A THEORY OF INTEGRATION
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1. Introduction. The usual development of the Lebesgue integral starts
with a measure that may have been derived from some simpler set function,
its associated class of measurable sets, the corresponding set of measurable
functions, and operations which ultimately define the integral of any given
function of this class, except for certain ones which are unbounded above and
below. Here we propose to define a process of integration with respect to a set
function more general than a measure. This process allows us to integrate
virtually all functions real-valued on our space. The integrals thus obtained
are all completely additive on a certain completely additive class of sets.
Under rather mild hypotheses, we are able to delineate this class of sets
explicitly.

Certain questions of additivity with respect to the integrands are taken
up in §5. This study is continued in §6. The end result is a demonstration that,
under our general hypotheses, our integrals possess all the additivity and
convergence properties of Lebesgue integrals, and in addition Lebesgue
integrals turn out to represent a special case of our considerations.

2. Some basic preliminaries. We begin by stating a number of defini-
tions and conventions which will be used throughout the paper.

If F is any family of sets, we agree to let \U F denote the union of F; that
is, the set of points belonging to at least one member of F. We say that a
family of sets F covers a set 4 if and only if A C U F. We agree to let N\ F
denote the intersection of a family of sets F; that is, the set of points belonging
to each member of F. For finite or infinite sequences of sets we sometimes use
the notations \U,4, and M,4, to denote, respectively, the union and inter-
section. We understand tacitly that the index # is to run over a finite set of
positive integers or all of them according to whether the sequence is finite
or infinite. We sometimes follow a similar convention in summing numerical
sequences. If 4 and B are sets, then by 4 — B we mean the set of those points
that are in 4 but not in B. We agree to denote by (x) the set whose only
member is x. We further agree to let 0 denote the null set as well as zero.

We allow real-valued functions to take on the values + @ or —». We
agree that 0-(+ ) =0-(—) =0, ¢:(+®) = 4+, ¢-(—®o) = —o if
¢ > 0; the signs are reversed if ¢ < 0. Also ¢ + ® = + =, if ¢ is a real number
orc=+®,¢c—® = —o if ¢is a real number or c = — »,

If A is a set of real numbers, we denote by sup 4 and inf 4 the supremum
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and infimum of 4, respectively. We keep in mind that sup0 = — o, inf 0
= +4 o, If Fis a real-valued function and 4 is a subset of its domain, we use
the notations sup,es F(x) and inf,e4 F(x) to denote, respectively, the supremum
and infimum of the values assumed by F(x) for all x in 4. We note that empty
sums are zero.

We say that ¢ is an outer measure on S if and only if the domain of ¢ is the
set of all subsets of S and

0< ¢(4) < X 6(8)
BeF

whenever F is a finite or countably infinite family and 4 C \UF C S. This
is equivalent to the usual definition, namely ¢(0) = 0; ¢ (4) < ¢(B) whenever
A CBCS,; and

d(UF) < 2 ¢(8)
BeF

whenever F is a finite or countably infinite class of subsets of S.

We say that the set A C S'is ¢-measurable if and only if ¢ is an outer measure
on S and ¢(E) = ¢(4 NE) + ¢(E — A) whenever E C S.

A family of sets F is said tobe a ring if and only if E\U F € Fand (E — F)
€ F whenever E and F belong to F. It follows readily that if F is a ring, then
E M F € F whenever E and F belong to F; also, F is closed with respect to
finite unions of its members. In case a ring is closed with respect to countably
infinite unions of its members, it is called a o-ring. If F is a o-ring of subsets
of S, and S € F, then F is called a s-algebra of sets. Complements in S of
members of such a s-algebra are again members of the s-algebra. It is well
known that if ¢ is any outer measure on a set S, then the class of all ¢-measure-
able subsets of S is a ¢-algebra which contains all sets E for which ¢(E) = 0
(in particular the null set itself) and their complements (in particular S)
(cf. 1, pp. 89-90).

If Fy is any non-empty family of subsets of a given set S and g is any non-
negative function whose domain is Fy, then for any set 4 C S, we let I (4)
denote the family of all finite or countably infinite subfamilies G of F, that
cover A (M(A) may happen to be empty). We so define the function § that

g4y = inf D g(B).
GeMm) °¢

Owing to our assumptions on g and our convention on empty sums, it
follows that § is a non-negative real-valued function on the class of all subsets
of S. It is well known that § is an outer measure on S (cf. 1, pp. 90-91). Without
further assumptions about g and Fy, it is not possible to describe the associated
class of g-measurable sets in greater detail than above. However, significant
facts emerge under the following relatively mild hypotheses.

2.1. THEOREM. Let ¥y denote such a non-empty family of subsets of a set S
that a M B € Foand (e — B) € Fo whenever o and B belong to ¥o. (The condition

https://doi.org/10.4153/CJM-1962-049-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1962-049-7

A THEORY OF INTEGRATION 579

(a — B) € Fo alone implies « M B € Fy.) Also, let g denote such a non-negative
Sfunction on ¥, that

gl@) > glaMp) + gla — B)

whenever a and B belong to Fo. Then ¥y is contained in the class of G-measurable
sets.

Proof. We consider an arbitrary set 8 € Fy, and an arbitrary subset 4 of S.
if H is an arbitrary member of M (4), we define the families

G ={y:vy=aMg for some a € H},
G = {¥':9"=a — B for some a € H}.

Evidently G and G’ are finite or countably infinite subfamilies of Fy by our
hypotheses above. We see that G covers 4 M g and G’ covers 4 — B; therefore

2 e@> 2 genp) + 3 gla—p)
> 28+ 2 e() >34 N B+ - p).

veG
From the arbitrary nature of H € I (4) in this last relation, we infer that

Gg4) > g4 N B) + g4 — B). Since the reverse inequality holds because
g 1s an outer measure on .5, it follows that 8 is J-measurable.

