ON S-RINGS IN THE SENSE OF F. KASCH

KIITI MORITA

To the memory of Tapast NAkAYAMA

The notion of S-rings was introduced by F. Kasch [4] in establishing a
theory of Frobenius extensions. S-rings possess several remarkable properties,
although they have been shown to be not indispensable to the theory of Frobe-
nius extensions. The purpose of this paper is to give some characteristic pro-

perties of S-rings.

1. Statement of the results. Throughout this paper let A be an associative
ring which has an identity element 1 and satisfies the minimum condition for
left and right ideals. All modules are assumed to be unitary.

In case for any right ideal J of A with /= A we have
(1) I(J) %0,

we shall say that A is a left S-ring. Here we denote by /(J) the left annihi-
lator of J, that is,

2) () ={alaJ=0, ac A}.

Similarly we define right S-rings. A ring which is a right S-ring as well as
a left S-ring is nothing but an S-ring in the original sense of Kasch. As is
seen from (II) of Theorem 1 below, A is always an S-ring if A is commutative.

Let U be a left A-module and V a right A-module. A mapping w: UxV
- A is called an A-bilinear form on Ux V if w is additive with respect to v U

and ve V, ie.

3) ou+u',v) =0 v)+ o, v),
4) w(u, v+0") = w(u, v) + w(x, v,
and if

(5) w(au, v) = av(u, v),

forac A, ues U, ve V.
(6) w(u, va) = w(u, va,
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An A-bilinear form o on Ux V, is said to be regular if

(7 w(n, v) =0 for all v € V implies # =0,

(8) w(u, v) =0 for all #< U implies v =0.

A left A-module M is called a generator if there is a positive integer z such
that a direct sum of # copies of M has a direct summand which is A-isomor-
phic to «A ; M is a generator if and only if there are a finite number of ele-
ments m; e M, ¢; € Hom,(M, ,A), i=1, ..., n, such that g‘.%(m;) =1.

Now, with these definitions, our main theorem is stated as follows.

TrEOREM 1. The following statements are equivalent.

(I) A is a left S-ring.

(II) For any simple right A-module M there is an A-submodule of A4 which
is A-isomorphic to M.

(III) For any finitely generated, nom-zero right A-module M we have Hom,
(M, A4) =0.

(AV) If U is a finitely generated, projective left A-module and V a right A-
module, and if there is a regular A-bilinear form o on UXV, then we have an
A-isomorphism: V=[Hom,(U, +A)]4.

(V) If U is a finitely generated, free left A-module and V a right A-module,
and if there is a regular A-bilinear form on UXV, then we have an A-isomor-
phism: V=[Homi(U, +A)]..

(V) If U is a projective left A-module and U' is a finitely generated, pro-
Jjective, left A-submodule of U, then U' is a divect summand of U.

(\V)!' If U is a free left A-module and U' is a finitely generated free A-sub-
module of U, then U' is a direct summand of U.

(VI) A projective left A-module L is a generator if L is faithful.

In case A is an S-ring, statements (IV)’ and (V)’ are proved by Kasch
[4]1, and (IV) and (V) (with U finitely generated) by Nakayama-Tsuzuku [7].
The equivalence (I) & (V) is proved by Bass [1] (cf. also Jans [3]1). Our
proof of Theorem 1 does not presuppose any of these results.

The property of S-rings which is stated as (VI) seems to have not been
noticed in the literature. It is to be noted that A is a quasi-Frobenius ring if
and only if every faithful left A-module is a generator; this is seen from [6,
Theorems 14.1 and 16.5].
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The proof of the implication (V)’ = (VI) is based on the following theorem
which may be of interest by itself.

Tueorem 2. A left A-module M is faithful if and only if there is a positive
integer n such that a direct sum of n copies of M has an A-submodule which is
A-isomorphic to .A.

As an application of Theorem 1 we obtain the following
TueorEM 3. Let A be a left S-ring and let M be a right A-module which is

a generator. Then the A-endomorphism ring C of M is a left S-ving if and only
if M is finitely generated and projective; if this is the case C is similar to A.

TueoreM 4. Every residue class ring of A is a left S-ving if and only if A
is decomposed into a direct sum of two-sided ideals each of which is a primary

ring.

THEOREM 5. A is a quasi-Frobenius ving if and only if A is a left S-ving
and a QF-3 ring.

In view of Theorem 5 it would be interesting to compare Theorem 4 with
results of Kawada [5] and Ikeda [2].

2. Proof of Theorem 2. Since the “if” part is evident, we have only to
prove the “only if” part. For this purpose, suppose that M is faithful. Let

us set
9) J= N{Kernel f|f < Hom4(,A4, M)}.

