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Existence of Multiple Solutions for a
p-Laplacian System in RN with
Sign-changing Weight Functions

Hongxue Song, Caisheng Chen, and Qinglun Yan

Abstract. In this paper, we consider the quasi-linear elliptic problem
—M</ |x\_“P|Vu\de) div(|x| | VulP~2Vu) = LH(X)|L!|O_2M|V|‘3 + My ()| u|1 2w,
RN a+f
B
a+f
ux) >0, v(x)>0, xeRN,

H(x)|v ‘9_21/\14|“ + ,u,hz(x)|v\q_2v,

—m( / x| =P |v[Pd) div(|x] =[P ~>Vv)
RN

where Ayt > 0,1 < p <N, 1 <q<p<pr+l)<at+f<p' =gk 0<a< L
a<b<a+l,d=a+1—b>0,M(s) = k+Is",k > 0,1, 7 > 0, and the weight H(x), h; (x), hz(x) are
continuous functions that change sign in RYN. We will prove that the problem has at least two positive
solutions by using the Nehari manifold and the fibering maps associated with the Euler functional for
this problem.

1 Introduction

By the fibering method, Drabek and Pohozaev [13], Bozhkov and Mitidieri [3] stud-
ied respectively the existence of multiple solutions to the following p-Laplacian single

equation:
(1.1) —Dpu=Aa()|ul’Pu+c)|ul*'u inQ, u=0 ond,
and system:
—Apu = Aa(x) |ulP "2 u+ o+ 1)e(o)|ul® ulv] x € Q,
—Agu = bV + (B + De(x) |u] )"y, x € Q,
u(x) =v(x) =0, x € 09,

where p,q > 1, A,u = div(|[Vu|P~?Vu), Q@ C RY is a bounded and connected
domain with smooth boundary 02, A and p are positive parameters, « and 3 are

positive numbers, and a(x), b(x), c(x) € C(£2) are given functions that change sign
on Q.
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Recently, Brown and Zhang [5] studied a special case (p = 2) of the problem
(1.1) by the Nehari manifold [18] and fibering maps. They discuss how the Nehari
manifold changed as A changes and show how existence and non-existence results for
positive solutions of this problem are linked to properties of the manifold.

Systems involving quasi-linear operators of p-Laplacian type have been studied by
various authors [8,11,16,17,24]. Among other results, existence and non-existence
theorems were obtained. For such purpose, the method of sub-super solutions, the
blow-up method, and the Mountain Pass Theorem have been used (see e.g., [11,17]).
For example, Miyagaki and Rodrigues [17] have studied the existence of a positive
weak solution to the quasi-linear elliptic system with weights

(1.2) — div(|x| | Vu|P 72V u) = Nx| ~@Dray0y7) x €,
— div(|x| 7P| Vv[1T72 V) = x|~ EFDrey000 x € Q,
u(x) =v(x) =0, x € 09,

where ) is a bounded smooth domain of RN with
0€Q, 1<p, g<N, oga<¥, ogb<¥,
0<a<p—-1, 0<8<q—1, d,7,a,6>0,
0=(p—1—a)qg—1—-B)—5>0.

By the lower and the upper-solution method, they proved that problem (1.2) pos-
sesses a positive weak solution (1, v) € WP (€, |x|~%) x W, (€2, |x| %) for each
A > 0. Similar research can be found in [6, 15,24] and the references therein. Up un-
til now, much attention has been paid to the existence of solutions for the problems
(1.1)—(1.2) in a bounded domain. But for these problems in an unbounded domain
Q or RN, the existence of a multiplicity of solutions has been a more complicated
question.
In this paper, we consider the quasi-linear elliptic problem of the form

-~ m( / x|Vl de) div(|x) |Vl V)
RN
« .
= mH(x)|u\a*2u|v\ﬁ + My () [u] T %y,
(1.3) -~ m( / x| |v|Pds) div( ||~ Vv >V)
RN
=—7 f ﬂH(x)|v|*3*2v|u\“ + phy (x)|v|97 2,
ux) >0, vx)>0, xecRY,

where A\, jp > 0,1 < p < N,1<q<p<pr+l)<a+f<p =gk,
0<ax< %,ag b<a+l,d=a+1—b>0,M(s)=k+Is,k>0,l,7 > 0,and
the weight H(x), b, (x), h(x) are continuous functions that change sign in RY.
Problem (1.3) is called nonlocal because of the presence of the term M, which im-
plies that equations in (1.3) are no longer pointwise identities. The problem is analo-
gous to the stationary case of equations that arise in the study of string or membrane
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vibrations, namely,

Uy — (k-I— l/ |qu|2dx) Au = g(x,u),
Q

where u denotes the displacement, g(x, u) external force, while [ is related to the in-
trinsic properties of the string (such as Young’s modulus). Equations of this type
were first proposed by Kirchhoff in 1883 to describe the transversal oscillations of
a stretched string, particularly, taking into account the subsequent change in string
length caused by oscillations.

