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Abstract

Let N be the set of all nonnegative integers. For a given set S C N the representation function Ry (n)
counts the number of solutions of the equation n = s + s’ with s < s’ and s,s" € S. We obtain some
results on a problem of Chen and Lev [‘Integer sets with identical representation functions’, Integers 16
(2016), Article ID A36, 4 pages] about sets A and B such that AU B =N, AN B =r+ mN and whose
representation functions coincide.
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1. Introduction

Let S ¢ N be a set of nonnegative integers. The representation function Rg(n) is
the number of solutions of the equation n = s + 5" with s < s’ and 5,5’ € §. For a
nonnegative integer a, the sumseta+S ={a+s:s€S}.

Sarkozy asked whether there exist two sets A and B of positive integers with infinite
symmetric difference, that is, |[(A U B) \ (A N B)| = oo, having Rs(n) = Rg(n) for all
sufficiently large n. Dombi [2] used the Thue—-Morse sequence to construct such a
partition of N into two sets A and B such that R4(n) = Rp(n) for all n € N. Related
results can be found in [5-7].

In 2012, Yu and Tang [9] considered the representation functions of two sets A and
B which partition the natural numbers and whose intersection is nonempty.

TuEOREM A [9, Theorem 1]. f N=AU Band AN B = {4k : k € N}, then Rs(n) = Rg(n)
cannot hold for all sufficiently large integers n.

In 2016, the second author of this paper extended Theorem A as follows.

Tueorem B [8, Theorem 1]. Let k > 2 be an integer. If the sets A and B satisfy
N=AUB and ANB=1{km:meN}, then Ry(n) = Rg(n) cannot hold for all
sufficiently large integers n.
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In 2016, Chen and Lev [1] obtained the following result.

Tueorem C [1, Theorem 1]. Let [ be a positive integer. There exist sets C and D such
thatN=CUD,CND=Q2%-1)+ 2"~ 1)N and Rc(n) = Rp(n) for every positive
integer n.

In their paper [1], Chen and Lev posed the following two problems. Let A
denote the Thue—Morse sequence, that is, the set of nonnegative integers whose binary
representations contain an even number of 1 binary digits, and set 8 =N\ A. Put
A =AN[0,2' - 1]and B;= BN [0,2' - 1]

ProBLEM 1.1. Given that R4(n) = Rg(n), AU B =N and A N B = r + mN with integers
r>0and m > 2, must there exist an integer [ > 1 such that » = 2% — 1, m = 221 — 1?

ProBrLEM 1.2. Given that R4(n) = Rg(n), AU B = [0,m] and A N B = {r} with integers
r >0 and m > 2, must there exist an integer [ > 1 such that r = 22 _ |, m =221 _ 2
A=Ay UQ¥ -1+ By)and B= By U2% -1+ Ay)?

Problem 1.2 is the finite version of Problem 1.1. Recently, Kiss and Sandor [3]
solved Problem 1.2 affirmatively.

Tueorem D [3, Theorem 7]. Let C and D be sets of nonnegative integers such that
CUD=[0,m],|CND|=1and0 € C. Then Rc(n) = Rp(n) for every positive integer
n if and only if there exists a natural number [ such that C = Ay U (2% — 1 + By)) and
D =By U (221 — 1+ Ay).

In [4], Kiss and Sandor give further conjectures and extensions of these results
and partially describe the structure of the sets which have coinciding representation
functions.

In this paper, we focus on Problem 1.1 and obtain the following results.

TueorEM 1.3. Given m > r > 0, there exists at most one pair of sets (A, B) such that
AUB=Nand AN B =r+mN and R4(n) = Rg(n) for every positive integer n.

THeEOREM 1.4. Let m > r > 0 be integers. Let A and B be sets of nonnegative integers
such that AU B=Nand AN B ={r+ mk : k € N}. If Ra(n) = Rg(n) for every positive
integer n, then there exists an integer | > 1 such that r = 2*! — 1.

Throughout the paper, let f(x) = ap + a;x+ -+ + a,x" € Z[x] and, for m < n, define
(fO)m=ag+arx+ -+ +ayx™.