2.2. LEMMA. If g and F, satisfy the conditions of Theorem 2.1, and H is any
finite or countably infinite subfamily of ¥, then there exists a finite or countably
infinite disjoint family H C Fo, each of whose members is contained in some
member of H, such that \J H' = \UH and

2 gle) > 2 g(B).
aeH BeH’

Furthermore, if H is finite, so is H'.

Proof. There is nothing to prove if H = 0 or if H consists of a single element,
so we may assume it has at least two elements. We now arrange H in the form
of a non-repetitive finite or infinite sequence . We define a corresponding
sequence B such that

ﬁl = aIan = 0y — (alua2u e Uan~1)

for each positive integer m > 2, not exceeding the number of members in H.
We see that each such set 8, € Fy owing to our hypotheses. We take H’
to be the range of the sequence 8. From our hypotheses it follows that 8, C «y,
g(8,) < glay) for any #» in the domain of the sequence «; hence

2, g8 <2 gla); UHCUH
BeH’ aeH

It is apparent that H’ is disjoint and that each point x € \U H belongs to
exactly one member of H’, whence \U H C U H’, and so finally U H' = U H.
The fact that H' is finite if H is finite is apparent from the above.
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2.3. LEmMA. If g and Fy satisfy the conditions of Theorem 2.1, v € Fo, H 1s
a finite or countably infinite disjoint subfamily of Fo, and G is any finite or
countably infinite subfamily of ¥, then

2(v) > ;}:{ gyNa);
258> 2 (X eBNa).
BeG BeG aeH

Proof. We find it convenient to represent H in the form of a non-repetitive
sequence «, finite or infinite. We may assume H has at least two elements or
there 1s nothing to prove. Then

g(v) > gy Man) + gty —ar) > gly Ne) + g((y — a1) Mas)
+ g((v — 1) — a).
Since a; M ay = 0 by hypothesis, then (y — a;) Nas = vy M as and the
above may be written g(v) > gy M) + gly Nas) + g((v — (a1 Y a2)).

This relation can obviously be extended inductively so that for any positive
integer n not exceeding the number of members of H,

) > 2 e Na) + el — (@U... Ua)),

whence follows the first statement of the lemma. The second is an obvious
consequence of the first.

2.4. THEOREM. If g, and g. are functions satisfying the conditions of Theorem
2.1, A CS, and h = g1 + go, then h(4) = §i(4) + §2(4).

Proof. We assume that there exists some family H € IN(4), otherwise
G1(A), §2(A4), and h(A4) would all be infinite, and the statement of the theorem
would be obviously true. Given ¢ > 0, then, there exist finite or countably
infinite subfamilies H; and H, of F, such that

(1) Zg1<a> < Gi(4) + €/2, gﬁz 22(8) < §o(A) + €/2.

aeH]

By virtue of Lemma 2.2, we may also assume without loss of generality that
H, and H, are disjoint. Now we construct the family

H= {yv:y =aMp for some a € H; and some B € H,}.

Using Lemma 2.3, we see that

Z 2:(8) > Z (Z g2(a N 5)) > Z 22(v),

(2) o
> a0 > 2 (X a@ns) > 2 am.
aeH1 aeH1 \BeH:

Since H is clearly a finite or countably infinite disjointed subfamily of F,
covering A, we obtain from (1) and (2) the relations
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3) k)< 721{ h(y) = TZH (g1(7v) + £:(7)) < 31(4) + §2(4) + €

thus 2(4) < 71(4) + g2(4).
On the other hand, if G is any finite or countably infinite subfamily of
F, covering 4, then

71(4) + 3:(4) < 2 a1(v) + 2 :(v) = 2 h(¥) ;
veG 7eG veG
thus §1(4) + §2(4) < h(4) and the proof is complete.

2.5. COROLLARY. If, in Theorem 2.1, h 1is defined on Fo in such a way that
h(B) < g1(B) + g2(B8) for each B € Fo, then h(4) < §1(4) + §2(A) for each
set A CS.

Proof. The steps leading to (3) in Theorem 2.4 are still valid under the
above hypotheses; and this yields the desired conclusion.

3. The theory of integration. For the remainder of the paper, S will
denote a fixed set, Fy a fixed non-empty family of subsets of .S. We will assume
that MM(S) = 0. Also, u will denote a non-negative finite-valued function
whose domain is F. In later sections we will impose additional conditions on
F, and u. We shall denote by S(F,) the smallest s-algebra of sets containing
F,. Also, for any set A C S, we shall denote by 4 the complement of 4 in S;
thatis, 4 = .S — 4.

Next we consider an arbitrary function f non-negative and real-valued on
S. We so define the associated non-negative function f* on F, that

¥B) = u(ﬁ)-sg[g)f(x) if0 =8 € Fo;f*(0) = 0if 0 € F,.

Applying the procedure of §2 to f* yields an outer measure f*.

In case f is bounded on S, we agree to give to f* the special name ff, and we
denote the value f* (4) by fAf for any set A C S. Thus for each bounded
non-negative function f on S, ff is an outer measure on .S. If f is non-negative
on S but not bounded above, we so define f™ for each positive integer n that
f®(x) = flx) if f(x) <mn, () =n if f(x) > n; and we agree to define
Jaf = lim, [4f® for each set A C S. Since f® < f®+1 holds for each positive
integer n throughout S, it follows that the limit in question exists. Furthermore,
it is easily seen that ff is again an outer measure on .S.

