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Abstract. In this paper, using the asymptotic a priori estimate method, we prove
the existence of pullback attractors for a non-autonomous semi-linear degenerate
parabolic equation in an arbitrary domain, without restriction on the growth order
of the polynomial type non-linearity and with a suitable exponential growth of the
external force. The obtained results improve some recent ones for the non-autonomous
reaction—diffusion equations.
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1. Introduction. In this paper, we study the following non-autonomous semi-
linear degenerate parabolic equation with variable, non-negative coefficients, defined
on an arbitrary domain (bounded or unbounded) @ ¢ RV, N > 2,

% —div(c(x)Vu) + f(u) = g(t), xeQ,t>r1,
Uli=r = u(x), xeg, (.1
ulpe =0,
where u, € L*(Q) is given, f € C(R) satisfies
CilulP —ky <f@u < GlulP +k, p > 2, (1.2)
(f @) —f () —v) = ~llu— v, (1.3)
and the external force g satisfies
g € L} (R LA(Q). and llg(0)]12:q) < M, (1.4)

where Cy, Gy, k1, ko, [, M are positive constants, y < Aj, where A; > 0 is the first
eigenvalue of the operator 4 := —div(o(x)V) in Q with the homogeneous Dirichlet
condition (see Section 2.1).

Problem (1.1) can be derived as a simple model for neutron diffusion (feedback
control of nuclear reactor) (see [13]). In this case u and o stand for the neutron flux
and neutron diffusion respectively.

The degeneracy of problem (1.1) is considered in the sense that the measurable,
non-negative diffusion coefficient o(x), is allowed to have at most a finite number
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of (essential) zeroes at some points. Motivated by [8], where a degenerate elliptic
problem is studied, we assume that the function o : 2 — R satisfies the following
assumptions:
(Ho) o € Ll () and for some « € (0, 2), liminf,_. |x — z| %o (x) > 0 for every z €
Q, when the domain 2 is bounded.
(H3s) o satisfies condition (H,) and liminf)y— o |x| o (x) > 0 for some 8 > 2, when
the domain 2 is unbounded.
For the physical motivation of the assumptions (H,) and (Hg,), we refer the reader to
[2, 8, 14, 15].
In order to study problem (1.1) we use the natural energy space Dé(Q, o) defined
as the closure of C§°(£2) in the norm

1/2
IWHm@1@1==(/¢ﬂxNVuFdX) .
Q

This space is a Hilbert space with respect to the scalar product
(u, v)y := f o(x)VuVu dx.
Q

The existence and long-time behaviour of solutions of the problem (1.1) in the
autonomous case have been studied in [14, 15] and improved recently in [2]. In [2],
the authors considered the problem (1.1) with uy € D}(2, o), g € L*(Q) given, and
f: R — R satisfies

4 —2«a

/) =f@)] < Colu = vl + ul” + o) .0y < s

F(u) > —%uz - Cy,
S > —pi® = G,

where Cy, Cy, C; > 0, F is the primitive F(y) = [ f(s)ds of f, w < Ay, Ay is the first
eigenvalue of the operator Au := —div(o(x)Vu) in  with homogeneous Dirichlet
boundary conditions. Under the above assumptions of f, the authors proved that
problem (1.1) defines a semi-group S(7) : D}(R2, o) — D}(2, ), which possesses a
compact connected global attractor A = W*(E) in the space D(l)(SZ, o). Furthermore,
foreachug € Dé(Q, o), the corresponding solution u(z) tends to the set E of equilibrium
points in D(l)(Q, o) as t - 4o0. The basic tool for the approach in this case is the
following Lyapunov function

1
S(u) = 5”””%1(9 ot / (F(u) + gu) dx.
0 ’ Q

Noting that the critical exponent of the embedding D(l)(Q, o) = [F(Q)is2; = N_2_12v+a’
so the condition 0 < y < 3% is necessary to prove the existence of a mild solution
by the fixed point method and to ensure the existence of the Lyapunov function ®.
In this paper, we continue studying the long-time behaviour of solutions to problem
(1.1) by removing the restrictions on the growth of the non-linearity f and allowing

the external force g depending on time z. Non-autonomous equations appear in many
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applications in the natural sciences, so they are also of great importance and interest.
The long-time behaviour of solutions of such equations have been studied extensively
in the last years. The first attempt was to extend the notion of global attractor to the
non-autonomous case leading to the concept of the so-called uniform attractor (see
[12]). It is remarkable that the conditions ensuring the existence of the uniform attractor
parallel those for autonomous equations. To this end, non-autonomous systems are
lifted in [23] to autonomous ones by expanding the phase space. Then, the existence
of uniform attractor relies on some compactness properties of the solution operator
associated to the system. However, one disadvantage of the uniform attractor is that
it need not to be ‘invariant’ unlike the global attractor for autonomous systems. In
order to overcome this drawback, a new concept, called pullback attractor, has been
introduced for the non-autonomous case. The theory of pullback attractors has been
developed for both the non-autonomous and random dynamical systems and has
shown to be very useful in the understanding of the dynamics of non-autonomous
dynamical systems (see [9] and references therein).