The characteristic function, yg(n), of the set S is defined by

w1 ifnes.
n) =
Xxs 0 ifn¢s.
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2. Lemmas

Lemma 2.1 (See [3, Claim 3]). Let M be a positive integer and u = [log, M| — 1. If the
integers M — 1, M -2, M —4,M -8, ..., M — 2" are all contained in the set ‘A, then
M =211,

Lemma 2.2 (See [3, Claim 4]). Let M be a positive integer and u = [log, M — 1. If the
integers M — 1, M -2, M —4, M - 8,..., M — 2" are all contained in the set B, then
M =241 1.

Lemma 2.3 (See [3, Claim 1]). Let 0 < ry < --- < r; < m be integers. Then there exists

at most one pair of sets (C, D) such that CUD =[0,m], 0€C, CND={r,...,r}
and Rc(k) = Rp(k) for every k < m.

The following lemma is the key of the proof of Theorem 1.4. In fact, the lemma is
a revised version of [3, Theorem 7].

LemmA 2.4. Let m > 2r > 0 be integers. Let C and D be sets of nonnegative integers
such that CUD = [0,m], CN D ={r} and 0 € C. If Rc(n) = Rp(n) for every n with
0 < n < m, then there exists a positive integer | such that r = 2% — 1.

Proor. Let ", .
pe( =) xe@¥,  pp(d) =) xp)x. 2.1
i=0 =0
Then
1 1 -
S (Pc()) = 3pc®) = ZO Re(n)x", (2.2)
1 1 -
5o = 2 pp() = z; Rp(n)x". (2.3)

Since Rc(n) = Rp(n) for0 <n < m,

(2 Rc(n)x”)m _ (2 RD(n)x")m. 2.4)

Since CUD =[0,m] and C N D = {r},

l—Xm+1
1 -

pp(x) = — pc(x) + x". (2.5)

By (2.1)-(2.5),

(5(peto? - %pcocz))m - (2 Re(u) = (io Ro(m")

1 1
- (i(pmx))z - EpD(x%)

>
m
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that is,
_ xm+l 2 _ x2m+2
((pC(x))2 - pC(-xz))m = ((ﬁ - pc(X) + )Cr) - (1_—x2 - pc(xz) + x2r)) .
Thus,
1-— x2m+2 1= xm+l
@pe( === +2pc(®)
1-x 1-x
1-— xm+1 2 1-— xm+l
- (ﬁ) - 2xrﬁ + Zxrpc(x)) . (2.6)

Next, we shall prove that there exists a positive integer / such that r = 2%/ — 1. The
remainder of the proof is the same as the proof of [3, Theorem 7]. We give the details
for completeness.

First, we shall prove r is odd. Suppose that r is even and let r < k < 2r < m be also
even. It is easy to see from (2.1) and the coefficient of x* in (2.6) that

k
2XC(§) — 14 ZO;kXC(i) —(k+1) =2+ 2k — ). 2.7

If k + 1 < 2r < m, then from the coefficient of x**! in (2.6),

0=2 Z Yo = (k+2) =2+ 2vck+1—7). (2.8)

0<i<k+1

By (2.7) and (2.8),

Xc(g) =1 —yete+ 1)+ xelk—r) - xelk + 1= 7). 2.9)

Noting that k + 1 — r < r and that k — r is even, by Lemma 2.3,
Cn[0,r=1]=AnN[0,r-1].
By the definition of A,

xckk+1-r)+xctk—r)=1.

If yck—-r)=1 and yc(k+1-r) =0, then by (2.9), yck + 1) ZXC(%k) =1.
If xc(k—r) =0 and yc(k+1—r) =1, then by (2.9), yc(k + 1) = yc(1k) = 0.
Thus xc(k — r) = xc(3k). Putting k = 2r — 2!, where i + 1 < [log, r], we have
ye(r =21 = yo(r = 27). It follows that

Xelr =1 = xe(r =2 = xelr=4) =+ = xc(r = 2),
that is,
xar -1 =xa(r-2)=xya(r—-4)=--- :)(5;[(1”—2[)

for t = [log, r] — 1. Now, Lemmas 2.1 and 2.2 imply that r = 2 — 1, which contradicts
the assumption that r is even.
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Second, we prove that r = 22 _ 1. If r <k <2r < m and k is even, then from the

coefficient of x* in (2.6),
k .
2)(0(5): 142 ) xel) =tk + 1) =2+ 2yck = 1. (2.10)
i<k
In this case k — 1 is odd and k — 1 > r; therefore, from the coefficient of x*~! in (2.6),
0=2 Z){C(i)—k—2+2)(c(k—1—r). (2.11)
i<k—1

By (2.10) and (2.11),

k
xe(3)=1=xe® +xele=n - xete-1-n.

