for all x £ D — Fn . Choose any x £ D — 
(N KJ (Un£N^rc))- T h e n / ( x ) = 1 and g(x) = 0, a contradiction, and we con­
clude t ha t D is not z-embedded in X. 

3.2. Example. Let / be an uncountable set, let Na = N for each a £ / , and 
let X = IT a € jNa. Then there are two closed disjoint C-embedded subsets FQ 
and Fi of X such tha t FQ \J Fi is not z-embedded in X. 

Proof. We adap t techniques of Stone [28], Corson [8], and Ross and Stone 
[26]. For i = 0, 1, set 

J2i = {̂  € -X": pra(tf) = 2 for all bu t countably many a £ /} 

and 

Z7* = {x (E X : for every n 9^ i, pr a (x) = n for a t most one a G / } . 

(Here pra denotes the projection of X of index a.) Clearly F0 and Fi are closed 
in X. Since X!* *s a ^ - p r o d u c t of the family (Na)a^i (see [8]), it follows from 
[8, Theorem 1] t ha t J2î ls normal. Moreover, by [8, Theorem 2], v^t = X. 
Since F{ C X*, w e conclude tha t Fz- is C-embedded in X. 

Suppose now tha t S = FQ \J Fi is z-embedded in X. Since / is uncountable, 
FQ P\ Fi = 0, and hence FQ G 3f (S). By hypothesis, therefore, there is a func­
t i o n / G C ( Z ) such tha t ^ 0 C Z ( / ) and Z(f) r\ Fl = 0. By [26, Theorem 4], 
there exists a countable subset J oi I and a function g G C(ITaç j-iVa) such tha t 
/ = g o pv j (where pr^ is the projection of X onto Yla£JNa). I t follows tha t 
pr j(Fo) C Z(g) and Z(g) P\ pr</(JFi) = 0. Let 0-: / -> N be an arbi t rary in­
jection of J into N, and, for i = 0, 1, define xt £ X by the requirements 

Then xt 6 F f and pr^(x 0 ) = pr j (x i ) , so we have prj(F0) H pr j(/<\) ^ 0, a 
contradiction. Thus S is not s-embedded in X. 

3.3. Remarks, (a) I t follows from 3.2 and 2.1 tha t the space X = UaaNa of 
3.2 is not normal ; this is due to A. H. Stone [28]. 

(b) Since realcompactness is inherited by products and closed subspaces 
[11, 8.10 and 8.11], the union FQ \J FI of 3.2 is realcompact, and hence v-
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embedded in X. In the next two examples (which we quote from [2]), the 
unions in question are not even u-embedded. 

If a is an ordinal, then W(a) denotes the set of all ordinals < a, topologized 
with the order topology. As in [11], we set N* = W(w + 1), W = W(o>i) and 
W* = W(«i + 1). 

3.4. Example [2, 6.2]. Let X be the one-point compactification of the topologi­
cal sum of two copies Si and S2 of W. Then Si and S2 are disjoint, open, and 
C-embedded in X, but Si U S2 is not u-embedded (hence not u-embedded) in X. 

3.5. Example [2, 6.1]. Let X be the Tychonoff plank: X = (W* X N*) -
{(wi, w)}. Let W = W X {co} and, for each w ^ N , let 

Fn = W VJ {(coi, m): m ^ n). 

Then (Fn)neN is an increasing sequence of closed C-embedded subsets of X, 
but UHÉN^W is n ° t u-embedded (hence not s-embedded) in X. Moreover, 
each Fn is C-embedded in the compact space fiX, but UnçN^n is n ° t u-embedded 
in 0X. 

For some positive results concerning u-embeddability of certain unions of 
u-embedded sets, see 6.5, 8.3, and 8.4 of [2]. 

In contrast to 3.5, the next example provides a union of an increasing se­
quence of 2-embedded sets that is u-embedded, but not s-embeddecl. We are 
indebted to A. W. Hager for 3.6 and 3.7. (For 3.6 and related results, see [6].) 

3.6. LEMMA (Hager). If A is a countable (Tychonoff) space with no countable 
base, and if B is a discrete space with cardinality 2No, then A X B is not z-
embedded in /3A X f3B. 

3.7. Example (Hager). There is a compact Hausdorff space X and an in­
creasing sequence (Fn)ne^ of closed C*-embeclded subsets of X such that 
UnGN^i is u-embedded, but not z-embedded, in X. 

Proof. Choose A = {au «2, . . .} and B as in 3.6. (For an example of such 
an A, see [11, 4M].) Let X = /3A X &B and, for each n, let Fn = {au . . . , an} 
X B. Each Fn is closed and C*-embedded in X (for/ Ç C*(Fn), first extend/ 
over {«i, . . . , an) X @B, then over X). Now Uneisr̂ n = A X B is realcompact 
(as the product of two realcompact spaces) and hence u-embedded in X. But 
Un€N^w is n ° t 2-embedded by 3.6. 