If f is any function real-valued on S, we so define f, and f_ that

Je(x) = fx) if fx) > 0; fe(x) =0 if f(x) <O;

f-(x) = —f(x) if f(x) <0;  fo(x) =0 if f(x) > 0.
Clearly fi and f_ are non-negative on .S and f = fy — f_; also, (—f)+ = f_
and (—f)- = f4. For such a function f, we agree to define fAf = fAf+ — fAf_
for each set 4 C S. Since f = f; and f_ = 0 whenever f is a non-negative
function on S, and since our assumption that MM (S) # 0 guarantees that the
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integral of the identically zero function is zero over any subset of S, we see
that the definition just given reduces to the previous one in case f is non-
negative throughout S, and so is compatible with it. We shall say that f is
integrable if at least one of the integrals [ sf, and [sf_ is finite; it is summable
if both are finite.

Since [f is an outer measure on S whenever f is a function non-negative on S,
each such integral determines its own class of ff—measurable subsets of S.
We let S denote the intersection of all such classes associated with all such
functions. Clearly S is a o-algebra of subsets of S on which every integral of
the type just mentioned is completely additive; moreover, since the integral
of any function real-valued on S is representable as the difference between two
integrals of the type just considered, we see that the integral of any integrable
function is completely additive on S. Of course, without further information
about u, Fy, and S, all we can say about S is that 0 and S are members.

We denote by K, the characteristic function of any given set 4 C S;
that is, K,(x) = 1 if x € A; K4(x) = 0 if x € 4. The particular function
K plays a special role among the functions integrable on S, and we give the
integral fKS the special name g, in keeping with the notation of §2.

3.1. TueoreM. (i) If f is integrable on S and c is a real number, then [ icf
= cfAf for each set A C S.

(ii) If f and g are integrable functions such that f(x) < g(x) holds for each
x €S, then fAf < ng whenever A C S.

Proof. (i). This follows directly from our definition of the integral in case
0<c Ifc<O0,then 0 < —¢, —¢fy = (¢f)-, —¢f— = (¢f)+. We can now use
the result just mentioned to obtain fA (¢f)- = fA—cf+ = —cff+. Putting these
together in accordance with the definition of the integral gives the desired
result.

(ii) It is easily checked that

(1) 0<filx) <ge®), 0<fP@) <),
0<g(x) <f-(x), 0<g"k) <fPx)

hold for each x € .S and each positive integer #. In case both f, and g, are
bounded on .S, we use the first of these relations to infer that

@) g;F 18 < ;F g+ (8)

whenever F € IN(4), whence fAf+ <ng+. Similarly, if both f and g are
unbounded on .S, we infer that fAf;J") <ng+(”) for each positive integer n,
and so again fAer < ng+. If f+ is bounded on S and g, is not, then f, = f,®
for suitably large values of #, whence f, < g,.® and fAf+ < ng+("> hold for
large n; consequently fAf+ <f,,g+. Applying the same arguments to the
second pair of inequalities in (1), we derive ng_ < fAf_. Putting these results
together gives the desired conclusion.

<
<
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We note that an important special case occurs if @ and b are real numbers
and ¢ < f(x) < & holds for each x € S. In this case, we have ag(4) = anKS
< f af < fAbK s = bi(A4). This leads to the following observation.

3.2. COROLLARY. If f is real-valued on S, A C S, and g(A) = 0, then [,f = 0.

Proof. If f is bounded on .S, this is an immediate consequence of the above
remark; otherwise, it follows from our definition of integrals of unbounded
functions as limits of integrals of bounded functions.

4. An additional restriction on F; and u. In this section we assume
that a B € Fy, a M B € Fy, and

ul@) > uleMNB) + ula N B)

whenever a and 8 belong to Fy. Since F, is assumed non-empty, there is some
a € Fy; taking 8 = @ we infer that 0 € Fy. Also taking a = 8 = 0 we see
that u(0) > u(0) + x(0), whence u(0) = 0.

4.1 LEMMA. S contains S(Fg) (recall the definitions at the opening of §3).

Proof. 1t is sufficient to show that if f is any function non-negative on S,
then the class of all ff—measurable sets includes F,, for then it necessarily
includes S(Fy), and so then does S.

Accordingly we take such a function f and consider the function f* associated
with f as in §3. We also assume that f is bounded on S; this restriction will
be removed later. We take arbitrary sets a and § belonging to F,. If both
aM B and o N § are non-empty, then by our sectional hypotheses on u we
have

1 M) = ule) - s;:gf(x) > ul@nNB) - igr%f(x)

+ ulan B) - sup f(x) = FanB) +an p).

In case a M B =0 or a M\ § = 0, we must have, respectively, «a N3 = «
or a M B = a, leading to either

f*@) = fXla N B) = f*l@aNB) + fFlaNB)
or

) = fflanp) = fFlaNB) + f N p),

respectively. Thus (1) holds in any case and f* satisfies the hypotheses of
Theorem 2.1. Hence a is f*-measurable if a € F,. Consequently if E C S
and a € F; then we must have

@  [r-resrenatsrEna= [ i+ [ g

Now suppose f is non-negative on S, but unbounded. Then we infer from (2)
that
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fEf(n) > Luaf(n) + fEn; f(n)

whenever # is a positive integer, E C S and a € Fy. Thus, taking limits of
the three expressions with respect to 7, we obtain [af > [gnaf + [znzf- But
this relation is the criterion that « be an ff—measurable set, and the proof
is complete.