The nonlocal effect also finds its applications in biological systems. A parabolic
equation of (1.3) can, in theory, be used to describe the growth and movement of a
particular species. The movement, modelled by the integral term, is assumed depen-
dent on the energy of the entire system with u being its population density. Alter-
natively, the movement of a particular species may be subject to the total population
density within the domain (for instance, the spreading of bacteria), which gives rise
to equations of the type u, — I( [, udx)/Au = g. Chipot and Lovat [9] and Corréa
[10], for example, studied the existence of solutions and their uniqueness for such
nonlocal problems as well as their corresponding elliptic problems.

Motivated by [3,5, 8, 10, 13,17, 24], we are concerned here with the existence of
multiple positive weak solutions of problem (1.3). Our purpose is to show how to
use an idea and a method similar to those in [5] to investigate the p-Laplacian sys-
tem (1.3), and then get the existence result for multiple positive weak solutions. Many
authors proved the existence of multiple solutions for the quasi-linear elliptic equa-
tion involving the concave and convex nonlinear terms by Nehari manifold and the
fibering maps; see [1,2,7,21,22] and the references therein. Since 2 = RN is an
unbounded domain, the loss of compactness of the Sobolev embedding renders vari-
ational technique more delicate.

In fact, in order to preserve this compactness in our problem (1.3), we introduce
a weighted Sobolev space and impose some conditions on the weighted functions
H(x), hi(x), and h,(x). The following Gagliardo—Nirenberg—Sobolev inequality [6]
will be needed. There exists a constant S = S(N, p) > 0 such that for every u €
Coo(RY),

o 1/p” 1/p
(1.4) ( 182" [P dx) < s( \x|7“p|Vu|de) ,
RN RN

where—oo<a<%,a§b<a+l,d:a+l—b,andp*:Af]—fp.

Let X be the completion of the space C5°(RY) endowed with the norm of

1/p
Jully = (/R =7 Vul?ds)

From the standard approximation argument, it is easy to see that inequality (1.4)
holds on X.
Let Li (RY) be the completion of the space C°(RN) endowed with the norm of

1

_bp* * *

||MHLP* = (/ |x| P ‘M|P d.x) r .
b RN
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Throughout the paper, we assume that H(x), hi(x), hy(x) satisfy the following
conditions:

(A1) hi(x))x|P € LY(RN) N L®(RYN), 0 = p*/(p* —q), i = 1,2;
(A7) H(x)|x|P @ € LIRN) N L®(RN), § = p*/(p* —a—B), i = 1,2;
We set

) 1/6
45 b= ([ Qi) 0 b= ([ bl a)
RN RN

with 0 = p*/(p* — q).
The natural functional space to study (1.3) is E = X x X with respect to the norm

1/p
sl = ([ Q=9+ s or oviera)

Then E is a reflexive Banach space endowed with the norm ||(u, v)||.

Definition 1.1 A pair of functions (u,v) € E is said to be a weak solution of
problem (1.3) if for any (¢, 1) € E, there holds

16)  M(Jull) / x| | Vul VT pdx
RN

+M([[v][1) / x|~ | Vv|P 2V vV ebdx
RN
B

a+p

o
a+p

- )\/ hy w1 *updx — u/ hy|v|T 2 vpdx = 0.
RN RN

/H|u|“_2u|v|ﬂapdx— /H|V|ﬁ_2v|u\”wdx
RN RN

By the assumptions (A;) and (A;), all the integrals in (1.6) are well defined and con-
vergent.

Our main result is the following theorem.

Theorem 1.2  Assume (A1) and (A;) are fulfilled. There exists Ay > 0 such that if
the parameters X\, p > 0 satisfy

0 < Ay + phag < Ay,
then problem (1.3) has at least two positive solutions, where hyg, hyg are given by (1.5).