If r is odd, then k — 1 — r is even and Lemma 2.3 gives

Cn[0,r=1]=AN[0,r—-1].
By the definition of A,

xckk—-1=-r)+xctk—r)=1.
If yc(k—r)=1and yc(k—1-r) =0, then Xc(%k) =xctk—r)=1.1f yctk—1r)=0
and yc(k — 1= r) = 1, then yc(3k) = xc(k — r) = 0. Thus, yc(r — 27*") = yc(r = 29). It
follows that

xcr=1D)=xclr=2)=xc(r—-4) == xc(r-2",

for t = [log, r] — 1, that is

Xa(r=1)=xa(r=2) = xalr—4) =+ = ya(r -2,
and, by Lemmas 2.1 and 2.2, r = 2" — 1. If k = r, then from the coefficient of x* in
(2.6),
0:2ZXC(i)—(r+l)—2+2. 2.12)
i<r

On the other hand, if k = r — 1, then from the coefficient of x*~! in (2.6),

2XC(’_1)=1+2 > xet - r. 2.13)

2 i<r-1
Since r € C, by (2.12) and (2.13),

r—1

—2)(0( ) = 2+ 2yc(r) = 0.

Consequently, 0 = yc(3(r — 1)) = xa(3(r — 1)) and so 3(r — 1) =2 — 1, where u — 1
is odd, that is = 2% — 1. This completes the proof of Lemma 2.4. O

https://doi.org/10.1017/5S0004972717000818 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000818

[6] Partitions with the same representation functions 205

3. Proof of Theorem 1.3

Assume there exist at least two pairs of sets (A, B) and (A’, B’) which satisfy the
conditions

AUB=N, AnB=r+mN, Ry(n)=Rgn) foreveryn>1,
A UB =N, ANB =r+mN, Ry{n)=Rpg(n) foreveryn>1.
We may assume that 0 € A N A’. Let k be the smallest positive integer such that
xak) # x 4 (k). Write
{r+ mN}yN[0,k] ={r,...,7s},
A =ANn[0,k], B;=BnNn[0,k],
Ay =A'"N[0,k], By=B N[0kl

Then
A1 UB; =AU B, =[0,k], (3.1
AiNB =A,NBy ={r,...,rg, (3.2)
XA, (k) # xa,(k), 0€A; NB. (3.3)

For any integer n with 0 < n < k, by the hypothesis,

Ry, (n)=H{(a,d'):a<d <n,a,a €A,a+d =n}

= R4(n) = Rp(n) = Rp,(n). (3.4)
Ra,(n)=t(a,d’):a<d <n,a,d € Ay,a+d =n}
=R, (n) = Ry (n) = Ry, (n). (3.5)

Hence, there exist two pairs of sets (A, By) and (A, B,) satisfying (3.1)—(3.5). By
Lemma 2.3, this is impossible. This completes the proof of Theorem 1.3.

4. Proof of Theorem 1.4
Let
C=AnN[0,m-1+r],
D=BNn[0,m—1+r].
Then
CUD=[0m—-1+r], CnD-={r}.
Moreover, forany n withO<n<m—-1+r,
Rc(n)=H{(c,c):c<c <n,c,c €C,c+c’ =n}
=#{(c,c):c<c <n,c,d €A,c+c =n)
= Ra(n),
Rp(n) =H#{(c,c):c <’ <n,c,c’ €D,c+c’ =n}
=#{(c,c):c<c <n,c,d’ €B,c+c =n}
= Rp(n).
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Thus, forany n withO<n<m-—-1+r,
Rc(n) = R4(n) = Rp(n) = Rp(n).

Noting that r <m — 1, we see that m — 1 + r > 2r > 0 and, by Lemma 2.4, there exists
a positive integer / such that » = 2% — 1. This completes the proof of Theorem 1.4.
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