On the other hand, generalised semi-flows are an abstraction of autonomous
dynamical systems for which there may be more than one solution corresponding to
given initial data. As mentioned in [6], the need for a theory of such systems arises
for various reasons. First, there may be genuine non-uniqueness of solutions. Second,
solutions may not be known to be unique (as, for example, for certain semi-linear
wave equations with high power non-linearities, or for the incompressible Navier—
Stokes equations in three space dimension). Third, there may be free parameters or
controls that are not specified and lead to various possible solutions. For the qualitative
analysis of such systems from the point of view of the theory of dynamical systems, it is
necessary to develop a corresponding theory for multi-valued semi-groups. In the last
years, there have been some theories for which one can treat multi-valued semi-flows
and their asymptotic behaviour, such as generalised semi-flows theory of Ball [5-7] and
theory of multi-valued semi-flows of Menlik and Valero [21]. A comparision of these
two theories can be found in [10]. We note also that the theory of trajectory attractors
of Chepyzhov and Vishik has been also fruitfully applied to treat equations without
uniqueness [11, 12]. Thanks to these theories, the asymptotic behaviour of equations
without uniqueness of the Cauchy problems has been studied by several authors in
the last years (see e.g. [3, 4] for the long-time behaviour for quasilinear degenerate
equations with weights of the above type).

The main aim of this paper is to prove the existence of a pullback D-attractor in
the space D(l) (2, 0) N LP(R2) for the process generated by problem (1.1). Let us describe
the methods used in the paper. First, we use the compactness method [11] to prove the
global existence of a weak solution and use a priori estimates to show the existence
of a family of pullback D-absorbing sets B={B(t): 1R} in Dé(Q, o) N LP(QR)) for
the process. By the compactness of the embedding D(l)(Q, o) — L*(), the process is
pullback D-asymptotically compact in L>(£2). This immediately implies the existence of
a pullback D-attractor in L*(£2). When proving the existence of pullback D-attractors
in 17(Q) and in DY(Q, o) N L/(Q), to overcome the difficulty arising by the lack of
embedding results, we use the asymptotic a priori estimate method initiated in [20]
for autonomous equations and developed in [19] for non-autonomous equations. One
of the main new features in our paper is that the existence of a pullback D-attractor
is proved for a class of semi-linear degenerate parabolic equations in an arbitrary
(bounded or unbounded) domain. It is also worth noticing that, when o = 1, our
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results improve the recent results in [16, 17, 22] for the non-autonomous Laplacian
equation in bounded domains.

The content of the paper is as follows. In Section 2, for the convenience of the
reader, we recall some concepts and results on function spaces and pullback attractors
which we will use. For clarity, in Sections 3 and 4, we only consider the case of a
bounded domain and the diffusion coefficient o satisfying condition (H,). Section 3
is devoted to the proof of the global existence and uniqueness of a weak solution to
problem (1.1) by using the compactness method. In Section 4, we prove the existence of
pullback attractors in various spaces by using the asymptotic a priori estimate method.
In the last section, we give some remarks on similar results for an unbounded domain
and o satisfying condition (Hg?).

2. Preliminaries.

2.1. Function spaces and operator. We recall some basic results on the function
spaces which we will use. Let N > 2, @ € (0, 2), and

4
2 e (2 ) N =2,

.

%= 2N (2 2N kN3
N—2+a \"N_2 z >

The exponent 27 has the role of the critical exponent in the classical Sobolev embedding.
We have the following generalised version of the Poincaré inequality ([4, Corollary
2.6]).