This paper is organized as follows. In Section 2, we give some properties of the
Nehari manifold and set up the variational framework of problem (1.3). In Section 3,
we prove Theorem 1.2.
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2 Preliminaries

It is clear that problem (1.3) has a variational structure. Let J(u,v): E — R! be the
corresponding Euler functional of problem (1.3), which is defined by

k 1 1 p 1
J(u,v) = = ||(u, v)||P + = ||(u, v)||” — —/ H|u|”|v|”3dx — —F(u,v),
p o m Jgy q

where o = p(T +1),m = a+ 3, and

F(u,v) :/\/ h1|u|qu+u/ ha|v]9dx.
RN RN

Then we see that the functional J € C'(E,R") and for for all (p, 1) € E, there
holds

2.1 <]’(u,v),(<p,¢)>:M(Huul)/ x|~ [V ulP ViV pdx
RN
+ M(|[v]l) / x| [PV
RN
o I e R
m Jry m Jpy

f)\/ h1|u\q*2ug0dx7u/ h2|v\q*2v¢dx,
RN RN

where (-, ) denotes the usual duality. In particular, it follows from (2.1) that

(T (uv), (u,v)) = K, v]|? + 1u, v]|7 —/ Hlu|*[v|"dx — F(u, ).
RN

It is well known that the weak solution of problem (1.3) is the critical point of the
Euler functional J(see [20]). As J is not bounded below on E, it is useful to consider
the functional J on the Nehari manifold

N = {(u,v) € E\(0,0) | (J'(u,), (u,v)) = 0} .
Thus, (4, v) € Nif and only if
||, 1P + 1)) (u, v)||” — / H|u|(“\v|‘3dx — F(u,v) = 0.
RN
In particular, on N we have

@2) Jww) =k(5 ~ ) [ + (L :

1 1 3
(5 -2) [ e
m . q/ Jry

1 1 1 1 1 1
= _— — P _— - _— —

k(p m)H(u’V)” +l(o m)||(u,v)|| (q m)F(u’V)'
Furthermore, we define

D(u,v) = (J'(u,v), (u,v)), V(u,v) €E.

)l
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Then for any (u,v) € N, we have
(23)  (®'(u,v), (u,v))

= kp||(u, V)||? + lo||(u, v)||” — m/ H|u|”‘|v|’3dx — qF(u,v)
RV

= kp = Dl + 1 = Dl = =) [ el
= k(p — m)|(u,v)||P + o — m)[|(u, v)[|” — (9 — m)F(u,v).
It is natural to split N into three parts:
(2.4) Nt = {(u,v) € N,| (®'(u,v), (u,v)) > 0},
N = {(u,v) € N, | {®'(u,v), (u,v)) = 0},
N~ = {(u,v) € N,| (®'(u,v), (u,v)) <0}.

We now derive some properties of N.
Lemma 2.1 ] is coercive and bounded below on N.

Proof Since h;(x)|x|"1 € LY(RN)NL>=(RN), 0 = p*/(p* —q), (i = 1,2), we obtain
from the Holder and Caffarelli-Kohn—Nirenberg inequalities that

q/p*
/ h1|u|qu<( / <|h1|x|bq>0dx>l/0( / |x|-bp*|u|f’*dx)
RN RN RN

q/p
< hwsq( / x|—“P|Vu|de) < ST (u, W]
RN

Similarly, we have [, h|ul%dx < hysS?|(u, v)||9. Then
(2.5) F(u,v) < (Mg + pthog) S| (u, v)]|7.
It follows from (2.2) and (2.5) that

2.6) J(u,v) > k(% - %) G, )| + z( ) G, )|

1 1
o m
1 1
= (5 = ) O + ) s )
q m
Since g < p < 0 < m, inequality (2.6) shows that J is coercive and bounded below
on N. Thus, the proof is completed. ]

Lemma 2.2 There exists Ay > 0 such that N° = & for all \, 1, which satisfy 0 <
Ahyg + phag < Ay, where hyg and hyg are given by (1.5).

Proof In fact, we let

(2.7) Ay

_ k(m —p) ( k(p —q) )(P*q)/(m*P)
~ (m—@)S1\ (m — q)H,S™

)
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where 6 = p*/(p* — m) and

5
Hs = ( (\H||x|bm> dx)'/? < +o0.

RN
Suppose otherwise; thus, there exist A and p that satisfy 0 < Ahyg + phyy < Ay, such
that N £ @; that is, there exists (1, v) € N°. Then, it follows from (2.3)—(2.5) that

(m — q)(Ahg + uhze)Sq) p=a)

k(m — p) '

By (A,) and the Holder inequality we have

1/6 m/p*
/ Hlu|™dx < (/ (|H‘|x|bm dx) </ x|~ bp™ |ul? dx)
RN

< HsS"||(u,v)]|",

(2.8) ()] < (

Similarly, we have [, H|v|"dx < HsS™||(u,v)||". Hence,

(2.9) Hlu||v|Pdx < HzS™||(u, v)||™.
RN

Therefore, from (2.3)—(2.4) and (2.9) we have

kp—q "
(2.10) (u,v)|| > ( .

