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Abstract

We first study the bounded mean oscillation of planar harmonic mappings. Then we establish a
relationship between Lipschitz-type spaces and equivalent modulus of real harmonic mappings. Finally,
we obtain sharp estimates on the Lipschitz number of planar harmonic mappings in terms of the bounded
mean oscillation norm, which shows that the harmonic Bloch space is isomorphic to BM O, as a Banach
space.
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1. Introduction and main results

Let C denote the complex plane. For a € C, let D(a, r) = {z : |z — a| < r}. In particular,
we use D, to denote the disc D(0, r) and D the unit disc D;. A complex-valued function
S defined on D is called harmonic in D if and only if both the real and imaginary parts
of f are real harmonic in D. It is known that every harmonic mapping f defined
in D admits a decomposition f =h + g, where h and g are analytic in D. We refer
to [10, 12, 13, 19, 34] for the theory of planar harmonic mappings. For harmonic
mappings f defined on D, we use the following standard notation:

Ay = max £+ e £ = 1£E) + L)

and

A5 = min 1£:) + £ = 1£C)] - £

A continuous increasing function w : [0, c0) — [0, c0) with w(0) =0 is called a
majorant if w(t)/t is nonincreasing for ¢ > 0 (see [14, 28]). Given a subset Q of C, a
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function f : Q — Cis said to belong to the Lipschitz space L,(Q) if there is a positive
constant M such that

If(2) — fW) < Mw(lz—wl|) forallz,we Q. (1.1)

For ¢ > 0 and 0 < ¢ < 9§y, we consider the following conditions on a majorant w:

@ dt < Mw(5) (12)
0
and .
5 f % dt < Mw(6), (13)
o

where M denotes a positive constant. A majorant w is said to be regular if it satisfies
(1.2) and (1.3) (see [14, 28]).

Dyakonov [14] discussed the relationship between Lipschitz space and bounded
mean oscillation on holomorphic functions in D, and obtained the following result. In
order to state Theorem A, we first introduce some notation. Let G be a domain of C.
We use d(z) to denote the Euclidean distance from z to the boundary dG of G. In
particular, we always use d(z) to denote the Euclidean distance from z to the boundary
of D.

TueorREM A [14, Theorem 1]. Suppose that f is a holomorphic function in D which is
continuous up to the boundary of D. If w and w* are regular majorants, then

feL,D) & P@ - IfQF < Mo (d{),

where

1 2 1 - |Z|2 i
Pl = 5 fo /(€ de.

The following result is an analogue of Theorem A for planar harmonic mappings.

TueEOREM 1.1. Suppose that w is a majorant and that f is a harmonic mapping in D.
Then As(z) < Mw(1/d(2)) in D if and only if, for every r € (0, 1 — [2]],

1
BT oy, O~ FOIAD < Mro )

where dA denotes the area measure in D.

DeriniTion 1.2, Let f be harmonic in D. For p € [1, 00), we say that f € BMO,, if

1
sup (
DM, NI Jper

r 1/p
aA©)

() - f(&) dA6)

lf1lBrmo, = ID(z, N Joe.r

is bounded, where r € (0, 1 — |z]].
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In particular, by taking w(¢) = ¢ in Theorem 1.1, we get the following result.

CoroLLARY 1.3. Let f be a harmonic mapping in D. Then f € BMO, if and only if
Af(z) £ M/d(2) holds in D.

In [14], Dyakonov also investigated the property of equivalent modulus for
holomorphic functions in D and obtained the following theorem.

THeorEM B [14, Theorem 2]. Let w be a regular majorant and f be a holomorphic
function in D and continuous up to the boundary 0D. Then

f€L,D) = |fl€ L,(D) = |f] € L,(D, D),

where L,(D, dD) denotes the class of continuous functions F on DU JD which
satisfy (1.1) with some positive constant C, whenever z € D and w € dD.

Later, in [28, Theorems A], Pavlovi¢ came up with a relatively simple proof
of the results of Dyakonov. Recently, many authors have considered this topic
and generalised Dyakonov’s results to quasiconformal mappings and real harmonic
functions in several variables for some special majorant w(t) = t*, where a > 0 (see
[1, 15, 23, 26, 27, 29-31]). For the general majorant w to holomorphic mappings and
pluriharmonic mappings in the unit ball, see [7, 15, 33].

We will prove the analogue of Theorem B for real harmonic functions in the
following form.