3.8. Example [4, 2.5(a)]. Let 5 be the x-axis of the tangent circle space 
r [11, 3K]. Then S is not 2-embedded in T. (Hence the union of a discrete 
family of singletons need not be js-embedded.) 

We note that the space T in 3.8 is (hereditarily) realcompact [11, 8.18]. A 
somewhat more interesting (pseudocompact) example involving the union of 
a discrete family will be given in 3.11. For convenience, we first state a simple 
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addi t ivi ty result for realcompactness (somewhat stronger than is actually 
needed for 3.11). We remark tha t 3.9 is merely a fragment of the general theory 
of addi t ivi ty of the Hewit t realcompactification, which will be treated else­
where. 

3.9. LEMMA. / / the Tychonoff space X is the union of a countable family of 
z-embedded realcompact sub spaces, then X is realcompact. 

Proof. Wri te X = UnçN^> where each Sn is realcompact and z-embedded in 
X, and let &~ be a real z-ultranlter on X. Since # ~ has the countable intersection 
property, there exists n G N such tha t Sn meets every member of ^ . More­
over, since Sn is z-embedded, the t race^~\S n of J^~ on Sn is a real z-ultrafilter 
on Sn [3, 3.1]. By realcompactness of Sn, we have J ^ S ^ —» x for some x Ç Sn, 
and then clearly Ĵ ~'—> x. Thus X is realcompact. 

3.10. Remarks. The preceding lemma has also been noted, independently, 
and with a different proof, by A. W. Hager (unpublished). 3.9 generalizes an 
early addi t ivi ty theorem of Mrôwka [20, Theorem 1] (the special case of 3.9 
for which X is normal and the countable family consists of closed realcompact 
subspaces). We note in passing tha t 3.9 fails if the countabil i ty hypothesis is 
omitted (consider any nonrealcompact space regarded as the union of its 
points) or if the requirement tha t the subspaces by z-embedded is omitted 
(Mrôwka has given an example of a nonrealcompact space tha t is the union of 
two closed realcompact subspaces (see [21] and [22])). 

3.11. Example. There is a (nonnormal, nonrealcompact, pseudocompact) 
space X and a discrete family (Sa)aÇ 7 of compact subsets of X (with | / | = 
2Xo) such tha t UaeiSa is not z-embedded in X. 

Proof. As is well known, /3N — N has exactly 2K o open-and-closed subsets, 
and in fact there exist 2Xo mutual ly disjoint such sets (see [11, 6QS]). Conse­
quently, there exists, by Zorn's lemma, a maximal pairwise disjoint family 
(Sa)aei of open-and-closed subsets of /3N — N such tha t | / | = 2Ko. Let 
S = U«ç iSa and let X = N U 5 . I t is clear tha t each Sa is compact and tha t 
the family (5 a ) a € T is discrete in X. [Moreover, since S is the topological sum of 
the compact spaces Sa, S is realcompact [11, 12G]. 

Now consider any nonempty zero-set Z £ <2T(/3N). If Z C\ N = 0, then 
the interior of Z in /3N — N is nonempty [11, 6S.8], and hence Z contains a 
nonempty open-and-closed subset of /3N — N (since /3N is extremally discon­
nected) . By the maximality of (Sa)ae 7, Z must therefore meet S. Thus every 
nonempty zero-set in /3N meets X, and hence (since fiX = /3N) X is pseudo-
compact. On the other hand, 5 is noncompact and closed in X , so X is non-
compact and hence nonrealcompact. But N is C*-embedded, and hence z-
embedded, in X, so it follows from 3.9 tha t 5 is not z-embedded in X. Finally, 
since X contains a closed set which is not z-embedded, X is nonnormal by 2.1. 
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By now it is clear that rather stringent conditions must be imposed in order 
that the union of a family of z-embedded sets be s-embedded. The only general 
sufficient condition of which we are aware is as follows: 

3.12. THEOREM. Let (5a)a€ 7 be a family of subsets of X and assume there is a 
locally finite pairwise disjoint family (P a ) a € 7 of cozero-sels of X such that Sa C 
Pa for every a £ I. If each Sa is z-embedded in X (or even just in Pa), then 
Uaç iSa is z-embedded in X. 

Proof. Let S = (Jae 7 5 a and let A £ 3f (S). For each a there is, by hypothesis, 
Za G 3? (X) such that A C\ Sa — Sa r\ Za. (Since the cozero-set Pa is z-embed­
ded in X, this is so even if Sa is just s-embedded in Pa.) Set 

Qa = X - ((X -Pa)KJZtt) 

and let Q = U«ç/(?«. Clearly Qa = coz fa for some fa G C(X) with fa ^ 0. 
Moreover, the family (Qa)aç i is locally finite in X, so / = Xl«€ ifa is a (wrell-
defined) continuous function on X. Clearly Z(f) = X — Q. It is now easy 
to verify that A = S C\ Z(f), and thus 5 is s-embedded. 