LEMMA 2.1. Let Q be a bounded (unbounded) domain in RN, N > 2, and assume
that condition (Hy) ((Hg)) is satisfied. Then there exists a constant ¢ > 0, such that

/ lul* dx < c/ o (X)|Vul? dx, forevery u € G (). (2.1)
Q Q

We emphasize that condition (H,) is optimal in the following sense: For o > 2
there exist functions such that (2.1) is not satisfied (see [8]). Note also that in the case
of an unbounded domain, (2.1) does not hold in general, if g < 2 in (Hg%). We refer
also to the examples of [1].

The natural energy space for problem (1.1) involves the space D}(, o), defined
as the closure of C§°(£2) with respect to the norm

llpy o) = ( [ a(x)|w|2dx>‘.

The space D(l) (2, o) is a Hilbert space with respect to the scalar product

(u, v)y := /;Zo(x)Vqudx.

The following lemmas come from [8, Propositions 3.3-3.5].
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LEMMA 2.2. Assume that Q is a bounded domain in RN, N > 2, and o satisfies (Hq).
Then the following embeddings hold:

(i) DY(Q, o) < L*(Q) continuously,

(i1) D(l)(Q, o) — LP(2) compactly if p € [1, 2}).

LEMMA 2.3. Assume that Q is an unbounded domain in RN, N > 2, and o satisfies
(Hgg)- Then the following embeddings hold:

(1) Dé(Q, o) = LP(Q2) continuously for every p € 2%, 27],

(i) Dy(R, 0) = LP(Q) compactly if p € (25, 25).
We now consider the case where © is a bounded domain (the unbounded case is
considered similarly with (Hg7) instead of (H,)).
We consider the boundary value problem
—div(o(x)Vu) = h € L}(Q), x € Q, ulyo = 0. (2.2)
In order to apply the Friedrichs extension of symmetric operators, we set
X = LX), D(A) = CP(Q), Au = —div(o (x)Vu).
The problem (2.2) corresponds to the operator equation

Au = h, ue C°(Q),heX.

For every u, v € C§°(£2), we have
(Au, v) = / o (xX)VuVvdx = (u, Av).
Q

It follows from Lemma 2.2 that there exists a constant C > 0 such that
(Au, u) > C||u||§(, for any u € C3°(2).
Hence, A is symmetric and strongly monotone. Applying the Friedrichs extension
theorem [25], we find tllat the energy space Xp equals to D}(R2,0) since X
is the completion of D(4) = C§°(2) with respect to the scalar product (u, v), =
Jo o(x)VuVudx, and the extensions satisfy
ACAC Ag,
where A : D)(R,0) - D~1(Q, 0) is the energetic extension (D~'(Q, o) is the dual
space of D(l)(Q, o)), and 4 = —div(o(x)V) is the Friedrichs extension of 4 with the
domain of definition
D(A) = {u € DY, 0) : Au € X}.

Noticing that 2 > 2, we have an evolution triple

Dy(Q, 0) = LX(Q) — D X(Q,0)
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with compact and dense embbedings. Hence, there exists a complete orthonormal
system of eigenvectors (e;, ;) such that

(e, ex) = 8 and —div(e(x)Ve) = Ajej, jk=1,2,...,
O<t<=h=<Ai=<..., A — +ooasj — oo.
Noting that
el e, o
da = inf | —22D e DYQ, o), u# 0,
lluell 72
we have
I3y 0.0 = *illulfzqy forall ue Dy, o). 2.3)

2.2. Pullback D-attractors. Let X be a metric space with metric d. Denote by
B(X) the set of all bounded subsets of X. For 4, B C X, the Hausdorff semi-distance
between A4 and B is defined by

dist(A, B) = supinf d(x, y).
xed YEB

Let{U(t,t):t> 1,7 € R} beaprocessin X,i.e. U(t,t): X — X suchthat U(r, t) =
Id and U(¢,s)U(s,t) = U(t,t) for all t > s > 7,7 € R. {U(¢, 7)} is said to be norm-
to-weak continuous if U(z,t)x, — U(t,t)x, as x, > x in X, for all t>1,7 €
R. The following result is useful for verifying that a process is norm-to-weak
continuous.

PROPOSITION 2.4. [24] Let X, Y be two Banach spaces, X*, Y* be respectively their
dual spaces. Assume that X is dense in Y, the injection i : X — Y is continuous and its
adjoint i* : Y* — X* is dense, and {U(t, )} is a continuous or weak continuous process
on Y. Then {U(t, t)} is a norm-to-weak continuous on X if and only if fort > 7, 7 € R,
U(t, t) maps a compact set of X to be a bounded set of X.

Suppose that D is a non-empty class of parameterised sets D = {D(f) : t € R} C
B(X).