Then J is a left ideal of A. Let a, be any non-zero element of A. Then there
exists an element m, of M such that awm,*0. If we set f(a) =am, for ac A,
then f= Hom4(4A, M) and a,s$Kernel /. Hence we have ay&/. This shows
that /=0. Since A satisfies the minimum condition for left ideals, there exist

a finite number of elements f;, i=1, ..., n, of Hom4(4A, M) such that
(10) q Kernel f;=0.

Now, let us set
¢(a)=(f1(a), ..., fala)) foracsA;

then ¢ is an A-homomorphism from ,A to M™, where M™ is a direct sum
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of n copies of M. Since Kernel ¢ = M Kernel f;, ¢ is a monomorphism by
i=1

(10). Thus the “only if” part of the theorem is proved.

3. Proof of Theorem 1. If J is a right ideal of A, then /(J) =Hom.(A/],
A,). Hence the equivalence (I) & (III) is obvious. The equivalence (II) &
(III) is clear.

(III) = (IV). Assume (III). Let U be a finitely generated, projective,
left A-module and V a right A-module. Suppose that o is a regular A-bilinear
form on Ux V. Then we set

(11) V*‘—: [HOI’IL;(U, AA)]A,
(12) o (u, v)=v(n), forucsU, ve V*

If we set ¢p(u) = w(u, v) for € U, ve V, then we have ¢, V* and w™*(x, )
=w(u,v). Since ¢,=0 if and only if v =0, we can consider V as an A-sub-
module of V*, Assume that V*= V. Then by (II) there is g Hom.(V*/V,
A,) such that g=0. If we denote by f the canonical projection from V* onto
V*/V, then we have ¢ = go f € Hom.(V*, A,). Hence there exists an element
uo of U such that

o* (o, v) = ¢v) for ve V™

By definition of ¢ we have ¢(v) =0 for v V. This shows that w(u,, v) =0
for all v V. By the regularity of w, we have wu,=0, which contradicts the
fact that ¢ 0. Thus we have V*= V.

(IV) = (V). Assume (IV). Let U be a projective left A-module and U’
an A-submodule of U which is finitely generated and projective. Then there
is a free left A-module U, such that U is a direct summand of U,. Since U’
is finitely generated, there is a direct summand U; of U, which is finitely
generated and contains U'. If U is a direct summand of U, then U’ is a direct
summand of U, and consequently U’ is a direct summand of U. Therefore we

may, and shall, assume without loss of generality that U is finitely generated.

Let us set
(13) V=[H0m_4(U, AA)]A,
(14) w(u,v) =vlu) forucU, veV,
(15) R.(U) ={v|w(a', v) =0 for all #' = U'}.
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Then if v —v'e R, (U'), we have w(x', v) = w(«', v") for any «'  U'. Hence if

we set
o', {v}) =wlu,v) for wel, {v)s V/R.(U),

o' is an A-bilinear form on U'x V/R.,(U'). Moreover ' is regular as is easily

seen. Hence by (IV) we see that
(16) V/R.(U") =Hom.(U", .A).

Therefore V/R.(U') is projective and hence R,(U') is a direct summand. If

we set
17 LoV ={u]w(u,v') =0 for all o' V'},
then we have L., (R.(U"))=2U" and

L (R.(U))=Hom(V/R, (U, Aa).

Since U'=Hom,(V/R.(U", A,) by (16), this shows that U'= L,(R.(U")).

On the other hand, since R.(U') is a direct summand of V, we have
Hom (R.(U", A =U/L(R.(U)) =U/U"

Since V is finitely generated and projective, sois also R.(U"). Hence U/U’
is projective. Therefore U’ is a direct summand of U.

(III) = (IV)’, (IV)' = (V)'. These implications are readily seen from the
proofs given above for the implications (III) = (IV), (IV) = (V).

(V) == (V) is obvious.

(V)= (VI). Let L be a projective, faithful, left A-module. Then by
Theorem 2 there is a positive integer # such that a direct sum L™ of # copies
of L has an A-submodule L, which is A-isomorphic to 4A4. Since L™ is pro-
jective, there is a free left A-module U such that L™ is a direct summand of
U. Now, assume (V). Then L, is a direct summand of U. Since L, EL", L,

is also a direct summand of L. This shows that L is a generator.

4. Proof of Theorem 1 (continued). Let .M (resp. M.) be the category of
left (resp. right) A-modules. Let B be another ring. If S: - ;M and T :
- MM are covariant additive functors such that S7 and TS are naturally
equivalent to the identity functor, each of S and T is called a category-iso-

morphism. In case there is a category-isomorphism from Mt to M, A is said
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to be similar to B ; A is similar to B if and only if there is a category-iso-
morphism from M4 to Mz. Let S: MM be a category-isomorphism. If

X e SN has one of the following properties :
(a) simple, (b) finitely generated, (c) projective, (d) faithful, (e) generator,

then S(X) has also the same property. Since S is an exact functor, if X' is
an A-submodule of X (where X, X' M) then S(X') is B-isomorphic to a B-
submodule of S(X)Y.

