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On Tubes of Force in a special class of

electromagnetic fields.

By G. 8. Easrwoob.

(Received 6th April 1928. Read 9th June 1923).

1. Introduction.

Professor Whittaker, in a paper entitled “ On Tubes of Electro-
magnetic Force” {see Proceedings of the Royal Society of Edinburgh,
Vol. XLIL, Part I. (No. 1)}, introduces certain surfaces, which
he names calamoids, in connection with an electromagnetic field in
the four-dimensional world of space-time. The calamoids consist
of ‘“a convariant family of surfaces which when the field is purely
electrostatic or purely magnetostatic reduce to the ordinary Faraday
tubes of force.” Professor Whittaker, in the paper referred to,
also introduces two sets of surfaces, each a covariant family of o ?
surfaces, one of them named the electropotential surfaces, and the
other family the magnetopotential surfaces of the electromagnetic
field. The electropotential surfaces and the magnetopotential
surfaces are shown to be everywhere absolutely orthogonal. (One
member of each family meeting at @ point, any line from this point
in the one family is orthogonal to every line through the point in
the other family). Moreover, a *‘calamoid, at every one of its
points, is half-parallel and half-orthogonal to the electropotential
surface which passes through the point, and is also half-parallel
and half-orthogonal to the magnetopotential surface which passes
through the point.”

The electromagnetic field considered by Professor Whittaker
is one in free space, and such that the electric and magnetic vectors
are everywhere perpendicular to each other. In the last section
(§ 14), however, of the paper, he abandons the latter restriction and
shows how to obtain two related families of geometrical forms in
four-dimensional hyperspace involving the components of the
electric and magnetic vectors of the field. Given certain conditions,
“these geometrical forms are families of surfaces intersecting each
other at right angles and resembling the electropotential and
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magnetopotential surfaces previously introduced.” In this case
‘““the calamoids can be introduced in precisely the same way” as
before.

The aim in the following paper is to discuss the properties of
the electromagnetic field after the manner indicated by Professor
Whittaker in § 14, in the case when &2 +d? +d? — A2 — A2 — A2 =0 is
satisfied everywhere and at all times, d,, d,, d, being the com-
ponents of the electric vector and 4,, A,, A, the components of
the magnetic vector. When d, A, +d, h,+d, h =0, i.e. when the
electric and magnetic vectors are perpendicular, and when also
&+ d? +d? — k2 - A2 - h? is not zero, “the cross-section of a thin
calamoid (measured by the area which it cuts off on the electro-
potential surfaces which intersect it in curves) multiplied by the
value of (d2+dZ +d? —h% —hZ — h2)}, is constant along the whole
length of the calamoid.” In what follows it will be shown that
when d% +dZ +d7 - hZ - B2 ~ B is always zero and d b +d, h,+d, h,
18 not zero, t.e. when the electric and magnetic vectors are not
perpendicular, the quantity (d .k, +d, h, +d k) multiplied by the
cross section of a surface (defined as in § 14 of Professor Whittaker's
paper) 18 constant throughout the length of a thin calamoid.

I1. Families of surfaces resembling the electropotential and
magnetopotential swrfaces.

Taking the set of total equations given by Professor Whittaker
in §14 of ““On Tubes of Electromagnetic Force,”

(M, + ) dy — (M, + ) da+ (M, — ph) i =0

~ (A, + pd) dx + (M, + pd,) dz + (Ad, - ph,) dt =0
(A + i) ds = (Nh, + i) dy + (M, - uh) dt =0
- (A, - pd,) dx - (Ad, - ph,) dy — (Ad, - ph,)d, =0

and, also, the condition that this set shall be equivalent to only
two equations, t.e,

(doh+d by +d h)N+(dE +d} +d? RS —h% —RE) Ap
- (dz hz + dy hy + dz hz),”'g = 0:
then, since d_ k%, +d, A, +d, A, is not zero, while

d+dE+d R R - R =0,
p=%A;
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hence, one family of geometrical forms is defined by the total
differential equations

(h.+d)dy— (b, +d,)dz+(d. - h)dt=0
(4) —(h, +d) d +(h,+d)dz+(d, - h,)dt=0

(h, +d,) dx - (h, +d,) dy +(d, ~h)dt=0
~(d, ~h,)dzx — (d, - k) dy ~ (d, ~ h,) dz -0

and another family of geometrical forms is defined by

‘ (h,—d))dy — (R, -d,)dz+(d,+h,)dt=0
~ (hy - d)) dw +(h, ~ d) de+(d, +h,)de=0
(B) 1 (hy — dy) e - (hy — ) dy (dth)dim0