3.13. COROLLARY. Assume that X is the topological sum of a family (Xa)ae 7 of 
subspaces of X, and let Sa C Xa. If each Sa is z-embedded in Xa, then U«ç iSa 

is z-embedded in X. 

3.14. COROLLARY. / / (Si)i^t^n is a finite sequence of pairwise completely 
separated z-embedded subsets of X, then UiUi-S* is z-embedded in X. 

4. s-embedding of every subset. Recall that X is perfectly normal in case 
X is normal and every closed subset of X is a G s (equivalently: every closed 
subset is a zero-set). We shall say that X is weakly perfectly normal in case 
every subset of X is 2-embedded in X. Our terminology is motivated by the 
following : 

4.1. PROPOSITION. Every perfectly normal space is weakly perfectly normal, and 
every weakly perfectly normal space is completely normal. 

Proof. The first assertion is obvious, and the second is an immediate conse­
quence of 2.1. (Thus 2.1 makes completely transparent the (well-known) fact 
that perfectly normal spaces are completely normal.) 

Example 3.1 shows that a completely normal space need not be weakly 
perfectly normal; and (see 4.8) if there is a measurable cardinal, then there is 
a weakly perfectly normal space (of measurable power) that is not perfectly 
normal. But, barring measurable cardinals, the precise relationship between 
perfect normality and weak perfect normality is open. In this connection, 
consider the following problems (all open): 

4.2. Problems, (a) Does there exist a weakly perfectly normal (TV) space of 
nonmeasurable power that is not perfectly normal ? 
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(b) Does there exist a weakly perfectly normal TVspace of nonmeasurable 
power t ha t is not realcompact ? 

(c) Does there exist a perfectly normal TVspace of nonmeasurable power 
t ha t is not realcompact ? 

T h e apparent ly difficult 4.2(c) was first posed by the author in 1962 (un­
published), and later by R. M. Stephensen, Jr . (see [12, p. 140]). An affirma­
tive answer to 4.2(c) obviously implies one to 4.2(b) . W h a t we show here is 
t ha t an affirmative answer to 4.2(b) implies one to 4.2(a) (see 4.4), and that , 
in fact, 4.2(b) is equivalent to the modified form of 4.2(a) obtained by re­
placing "perfectly normal" by the requirement tha t every point be a G§ 
(see 4.3). As a consequence of 4.4 and [25] (which came to the author ' s a t ten­
tion after the original version of this paper had been accepted for publication), 
we note also tha t affirmative answers to 4.2(a) , (b), and (c) are consistent 
with the usual axioms of set theory (see 4.9(a) and 4.10). 

4.3. T H E O R E M . These are equivalent: 
(a) There is a weakly perfectly normal TVspace (of nonmeasurable power) 

with a non-Gs point. 
(b) There is a weakly perfectly normal Ti-space (of nonmeasurable power) 

that is not realcompact. 

4.4. COROLLARY. If there is a weakly perfectly normal TVspace of nonmeasurable 
power that is not realcompact, then there is a weakly perfectly normal T\-space of 
nonmeasurable power that is not perfectly normal. 

We first prove a couple of lemmas: 

4.5. LEMMA. Let S be a z-embedded subset of X and let A C cl S. If A £ 
2? (S VA), then there is Z G 3? (X) such that A = (S \J A) H Z. 

Proof. By hypothesis, there is a func t ion/ £ C(S VJ A) such tha t A = Z(f). 
For each n > 0, set 

An = ( x ^ : \f(x)\ g 1/n}. 

Then An^2?(S), so there is Zn £ 2?(X) such tha t A, = 5 H Zn. Let Z = 
C\nZn and note t ha t Z Ç f ( I ) . 

Now suppose tha t x £ A. Consider any n > 0 and let V be an arbi t rary 
neighborhood of x in X. S ince / (x ) = 0, there is a neighborhood W of x in X 
such tha t \f(y)\ < 1/n for every y (z S r\ W. By hypothesis, x Ç cl S, and 
hence V P\ W meets S. I t follows tha t V meets An, and we conclude tha t 
x G c\xAn C Zn. Thus x G Z, so we have A C (S\J A) C\ Z. On the other 
hand, 

(S\J A)C\Z = (nnAn) \J (AC\Z) CA, 

and the proof is complete. 
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4.6. LEMMA. Let Y be completely regular and assume that Y = X U [p] with 
X z-embedded in Y. If S C Y and if S C\ X is z-embedded in X, then S is z-
embedded in Y. 

Proof. US C X, then S is z-embedded in Y by t ransi t ivi ty of z-embedding. 
We may therefore assume tha t p (z S. Let A G <2T (5) and set T = S H X. 
By hypothesis, T is s-embedded in X, and hence also in F. 

Case 1. p £ A. Suppose first t ha t p G clYT so t ha t A C T U {p} C c l F 7 \ 
Since p £ A, we have S = T U A, and thus ,4 G 3?(T U 4 ) . I t follows from 
4.5 tha t there is Z G ̂ ( F ) such tha t A = {T \J A) C\ Z = S C\ Z. 