4.2. THEOREM. S consists of all sets of the form D — N, where D € S(Fy)
and g(N) = 0.

Proof. If f is any function non-negative on .S, then [yf = 0 whenever N C S
and (V) = 0 by Corollary 3.2. Since ff is an outer measure on .S, then N
is [f-measurable and so N € S. But, by Lemma 4.1, if D € S(F,) then D € 8.
Thus (D — N) € S.

On the other hand, consider any set 4 € S. Since IM(S) 5 0, there exists
a finite or countably infinite subfamily of Fy, say F, such that \UF = S. By
our sectional hypotheses and Lemma 2.2, we may take F to be disjoint. We
choose an arbitrary set B € F. By well-known methods (cf. 1, Theorem 12.3,
p. 97), it is easily shown that there exists a set Dp which is the intersection
of a finite or infinite sequence of sets, each of which is in turn the union of a
finite or countably infinite subfamily of Fo, 4 M\ B C Dy C B, and @(4 M B)
= g(Dp) <x. Both 4 M B and Dg belong to S, and so both sets are g-
measurable. Consequently, Dy — 4 M B = N, where g(N5) = 0. It follows
that

4=U (DB—'NB)z U Dpg — U Ng,
BeF BeF BeF
where the first set on the right of this equation belongs to S(F,) and the
second is a set of @-measure zero.

5. Some results on additivity of the integral with respect to the
integrand. We will operate in this section under the general hypotheses of
§4. As we just saw, our definition of the integral assured its countably infinite
additivity with respect to a large class of sets. However, additivity with respect
to the integrand is more restrictive. We will begin our study of this question
now. We start with a lemma extending somewhat one result achieved in
Theorem 3.1.

5.1. LEmMA. If B € Fy, f and g are integrable functions such that f(x) < g(x)
holds for each x € B, then fAf < f 48 holds whenever A C B. In particular,
if @ and b are real numbers and a < f(x) < b holds for each x € B, then ap(4)
< fAf <L ba(A4) whenever A C B.

Proof. We note that the statements (1) and (2) occurring in the proof of
Theorem 3.1 (ii) are still valid provided we restrict x and F, respectively,
so that x € B and the members of F are subsets of B. However, if 4 C B
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and if we choose any family G € I (4), we may intersect its members with B
to obtain a family F whose members are subsets of B. Owing to our sectional
hypotheses, it follows that F € I(4); moreover, the sum on the right side
of (2) is not greater than the corresponding sum over G. With this observation,
we are free to take over the remainder of the proof of Theorem 3.1 verbatim
to obtain the desired conclusion, including the note at the end.

5.2. DEFINITION. For any set 8 C S and any function f real-valued on B
we define

Q(f, 8) = Szlfgf(x) - izrgf(X)

if 0 7 B; Q(f,0) = 0.

5.3. DEFINITION. If B C S, then we agree to denote by G(B) the family of all
Sfunctions f real-valued and bounded on B, such that for each ¢ > 0 there exists a
family F € IN(B) with a finite subfamily ' C F for which

(i) @(f, 8N B) < e whenever 8 € F’,
() 2 wB) <e
Be(F=F")

e(F—.

The family F occurring in the above definition may be assumed to be
disjoint without loss of generality. For, following the lines of proof of Lemma
2.2, there exists a disjoint family G € I#(B), each member « of which is a
subset of exactly one corresponding set 8 in F. Thus G contains a finite sub-
family G’ corresponding to F’ in F, and for each a« € G’ with its corresponding
B in F’ we have, by (i),

Qf,eNB) <Qf,BNB) <e
Likewise it follows from (ii) that

> < X #(B) <e

ae(G-G") Be(F—F"
5.4. TuEorREM. If B C S, A C B, cis a real number, f ¢ CG(B) and g € C(B)
then
(i) f e G4
(i) f+ € G(B), f- € G(B)
(iii) ¢f € G(B)
(iv) (f+ 2 € G(B); |fl € C(B)
(v) f-g € G(B).
Proof. (1) This follows at once from Definitions 5.2 and 5.3 combined with
the fact that M(B) C M(4).

(i1) It is easily checked that Q(fi,B8) < @(f,8) and 2(f_, B) < @(f, B)
whenever 8 C .S. From this the desired conclusion follows at once.

(iii) Clearly Q(cf, 8) = |c|@(f, B) whenever 8 C S; thus ¢f € G(B).
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(iv) It is easy to see that Q(f + g), 8) < Q(/, B) + Q(g, 8) whenever 8 C B.
Now, given ¢ > 0, there exist families F € I(B), G € IM(B) with finite
subfamilies F' C F, G’ C G such that

2 ule) <e/2, > u(B) <e/2
aeFTF) 8eG=G")
Q(f,a M B) < ¢/2 and Q(f,3MN B) < ¢/2 whenever « € F’, g € G,

We so define H and H that

H = {y:y = aMpB for some a € F' and some 8 € G’}
H=HUEF-F)U (G -G

Clearly H € 9% (B) and H’ is a finite subfamily of H. Also, if v = o M 3,
where « € F/ and g € G/, then evidently Q(f,y N\ B) < Q(f,a M B) < ¢/2
and Q(g, vy M\ B) < Q(g, 8N B) < ¢/2. Thus, by our opening observation, it
follows that Q(f+ g, v\ B) < ¢ whenever v e H. Also, since (H— H’)
C(F —-F)U (G -G, then
2w < 2w+ X uB) <e
ve(H-H’) ae(F—F’) Be(G—G")

Finally, since f + g is bounded on B, we conclude that (f + g) € G(B). In
particular, from (ii) and the fact that f = f4 4 f_, we derive |f| ¢ G(B).

(v) Since f and g are bounded on B, we may select a positive number M
serving as an upper bound for both f and g on B.