[ e

Relations (2.8) and (2.10) give that Mg + uhyy > Ay, which is a contradiction. This
completes the proof. ]

By Lemma 2.2, we write N = NT U N~ for 0 < Mg + phag < Ay and define

" = inf Ju,v), 6 = inf J(u,v).
(u,v)EN* (uy)eN—

Also, as proved in Binding, Drabek, and Huang [5] or in Brown and Zhang [2], we
have the following lemma.

Lemma 2.3 For 0 < Ahyg + phay < Ay. Suppose (ug, vo) is a local minimizer for J
on N. Then if (ug, vo) & N°, then (ug, vo) is a critical point of ].
Lemma 2.4 If A and i satisfy 0 < Ahig + phyy < %Al, then
i o6 <o
(i)  Fvyo > O such that 6~ > .
Proof (i) Let (u,v) € N*. It follows from (2.3) and (2 4) that
k( ) -
ey [ b < SE=L )+ S

Then by (2.2) and (2.11), we have that

WHW WP -
pgm ’ pom

I(m — p)(o —

J(u,v) < — 9 [[(u,v)]|” <0,
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which gives

0" = inf J(u,v) <O.
(u,v)EN*

(ii) Let (u,v) € N™. From (2.2) and (2.5) we have
m—

C12) ) 2 KBl = 5 g + ) )

= e (K7 P G 77 = A g+ o)1)

Thus, it follows from (2.10) and (2.12) that

k(p—q) \ &
> — =
v = ( (m — Q)H55m>
m-p( Kp—a) \F _m—q q
g <k mp ((m - q)Hgs’”) mq (Mg + phag)S ) .
If0 < Mg + phy < %Al, then there exists vo(p, q, @, 8, Hs,S) > 0 such that
0~ > 7. Thus, the proof of Lemma 2.4 is completed. -

For each (u,v) € E with [, H|u|*|v|?dx > 0, we set
2(t) = kt? 7| (u, ) ||P + 1779 (u, ) || — t’"—q/ H|u|*|v|" dx.
RY
Then 2/(t) = t?~97'E(t), where

E@®t) =k(p — @)||(u, M| + (o — @t ||(u,v)||” — (m — g)t"? A{N H|u|a|v\5dx.

Set

. ( o — @)p7|(u, )" ) 1/(m=o)
(m —q)(m — p) [ Hlul|v|fdx '

Then it is easy to see that E(¢) achieves its maximum at t*, increasing for t € [0,t*)

and decreasing for t € (¢*,00). Since E(0) > 0 and E(t) — —o0 ast — 00,

E(t*) > 0 and there exists a unique 0 < t* < #; such that E(t;) = 0 and z(¢)

achieves its maximum at #;, increasing for t € [0, ;) and decreasing for t € (t;, 00).

In particular, for I = 0, we have

. :( k(p — @) (u, v)]? )1/“"*?)
0 (m —q) [on Hlu|*|v|?dx

and E(ty) = E(t;) = 0 implies t; < #; for [ > 0. Thus,

(2.13)

m—1p ,_ Mm—0p ,_

@14y ) = KR > km—_gté’ U, )P = 2(t5).
Lemma 2.5 Assume fRN H|u|*|v|?dx > 0 and 0 < Mg + phyy < Ay,

(1)  IfF(u,v) <0, there exists unique t~ > t; such that (t "u,t~v) € N~ and

J(t"u,t™v) = sup J(tu,tv).
>0
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(ii) If F(u,v) > 0, there exist 0 < t* < #; < t~ such that (tTu,t™v) € N¥,
(t"u,t7v) € N~ and

J(ttu,ttv) = inf J(tu,tv), J(t u,t”v) = sup J(tu,tv).
0<t<y >0

Proof Set
Uo(t) = O(tu, tv) = (J'(tu, tv), (tu, tv))

Bdx — t1F(u,v),

= kt?||(u, V) ||? + It ||(u, v)|| — t'”/ Hlu|“|v
RN
(1) = (D' (tu, tv), (tu, tv))
= kpt?||(u, V||? + lot?||(u, v)||” — mt’”/ H|u\“|v|’3dx — qt1F(u,v),
RN

W (r) = J(tu, tv)

924 Iad " 11
= —|[(u, )||” + —||(u,v)]|” — —/ H|u\“|v|ﬁdx — —F(u,v).
p o m Jgy q

Then
(2.15) Wo(t) = tq(z(t) — F(u, v)) .