Suppose, on the other hand, t ha t p G clYT. Then there i s / G C(Y) such t ha t 
f(^) = o a n d / - 1 on c l F r . Moreover, i H I ^ ^ ^ ^ o there is g G C ( F ) 
such t ha t y4 P\ T = T C\ Z{g). Then (as one easily verifies) 

4 = 5 H Z ( | / | A |g|). 

Case 2. p & A. In this case, A C T so A £ 2f(T). Then there i s / 6 C ( F ) 
such t ha t 4̂ = T H Z ( / ) . Moreover, since p (t A and p £ S, we have £> G 
cly^4. Hence there is g G C ( F ) such t ha t g(p) = 1 and g = 0 on clF^4. In this 
case, one can verify t ha t A = S C\ Z(\f\ V \g\), so the proof is complete. 

Proof of 4.3. (a) => (b) : Assume t h a t F is a weakly perfectly normal 1\-
space with a non-Go point p. Let X = Y — {p} and note t ha t X is weakly 
perfectly normal. Moreover, X is both s-embedded and Gs-dense in F, so, by 
1.1(b), X is C-embedded in F. I t follows t ha t X is not realcompact . 

(b) => (a) : Let X be a weakly perfectly normal TVspace (of nonmeasurable 
power) t ha t is not realcompact. Pick any p G vX — X and set Y = X VJ \p). 
By 4.6, F is weakly perfectly normal (and of nonmeasurable power) . Now if 
there i s / G C(Y) with Z(f) = {p}, extend / to g G C(uZ) . But then Z(g) C\ 
X = 0, contrary to the fact t ha t every nonempty zero-set in vX meets X 
[11, 8.8(b)] . T h u s {p} G &(Y),so {p} is not a G5 in F. 

4.7. Remark. I t seems unlikely t ha t (a) => (b) of 4.3 can be improved by 
replacing, in 4 .3(b) , the phrase "with a non-Gs po in t" by " t h a t is not perfectly 
normal ." (Consider the "obvious" modification of the preceding proof of 
(a) => (b) : "Le t F be a closed set in F which is not a G§ and let Y/F be the 
quot ient space obtained by collapsing F to a point ." T h e difficulty is t ha t the 
image of X — F in Y/F under the na tura l map does not appear to be z-
embedded in Y/F). 

If D is a discrete space of measurable power, then D is not realcompact 
[11, 12.2]. T h e proof of 4.3 therefore shows: 

4.8. T H E O R E M . If D is discrete of measurable power, then there is p G vD — D, 
and D VJ {p} is weakly perfectly normal but not perfectly normal. 

4.9. Remarks, (a) In [25], Ostaszewski shows t ha t Jensen 's O implies the 
existence of a perfectly normal, countably compact , almost compact [11, 6J] 

https://doi.org/10.4153/CJM-1976-068-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1976-068-9


^-EMBEDDED SETS G83 

TYspace of power Xi t ha t is not compact (and hence not realcompact) . T h u s 
(in view of 4.4) affirmative answers to 4.2(a) , (b), and (c) are consistent with 
the usual axioms of set theory (see also 4.10 below). 

(b) If vX is weakly perfectly normal, then clearly X is also, bu t the converse 
is an open question (obviously related to 4.2(a) , (b), and (c)) . (A plausible 
conjecture is tha t the converse fails under <>.) 

(c) In [32], Weiss shows tha t AI A + ~\CH implies tha t every perfectly 
normal, countably compact 7\-space is compact. (AIA and CH denote Mar t in ' s 
axiom and the cont inuum hypothesis, respectively.) This (together with (a)) 
suggests the question: Does MA + ~|Ci7 imply a negative answer to any one 
of 4 .2(a) , (b), or (c) ? 

(d) Denote by 33o(X) (respectively, £§a(X)) the set of all Borel (respec­
tively, Baire) subsets of X (see, e.g., [12, p. 136]). If X is perfectly normal, 
then clearly 3§o(X) = £$a(X), bu t the converse is an open question (due to 
Ka të tov [15, p. 74]). In [12, p. 140], Hager, Reynolds, and Rice conjecture 
t ha t if 3§o(X) = 3ëa(X), and if X has no closed discrete subspace of mea­
surable power, then X is realcompact. By 4.9(a) , this conjecture fails in 
ordinary set theory. 

(e) Every perfectly normal realcompact space is hereditarily realcompact 
[11, 8.15]. However, by 4.10, the existence of a weakly perfectly normal real-
compact (in fact, compact Hausdorff) space tha t is not hereditarily real-
compact is consistent with the usual axioms of set theory. 

4.10. T H E O R E M [<>]• There is a weakly perfectly normal compact Hausdorff 
space Y of power Xi such that SSo(Y) ^ Sêa(Y) (whence Y is not perfectly 
normal) and such that Y is not hereditarily realcompact. 