—(d, + k) da - (d, +h,) dy - (d, +h,) dz -0

Each of these two sets is a covariant set of differential equations.
From set (A),

h,-d, h,-d,
dz= - h,d e hdy
h,+d, h,+d,
dt=—d,—h,dz+ - d

For these to be unconditionally integrable

(a h~d, 0 hpd, 2\ h—d, (a h—d, 0 hatd 0\ h —d,

PR d~hdz d-h,ot) d-h, @4' Y + dh3t) 4% must =0
and also

D hod, 0 hysd, 2\ had, (a+h—d 3 hgtd, 3\ —(hyd,)
<6x d—h3z d-hdt)d—h \dy d.haz+d,_h,az> dh,

Taking into account the Maxwellian equations,

oh, 3k, ad, od, __a_d,__ oh, \
oy o=z ot dy 0z ¢
oh _ 2k _2d, 2d, _2d 2k,
oz ox ot 0z ox ot
oh, ok _2d [ 2d, 2d _ 2k [
ox oy ot ox oy ot
od, oad, @d, 3h, 2h dh,
or Py .0 )] Tty t a0 )
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and also the fact that d +d? +d; ~ A2 — A - &? is zero everywhere
and at all times, it is found that these conditions of unconditional
integrability are satisfied. Hence set (A) of total equations defines
a family of oo * surfaces. Similarly, for set (B), the conditions of
unconditional integrability are satisfied and these equations also
define a family of w * surfaces.

By the method of §6 of Professor Whittaker’s paper the two
families (A) and (B) can be shown to be absolutely orthogonal.
For, taking the absolute of the four-dimensional hyperspace which
is under consideration to be

taz+ry-ai=0, x,=0, (2, @, x5, 2, %)

being homogeneous coordinates and

&
X=—, Y=— 3=—, t=—,
-4

the units being such that ¢, the velocity of light, is equal to 1 ; the
condition that any two of the surfaces, one from each family,
intersecting at a point, may be absolutely orthogonal, is

dx,, dx, + dy, dy, + dz, dz, — dt, dt, =0,

where (dx,, dy,, dz,, dt)) is any line element from the point in the
surface belonging to family (A) and (dwx;, dy,, dz,, dt,) is any line
element issuing from the same point in the surface belonging to
family (B).

Two lines are orthogonal when the points in which they meet the hyper-
plave at infinity are oonjugate with respect to the absolute. Thie is
satisfied by the two line elements if dx, duy+dy, dy,+dz, dz; - ds, dty,=0.
It the line elements are any that can be drawn in their respective surfaces
from the given point of intersection, and if also this relation holds, then
any line element from the point in one of the surfaces is perpendicular to
every line element from the point in the other surface ; the surfaces are then
absolutely orthogonal.

But, from set (A) { (h, +d,) dy, = (h, + d,) dz, — (d, - h,) dt,

(hz + dz) dxl = (hz + dx) dzl + (dv - hﬂ) dtl
and from set (B) { (h.+d,) dzg= — (h,+ d,) dzy ~ (b, +d,)dt,
(ht + d,) dt? == (hv - dﬁ) d.’L', + (hz + dz) dy? .

If from these substitution is made in
(b + d,) (dz, doy + Ay, dy, + dz, dz, — dt, dty),
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it is found to vanish. Tt will be found that if in this expression
(h.+ d,) is replaced by (d, — A,) or any other of the coefficients of the
differentials in set (A) or set (B), the resulting expression vanishes
and hence

dx, dx, + dy, dy, + dz, dz, — dt, dt,= 0.
This property of absolute orthogonality of families (A) and (B), as

is mentioned in the introduction to the present paper, is stated by
Professor Whittaker to be generally true (§14, last paragraph).

ITI. The Calamoids.

The partial differential equations of the calamoids can be set
down at once since a calamoid is, at any one of its points, half-
parallel and half-orthogonal to that member of family (A) which
passes through the point, and also half-parallel and half-orthogonal
to that member of family (B) which passes through the point.
Following §4 and §10 of Professor Whittaker’s paper, if we define
any one of the surfaces of family (A) by the equations

=2z (u, v), y=vy (u, v), 2=2 (4, v), t=t (u, v)
we get

d,~h, _ d,—h, _ h,+d, _ d,-h, _ hy+d, _ h,+d,
0@wy) dme) @Y w2 3w (x9
0 (u, v) 0(u,v) 9(u,v) 0O(u,v) 0(u,v) 0(u,v)

and the direction ratios of this surface (e, B, 7, 6, ¢, {) are given
by av:8:y:8:¢:¢

= (h,+d): - (hy+d,):(d,~h): (b, +d,) : (d, b)) : (d, - by).