DEFINITION 2.1. The process {U(z, 7)} is said to be pullback D-asymptotically
compact if for any r € R, any D € D, and any sequence 1, — —00, any sequence
x, € D(1,), the sequence {U(t, t,)x,} is relatively compact in X.

DEFINITION 2.2. A process {U(z, 7)} is called pullback w-D-limit compact if for
any ¢ > 0, any r € R, and D € D, there exists a 7o(D, ¢, f) < ¢ such that

o (U Ult, ‘L')D(‘[)) <e,

where « is the Kuratowski measure of non-compactness of B € B(X),

a(B) = inf{§ > 0|B has a finite open cover of sets of diameter < §}.
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LEMMA 2.5. [16] A4 process {U(t, t)} is pullback D-asymptotically compact if and
only if it is w-D-limit compact.

DEFINITION 2.3. A family of bounded sets B e D is called pullback D-absorbing
for the process {U(¢, 7)} if for any 7 € R, any D € D, there exists 19 = 1o(D, ) < ¢ such
that

| u@. 1)) € B

<79

DEFINITION 2.4. A family A = {A4(7) : t € R} C B(X) is said to be a pullback D-
attractor for {U(¢, 1)} if

(1) A(¢) is compact for all 7 € R;

(2) Ais invariant, i.c.

U(t, t)A(t) = A(¢), forall t > t;
(3) Ais pullback D-attracting, i.e.
lim_dist(U(t, 1)D(r), A1) = 0, for all DeD, andall € R;
4) If {C(¢) : t € R} is another family of closed attracting sets then A(f) C C(),
forallr e R.

THEOREM 2.6. [16] Let {U(t, )} be a norm-to-weak continuous process such that
{U(t, ©)} is pullback D-asymptotically compact. If there exists a family of pullback D-
absorbing sets B = {B(1) : t € R} € D, then {U(t, ©)} has a unique pullback D-attractor
A=1{A@t):t € R} and

A =Y uw )Be).

§<t T<s

3. Existence of global solutions. We consider the spaces
V =Lz, T;Dy(Q, 0)) N L(x, T; L (Q)),
V* =L, T; D°N(Q, 0)) + L (r, T; L7 (Q)),

where p’ is the conjugate of p. Denote by |.|2, (., .), |I.Il, ((, .)) the norms and scalar
products in L*(2) and D(l)(Q, o) respectively, and [.|, the norm in L7(£2).

DEFINITION 3.1. A function u is called a weak solution of (1.1) on (z, T) iff

ou
ueV, —el™
ot

U=y = u,; a.e.in Q

/TT/Q<%‘P+UVMV(,0 +f(u)<p> =£T/Qg¢,

for all test functions ¢ € V.

and
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The following proposition makes the initial condition in problem (1.1) meaningful.
a
PROPOSITION 3.1. [fu € V and a—‘: € V* thenu € C(([r, T); LA(R)).

Proof. We select a sequence u, € C'([z, T]; D}(R2, o) N LP()) such that

U, > uin V

0

n % in V*.
ot ot

Then, for all ¢, ) € [, T], we have

|t (1) = (D)3 = lun(t0) — ()13 + 2/ (14,(5) = 1,(5), () — U (5)).

fo

We continue, by choosing #, such that
2 1 g 2
(1) = 10} = 7 [ a0) = O
We have

/ () — (D
Q

T t
(D) — (D) + 2 f / (U(5) — 1, () 1a(5) — t(5))

< T_T/f (1) = (O + 21, = ol it = 0l

Hence, {u,} is a Cauchy sequence in C([z, T]; L*(R2)). Thus the sequence {u,} converges
in C([z, T]; L*(R)) to a function v € C([z, T]; L*(2)). Since u,(f) —> u(t) € L*(Q) for
a.e. t € [r, T], we deduce that u = v a.e. t € [, T]. After redefining on a subset of zero
measure, we get u € C([t, T]; L*(RQ)). a

THEOREM 3.2. For any t, T € R, u, € L*(Q) given, the problem (1.1) has a unique
weak solution u on (t, T'). Moreover, the following inequality holds

2 —A(t—1) 2 e_}‘lt )L]\‘
lu(?)]5 < e lue |5 + —|9| T 12()]5- (3.1
—00

Proof. Consider the approximating solution u,(¢) in the form

”n(t) = Z unk(t)eka

k=1

where {ej}72, are eigenvectors of the operator 4 := —div(o (x)V). We get u,, from solving
the problem

duy
<a_uta €k> + (Aul’lv ek) + (f(un)a €k> == (g’ €k>a

(up(t), e1) = (ug,ex), k=1,...,n
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Using the Peano theorem, we get the local existence of u,. We now establish some a
priori estimates for u,,. We have