Proof. Let X be the Ostaszewski space described in 4.9(a) , and let Y = fiX. 
Since X is countably compact bu t not realcompact, Y is not Borel-complete 
[12, 3.2 and 2.3]; hence 38o(Y) ^ 3Sa(Y) by [12, 3.1], and obviously F i s not 
hereditarily realcompact. Moreover, since X is perfectly normal and almost 
compact, \Y\ — Xi and Y is weakly perfectly normal (by 4.6). 

We conclude this section with some simple characterizations of weak perfect 
normali ty. 

Recall tha t a subset A of X is locally closed in case for each x G A there is a 
neighborhood V of x in X such tha t A C\ F is closed in V. I t is easy to show 
tha t A is locally closed if and only if A is the intersection of an open set and 
a closed set (see [7, Chap. I, § 3.3]). 

4.11. PROPOSITION. For any space X, these are equivalent: 
(a) X is weakly perfectly normal. 
(b) Every locally closed subset of X is z-embedded in X. 
(c) Every open subset of X is normal and z-embedded in X. 
(d) X is completely normal and every open subset of X is z-embedded in X. 
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Proof, (a) =» (b) is trivial. 
(b) => (c): If G is open in X, then G is locally closed and hence z-embedded. 

Moreover, if Fis closed in G, then Fis locally closed in X. Then Fis z-embedded 
in X, and hence in G, so G is normal by 2.1. 

The implications (c) => (d) and (d) =» (a) follow immediately from 2.2. 

A subset of a locally compact Hausdorff space is locally closed if and only 
if it is locally compact [7, Chap. I, § 9.7], so we have: 

4.12. COROLLARY. A locally compact Hausdorff space X is weakly perfectly 
normal if and only if every locally compact subset of X is z-embedded in X. 

5. z-embedding of open sets. In this final section we study the class Oz 
of spaces X for which every open subset of X is z-embedded in X. This class 
includes (a) all (weakly) perfectly normal spaces (this is trivial), (b) all 
extremally disconnected spaces (since X is extremally disconnected (if and) 
only if every open subset of X is C*-embedded in X [11, 1H.6]), and (c) all 
products of separable metric spaces (5.6). Moreover, membership in Oz is 
inherited by open subspaces, dense subspaces, regular closed subspaces, by 
retracts, and by arbitrary topological sums (5.3). 

We first give several characterizations of Oz. Recall that a subset A of X 
is regular closed in case A is the closure of an open set (equivalently: A = 
cl int A). A regular open set is the complement of a regular closed set. 

5.1. THEOREM. For any space X, these are equivalent: 
(a) X G Oz (i.e., every open subset of X is z-embedded in X). 
(b) Every dense open subset of X is z-embedded in X. 
(c) Every regular closed subset of X is a zero-set in X. 
(d) Every dense subset of X is z-embedded in X. 

Proof, (a) => (b) is trivial. 
(b) => (c): Let G be open in X, let 5 = G U (X — cl G), and note that 

5 is a dense open set (hence z-embedded by (b)). Define/ on S by: 

f(x\ - i° Ux £G, 
J{X) ~ \l if* eX - dG. 

Then / Ç C(5), so we have Z(f) = S C\ Z for some Z G &(X). It follows 
that cl G = Z, so the regular closed set cl G is a zero-set in X. 

(c) => (d): Let S be dense in X and let Ai and A2 be subsets of 5 that are 
completely separated in S. To prove that 5 is z-embedded, it suffices to find 
Zi, Z2 e 2f(X) such that At C Zt(i = 1, 2) and Zx C\ Z2 C\ S = 0 (see [3, 
3.1]). By hypothesis, there i s / 6 C(S) w i th / = 0 on Ai a n d / = 1 on A2. Let 

Gx = {x £ S: f(x) < 1/3}, G2 = {x G S: f(x) > 2/3}. 

Now S — clsGi is a regular open set in S, so by [30, Prop. 1.2] X — clx(clsGt) 
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= X — clxGi is a regular open set in X. Hence Zt — clxGi is regular closed in 
X, so Zi e 2?{X) by (c). But clearly Zx C\ Z2 C\ S = 0. 

Since (d) => (b) is trivial, it suffices now to show tha t (c) =» (a) . Let 5 be 
open in X and l e t / £ C(S). For each n > 0, let 

Gw = {x G 5 : | / ( * ) | < 1/»}. 

Then , by (c), c\xGn 6 ^ ( X ) , s o Z = H n clxG„ G ̂ ( X ) . But Z{f) = SC\Z, 
so 5 is s-embedded in X. The proof is now complete. 

T h e implication (a) => (c) is applied in [6] (where it is shown tha t if X has 
a countable base and Y £ Oz, then X X Y is s-embedded in /3X X /3F). 

5.2. COROLLARY. If X £ Oz, ^erc X is w ^ cb. 

Proof. (For the definition of "weak cb" , see [18, §3] . ) By [18, 3.1], X is 
weak cb if (and only if), given a decreasing sequence (Fw)w€N of regular closed 
sets in X with P I ^ N F , * = 0, there exist Zn Ç 3? (X) with Pi^N^n = 0 and 
Zn D ^n for each n. The result is therefore immediate from 5.1. 