Given € > 0, we select families F ¢ M (B) and G € M(B) with finite
subfamilies F' C F and G’ C G such that
> ),L(a) <e/(243M)and Q(f,a N\ B) < ¢/(2 + 3M)

ae(F—F’
whenever o« € F/;
e, H(B) < /(2 +3M)and 2(g, 5N B) < /(2 +3M)
whenever g € G'.
We define sets H and H from F and G as in (iv) above. Thus if v = o M B,

wherea € F/, 8 € G’,and v M B # 0, then inf,e,q5/(x) = m is a finite number
and we see that

Sup fx)-gx) < sup gx)- (flx) —m) + sup mg (x)

zeyNB

< MQ(f,v N B) + sup mg(x);

reyNB

zgg‘fo(x)-g(x) > 11r}]fB gx) - (f(x) — m) + inf mg(x)

zeyNB

> — Ma(f,y N B) + inf mg(x).

rzeyUB

By subtraction, we obtain from these relations
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Q(f-g v M B) < 2M(f, v N\ B) + Q(mg, vy N B)

<
< 2MQ(f,a N B) + MQ(g, BN B) < 2¢/3 + ¢/3 = e

This last relation clearly holds if ¥ M B = 0, hence it holds for each v € H'.
Also, H-H)C (F — F) U (G — G'), thus
2 kM < 2w+ 2 ).
vye(H-H’) ae(F—F’) Be(G—-G’)
Finally, since f-g is bounded on B, we conclude that f-g € G(B).
There is an obvious analogy between the class C(B) and the class of functions

bounded and continuous almost everywhere on a closed interval. It is strength-
ened in the next theorem.

5.5. LEmma. If B € By, f € C(B), and g € C(B), then [s(f+ g) = [sf
+f3g-

Proof. We let b = f + g. By Theorem 5.4, k € G(B). We select a positive
number M, serving as a bound for |f|, |g|, and |%| on B, and not less than z(B).

We suppose € > 0 and select families F € IN(B), G € M(B) with finite
subfamilies ' CF, G’ C G such that Q(f,a N\ B) < ¢/8M, Q(g, 8N B)
< ¢/8M whenever « € F’ and 8 € G/,

> ula) < ¢/8M, > u(B) < e/8M.

ae(F—F’) Be(G—-G’

Owing to the remarks following Definition 5.3, we may and do assume that
F and G are disjoint. Also, we may further assume without loss of generality
that the members of F and G are subsets of B, since otherwise we could inter-
sect their elements with B without altering the above inequalities. Thus we
have

(1) Qf,a) < ¢/8M and Q(g, 8) < ¢/8M whenever a« € F’ and g € G;

and

2) 2 @) <e/8M, 3 u(B) < e/8M.

ae(F—F’) Be(G—G

We now define K’ = {y:y = a /M B for some o € F’ and some g8 € G'}.
Clearly K’ is a finite subfamily of Fo, thus (B — \UK’) € F,. It is easy to see
that K" \U (F — F') U (G — G’) € M(B), and consequently (F — F')
UG-G e MB — UK’). Thus from (2) we obtain

(3) a(B— UK < e¢/4M
For each x € (B — UK') we have —M < f(x) < M, —M < glx) < M,
—M < h(x) < M; so, by Lemma 5.1 and (3), we have

4)

f h—f f= gl<3Mﬁ(B-—-UK')<3e/4
B-UK’ B-UK'’ B-UK’
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If 0#aMNB =+, where « € F/ and g € G/, we let m(y) = inf,f(x)
and m'(y) = inf,g(x). From (1) we see that for each x € 7,
(6) m(y) <flx) <m(y) + ¢/8M,m'(v) < g(x) < m'(y) + ¢/8M,

whence m(y) + m'(v) < h(x) < m(y) + m'(y) + ¢/4M. Applying Lemma
5.1 to (5) we obtain

m)E() < f £ < m@)Eky) + ) /8,
w k) < f ¢ <M MaW) + aly)/8M,

[m(y) + m' (aly) < f b < [m(y) + m (0)]aY) + enly) /4M.

From these relations we obtain

(6) Lh—(ﬁf+ fg)[ < eily) /AN,

This last relation holds if ¥ = 0, hence it holds for each set v € K’. From the
complete additivity of our integrals on S(Fy), the disjointedness of K’, and
(6) we infer

l h — <f f+ f g)l < i(UK)/AM < g (B) /4M < /4.
UK’ UK’ UK’
Putting this together with (4) completes the proof.

5.6. THEOREM. If B € Fy, f € C(B), g€ CG(B), 4 € S, and A C B, then
Jaf+ g = [uf + Jag

Proof. The statement is true if 4 € Fy by virtue of Theorem 5.4 (i) and
Lemma 5.5. If A is the union of a finite or countably infinite subfamily F of
Fy, we may, by virtue of Lemma 2.2, take F as disjoint, whence by what
was just said we obtain

fA(f+g)=ﬂXZmL(f+g)=Z%(Lf+£g)= Ji+fe

Next we take up the case where A4 is the intersection of a finite or infinite
sequence D of sets, each term in the sequence being itself the union of a finite
or countably infinite subfamily of F,. By repetition of the terms of D if neces-
sary, we may assume that D is an infinite sequence. For an arbitrary positive
integer n, we let F, denote a finite or countably infinite subfamily of F, for
which D, = \UF,. By intersecting the members of F, ., with those of F,, if
necessary, we may assume that D,y = UF,,; CUF, = D, for each =.
By well-known properties of completely additive set functions, we infer that

L(f+g)=li;nfbn(f+g)=li:n<fp”f+ fD”g)= S+ e
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Finally we take up the case where 4 = D — N, where D is a set of the type
considered in the preceding paragraph, and @(N) = 0. Clearly g(D N\ N) = 0,
and D = 4 \U (D M N), whence by what we just proved and Corollary 3.2
we obtain

Jovo=foro+ [ oro=-foro=[r+ [
(Lo L)+ (e 0= Lo S

This completes the proof, since each set 4 € S, 4 C B € Fy is of the type
just considered, as may be seen from an inspection of the proof of Theorem 4.2.