19
§E|”n|g+ ||”n||2+/f(un)un Z/g(t)uw
Q Q

Using hypothesis (1.2) and the Cauchy inequality, we get

19 1 A
337103+ il + Cilily = ki€ < -l + S w3
Noting that [lu]|*> > A|ul3, we have
J 2 2 P 1 2
5|un|2+ [zt +2C1|un|p =< )\_1|g(l)|2+2k1|9|~ (3.2)

Integrating (3.2) on [z, ¢], 0 <t < T, we have

t t 1 t
|wm@+/nww+zq/Wwﬁsmuﬁ+;1/wm@+ﬂumo—ﬂ.6@
T T T

The last inequality implies that

{u,} is bounded in L>(z, T; L*()), (3.4)
{u,} is bounded in L(z, T; DR, o)), (3.5)
{u,} is bounded in L?(t, T; L7 (R2)). (3.6)

Using hypothesis (1.2), we get the estimates

Hence {f(u,)} is bounded in L7 (z, T; L” (R2)) and thus
f,) = n in LF (z, T; L7 (). 3.7
Therefore we have
u, = u in L*(z, T; Dy(Q, o)),
f) =n in 'z, T; 17 (Q)),
Au, — Au in L*(zr, T; DY, 0)),
up to a subsequence. By rewriting the equation as

duy,
ot

= —Au, — fn) + g, (3:8)

we see that {%} is bounded in V*, and therefore in L” (z, T; D1, o) + L7 (Q)).
Noting that

DR, o) cc LX) c DY R, o)+ LF'(Q)

is an evolution triplet, applying the Compactness Lemma [18] we can assume that u,, —
u strongly in L(z, T; L*(2)). Hence u, — u a.e. in Q x [z, T]. Since f is continuous,
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it follows that f(u,) — f(u) a.e. in Q x [z, T]. Thanks to (3.7) and Lemma 1.3 in [18,
Chapter 1], one has

f() = f(u) in IV (v, T; L ().
Thus, from (3.8) we have
U =—Au—f(u)+g in V*.
By Proposition 3.1, we have u € C([t, T]; L*(2)). It remains to show that u(t) = u..
Choosing some test function ¢ € C'([z, T]; D)(RQ, o) N LP(Q)) with ¢(T) = 0, observe

that ¢ € V, so in the ‘limiting equation’ one can integrate by parts in the ¢ variable to
give

/TT—(u, @)+ /TT/QU(X)Vquo + /TT/QO((M) — 2)o = (u(r), ¢(1)).

By applying the same procedure to the Galerkin approximations, we get that

/IT_(un,Qﬂ/)-i-/rT/QU(X)VunVﬁO+/IT/Q(f(un)—g)(p = (un(7), 9(7)).

Taking limits as n — oo we conclude that

/TT—(L!, @)+ /;T/S;G(X)VLN(ﬂ + /TT/Q(}"(u) — 9)¢ = (uy, 9(1))

since u,(t) — u,. Thus, u(t) = u;.

We now prove the uniqueness and the continuous dependence of the solution. Let
uy, up be two solutions of problem (1.1) with the initial data u;(7), ux(t), respectively.
From (1.1), we have

= ) + (g — Aw) + ) — f ) =0,

Since (Auy — Ao, uy — ) > Ay|u; — u2|§ and using (1.3) we deduce that

1d , 19 ,
55“‘1 — s < Eﬁwl — w5 + (Auy — Aus, uy — up)
= —(f(u1) — f(ua), s — ) < l|uy — 3. (3.9)

Applying the Gronwall lemma, we obtain
i (1) — (D3 < " Vluy(v) — un(v) 3.
This implies the uniqueness (if u;(t) = uy(t)) and the continuous dependence of the

solution.
Finally, we prove (3.1). Multiplying (1.1) by u and integrating over €2, we have

10
§5|u|%+ ||u||2+/9f(u)u= /Qg(t)u.
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Using (1.2) and the Cauchy inequality, we obtain

ad 1
o1l =+ 20l + 2 ulf < 2her| 2 + 71|g(t)|§ + halul3. (3.10)
Noting that [lu]|> > A;|ul3, we have
9 2 1 2
—uly + Mluly < 2k|Q1 + —1g(D)]5. (3.11)
ot Al
Applying the Gronwall lemma, we get
2k e~Mi ot
B = e+ e+ S [ Pl (3.12)
)‘l )‘l —00
Hence it follows that the solution u can be extended to [0, +0c0). ]

4. Existence of pullback D-attractors. Due to the results of Theorem 3.2, we can
define a process

Ut 7) : LA(Q) — DY(Q, o) N LA(Q),
where U(z, 7)u, is the unique solution of (1.1) with the initial data u, at time 7.