T h e converse of 5.2 is false (even with "weak cb" replaced by " c o m p a c t " ) ; 
3.1 and 3.4 provide easy counter-examples. 

Remark. Let us call a space X regularly normal in case X is normal and every 
regular closed subset of X is a G& in X. I t follows easily from 5.1 and 2.1 tha t X is 
regularly normal if and only if every open subset of X is z-embedded in X and 
also every closed subset of X is z-embedded in X. The class of regularly normal 
spaces is strictly included in tha t of normal spaces, and strictly includes t ha t 
of weakly perfectly normal spaces. (The space of 3.1 is (completely) normal 
bu t not regularly normal. On the other hand, /3N is normal and extremally dis­
connected, and hence regularly normal; bu t /3N is not completely normal 
[11, 6Q.6], and hence not weakly perfectly normal (4.1).) 

5.3. PROPOSITION, (a) Let X £ Oz and let S C X. If S is either open, dense, 
or regular closed in X, or if S is a retract of X, then S Ç Oz. 

(b) Oz is closed under the formation of arbitrary topological sums. 

Proof, (a) : The result is trivial for S open. If 5 is dense, let T be dense in S. 
Then T is dense in X, hence z-embedded in X (5.1). But then T is ^-embedded 
in S, so 5 G Oz by 5.1. The regular closed case follows from 5.1 and the fact 
t ha t if F is regular closed in a regular closed subset of X, then F is regular 
closed in X. Finally, if / : X —> S is a retraction onto S, G is open in S, and 
Z G ^ ( G ) , then there is Z' G &(X) with f~l(Z) = f~l{G) C\ Z'. Then 
Z' C\S G 2?(S) and Z = G H (Z' H S). 

5.13 below shows t ha t membership in Oz is not, in general, inherited by 
closed subspaces. 

5.4. PROPOSITION. Let S be dense and C-embedded in the Tychonoff space X. 
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Then S £ Oz if and only if X Ç Oz. {In particular, X £ Oz if and only if 

vX e Oz.) 

Proof. Let 5 Ç Oz. By 5.3(a), it suffices to show tha t vX Ç Oz. Let G be 
open in vX. By 5.1, cls(G H 5 ) Ç ^ ( 5 ) , and, since u5 = uX, it follows tha t 
c\vX(GnS) G ̂ ( u Z ) [11, 8 .8(b)] . Bu t since S is dense in uX, dvX(G C\ S) = 
cUxG, so the result follows from 5.1. 

We do not know whether vX can be replaced by /3X in the parenthet ical 
assertion of 5.4. (In particular, we do not know whether any of these spaces 
are in Oz : £R, 0Q, or £Q - Q ) . 

Questions about z-embedding in products are usually elusive, so it is not 
surprising tha t the behavior of Oz with respect to products is not a t all 
t ransparent . T h e information we have is summarized in 5.5, 5.6, 5.7, 5.8, 
and 5.9. 

r>.o. T H E O R E M . Assume that each finite subproduct of X = l l a 6 TXa satisfies 
the countable chain condition. If every countable subproduct of X belongs to Oz, 
then X e Oz. 

Proof. Let F be a regular closed subset of X. By [24, 1.4(i)], X satisfies the 
countable chain condition, so by (the proof of) [26, Theorem 3] there is a 
countable subset J oi I such tha t if x Ç F, y £ X, and pr a (x) = pr a (^ ) for 
every a £ J, then x = y (cf. [24, 2.2]). I t follows tha t F = p r / ^ ( p r j ( F ) ) 
(where p r j is the projection of X onto Y = Yla^jXa), which implies t ha t 
prj(F) is closed and prj(F) = cl pr j(int F). By hypothesis, Y G Oz, so 
prj(F) e2^(Y) by 5.1. Hence F G 2?{X), s o l ^ Oz. 

The following corollary is essentially due to Noble (who shows in [23] tha t 
a product of separable metric spaces satisfies 5.1(d) above) . 

5.6. COROLLARY (Noble). Every product of separable metric spaces belongs 
to Oz. 

We do not know whether "countable subproduc t" can be replaced by "finite 
subproduc t" in n.î). At any rate, it does not suffice merely to assume tha t each 
factor Xa is in Oz (see o.S). 

5.7. T H E O R E M . Assume XX Y is pseudocompact. If X X Y G Oz, then 
X Ç Oz and Y G Oz. 

Proof. We show tha t X Ç Oz. Let T be the projection map from X X Y 
onto X and let F be a regular closed set in X. Since TV is open, ir~l(F) is regular 
closed in X X Y, so by 5.1 we have TT-^F) = Z{f) for s o m e / Ç C(X X Y). 
For each n > 0, set 

Un= Ipt X X Y: \f(p)\ < l/n\. 