TueoreM 1.4. Suppose that w is a majorant satisfying (1.2), and that G is an L,-
extension domain. If f is a real harmonic function in G and continuous up to the
boundary dG, then

f € Lu(G) = |f| € Lu(G) = |f] € Lu(G, IG),

where L,(G, dG) denotes the class of continuous functions F on G U 0G which satisfy
(1.1) with some positive constant C, whenever 7 € G and w € 0G.

Here a proper subdomain G of C or R? is said to be an L,-extension if L,(G) =
locL,(G), where locL,(G) denotes the set of all functions f : G — C satisfying (1.1)
with a fixed positive constant M, whenever z € G and w € G such that |z — w| < %dc(z).
Obviously, the unit disc D is an L,-extension domain.

In [25], the author proved that G is an L,-extension domain if and only if each pair
of points z, w € G can be joined by a rectifiable curve y C G satisfying

f Wdg(@) ds(2) < Mw(z — wl) (1.4)
y dc(2)
with some fixed positive constant M = M(G, w), where ds stands for the arc length
measure on y. See [17, 25] for more details on L, -extension domains.

We remark that in Theorem 1.4, we replace ‘the unit disc D’ and ‘the regular
majorant’ in Theorem B by ‘an L,-extension domain’ and ‘a majorant satisfying (1.2),
but not necessarily (1.3)’, respectively. In fact, by using [30, Lemma A, Theorem 4,
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and Corollary 2] and the similar proof method of Theorem 1.4, we can prove that
Theorem 1.4 also holds for real harmonic functions in the unit ball B" of R".

For planar harmonic mappings, we obtain the following result which is a
generalisation of Theorem B.

TueEOREM 1.5. Let w be a majorant satisfying (1.2) and G be an L-extension domain.
Let f = h + g be a harmonic mapping in G, where g and h are analytic functions in G.
Then
f€Ly(G) & g, heL,(G) = [gl,|hl € L,(G).
DeriniTION 1.6. A planar harmonic mapping f in D is called a harmonic Bloch
mapping if
b= ap MO-IOI
wweDazw P2 W)
Here S is called the Lipschitz number of f and

1 1+
oz, w) = = log(—_) = arctanh
2 I

=W

—Iw

denotes the hyperbolic distance between z and w in D.

It is known that
Br = sup{(1 = [zZHAs(2)}.
zeD

Clearly, a harmonic Bloch mapping f is uniformly continuous as a map between metric
spaces
f:D,p)=(C,[-D

and for all z, w € D we have the Lipschitz inequality

1f(2) = fW)l < Br pz, w).

The reader is referred to [12, Theorem 2] (or [2, 3, 8]) for a proof. Then the set of
all harmonic Bloch mappings in D forms a harmonic Bloch space which is denoted
by 8B);,. Uniform continuity with respect to a hyperbolic metric is a central theme in
[35, 36].

In [9, 20, 32], the authors provided several characterisations of BMO, on
holomorphic functions. For extensive discussions on BMO;, see [11, 16, 18, 21, 24].
In this paper, we will use the BM O, norm to obtain a sharp estimate on harmonic
Bloch mappings, which shows that 8, is isomorphic to BM O, as a Banach space. Our
result is given below.

Tueorewm 1.7. If f is harmonic in D, then

A llzso, < By < 2l fllBso,- (1.5)

Moreover, the estimates of (1.5) are sharp. The extreme harmonic mappings of the first
inequality are constant functions, and the extreme harmonic mappings of the second
inequality are the mappings with the form f(z) = C(z + 2), where C denotes a constant.
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The proofs of Theorems 1.1 and 1.4 will be presented in Section 2, and the proof of
Theorem 1.7 will be given in Section 3.

2. Bounded mean oscillation and equivalent modulus

The following lemma easily follows from a simple computation (as in [6]).

Lemma 2.1. Let f be a complex-valued continuously differentiable function defined on
D and f = u + iv, where u and v are real-valued functions. Then for z = x + iy € D,

Ap(@) < [Vulx, y)| + Vv(x, y)l,
where Vu = (uy, uy) and Vv = (vy, vy).
Then we have the following lemma.

