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ON SEMIPERFECT MODULES

BY
W. K. NICHOLSON!

ABSTRACT. Sandomierski (Proc. A.M.S. 21 (1969), 205-207) has
proved that a ring is semiperfect if and only if every simple module
has a projective cover. This is generalized to semiperfect modules
as follows: If P is a projective module then P is semiperfect if and
only if every simple homomorphic image of P has a projective cover
and every proper submodule of P is contained in a maximal
submodule.

Let R be a ring (with identity) and let M be a left R-module. A submodule
N< M is said to be small in M if N4+ K=M where K is a submodule of M implies
K=M. The sum J(M) of all the small submodules of M is called the radical of
M and itis easily verified that J(M) is the intersection of all the maximal submodules

of M. An epimorphism P—>M—>0iscalled a projective cover of M if P is projective
and ker(w) is small in P. The semiperfect rings of Bass can be described as those
rings each of whose cyclic modules has a projective cover. Mares [4] generalized
this notion to modules by calling a projective module P semiperfect if each homo-
morphic image of P has a projective cover. She then gave the following charac-
terization of these semiperfect modules: ([4] Theorem 5.1).

THEOREM. (MARES) A projective module P is semiperfect if and only if it satisfies
the following three conditions:

(1) J(P) is small in P.

(2) P|J(P) is semisimple.

(3) Every idempotent of Hompg[P|J(P), P|J(P)] is induced by an idempotent
of Homg[P, P].

This generalizes a result of Bass [1] that a ring R is semiperfect if and only if
R[J(R) is semisimple and idempotents can be lifted modulo J(R).
The following result is an immediate consequence of Proposition 2.7 of [1].

LemMMA 1. If P is a projective module then J(P)=J(R)P. Moreover, if P=NO®M
with NS J(P) then N=0.

We shall need the following:
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LeMMA 2. Let M be an R|J(R)-module which has a projective cover as an R-
module. Then M is projective as an R|J(R)-module.

Proof. Let 0—K—P—M—0 be a projective cover of M viewed as an R-module.
Then the induced sequence

R/J®rK—R|JQ@rP—>R|J @M —0

is also exact. We have that M~R[JQM as R[J-modules and that R/JQP is a
projective R/J-module. Furthermore K<J(P)=J(R)P so R|J®K—R[|J®P is the
zero map. The result follows. []

Sandomierski [5] has shown that a ring is semiperfect if and only if every
simple module has a projective cover. We generalize this to projective modules
as follows:

THEOREM. Let P be a projective module. P is a semiperfect module if and only if
every proper submodule is contained in a maximal submodule and P[M has a pro-
Jective cover for every maximal submodule M of P.

Proof. Let P be semiperfect. Since J(P) is small in P and P/J(P) is semisimple,
it follows that each proper submodule of P is contained in a maximal submodule.
The necessity of the other condition is clear.

For the converse, we verify the three conditions in Mares” Theorem. First of
all J(P)is smallin P. For if J(P)+ K=P where K P, we can include K in a maxi-
mal submodule M and so obtain P=J(P)+ K< M.

Now we show that P*=P[J(P) is semisimple. If M*=M[J(P) is a maximal
submodule of P* then P*/M*~P[M has a projective cover. Since P*/M* is an
R/J(R)-module, the lemma implies that M/* is a direct summand of P*. Now
suppose soc(P¥)#P*. Then we can include soc(P*) in a maximal submodule of
P* which is a direct summand. This contradiction implies that P* is semisimple.

Finally we must show that idempotents in Homg[P/J(P), P[J(P)] are induced
by idempotents in Hompg[P, P]. Let ¢: P—P* denote the natural map. It suffices
to show that if P*=A*@B* then we can write P=M@®N where ¢(M)=A* and
¢(N)=B*.

Now if P*=A*@B*, write A*= @, ; S; and B*= @, ; T, where the S; and T}
are simple. Since each S; and T} is a homomorphic image of P, they have projective
covers by hypothesis, say P; il S;—0 and Q, LN T,—0. If S=@P; and T=
@Q; then SPT is projective and so we have the following diagram

S®T

/T

P—>p*—>0
"

0
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where 7=@m,, and r=@r,. Since ker(¢)=J(P) is small in P, Pi> P*-0is a
projective cover of P*. Hence, by the uniqueness of projective covers, S®T=
N®@P’ where Nc ker(w@7) and f|p- is an isomorphism. But ker(=@7) is the sum
of the kernels of all the #; and 7, and so is contained in J(S@T). It follows that
NcJ(S®T)and so N=0by Lemma 1. But then fis an isomorphism so P=f(S)®
S(T). Since $[f(S)|=A* and S[f(T)]=B*, we have lifted the decomposition
P*=4*@B*. Hence P is semiperfect by Mares’ theorem. []

COROLLARY 1. (Sandomierski). A ring R is semiperfect if and only if each simple
left R module has a projective cover.

COROLLARY 2. A finitely generated projective module P is semiperfect if and only
if P|N has a projective cover for each maximal submodule N.

If M is an R-module and N is a submodule a supplement of N in M is a submodule
K such that N+K=M and N+ V#M for all submodules V<K. If N+K=M,
it is easy to verify that K is a supplement of N if and only if N N K is small in K.
Kasch and Mares have shown in [3] that a projective module is semiperfect if
and only if every submodule has a supplement. In order to obtain a stronger result,
we need the following result which appears as Proposition 3.1 of [2].

LeMMA 3. Let P be a projective module and let P=N+K where N and K are
submodules each of which is a supplement of the other. Then P=N®K.

COROLLARY 3. Let P be a projective module. P is semiperfect if and only if it
satisfies the following two conditions:

(1) Every maximal submodule and every cyclic submodule has a supplement.
(2) Every proper submodule is contained in a maximal submodule.

Proof. If P is semiperfect, condition (1) follows easily from the uniqueness of
projective covers (Lemma 2.3 of [1].) For the converse, let M be a maximal
submodule of P and let K be a supplement of M. Then, if x € K\M we have
Rx= K and M+ Rx=P so K=Rx. Hence let N be a supplement of K. We claim
that K is a supplement of N, thatis K N Nis smallin K. Indeed, if (K N N)+ V=K
then P=(K N N)+V+M. Since K N N is small in N and hence in P, this implies
P=V+4M with V= K. It follows that V=K.

But then Lemma 3 implies that P=N@K and it follows that K is projective.
Hence the exact sequence

0O-MNK—>P—PM—0
is a projective cover of P/M. [J
We remark that the proof of Corollary 3 can be readily adapted to give a proof
of the result of Kasch and Mares.
I would like to thank the referee for the present formulation of Lemma 2 and
for his improvement of the Theorem.
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