Then w~l(F) and (X X Y) — Un are completely separated, so there is gn G 
C(X X Y) such that gn = - 1 on ir-l(F) and gn = 1 on (X X Y) - Un. For 
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each r G [0, 1], set 

Vnr={peXX Y:gn(p) < r}, 

and for each r G R, define Wnr by: 

( 0 if r < 0, 
W»r = <7r(Fwr) i f O ^ r g l , 

( X if 1 < r. 

We claim tha t if r < s, then cl Wnr C JFWS. This is trivial if r < 0 or 1 < 5, so 
assume tha t 0 ^ r < s ^ l . B y a theorem of T a m a n o [29], pseudocompactness 
of X X F implies t ha t 7r is z-closed (i.e., ir(Z) is closed in X whenever Z G 
5 " ( I X F ) ) , and we therefore have 

cl Wn r = cl 7r(Fwr) C T({P G X X F: &(/>) ^ r}) C W»,. 

I t follows from [11, 3.12] tha t the formula 

hn(x) = inf {r G R: x G TFwr} (x G X) 

defines hn as a continuous real-valued function on X. Since F = ITÇT^ÇF)) C 
Wno and IFni C 7r(Un), it is easy to see t ha t hn S 0 on F and Z*n ^ 1 on 
X - ir(Un). Set kn = \hn V 0) A 1, and let k = J2n^~nK-

Suppose tha t x G Z(k), but tha t ir~l{x) C\ Z(f) = 0. Then 1 / / * G C ^ - 1 ^ ) ) , 
where / * = / |7 r - 1 (x) . Consider any m > 0: Then km(x) = 0, so hm(x) S 0, 
whence x G ir(Um). Thus x = 7r(£) for some p G t/m, and we have l/\f*(p)\ = 
V | / ( ^ ) l > w - We conclude tha t 1 / / * is unbounded on 7T 1 (x) . But 7T 1(x) is 
pseudocompact, a contradiction. T h u s 7r_1(x) meets Z(f) = D ï ï £4, so x G 
7r(fï» *7»), and it follows tha t Z(k) C F. But clearly F C Z(jfe), so F = Z(fe) 
is a zero-set in X . By 5.1, X G Oz. 

I t seems unlikely tha t the hypothesis of pseudocompactness can simply be 
omit ted in 5.7, bu t we have no counter-example. 

The converse of 5.7 fails (even if X X F is compact ) : 

5.8. T H E O R E M . / / D is an infinite discrete space, then pD G Oz, but PD X PD 
G Oz. 

Proof. Since PD is extremally disconnected [11, 6M.1], @D G Oz. Now since 
D is infinite, there is a point p G PD — vD. Let X = vD U {p} and F = 
PD — {p}, and note t ha t X is realcompact [11, 8.16] and F i s pseudocompact 
[11, 61.1 and 9.6]. Since A = {(x, x): x G D] is open-and-closed in X X F, 
the characteristic function / of A on X X F can be extended to / * G 
C(v(X X F ) ) . Now if pD X pD £ Oz, then, by 5.1, I X F i s s-embedded in 
PD X PD, and hence in X X /3£> = uX X vY, Then X X F is u-embedded in 
uX X vY [2, 3.5] (cf. 1.1(c)), so v(X X Y) = vX X vY [2, 7.6(a)] . But then 
0 = f*(P> P) = 1 » a contradiction. 

5.9. Remarks, (a) 5.8 improves the known result t ha t PD X PD is not 
extremally disconnected [33, 191] (see also [11, 6N.1]). Pa r t of the construc­
tion of the preceding proof generalizes [19, 5.3]. 

(b) None of the familiar spaces of ordinals is in Oz. Note first t ha t W G Oz. 
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(I t suffices to show t h a t the open (discrete) subset 

5 = {a G W : a is not a limit ordinal} 

of W is not z-embedded in W. D e f i n e / G C(S) b y / ( a ) = 0 (respectively, 1) 
if a is even (respectively, odd) . Since each g G C ( W ) is cons tant on some tail 
of W, we have Z{f) ^ 5 H Z(g) for every g G C ( W ) . ) Since W X W is 
pseudocompact [11, 8M.3] , it follows from 5.7 t ha t W X W G Oz. Hence, 
by 5.3(a), none of the spaces W*, W X W*, W* X W*, W X N, W X N*, 
W* X N, and W* X W* is in Oz. Hence also, by 5.4, the Tychonoff plank is 
not in Oz. 

(c) There are several results in [5] to the effect t ha t the relation v(X X Y) = 
vX X vY holds if it holds "uniformly locally" in some appropr ia te sense (see 
also [2, 8.11]). T h e following is another result of this kind: If X, Y G Oz, and 
if X X Y has a normal closed cover % = (Ua X Va)a£ i of nonmeasurable power 
such that v(Ua X Va) = vUa X vVa for every a G / , then v(X X Y) = vX X 
vY. (In view of 5.1, SP = (int Ua X int Va)açi is a (nonmeasurable) refine­
ment of °tt by cozero-rectangles. Moreover, 8P is normal by [5, 2.4 and O.(ii)], 
so the result follows from [5, 3.3].) 