We note in passing that if B € Fy, ¢, ¢, ..., ¢, are real numbers, and
Cy, Cs, ..., C, are mutually disjoint members of F,, then f = Y ,_"c.K¢;
belongs to C(B). We will show that the integrals of such functions have the
values one might expect for them.

5.7. LEMMA. If n is a positive integer, Cy, Cs, . .., C, are mutually disjoint
members of S, A C S, and 0 < ¢y, ¢2y ..., ¢, <@, then

n

E Cil-_"(A ﬂ Ci) < 4 Z}, CiKci.
i=

i=

Proof. We let f = 3 .—1"c.K¢,. For any positive integer j, 1 < j < n, we

consider fAnci f. In case any one of these integrals is infinite, the desired con-

clusion holds. In case they are finite for each such j, we take an arbitrary

e > 0. For each such j we select a family F; € (4 M C;) such that, in the
terminology of §3,

) Sre< [, rvam

We may assume without loss of generality that for each 8 € F;, M4 N C;
# 0, since otherwise we could discard from F; those members failing to
intersect 4 M C; to obtain a subfamily still satisfying (1) and belonging to
MA NCy).

For any 8 € F,, then, we see that ¢; < sup,f(x), whence ¢;u(8) < f*(8).
from (1) and the definition of 7 we see that

@ wUNCI<a R @< Dr@< [ frem

Then, using (2), the disjointedness of the sets C,, the additivity of the integral,
and the fact that A N\ (C; U C. U ... U (C,) C A we obtain

i c(ANCy) < Lf'i" €.

i=

Since e is arbitrary, the proof is complete.

5.8. LEMMA. If A € S and B € By then [4K5 < a(4 N B).
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Proof. We take an arbitrary family H € ¢ (4). By Lemma 2.2, we may
assume H is disjoint. Given ¢ > 0, we select such a family K € It(4 N B)
that

L ﬂEK k(B) < E(ANB) + e

We now define

D={yiy=aMNBNB for some a € H and some 8 € K}
D' = {y:¥ = a N\ B for some a ¢ H}.

We see that D € (4 N B), D UD’) € M(4). Since vy \ B = 0 for each
v € D', then K*5(y) = 0 for each such v and so

@ [ K< T K= T K0 < T ut)
A v7¢(DUD")

veD veD

<X (G rensnB) < > (X wanp).

aeH
Recalling Lemma 2.3, we derive from (1) and (2),
fKB< 2, w(B) <EANB) +e
A €

The arbitrary nature of e gives the desired result.
5.9. CoroLLARY. If A € S and B € Fy then [,Ky = g(4 N B).
Proof. This comes from Lemmas 5.7 and 5.8.

5.10. CororLLARY. If A € S, Cy, Cy, ... C, are mutually disjoint members
of Fo, c1,¢o0 ..., cy are real numbers, then

n n

] cK¢; = Z ci(4A N Cy).

A i= =1

Proof. Since IM(S) # 0 by hypothesis, there exists a finite or countably
infinite subfamily F of F, with \UF = S; we may assume F to be disjoint.
For each B € F it is easily seen that K¢, € G(B8), thus

n n
Z ciKe; = Z Cif K,
i=1 ANg

AN i=1

by Theorems 5.6 and 3.1. The conclusion follows from Corollary 5.9 and
summing the integrals over the family F.

5.11. THEOREM. If fi, fo, ..., fm are functions non-negative on S, then
[ (1)< [
A i=1 i=1 A

Proof. We take up the case where m = 2 and let g = f; + f». We assume

whenever A C S.
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first that both f, and f, are bounded on S. Using the terminology of §3, we
see that if 0 % 8 € Fy, then

1) g8 = w(B) Szue’lsg)g(x) < #(ﬁ)(sig)fl(x) + Sﬁgfa(x)) = f1(8) + £2(B).

In case 8 = 0, we have g*(8) = f*1(B) = f*»(8) = 0, whence (1) holds for
each B € F,. By virtue of Corollary 2.5, we see that if 4 C .S, then ng
= g*(A) <f*1(A) +f-*2(A) = fAfl +fAf2'

If both f; and f, are unbounded on S, then we see that g™ < f,™ + f,™
holds throughout .S for each positive integer n, whence by an argument similar
to that just given we conclude that [,g™ < [4f;® —}—ffz(”) holds for each
such #. Taking limits with respect to # completes the work. In case just one
of the two functions f; and f, is unbounded on S, a minor obvious modification
of the above procedure leads to the desired result. Ordinary induction takes
care of the general case.

5.12. CorOLLARY. If A C .S and the functions f1, fa, . . ., fu each have a finite
integral over A, then so does Y ._1"f:.

Proof. We let g = > ,.1"f.. It is easy to see that

n n

gr(®) < 20 ful@), g < 2 fix)

i=1 i=1

for each x € S, whence by Theorem 5.11 and 3.1, ng is finite.
We conclude this section with a result concerning uniform convergence.

5.13. LEmmaA. If A C S, f and g are functions real-valued on S with finite
integrals over A, then |[1f — [ag| < 2[alf — g.