(i) F(u,v) < 0: There exists a unique t~ > t; such that z(t7) = F(u,v).
It follows from (2.15) that Wo(¢t~) = 0 and (t "u,t~v) € N. Then, ¥V (t7) =
(7)1 (t7) < 0, which implies that (t~u,t~v) € N~. By simple calculation,
we obtain that W5 (¢) = t97!(z(t) — F(u, v)). Furthermore, W4(t) > 0fort € [0,¢7),
Ui(t) < O0fort € [t—,+00). Then W,(¢) gets its maximum at ¢ ~; that is,

J(t"u,t™v) = sup J(tu,tv).
>0

(ii) F(u,v) > 0: Since 0 < Ahyg + phyp < Ay, by (2.7) and (2.13)—(2.14), we get
that

0 < F(u,v) < (Ahig + phag) S| (u, v)||1 < 2(to) < 2(8).

Then there exist t* and t~ such that 0 < t7 < ; < ¢t~ and z(t*) = z(t7)
F(u,v). Similar to the argument in (i), we have (+*u,t"v) € N* and (¢t u,t7v)
N~. Since W4(¢) < 0 fort € [0,t") and W5(¥) > Ofort € [t',1)), J(t u,t*v)
info<;<y, J(tu,tv). Furthermore, it is easy to find that U5(t) > 0 forr € [¢*,17),
U)(r) < Ofort € [t7,+00) and U,(¢) < 0 fort € [0,t*]. Since (ru,t~v) € N7,
by Lemma 2.4(ii), we have W,(t~) > 0. Then J(t~u,t™v) = sup,~, J(tu,tv). This
completes the proof of Lemma 2.5. - ]

m 1l

For each (u,v) € E with F(u,v) > 0, we set
n(t) = kP~ (u, v)||P + 177" || (u, v)||” — 97" F(u,v), t>0.

Then it is easy to check that n(t) — —ocoast — 0%, n(t) — 0ast — 400, and ()
achieves its maximum at some t = T;.
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Lemma 2.6 For each (u,v) € E with F(u,v) > 0and 0 < Ahyg + phyg < Ay, the

following hold:
(i) If [y H|u|*|v|?dx < 0, then there exists unique t* < Ty such that (t*u,t*v) €
N* and

JtTu,t™v) = inf J(tu,tv).
0<I<T,

(ii) If [ Hu|*[v|%dx > 0, there exist 0 < t+ < Ty <t~ such that (t*u,t*v) € N*,
(t—u,t7v) € N~ and

Jttu,ttv) = inf  J(tu,tv), J(t u,t™v) = sup J(tu,tv).
0<t<T; >0

Proof Note that W(t) = "~ (n(t) — [,x H|u|*|v|’dx), similar to the argument in

the proof of Lemma 2.5, we can obtain the results of Lemma 2.6. |

As proved in [23], we have the following lemma.

Lemma 2.7 If u, — uy, v, — vy weakly in E, then there exists a subsequence of
{(un,vy)}, still denoted by {(u,, v,)}, such that

lim / hl\un|qu:/ hy|uolldx, lim / h2|vn|qu:/ ha|vo|ldx,
=400 JpN RN n=1+oo JpN RN

lim / H|un|“|vn|5dx=/ Hluo|®|vo|dx,
RN RN

n—+oo It

3 Existence of Positive Solutions

First, we will use the idea of Ni—Takagi [19] to get the following results.

Lemma 3.1 For each (u,v) € N¥, there exists ¢ > 0 and a differential function
t: B.(0,0) C E — R! such that t(0,0) = 1, the function t(v,w)(u — v,v —w) € N*
for (v,w) € B.(0,0), and

(3.1)
((#(0,0), (¢, ¥))

= —[k(p — )|, V|| + (o — )| (u, V)||” = (m — Q)/ Hlu|*|v|"dx] ™"
RN
-[(kp+la||(u,v)|\PT)/ |x|7“p|Vu\p72VuV1/dx—/ oH || 2ulv|’ pdx
RN RN

—,8/ H|u|a|v|572vwdx—)\/ h1|u|quul/dx—,u/ hy|v|1 2 vwdx]
RN RN RN

for any (¢,) € E.
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Proof For (u,v) € N*, we define G, (¢, (v,w)): R* x E — R! by

Gluw (1, (v, w)) = (J (tu—v),t(v —w)), (tu—v),t(v—w)) )
= (k+1|(t(u =), t(v — ) ||| (t(u — v), t(v — w)) ||?