A point x of a Tychonoff space X is a P'-point of X in case x G Z G 2? (X) 
implies t ha t x G cl int Z (equivalently: every zero-set of X which contains x 
has nonempty interior) ; and X is a P'-space in case every x G X is a P ' -po in t 
(see [31] and [17]). (Obviously every P-po in t of X [11] is a P ' -poin t , and every 
P-space is a P ' -space. For examples of (compact) P ' -spaces , see [31]. I am 
indebted to R. Atalla for calling my a t ten t ion to [31] and [17].) Isbell has 
shown tha t every extremally disconnected P-space of nonmeasurable power is 
discrete [14, 2.4] (for other proofs, see [11, 12H] and [1]). We show next t h a t 
Isbell 's result can be generalized to the class of P ' -spaces in Oz (see 5.12 
below). 

5.10. L E M M A . Assume X is Tychonoff. If Z is a nowhere dense zero-set in vX, 
then X C\ Z is a nowhere dense zero-set in X. 

Proof. Obviously X C\ Z G 3?(X). Suppose t h a t i n t x ( X H Z) ^ 0. Then 
there is a nonempty cozero-set P in X such t h a t P C X C\ Z. By [2, 5.1], 
vP = vX — clt;x(X — P ) , so vP is a nonempty open set in vX such t ha t vP C 
c\vXP C Z. But then Z is not nowhere dense. 

5.11. T H E O R E M . Assume X is Tychonoff of nonmeasurable power. If X G Oz, 
then every nonisolated point of X is contained in a nowhere dense zero-set. 

Proof. We adap t the proof of [1], By 5.4 and 5.10, we may assume t h a t X is 
realcompact. Let p be a nonisolated point of X . By Zorn's lemma, there is a 
maximal set S^ of mutual ly disjoint cozero-sets of X such t ha t p G U S^. 
Since p is nonisolated, it follows easily t ha t S = U S^ is dense in X , and hence 
s-embedded in X by 5.1. Now each member of $f is cozero in X and hence 
realcompact [11, 8.14], and 5 is the topological sum of the members of Sf. 
Since \£f\ is nonmeasurable, it follows t ha t S is realcompact [11, 12G]. But a 
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z-embedded realcompact subspace must be GVclosed (1.1(c)) , so there is 
Z Ç 2f (X) such tha t p £ Z and Z H 5 = 0. Obviously Z is nowhere dense. 

5.12. COROLLARY. Assume X is Tychonoff of nonmeasurable power and that 
X Ç Oz. Then every Pf-point of X is isolated. Hence if X is a P''-space, then X 
is discrete. 

5.13. COROLLARY. Assume that X is of nonmeasurable power. If X is locally 
compact and realcompact, but not compact (e.g., if X is infinite and discrete), 
then (3X - X £ Oz. 

Proof. By [10, 3.1], each zero-set in /3X — X is the closure of its interior, so 
PX - X is a P ' -space. Now if (3X - X £ Oz, then, by 5.12, fiX - X is 
discrete (as well as compact ) , so /3X — X is finite. But then X is pseudocompact 
[11, 9D.3], and hence compact, a contradiction. 

5.14. Remarks, (a) T h e hypothesis of nonmeasurabil i ty cannot be omit ted 
in 5.11 or 5.12: If D is discrete of measurable power, then (i) vD Ç Oz (5.4), 
(ii) uD is a P - s p a c e [11, 8A.5], and (iii) D j* vD [11, 12.2] (so vD is not discrete). 

(b) By 5.12, any nondiscrete P-space of nonmeasurable power (see, e.g., 
[11, 4N]) is an example of a basically disconnected space tha t is not in Oz. 

(c) We do not know whether the nonmeasurabil i ty hypothesis of 5.13 can 
be omit ted. (Without it, the remaining hypotheses imply tha t fiX — X is not 
basically disconnected [10, 3.2].) 

We conclude with an P-space analogue of 5.12. (For the definition of 
"P-space" , see [11, 14.25].) 

5.15. PROPOSITION. Every (Tychonoff) F-spacein Oz is extremally disconnected. 

Proof. We need only note t ha t X is an P-space (if and) only if every z-
embedded subset of X is C*-embedded [4, 4.5]. 

Added in proof (June 2, 1976). 2.1, 2.3, and 2.5 appear, without a t t r ibut ion, 
in § 7 of R. A. Alô and H. L. Shapiro, Normal topological spaces, Cambridge 
Trac t s in Ma th . 65 (Cambridge Univ. Press, London, 1974). These results are 
due to the present author . For some additional results concerning z-embedding 
of every subset and of every open subset, see T. Terada , Note on z-, C*-, and 
C-embedding, Sci. Rep. Tokyo Kyoiku Daigaku Sect. A13 (1975), 129-132. 
(Among other things, Terada notes, independently, the equivalence of (a) 
and (d) of 4.11 and of (a), (b), and (d) of 5.1.) 
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