Proof. 1t is easily verified that f(x) — g.(x) < |f(x) — g(x)| and g_(x)
— £-() < |f(x) — g)| whenever x € S. Thus £y (¥) < g+(x) + [f(x) — g()]
and g_(x) < f-(x) + |f(x) — g(x)| hold whenever x € S. Applying Theorem
3.1 and 5.11 we see that

Lf+< J;g++fA |f = gl, Lg-< Lf-—l—fdlf—gh

Adding and re-grouping the terms in these relations, we obtain

(Lﬂ— Lf—) - <L g+ — fA g_) <2L If — gl,

hence [4f — [4g < 2[4|f — g|- Reversing the roles of f and g completes the
proof.

5.14. CoroLLARY. If A C S, G(4) < =, f is an infinite sequence of functions
real-valued on S, each with a finite integral over A, g is real-valued on S, and f
converges uniformly to g on S, then lim,,fAfn = ng and liman]fn —gl =0
If B € Fy and the uniform convergence holds only on B, then the conclusion is
still valid provided A C B.
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Proof. Given ¢ > 0 we select such a positive integer N that |f,(x) — g(x)]
< ¢ holds for each x €. S and each #n > N. Thus —e + fy1i1(x) < g(x)
< fys1(x) + ¢ for each x € S. From the remarks following Theorem 3.1
and Corollary 5.12 we conclude that ng is finite. Thus we may apply Lemma
5.13 and the remarks following Theorem 3.1 to infer that|[,f, — [ag|
< 2fA|f,, — g| < 2ea(4). The conclusion follows from the arbitrariness of e.
Under the alternative hypotheses, the inequalities developed in the proof
just given are still valid provided x € 4 and 4 C B, due to Lemma 5.1 instead
of Theorem 3.1, and so the stated conclusion is valid.

6. Further additivity and convergence properties with respect to the
integrand. To obtain the usual Lebesgue theorems we need to extend
Corollary 5.10 to cover the case where B is an arbitrary member of S, and to
extend Theorem 5.11 to cover the case of infinite sequences. It is possible to
construct examples showing that this cannot be done under the general
hypotheses of §§4 and 5. Accordingly, in this section we will add to those
hypotheses the following: if B € Fy, ¢ > 0, AC B, and 4 is the union of a
finite or countably infinite subfamily of F,, then there exists a family
F ¢ M(B — A4)such that the subfamily F’ consisting of those members of F
that intersect 4 satisfies the relation

> () < e
BeF’

This new condition would be satisfied if Fy were endowed with the property
that (B — 4) € Fy whenever 4 is the union of a finite or countably infinite
subfamily of Fy. The above hypotheses would be satisfied still more particularly
if Fy were a completely additive family of subsets of F; and p were a measure
on Fo. It will be apparent that our integral will agree with the Lebesgue
integral on F, when applied to p-measurable functions in this special case.

In what follows, we will be dealing with the class of g-measurable functions.
We shall assume that the properties of such functions are known (cf. 2, pp.
12-15).

6.1. LEMMA. If A € S, b is a non-negative real number, f is a function non-

negative on S for which 0 < f(x) < b whenever x € 4, then 0 < f,,f <L ba(4).

Proof. We show this first under the assumption that f is bounded throughout
S. We choose a positive number M > b serving as an upper bound for f on S.
We select a family F € I (S) and use Lemma 2.2 to justify the assumption
that it is disjoint. We take an arbitrary set B € F and an arbitrary ¢ > 0.
By Lemma 5.1 we see that

1) 0< fo<Mp(Q)<e

whenever Q C B and g(Q) < ¢/M.
We select such a family G € (B — 4) that
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E(UG) < BL:; p(B) < E(B — A) + ¢/2M,

whence, setting C = U G, we readily check that
(2) EANBNC) < ¢/2M.

By intersecting the members of G with B if necessary, there is no loss of
generality in assuming U G = C C B.

We now use our sectional hypotheses to find a family H ¢ (B — C)
such that the subfamily H’ consisting of those members of H that intersect C
satisfies the relation

3) g(UH) < Z}:{,u(a) < ¢/2M.

Following the lines of Lemma 2.2, we are justified in assuming that H is disjoint
and its members are subsets of B.

We let D=\UMH —H'), E='\UH'. For any set « ¢ (H— H’), we
have a M C = 0, and so o C 4 M B. Thus, by Lemma 5.1, we have 0 < faf
< bi(a) for each such «, and by additivity of the integral we obtain

(4) 0<ff<bﬁ(D); DCANB.

Since B—C)C\UH=DWUE then [(ANB—-D)— C]CE. Also
ANB—-D)N\CCANBMNC. Putting together these relations we
find that (4 "B — D) CE\U (A NBNC), and so from (2) and (3) we
conclude that

(5) g4 NB —D) < ¢/M.

Since A B = (AN B — D)\UD, we now use (1), (4), (5) and the
additivity of our integral to see that

0<f f<ba(D) + e <ba(4d N B) +e
ANB

Since ¢ is arbitrary, we conclude that 0 < fA,,Bf < ba(A M B). Finally, from
the arbitrary nature of B € F, the disjointedness of F and the fact that
A C UF, we obtain the desired result.

In case f is unbounded on S, we use the result just obtained to infer that
0< fA f™ < ba(A4) for each positive integer n, whence the desired conclusion
is derived by taking the limit with respect to #.

Our definition of the integral of a given function over a set A may involve
values assumed by the function outside of 4. This explains the need for the
following result.

6.2. CorROLLARY. If A € S, f and g are functions real-valued on S, such that
0 < flx) < g(x) for each x € S, and f(x) = g(x) for each x € A4, thenf,tf = ng.