LEMMA 4.1. Assume that f, g satisfy conditions (1.2)—(1.4), and u(t) is the weak
solution of problem (1.1). Then the following inequality holds for t > t:

1 1
3+l + ) < ((1+(1_f)+ )e—w—wwrl% <1+ )
-t I—t

1 t
+<1 +— r)e‘“/ )g(s)13

oo
1 t N
+<1 +— T)e“ f e*"lg(r)@)- (4.1)
—00 J —00

This implies that there exists a family of pullback D-absorbing sets in D(l)(Q, o) N L ()
for the process {U(t, T)}.

Proof. Multiplying (3.12) by "'’ and integrating from t to ¢, we get
ro 2k 1 .
[ éui = a-ner+ e+ 5 [ [ enor. @)
T )»1 M J oo oo
Using (3.10) and the fact that ||ul|> > A;|ul3, we have
T 2 » 1 2
5|u|2 + llull” + 2Ci|ull) < 2k12] + Z'g(t)lz’ (4.3)

thus

e}\.

8 1t
E (eklt|u|§) + e)hlt(“u“z + 2C1|u|§,’) < )\,le)hlt|u|% + 2k1|Q|eA|t + Tl|g(t)|% (44)
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Integrating from t to ¢ and using (4.2), we have

' Ais 2 ey, 2, Ak At

M (lull® +2C1ulh) < (14 21t = 7)) Juc |5 + T|Q|e ‘
1
i 1 t t N
b [ evgoi+ [ erewr. @)
)\1 —00 —00 J —00

Combining (4.2) and (4.5), we get

t
[ ? + 2C1 g+ 1) = (1 -+ G+ 1= 0 s
T

2y 2k + 1) 1 [
i BLELS |sz|e*l’+)\—/ &g (s)13
A 1

1 t s
+(1 + rl) /_OO /_Oo M g(n)3. (4.6)

CilslP — G < F(s) < Gslsl? + Gy, (4.7)

From (1.2) we deduce that

where F(s) = [; f(v)dt. Combining (4.3) and (4.7), we get

0 1
o 13 + lul® + Cs / F(u) < —Ig(0l5 + C7. (4.8)
t Q A

Mutiply (1.1) by &, and integrating over 2, we have

19

1 1
w3+ 2 ||u||2+2/F(u) =/g(f)ut§ 1O + 22,

thus
9 2 2
3 lull*+2 | Fu) | < |g®l;. 4.9)
t Q
Using (4.8), (4.9) and (2.3), we have
d
5.0 + GG < Glegl + G,
where G(u) = |ul3 + ||ull* + 2 [, F(u), which implies
ad
5, (= 1) Gw)) < (14 (1 — Co)(t — )G + (C7 + Colg(0)]5)(t — T)e.
Integrating from  to ¢, we get
t t
(t—1)Gw) < (1 + Cpy(t — r))/ G(u)e + Cio(t — 1)e™" + Co(t — r)/ Mlg(s))3.

Using (4.6) we get the desired inequality (4.1).
Let R be the set of all functions r: R — (0, +-00) such that lim,, _« teM'r (1) = 0
and denote by D the class of all families D = {D(¢) : t € R} C B(L*(R2)) such that
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D(1) C B(r(1)) for some r(f) € R, where B(r(1)) denotes the closed ball in L?(2) with
radius (7). Let

t t s
o =261+ e [ evgoi e [ [ engo).