Levma 2.2. Suppose that f is a harmonic mapping in D(a, r), where r is a positive
constant. Then

2
Ag(a) < 2 f |f(a) — f(a+ re)| db.
nr Jo

ProOF. Let f =u+iv be a harmonic mapping in D(a, r), where u and v are real
harmonic functions. Without loss of generality, we may assume that a =0 and
f(0) =0. By Poisson’s formula,

1 27 2 _ 2 .
uz) = — f TR ey as, <.
2 0
By calculations, we get (z = x = iy)

1 2 _2xlz = reé? = 2(r* = |z*)(x — r cos )
ux(z) = 5=
0

0
2n |z — ret|* u(re™) do

and similarly

(re') de,

1 fz” —2ylz = re> = 2(r* = |21*)(y — r sin 6)
u
0

u,(z) = — :
/(@) 21 |z — re?|*

which imply that
2
+

1 271 ) 1 27 )
IVu(0)| = ('— f u(rey cos 6 do — f u(re') sin 6 do
rmw 0 I 0

2)1/2
1 (7 ‘
< — (| cos 6] + | sin @))|u(re’®)| d6 2.1
0
\/z 27
S -
rm

0

lu(re®)| do.

A similar argument shows that

2
|Vv(0)|s£ f [v(re')| db. (2.2)
rm 0
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By (2.1), (2.2) and Lemma 2.1,

Ap(0) < [Vu)] + [Vv(0)]

2
< ﬁ f (u(re®)| + v(re))) do
rmw 0

2 27 o
< — |f(re™)| dé.
rm Jo

Finally, the desired conclusion follows if we apply the last inequality to the function

F2) = f(a) - fz + a). o
2.1. Proof of Theorem 1.1. First, we show the ‘if” part. By Lemma 2.2,

2 (7 .
Ar(z) < — f 1f(2) = f(z + pe)| b,
e Jo

where p € (0, d(z)], which gives

7 2 r 2 )
f Ap(2)p* dp < = f (p f 1f(2) = fz+ pe”)| d9) dp,
0 T Jo 0

whence

6
Af(z)s—3f I/ (@) = f(OIdAQD)
e Jprn

6
= - dA
DG A Joen, If (@) = f(DI dA)
6Mk(r) 1
= ro 6Ma)( d(2) )’

where r = d(z).
Next, we prove the ‘only if” part. For z, we D and ¢ € (0, 1),

diz+tw-2)=1~-|z+Hw-2)|>d(2) - tw-1z.

If d(z) — tlw — z| > 0O, then
1
d
F@) — fw)l < ‘ f d—];(z 1w —2) dt'
0

1
<|lw-{¢ f Ap(z+t(w—2)) dt
0

! 1
<Mw-z f a)(—)dt
| | 0 d(Z)_t|W_Z|

{w—z|
:ML w(d(z)l—t)dt
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Hence
1£1
m fD BGRICTIE Y fD ( fo of d(z)l —ar)aae®
r »
= | AL dag=)a
T '<f'pdp> <r:>dr
< — f (r— t)a)
< Trw(r)ﬁ dt
= ZMrw(%)
The proof of this theorem is complete. O

The following result from [22] is needed in the proof of Theorem 1.4.

Lemma C [22, Theorem 1]. Let u be a real harmonic function of D into (—1, 1). Then
for z € D, the following sharp inequality holds:

1-17@2)

[Vu(2)| < P

2.2. Proof of Theorem 1.4. Without loss of generality, we assume that f is not
constant. The implication f € L,(G) = |f| € L,(G) = |f| € L,(G, dG) is obvious, and
so we only need to prove the implication |f| € L,(G) = f € L,(G). For a fixed z € G,

let
M; =sup{|f(DI: 1§ -zl <dg(2)}
and for £ e D,
d
TH&) = fz +MG(Z)§)'
Obviously, |T¢(£)| < 1 and thus Lemma C implies that
4(1-T3O)
VT (&) < ;(1_—|§|2),

which gives

d(@)IVf@)| 4 [\ _8 |f(2)
— o, VTOls 21- Tg) <= TZ)’

that is, o
dc(IVf(2)] < ;(Mz =1/ @D. (2.3)

https://doi.org/10.1017/S0004972712000998 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712000998

150 Sh. Chen et al. [8]

For a fixed gy > 0, there exists a £ € 0G such that | — z| < (1 + &y)ds(z). Then, for
w € D(z, dg(2)),

LFODI = 1f @I  IfF W = 1A DI+ LA = 1f @I
< Mw((2 + £0)dg(2)) + Mw((1 + £0)d6(2)).-

Now we take gy = 1. It follows that

sup  (IfwW)l = |f(@))) = M(w(3dg(2)) + w(2d6(2))) < SMw(d(2))

weD(z,dg(2))
whence
M, - |f(2)| < SMw(dg(2)). 2.4)
By (2.3) and (2.4), we conclude that
Vf(o)l < M o) 2.5)
dg(z)

Finally, for z;, z; € G, by [25], there must exist a rectifiable curve y in G which joins
z1 and z, and satisfies (1.4). Integrating (2.5) along v,