Taking («, B, v, 8, ¢ () for direction ratios of the tangent plane
to a calamoid defined by

z=z(u, v), y=9 (% v), z2=2(u, v), t=t(u, v)
we have . : B:y:8:e:¢

=8(z,t) . _B(y,t) . 9(y, 2) . 3(x t) . _-a(x,z) 0 (=, y)
o(u,v)" B(uv) ?(u,v)  (u,v) 9 (u,v) " (%)
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Hence (see (10) and (15) of “On Tubes of Electromagnetic
Force ), for the calamoid and the surface of family (A) to be half-
parallel and ha.lf—orthogonal we have, respectively,

Bz, y o (x, 0(x, t
h+ ) (x 'U) (’%‘de)ZE%’z; +( z—hz)a((qf’v;
3 (y, 2) a(y t) T RACINE
* (h‘+d’>?) (%, v) +(, = 3 (u, 1) +(d. h’)a (u, v) -
<
9 (z, y) 0 (=, z) o (=, t)
_(d,_hz)a(u, (y ( ) (z I)a( ,’U)
oy, 2) dly. t) d(z, t)
z £ WA d }l’z d -y =
"5ty Tt gy TR
These by addition and subtraction are at once seen to reduce to
A 0 (z, ¥) Yy 9 (z, 2) 0 (x, t)
0 (u, v) Y0 (n,v) * 3 (u, v)
2D Lo | 2

"0 (w,v) | Yo(w,v)  “o(w, )
0 (z, y) a (x, 2) 3 (a, t)
—% 0 (u, v) ¥4, 0 (u, v) T o (u, v)
9 (¥, ?) 0(y, t) 8(=1) _
- o (u, v) By 0 (u, v) k. 9 (u,v)
The partial differential equations satisfied by the calamoids are
stated by Professor Whittaker (§ 14) to be these in all cases.
(The results obtained in this section might have been obtained
equally well by considering a calamoid as half-parallel and half-
orthogonal to a member of family (B).)

1V. Integral Properties of the Calamoids.

Apply the theorem that—in the four-dimensional hyperspace
that is being considered, if S be any closed surface to which we
can fit an open hyperspace not containing electrons, then the
integral

2 (z, y) 0 (x, 2) 0 (xt)
h, — dy=——
”{ "9 (u, ) T 0 (u, v) e ? (uw, (u, 1))

3 (y, =) 3 (y, t) 9 (2 1) ,
R e R rows Kl

+h
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vanishes when the integration is extended over the surface S: and
the integrai

() 0 (, z) 9 (x, t)
.U{ T R TR I Tow)

_ o 0y, 2) (o, &Y
fo(u,v) 7 2w, v) * 0 (u, v)

}du dv

vanishes when the integration is extended over the surface S—(see
“On Tubes of Electromotive Force,” p. 17) to the case of a thin
calamoid closed at one end by a portion s, of one of the surfaces of
set (A) and at the other end by a portion, s,, of another of these
surfaces. Then, as each of the quantities within the brackets { }
vanishes everywhere over the portion of S formed by the calamoid,
each integral vanishes when taken over both s and s,, the
remaining part of S.

For the surfaces of which s, and s, are elements we have (as
seen in Section III.),

o(z, ¥) o (x, 2) 9 (x, t) 3 (y, 2) 9(y, t) 0(% ¢)
o(u, 0) 0w, v) (wv) _ 9 (u, v) _9(u, v) B 9 (u, »)

d,—h, = Ak, " htd, ~ -k, ~htd, = htd

and each ratio

Geg T+ Gy - e ]-Gas - e ] )
= {(@ -2l +(d, - B+ (d, = B = (b, + &V~ (b, + d,) - (h,+d,) ]} '

Hence, as the numerator of the last fraction multiplied by
du dv gives the area of an element of surface defined by

z=xz(u, v), y=y(u, v), z=2(u, v), t=1(u, v),

then considering element s,

a(x’.y) du dv= dl—hl

3(u, v) (Ca@drd hadhypy <orecta,

with five other corresponding relations; in like manner, similar
relations obtain for s,, the values of the vectors and of the
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coordinates being those belonging to the respective areas. Com-
bining these with either of the integral relations given at the
beginning of this section we have

value of (dk,+dh, +dh,)} at s, x area of s,
=value of (d,+dh, +dh) at s, x area of s,

Thus, we have finally (d,h,,+d,hy+d,h,)* multiplied by cross
section of calamoid {which consists of area cut off by any of the
surfaces belonging to family (A)} is constant along the calamoid.
We might, of course, bave taken the areas of cross section as
formed by two of the members of family (B) with the same result.
A certain duality may thus be noted in connection with the
properties of the calamoids depending on the vanishing of one or
other of the quantities

@ d+dE -k -k -k and dh,+dh,+dh,.
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