Proof. We so define hon Sthath = g — f;theng = f + k. All three functions
are non-negative on S and by Theorem 5.11, ng < f,J + fAh. Since k(x) = 0
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for each x € 4, we may apply Lemma 6.1 with & = 0 to infer that fAh =0,
when ng <f,,f. The reverse inequality follows from Theorem 3.1.

6.3. CorROLLARY. If 4 € S, Cy, Co, ..., C, are mutually disjoint members
of S,0< ¢c1,¢5...,¢ <, then

n

] cKe; = ;1 cii(d N Cy).

A i=

Proof. We let
f= Zl K, D= E)lci-

Since f(x) = 0 whenever x € (4 — D) and f(x) = ¢; whenever x € C;, we
infer from Lemma 6.1 that fA_Df = (0 and fAuc,-f < ;@4 N C,) for each
positive integer ¢, 1 < ¢ < n. Then, using Lemma 5.7, we see that

n

Seaunci<[i=f s+f 1= [ r<3 cauncy

i=1 i=1

Functions of the type considered in Corollary 6.3, without, however, requir-
ing that ¢y, ¢, . . ., ¢, be non-negative, are often called simple. It is easily
checked that the sum of two simple functions is again simple.

6.4. COROLLARY. If f and g are non-negative simple functions and A € S,

then [4(f + g) = [4f + [ag.

Proof. The method of proof is well known and is therefore not given here

(cf. 2, p. 21).

6.5. LEMMA. If A € S, f is a non-decreasing sequence of non-negative functions
on S, each of which is g-measurable, and g = lim, f,, then ng = limanfn.

Proof. We show this first on the assumption that f is bounded on S. We
select a family F € I (S), which we may take to be disjoint. We consider an
arbitrary B € F and take ¢ > 0. For each positive integer #, we let

On=1{x:x€ BN A and 0 < g(x) — fu(x) < €}.

Evidently Q, C Q.41 for each positive integer #, and B M 4 = lim, Q,,
whence g(B M A4) = lim, a(Q,).

From the boundedness of g on S it follows by Lemma 6.1 that fBg is finite,
and moreover there exists § > 0 such that

) o< [ e<e
D
whenever D C B, D € S, and (D) < 4. We select NV so that
0< aBMNA) —alQv) =BBNA—-Qy <56
and let D = BM A — Qy.
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Using Theorem 3.1 and the fact that f, < f,+1 holds throughout S for each
positive integer n, we have

@) fv<tim .
ANB n ANB

Also by Lemma 6.1,

3) . @5 <aw,
N

and by Theorem 3.1 and (1),

@ o< J @-m< fe<e
D D

Now, recalling Theorem 5.11 and using (2), (3), and (4) we get
J o< | st ) G-m<im [ g+ea+am,
ANB ANB ANB n ANB

whence fAnt < limanan,,. The reverse inequality comes from the fact that
0 < f. < g holds throughout .S and Theorem 3.1. Hence fAnt = lim, fAann.
The task is completed by summing over the family F with a little care.

In case f is not bounded on S, then for any positive integers # and k&, the
inequalities f,® < f, < g, fu® < furi® < g®, lim, f® = g® hold throughout
S. Using the result just established on the sequence f® with limit g®, and
taking appropriate limits with respect to k, the final result is easily achieved.

6.6. COROLLARY. If f and g are functions non-negative on S and jg-measurable,

and A €S, then [4(f + g) = [uf + [ag.

Proof. As is well known (cf. 2, p. 14), there exist non-decreasing sequences
s and t of non-negative simple functions such that lim, s, = f and lim, ¢, = g
hold throughout S. Evidently s + ¢ is a non-decreasing sequence of non-
negative simple functions converging to f 4+ g throughout S. The derived result
is an immediate consequence of Corollary 6.4 and Lemma 6.5.

6.7. COrROLLARY. If f and g are real-valued on S and f-measurable, A € S,
and both functions are mon-negative on A, then fA Ff+g = fAf + f ag-

Proof. We let b = f+ g. We see that 0 < Ay < fr +grand 0 < A < S
+ g_ hold throughout S; also 2, = f4 + gy and 0 = A_ = f_ 4+ g_hold on 4.
Thus, applying Corollary 6.2, Corollary 6.6, and Lemma 6.1 we obtain

fAh+= fA (fr +g4) = fAf++ ng+;
‘Lh_ f(f-+g->= Lf—-l- ng—=0;

putting these results together completes the proof.
With this in hand, it is possible to prove the following theorem easily (cf.
2, p. 24). We state it without proof.
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6.7. THEOREM. If A € S, f and g are real-valued on S and g-measurable, both
functions possess a finite integral over A, then fA GF+o = fA f+ ng.

As we mentioned earlier, our definition of the integral of a function over a
set 4 involves function values outside of 4. However, we are finally in a
position to show that these values do not affect the values of the integrals of
pg-measurable functions after all.

6.8. COROLLARY. If A € 8, f and g are real-valued on S and g-measurable,
[ag is finite and f = g on A then [f = [4g.

Proof. We so define £ on S that h = f — g. Clearly b, = h_ =0 on 4,
so by Lemma 6.1, fAth = fAh_ = 0, whence fAh = 0. Since f = g + k on S,
we now infer from Theorem 6.7 that [4f = [1g + [4h = [4g, as required.

Owing to Corollary 3.2 this last result is true if f = g g-almost everywhere
on 4.

From this point on, no special techniques are needed to prove such theorems
as the Fatou lemma and the general Lebesgue convergence theorem, so we
omit their proofs (cf. 2, pp. 29, 30).

The writer proposes to investigate the Fubini theorem and transformation
theory from the present point of view in succeeding papers.
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