Therefore we have the following lemmas.

Lemma 1. If A is similar to B and A is a left S-ring, then B is a left S-
ring.
Proof. We have only to use the equivalence (I) & (II) in Theorem 1.

Lemma 2. If statement (V1) of Theorem 1 holds for A and if A is similar
to B, then statement (V1) with A replaced by B holds.

Now, we shall prove the implication (VI) = (I). Since A is similar to its
basic ring (cf. [6]), by Lemmas 1 and 2 we may, and shall, assume without
loss of generality that A is a basic ring of itself.

Let e, . .., em be mutually orthogonal primitive idempotents of A such
that e;+ - -+ +en=1. Then Ae is not A-isomorphic to Ae¢; for i*xj. Let us
set

Li=>,® Ae;.

J*i

Then L; is finitely generated and projective, but it is not a generator. Now,

assume (VI). Then L; is not faithful. Hence if we set
J={alaLi=0, ac A},

we have /0. Let N be the radical of A. If /N=0, we set Jy,=/. If [N%0,
there is a positive integer i such that JN'%0 but JN'"*=0; in this case we

set Jo=/JN'. Then, in any case we have

Jo=x0, JoleiN) =0, fo(§$ejA)=0.
J¥

Therefore we have

) For the proofs of these results cf. Morita [6].
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UM;) %0, for Mi=eiN® > @ ¢A.

I

Since {Mi, ..., Mwa} is the totality of maximal right ideals of A, we see that
A is a left S-ring.

Thus the proof of Theorem 1 is completed.

5. Proof of Theorem 3. If a right A-module M is a finitely generated,
projective generator, the functor P : ,M - M defined by P(X) = M.®@ X is a
category-isomorphism where C = End.(M.) since in this case the bimodule M,
satisfies the conditions of [6, Theorem 3.4] by [6, Lemma 3.3]. Hence the
“if” part of Theorem 3 follows readily from Lemma 1.

To prove the “only if” part, suppose that C is a left S-ring. Then (M is
faithful. Since M, is a generator, M is finitely generated and projective by
[6, Lemma 3.3]. Hence by Theorem 1 ¢M is a generator. Since A is inverse-
isomorphic to the C-endomorphism ring of (M by [6, Lemma 3.3], we see by
[6, Lemma 3.3] again that M., is finitely generated and projective. Thus the

“only if” part is proved.

6. Proof of Theorem 4. It suffices to prove the “only if” part. For this
purpose, suppose that every residue class ring of A is a left S-ring. Let e,

k=1,..., f), i=1, ..., n, be mutually orthogonal primitive idempotents
n f(4)

of A such that Aei«= Ae;j, if and only if /=, and that > > e, =1. Let us set

=1 k=1

¢ = e and
i=I0Ae), i=1,..., n

Then it is easily verified that Ae; is faithful, projective, and indecomposable
as a left A/s-module. Hence, by the assumption and by Theorem 1, Ae; is a
generator as a left A/3-module. Therefore A/3 is a primary ring.

Let N be the radical of A. Then N = (N+3)/3 is the radical of A= A/3.
Let us denote by &, the residue class of ej, modulo 3. If A&, /N&j =0, then
(N +3)ejr = Nej, and Azj/Néj = Aejr/Nej, as left A-modules, while A¢;/Nej\
=0 implies ¢)<3. Since A is primary as is proved above and e; %0, we have
ej <3 for jxi. This shows that

1)

D120 P Aei S 8.

ixi A=1
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On the other hand, if a=3;, then aei =0 for any « since 3; = [(Aeic), and hence
as >\ 21D Aejy.

FETIEDN
Thus we have

1(3)
3= 2 ) Aeji.
J%1 A=1
Hence, if we set
16
w; = 2 @ Aeik,
x=1
then
w; = () 3.
2%

Thus w; are two-sided ideals of A and
A= D w;.
1=1

Since w; is ring-isomorphic to A/3, w; is a primary ring. Therefore the “only

if” part is proved.

7. Proof of Theorem 5. In case A has a unique minimal faithful left
A-module, A is called a QF-3 ring; this is the case if and only if there is a
faithful, projective, injective left A-module (cf. [5]) (e.g., this follows readily
from Theorem 2). Hence, if A is a QF-3 ring and a left S-ring, we see by
Theorem 1 that A is quasi-Frobenius. Since the “only if” part is obvious, this

proves Theorem 5.
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