40M (" w(dg(z
@) - fl< f V@)l ds(2) < f W62 50y < Canlles — zal.
¥ T y dG(Z)
where C is a constant. The proof of this theorem is complete. |

Proor oF TueoreMm 1.5. The implication g, h € L,(G) < |g|, |h| € L,(G) follows from
Theorem B. We only need to prove that f e L,(G)= g, he L,(G), because the
implication g, h € L,(G) = f € L,(G) is obvious. Let f =h+ g in G, where h and
g are holomorphic in G. It is easy to see that f € L,(G) = f € L,(G). This implies
that u = Ref) € L,(G) and v =Imf, € L,(G), where fy =h+gand f, =h—g.

We claim that f, f> € L,(G). We now prove this claim. For a fixed z € G, let

d
M. = supll@) £~ <d@)) and T = "CEIEE ey
Then for any £ € D, |T,(¢)| < 1 and by Lemma C,
4(1-Ti&)
IVT.(&)] < ;(1_—|§|2)

This gives

d@)|\Vu(z)| _ 4 w(z)) 8 |u(2)|

o Tnons (-5 )< 2(-5E)
which yields

8
d@If{ (@) = d@)|Vuz) < ~(M; — u()]). (2.6)
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For a fixed &) > 0, there exists a £ € G such that | — z| < (1 + &y)dg(z). Then, for
w € D(z, dg(z2)),

lu(w)| = [u(@)| < llu(w)| = (DIl + [[u(D] — lu(2)|
< Mw((2 + €9)dg(z)) + Mw((1 + &9)dg(2)).

Now we take g9 = 1. It follows that

DS(UE ( ))(IM(W)I — u(2)l) < M(w(3dg(2)) + w(2dG(2))) < SMw(ds(2))

whence
— u(2)| < SMw(ds(2)). 2.7

By (2.6) and (2.7), we conclude that

, 40M w(dG(Z))
YL —————. 2.8
Ifi @I  do(d) (2.8)
Finally, for z1, z, € G, by [25], there must exist a rectifiable curve y in G which joins
71 and z, and satisfies (1.4). Integrating (2.8) along y, we obtain that

40M d,
me—ﬁ@n;fm@wmws j“‘dmdmmcmm—mx
) 7 J Tdo

where C is a constant. This gives f] € L,(G). By similar arguments, we know that
> € L,(G). Hence (f; + f2) € L,(G) and (f; — f») € L,(G). Therefore,

f1+f2 hi-h fz

h= €L,(G) and g= € L,(G).

The proof of this theorem is complete. O

3. Estimates on BMO,

Green’s theorem (see [4, 5]) states that if g € C*(D), that is, is twice continuously
differentiable in D, then

2
i f g(re®) do = g(0) + 1 f Ag(z) log — do-(z) 3.1)
271' 0 2 D, | |

for r € (0, 1), where do- denotes the normalised area measure in D.

Lemma 3.1. Forre (0, 1), let

1 21 )
M) =5 [ ey o
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where f is a harmonic mapping in D. Then for p € [2, 00), Mg(r, f) is an increasing
function on rin (0, 1) and

d _ _
r MG =P fD ((g - QI HEQT@ + O

N |f<z>|"-2|€7<z)|2) do(2),

where [V f| = (.12 + | )2

Proor. Since |f|? is subharmonic in D, we see that MZ (r, f) is an increasing function
on rin (0, 1), where p € [2, o). On the other hand, by (3.1),

r%Mﬁ(n h= % fD AU do)

= [ (& 1)rrn@r@ + roRaf
D,

N |f<z>|"-2|€}<z>|2) do(2).

The proof of this lemma is complete. O

Lemma 3.2. Forre (0, 1) and p € [2, ), let

|D| f FQP dA(z)) :

where f is harmonic in D. Then the function I,(r, f) is increasing on r in (0, 1).

Iy(r, f) =

Proor. Since

fD If(2IPdA(z) = 2n fo pM;,(p, f) dp, (3.2)
we see that 4
—f If @I dA(z) = 2rrM} (r, ). (3.3)
dr D,
By (3.2), (3.3) and Lemma 3.1,
p _qp _ ' i p
M, (r, ) = 1,(r, f) = D] f(; dtM”(t’ F)IDy| dt > 0. 3.4

By (3.2), (3.4) and elementary computations,
DL [ 1f @I dAR) — [ 1f@I dAR) D,
D,
2w\ DMy ) - £ dAG)|
D, [?