Condition (1.4) implies the existence of the following integrals

t t s
/ M¥1g(s)3 < oo andf [ g3 < oo forallzeR.
We denote by By(ro(?)) the closed ball in D}(2, o) N L(R) centred at 0 with radius
ro(t). Obviously for any D e D and any ¢ € R, by (4.1) there exists 7y = (D, 1) <t
such that

|ul3 4 llull® + Jul}y < ro(r) for all T < o,

ie. B={By(ro(t)):1€R} is a family of bounded pullback D-absorbing sets in
DR, 0) N LI(Q). O

From the above lemma we deduce that the process {U(¢, t)} maps a compact set of
DY, 0) N LP(R) to be a bounded set of D}(Q2, o) N LF(R), and thus by Proposition
2.4, the process {U(t, t)} is norm-to-weak continuous in Dé(Q,o)ﬂLI’(SZ). Since
{U(t, 7)} has a family of pullback D-absorbing sets in Dé(Q, o) N LF(2), in order
to prove the existence of pullback D-attractors, we only need to check that {U(¢, 1)} is
pullback D-asymptotically compact.

4.1. Pullback D-attractor in L*(Q). Since D}(Q, o) < L*(2) compactly, we
immediately get the following result.

THEOREM 4.2. Assume that f, g satisfy conditions (1.2)—(1.4). Then the process
corresponding to problem (1.1) has a pullback D-attractor in L*(S2).

4.2. Pullback D-attractor in 17(2). To prove that the {U(z, 7)} is pullback D-
asymptotically compact in 17(2), we need the following lemma.

LEMMA 4.3. Let {U(t, T)} be a norm-to-weak continuous process in L*(2) and LP(S2),
and {U(t, ©)} satisfy the following two conditions:

(1) {UG, 1)} is pullback D-asymptotically compact in L2(S2)

(ii) foranye > 0, B € D, there exist constants M (g, B) and ty(e, B) < t such that:

1
P
(/ |U(t, T)u;, |1’) <e&, foranyu, € B(t), andt < 7.
QU(t,t)u |>M)

Then {U(t, ©)} is pullback D-asymptotically compact in L7 (Q).

Proof. For any fixed ¢ > 0, and B e D, it follows from condition (i) and Lemma
2.5 that there exists 11 = 71(B, ¢) < 79 such that

o <U U, r)B(r)) =67 (3)

T=T|

[

in L*(Q),
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ie U,<, U(t, t)B(r) has a finite (3M)?(§)§-net in L2(). By Lemma 5.3 in [24],
UTST1 U(t, 7)B(7) has a finite e-net in L7(2). By the definition of the measure of
non-compactness, we obtain

o (U u(, t)B(r)) < ¢in L/(Q),

i.e. {U(t, 1)} is pullback w-D-limit compact in 17(€2). Applying the results of Lemma
2.5 once again, we deduce that {U(z, t)} is pullback D-asymptotically compact in
L’(Q). g

THEOREM 4.4. Assume that f, g satisfy conditions (1.2)—(1.4). Then the process
corresponding to problem (1.1) has a pullback D-attractor in LP(Q2).

Proof. 1t is sufficient to show that the process {U(z, t)} satisfies the condition (ii)
in Lemma 4.3. In fact, take M large enough such that C;|u|’~! < f(u) in

Q= Qu(t) > M) ={x € Q:u(x, 1) > M},
and denote

u—M, u>M,

oAt
(= M) _{0, u<»M.

In Q; we see that

g0 — Mty

IA

C 1
5 (= MY S g0l

IA

G arp-tpp-1 L 2
S (= My Yl Sz OF, (410)
and

Cilul”™ (u— M)Ty™!

v

S — Myty!

C‘A;H (= MYy, (411)

Sy +

v

Multiplying (1.1) by |(u — M) P~ and using (4.10), (4.11), we deduce that

zl)%I(u -M)p 4+ (-1 /Q o (0)|V(u— M)"P|(u— M) P2
+ M (= M)
Q

1 2
< —g(9)|".
_fﬂl Cllg()l

Therefore

0 _
o710 = MY+ CMP2 | = MY < Cle()l3,
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which implies that
d -2 _ _
5 (=D = M) < e M — MY+ C(r = 1) g3, (4.12)

Integrating (4.12) from t to z, we get

t t
(t = D)™ — MY} < / M — MY+ (e~ f)/ M Mgl
T T

C(t — T)e M=)
CMr-2—y °

t
Se(CM/;—z_Al)z/ €A1S|u|§+
T
and then
+p 1 P p Ce™!
u—M < ——e™ elu _ 4.13
e = @13)

By (4.13) and (4.6), we obtain

+1p 1 I 1 e Mot pr
= MY < C e+ + 1g(5)3

—Alt Ce vt
)\.lr
t— T / / 50| ) CMr=2—y°

Hence, for any ¢ > 0, there exist M; > 0 and 7; < ¢ such that for any t < 7; and any
M > M, we have