— / Hlt(u — v)|*|t(v — w)|’3dx — F(t(u —v),t(v — w)) )
RY

Then G, (1, (0,0)) = (J'(u,v), (u,v)) = 0 and by (2.3)-(2.4),

0
57 [Gun(, (0,0)] e

= (kp + lo’H(u,v)HPT) ||, v)||P — m/ H|u|”‘|v|‘3dx— qF(u,v)
RN

=k(p — || (u,V||? + o — @ ||(u,n)]|” — (m —q) /N H|u|”\v\’3dx > 0.
R
According to the implicit function theorem, there exist € > 0 and a differential func-

tion t: B.(0,0) C E — R! such that #(0,0) = 1 and
((£'(0,0), (@, 1))

= —[k(p = Pl )" + Uo = @l (w, W)[|” = (m — q)/ Hlul*|v|"dx] ™"
RN
- [kp + I || (u, v)||pT)/ x| =P |VulP~>VuVvdx — o | H|u|*ulv|’pdx
RN RN
—ﬁ/ H|u|“\v|‘8_2vwdx—)\/ h1|u\q_2uudx—,u/ hy V|7 *vwdx]
RN RN RN
for any (p, 1) € E. Additionally, for any (v,w) € B.(0,0),
G(M,V) (t(V,W), (V,UJ)) = 07 fOr anY (V,(.d) e BG(O) O)a
which is equivalent to
<]/(t(V,(U)(M -V, v—= W)), t(V,W)(M —v,v—= UJ)> =05

that is,
tv,w)(u —v,v—w) € N.

Since
(@' (u, v), (1, v)) = k(p — @[ (w,)||” + 1o — q)||(u,v)[|”
— (m — q)/ H|u|a|v|ﬁdx >0,
RN

by the continuity of function ®'(v, w), t(v,w) and t(0,0) = 1, we have that for any
(v,w) € B(0,0),

(@' (t(v,w)(u—v,v—w), tv,w)(u—v,v—w))
=k(p—q|tv,w)u—v,v —w)||? +1(c — g |t(v,w)(u —v,v —w)||°

—(m— q)/ Hlt(v,w)(u — v)|*|t(v,w)(v — w)|ﬂdx >0
RN
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if € > 0 is sufficiently small. This implies that (v, w)(u4 — v,v — w) € N* for any
(v,w) € B.(0,0). This completes the proof of Lemma 3.1. [ |

Lemma 3.2 Assume (Ay) and (A,). Let Ag = min{%/\l7 Ay}, where

A — (M) q/Pi m—U(M) m/(mfp); (p—a)/p
2 m—q S\ o0—¢q m—q (HySm)m/(m=p) .

Then for 0 < Ahyg + phag < Ao, there exists a minimizing sequence { (i, v,)} C N*
such that,
J(utp,va) = 67, J' (g, vy) =0 inE* asn — oo.

Proof By the Ekeland variational principle [14], there exists a minimizing sequence
{(un,vy)} C N* such that

J(un, vi) < 6" + !
n

(3.2) J(ty, vy) < J(v,w) + %H(un —v,v, — w)|| for each (v,w) € N*.

By taking large n, from Lemma 2.4(i), we have

(33) v = k(% ~ Yl mll”

#1(2= Y md]” — (5~ ) Fla )

o m q m

1 6
<O+ - < —.
n 2
This implies
mq 0" q q
(3.4) ————— < F(up,vy) < (Mg + phag) S| (ut, ve) || 9.
m—q 2

Consequently, (u,,v,) # (0,0) and putting together (3.3), (3.4), and the Holder
inequality, we obtain

_ mgq " 1 1/q
(3-3) 901> (=220 5 s sn)
(3.6) ity ) || < (M(Ah + uh )sq) Y
. ny Vn kq(mfp) 160 T WUrop .

Now, we will show that || J (s, v,))||g= — 0 as n — oo. Applying Lemma 3.1 with
(4, v,) to obtain the functions t,: B, (0,0) C E — R! for some ¢, > 0, such that
ty(v,w)(u, — v, v, —w) € N* for any (v,w) € B, (0,0). Fixed n € N, we choose

0 < p < e Let (u,v) € E\{(0,0)} and (v, w,) = {755 then (1,,w,) € B, (0,0)

and
(‘ppva) = tn(vawp)(un —VpyVn — wp) eN™.
Thus, we deduce from (3.2) that

1
](@pawp) — J(uy, vy) > 7;““0/) - “mwp - Vn)H
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and by the mean value theorem, we have
(T (s va), (Pp—th, hp—v)) > —%H(cpp—un,wp—vn)ﬂ +o([1(pp—ttns Yp=v)|l) -
Therefore,
(3.7) (T (tny vi), =Wy wp)) + (ta (¥, wp) — DT (s, v), (s — 1y Vi — wp)) >

= =l — sy = vl + 012, — s 5y = v,

It follows from t,(v, w)(u, — v, v, — w) € N and (3.7) that

(1, v)
||('4H’)||>
+ (tn(Vpawp) - 1)< ]/(Un; V) — ],(@/)7¢p); (uy — VpyVn — wp)>

- p< J (tt, V),

1
2 _;”((pp - unawp - Vn)” + O(H(‘pp - una"/)p - Vn)H) .