—Ip( =

> 0.
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Hence the function I,,(r, f) is increasing on r in (0, 1). The proof of this lemma is
complete. O

Lemwma 3.3. For fixed a €D, let ¢,(2) = a+ (1 —|al)z in D. Then for p € [2, o),

I llsmo, = Sup ] f 1f (@a(2)) = f(da(ODI” dA(Z)) , 3.5)

where f is harmonic in D.

Proor. It is not difficult to see that

SUP f |/ (@a(2)) = f(da(ONI” dA(Z)) < fllsmo, - (3.6)
aen \ D]

On the other hand, by elementary calculations and Lemma 3.2,

: ran)
(B L, - frino)

<( - f raa)
“\B@ 1@l Joer 1fQ) = fla)l (g))

! 1/p
(5 [ 1ru@n - soaor da) .

Dl Jp

where r € (0, 1 — |a|]. Then

lf1lBrmo, < SUP ] f |f(#a(2)) = f(@a(O)I dA(Z)) . (3.7
Obviously, (3.5) follows from (3.6) and (3.7). O
Lemwma 3.4. For each fixed a € D, let ¢,(z) =a + (1 — |a|)z in D. Then
/ 1 —|¢.(2)I”
|, (2)] < 1——|Z|2 (3.8)

Proor. It is easy to see that f is analytic and, for all ze D, |¢,(z)] < 1. Then (3.8)
follows from the Schwarz—Pick lemma. O

3.1. Proof of Theorem 1.7. We first prove that || fllzmo, < B¢. For a fixed a € D, let

Fo() = f(¢a(0))
in D, where ¢,({) = a + (1 — |a|){. By Lemma 3.4,

3“5((1 — KAE, Q) = f«ug((l — YA BB
< 3”3((1 — 6 OPIA £(9a(0)))
< Bs.
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Then Lemma 3.1 leads to

d . 2 —
S M Fu(re) = Fo(0) = = f VELOR dAQ)
r rn Jp,

IA

2
— f A% () dAQ)
rmw D,

65 dAQ

rr Jp, (1 =2
2 T
_ % f P
roJo 1-p??
N 2n—1

=287 ) 7,

n=1

IA

which gives
) © r2n
M3(r. Fu(ré®) = FuO) <8} ) —.
n=1
Since
1 A 1 ' ¥ _
f 2rM3(r, Fo(re®) — Fu(0)) dr = — f f HF(re') — F,(0)]* do dr
0 T Jo Jo

1
= — | |F ) = F,(0)? dA(0),
= fD IFu(0) = Fu(O)P dAQ)

we see that
| , 1 5 2+l 5 has 1 )
— | IFa(Q) = FaO)F dAQ) < | 2 ——dr= Tme D Pr
|D|fD| () = Fa(0)]* dA(Q) fo ﬂf; ——dr ﬁf;n(nﬂ) By
whence

1A lzrzo, < By-
Next, we prove that B¢ < 2||fllpmo,. By Lemma 3.1 and the subharmonicity of
IVFLI|2’

2 r - 2 r 1 27 - )
= f PIVF,(0)* dp < = f p(— f IV F (™) d@)dp
r 0 r 0 27T 0

1 —
— f IVF.(OP dAQ)
rm Jp,

1d ;
=50 3(r, Fa(re®) = Fo(0)),

which implies that
IVE,(0)*r? < M3(r, Fu(re®) — Fu(0)).
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It follows that

VF.(0) 1
| ()| f IVE,(0)% dr < —ﬂLIFa(é)—Fa(O)P dA(Q),

whence )
AL (0) |VEO)P 1
o < MO <% f IFl0)  Fo(OF dAQ).
On the other hand,
Br <sup Ar,(0).
aeD

By (3.9) and (3.10),
By <2l fllzmo, -

(3.9)

(3.10)

It remains to prove the sharpness in the inequalities. Obviously, the equality sign
in the first inequality of (1.5) occurs when f is constant. For the sharpness part of the

second inequality of (1.5), we let

f@)=C(z+2),

where C is a constant. Then

By = su£{(1 — 1z")A4(2)} = 2IC]

and
1 ) 172
o, =sup( 5 [ 170 = FuO)F daco)
aeD \ D]
172
=|C]| SUP( f (1= lallz +z dA(Z))
aeD \ D]
4(1 = 2 1 21 1/2
=|C| sup((—lal) f f r cos® 0.do dr)
aeD Tt 0 Jo
=|C| sup(l — lal)
aeD
=1Cl,
whence
Byr =2fllzmo,-

The proof of this theorem is complete.
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