/ | — M)T|)P <e. (4.14)
Qu(=M)

Repeating the same step above, by just taking (u + M)~ instead of (u — M), we deduce
that there exist M, > 0 and 1, < ¢ such that for any T < 7, and any M > M5,

/ (u+M)"IP <e, (4.15)
Qu(t)y<—M)
where
u+ M, u<-M,
+ M) =
(u-+ M) {0’ e M

Let My = max{M,, M,} and 1y = min{ty, 7o}, we obtain
/ (Jul — MY <e¢ fort < 1pand M > M,.
Q(Ju|>=M)
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Using (4.14) and (4.15), we have

/ ulf = / (ul — M) + My
Q(|u|=2M) Q(|u|=2M)
< vl (f (lul — My +/ MP)
Q|u|=2M) Q(|u|=2M)

21’1( -M -M )
: /Q(IMIEM)(WI S /SZ(ILtIzM)(|u| /
< . (4.16)

This completes the proof. O

4.3. Pullback D-attractor in D} (Q, o) N L ().

THEOREM 4.5. Assume that f, g satisfy conditions (1.2)-(1.4). Then the process
corresponding to problem (1.1) has a pullback D-attractor in D(l)(SZ, o) N LA (Q).

Proof. By Lemma 4.1, {U(¢, 7)} has a family of bounded pullback D-absorbing sets
in D(l)(Q, o) N LP(R). It remains to show that {U(z, T)} is pullback D-asymptotically
compact in D(l)(Q, o) N LP(R), i.e. for any r € R, any B € D, any sequence 7, — —00,
and any sequence u,, € B(t,), the sequence {U(t, 7,)u,, } is precompact in Dé(Q, o)N
L7(Q2). Thanks to Theorem 4.4, we need only to show that the sequence {U(¢, t,)u,, } is
precompact in Dy(Q, o).

We consider the sequence u,(f) = U(t, t,)u;,, by Theorems 4.2 and 4.4, we can
assume that {u,(f)} is a Cauchy sequence both in L*(2) and L7(2). We have

() — (D1l = (A’;un([) — A (1), un(1) — (1))
= (10 = S0 10) = ) + (W) = W (). 10,(5) = (1)
19
< 55 0(0) = (O + (1) = S Dy 1) = (D] (417)

From (3.9) and since {u,(#)} is a Cauchy sequence in L*(R2), we get
%W,,(t) — (D3 — 0, asn, m — 0. (4.18)
Using (1.2), we have
VO g, = [ €O+ r Y < [ €+ o)

thus {f'(u,(7))} is bounded in L” (2) because {u,(7)} is bounded in L7(2). It follows from
here and (4.17), (4.18) that

””n([) - um(t)” — 0, asm,n — oQ.

The proof is complete. O

5. Some remarks on the case of an unbounded domain. In this section, we comment
the case of an unbounded domain @ ¢ RV, N > 2. We assume that the weight function
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o (x) satisfies the condition (Hg’). It is crucial to note that the embedding D(R,0) C
L3(Q) is compact either cond1t1on (Ha) or (H%) holds. Observe that B > 2 implies

2= N—2+/3 <2,ie 2€ (25, 2;). In the unbounded case we need o to growth faster
than quadratically at infinity, to ensure the compactness of the above embedding. Note
also that in the case of an unbounded domain, (2.1) does not hold in general, if 8 < 2.
We refer to the examples of [1].

When (Hg?) is satisfied, the operator 4 = —div(o(x)V) has the same properties
as in the case of a bounded domain. Therefore, we may apply the methods used for a
bounded domain to this case with some small changes in the conditions of f. More

precisely, we assume that /' : Q x R — R is a Caratheodory function such that

[ w)l < Crlul™" + hi(x), (5.1)
S wu = Colul = hy(x), (5.2)
(f (x, u) — f(x, V) — v) = —llu— v, (5.3)
F(x,u) > Cslul” + hs(x), (5.4)

where F(x,u) = fouf(x, s)ds; Ci, Cy, C3,1 > 0;ha(x) € LY(Q) and Ay, hy € LV () are
non-negative real-valued functions, and the external force g satisfies

g € L, (R; L*(Q)), and [g(0)[172q) < M, y < A1 (5.5)

Q) =
We may now repeat the arguments used in Sections 3 and 4 to obtain

THEOREM 5.1. Under conditions (Hg'g) and (5.1)~(5.5), problem (1.1) defines a
process having a pullback D-attractor in DO(Q, o) N LP(Q)).
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