Hence,
(3.8)
/ (u,v) L . _ O(H(Wp_unva_vn)u)
<] (unavn)a ||(M,V)||> < np”(‘ﬁp unv'(/Jp Vn)” + P
+ M< ]I(umvn) - ]I(Qppﬂ/)/)% (uy — VpyVn — w/))> .
Since

||90/J - unawp - Vn)” < p|tn(yp7wp)| + |(tn(Vpawp) - 1)‘ ||(un; Vn)”a

lim ‘(tn(ypawp) — l)l

< /
lim < 10,0,

if we let p — 0in (3.8), then by (3.6) we can find a constant C, > 0, independent of
p, such that

C
< 2 (1+]l50,0)).

(u,v) >
[[(, )|
We are done once we show that ||¢/,(0,0)|| is uniformly bounded with respect to n.
By (3.1), (3.6), and the Holder inequality, we know that there exists some constant
C; > 0, independent of n, such that

<I’(un,vn),

Gll(e, ¥l

’ 0)0’ ) S )
[ (10,00, (0] < =2

V(p,9) € E
where
B, = k(p — )| (tn, vi) ||F + 10 — @)||(tt, v)||” — (m — q)/ H|u|*| v, | dx.
RN

For our claim, it is sufficient to show that |B,| > C, for some C; > 0 and n
large enough. Suppose otherwise; thus, there exists a subsequence, again denoted
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by {(uy, vn)}, satisfying B, — 0 as n — oo; that is,
(3.9) Ay =k(p = )ty vi)[IP + U0 — @) || (1, vi) |7

=(m— q)/ H|un|“|vn|ﬂdx + 0,(1).
RN
Combining (3.5) and (3.9), we can find a suitable constant C4 > 0 such that
(3.10) / H|u,|“|va| dx > C4
RY
for sufficiently large n. In addition, (3.9) and the fact that (u,, v,) € N give that

F(tt, V) = K|| gy vi) [P + 1| iy v)||” — /N H | |*|va]*dx
R

m — m — o
= K g v 2+ 12ty )|+ 00(1)
m—q m—q
and
(3.11) I( )\|<( M9 Ay + ph )sq)l/(P_q)+ (1)
. Uy, Vi < e 0y, .
k(m—p) 10 T WUiop

If we denote
m—o

= (0’ — q)(m — q)WI/(m—p) ’

then for large #,
(3.12)
DAnm/(m_P)

S =
" (S Hlg|[va | doe)p/0m=)

— F(up, vy)

m- m-—o
= D(m — /"4, — (K= ) [P+ 1= [ )[7) + (1)
m—q m—q
k
= b H(umvn)”P +0n(1) < 0.
0—q

However, by (3.10), (3.11), and Ahyp + phap < Ao, we have

- D(k(p = )|t vi) [P/ =0
T (H58m||(umVn)”m)p/(mfp)

— (Mg + he) S| (u, va) ||

—1q

_m=4q A
Cnr— gy o + 20"

m —

> )| DO = )75 (™) 5

— (Ahg + ,U/I’lzg)sq:| > 0.

This contradicts (3.12). Thus, we get

/ (M,V) CS
<](Mn,Vn),m> < o

This completes the proof of Lemma 3.2. ]

Similar to Lemmas 3.1 and 3.2, we can get the following lemma.
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Lemma 3.3 Assume (A;) and (Ay). Then for 0 < Ahyp + phag < Ao, there exists a
sequence {(uy, v,)} C N7 such that, asn — oo,

Ty, vy) — 6, J(uy,vy) — 0in E*.
Now, we establish the existence of a local minimum for J on N*.

Theorem 3.4  Assume (A1) and (A,). Then for 0 < Mg + phyg < Ay, then func-
tional J has a minimizer (ug,vy) in N* and it satisfies

1) J(ug,vg) =6%
(i) (uf,vy) is a positive solution of problem (1.3).
Proof Let {u,,v,} C N* be a minimizing sequence for J on N* such that
J(n, va) — inf J(u,v), ] (un, v,) — 0in E*.
(u,v)EN*
Since J(u, v) is coercive, {(u,,v,)} is bounded on E. Thus, we may assume, without
loss of generality, that 4, — ug, v, — v{ in X. By Lemma 2.4 and 2.7, we have

lim J(up,vy) =07 <0,  lim F(uy,,v,) = Flug,vq).
n—+oo n—+0oo

It follows from (2.2) that
11
(3.13)  J(tty, v) = k(; =) [l ]|

+l(l — %) | s v) || = (1 : )F(umvn)-

o q m
Letting n — 400 in (3.13), we see that F(ug, v§) > 0. Moreover, by Lemma 2.6,
there is a unique t7 < Tj such that (tjug, tJvy) € N and
Wo(ty) = (T (tgug, t5ve), (tgug, 15 vg)) = 0.
Now we show that u, — u{, v, — v§ in X. Suppose otherwise; then
lugllx < liminf|lu,]|lx  or |lvgllx < liminf]|v,|x.
n—+oo n—+0o0o
Thus, as
<]/(tuna tVn)7 (tuna tvn)> = kt‘DH(un, Vn)HP + lt””(una Vn)”J
— tm/ H|u,|“|va| dx — t1F (4, v,,),
RY
(T (g tvg), (tud  tvg)) = keP || (ug, v 1P + 17 || (g, v
- tm/ Hlu|“vg|Pdx — t9E(ud, ve),
RY
it follows that (J'(tguy, tgvn), (¢ tn, tivs)) > 0 for n sufficiently large. Since

(4, vy)} C N7, it is easy to see that (J'(u,, v,), (Uy, v,)) = 0,and for 0 < t < 1,
4
(J' (tuy, tvy), (tty, tv,)) < 0. So we derive t§ > 1. But (tgug, tgv{) € N*, and so

J(tgud, tyve) < J(ug,vy) < liminf J(u,, v,) = %,
n—+oo
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which is a contradiction. Hence, u, — u{, v, — v{ in X and so
I(“0+7 V(J)r) = lim I(una Vp) = 5t
n—+oo

Thus, (4§, vy) is minimizer for J on N*. Since J(ug,v§) = J(|uf],|v§]) and
(lug], [vg]) € N*, by Lemma 2.3, we can assume that (4§, v§) is a nonnegative solu-
tion of problem (1.3). Furthermore, we obtain that 1§ > 0, v{ > 0 by the maximum
principle; see [4,12]. This concludes the proof. ]

Theorem 3.5 Assume (A;) and (A,); then for 0 < Mhyg+ phyg < Ay, then functional
J has a minimizer (u, , vy ) in N~ and it satisfies

(i) J(uy vy ) =073
(i) (ug ,vy ) is a positive solution of problem (1.3).
Proof By Lemma 3.3, there exists a minimizing sequence for J on N~ such that

J(uy, vy) — 1)1‘11;\[ J(u,v), ],(unavn) — 0in E*.
V)ENT

(u

Since J(u,v) is coercive, {(u,, v,)} is bounded on E. Thus, we can assume, without
loss of generality, that 4, — u; , v, — v, in X. By Lemma 2.4 and 2.7, we have

n—+o0o

lim J(uy,vs) =07 >0, lim /H‘un|”|vn|ﬁdx = /H|U0_|Q|V0_|‘de.
n—+00

Furthermore, (2.2) gives that

°

(3.14) T (it v) = k(% . é) 1 (s ) ||+ z(% - é) I (14, v,)|

1 1
—(f—f)/‘m%mea.
m. . q/ Jgy

Letting n — +00 in (3.14), we obtain that [,v H|ug |*|vy [’dx > 0. Thus, by
Lemma 2.5, there is a unique #, such that (¢, u, ,t, v, ) € N™.
We now show that u, — u; , v, = v, in X. Suppose otherwise; then

llug lIx < liminf|ju,||x or vy |lx < liminf|v,|x.
n—+oo n—+oo

Since (#,,v,) € N7, Lemma 2.5 and a simple transformation imply that J(u,, v,) >
J(tuy, tv,) for all t > 0. Then we have

J(ty uy oty v ) < liminf J(t5 u,, ty v,) < lm  J(uy,,v,) =67,
n—+oo n—+oo
which is a contradiction. Hence 4, — u; , v, — v, in X and so

I(“()_yvo_) = nngrnoo J(tp,vy) =07

Thus, (4, ,v, ) is minimizer for J on N~. Since J(uy ,v5 ) = J(|tg |,|vy |) and
(lug |, |vo |) € N7, similar to the argument in Theorem 3.4, we can also get that
(uy , vy ) is a positive solution of problem (1.3). [ |
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Proof of Theorem 1.2 By Theorems 3.4 and 3.5, we obtain that problem (1.3) has
two positive solutions (ug,v§) € N* and (u, ,v, ) € N7. Since N* NN~ = &, the
solutions (uf, v{) and (u, , v, ) are distinct. This concludes the proof. [ |
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