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SENSITIVITY AND CONTROLLABILITY OF SYSTEMS
GOVERNED BY INTEGRAL EQUATIONS
VIA PROXIMAL ANALYSIS

A.YEZZA

ABSTRACT  In this paper, we are concerned with the basic problem defined in [9]
Formulas for dV(0) and 0*°V(0), respectively the generalized and asymptotic gradient
of the value function at zero, corresponding to an L2-additive perturbation of dynamics
are given Under the normahty condition, dV(0) turns out to be a compact subset of L2,
formed entirely of arcs, and V 1s locally finite and Lipschitz at 0 Moreover, estimations
of the generalhized directional derivative and Dint’s derivative of V at 0 are derived
Supplementary conditions imply that Dint’s derivative of V at 0 exists, and V 1s actually
strictly differentiable at this point

1. Introduction.

1.1 Proximal Analysis. Let X be a real Banach space whose norm is denoted || - || and
C a closed subset of X. The space X is denoted respectively H or R" whenever it is a
Hilbert space or finite-dimensional. When X = H or R”, we denote its inner product
by (-, -), which gives the norm || - ||. We define the distance function from C, d¢(-) by
de(x) ;= inf{|lc — x|| : ¢ € C}.

Proximal analysis started with the notion of perpendiculars introduced by Clarke in
the finite-dimensional case [4], which has given rise to a formula for the generalized
gradient of the distance function from C, ddc(-). The fact that the normal cone of C,
Nc(+) is the w*-closed convex cone generated by ddc(-), involves an important object
which is called proximal normal vector.

In fact, when X = H, a vector £ € X is said to be perpendicular to C at x € C, and
we write £ L Cat x, if £ = x’ — x, where x is the unique nearest point from C to x’. The
fact that € L C at x or equivalently dc(x + £) = ||€]] is equivalent to the inequality

(€,c—x) <(1/2)]jc—x||* VeceC.

This inequality can be interpreted as the assertion that the point x € C minimizes over C
the functional: —(&, ¢) + (1/2)||c — x||> and in practice, this assertion leads to the study
of a certain optimization problem, which characterizes the perpendiculars.

When X is not necessarily a Hilbert space, we define the perpendicularity as follows:
a functional £* € X* is said to be perpendicular to C at x, and we write £ | C at x, if
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there exists y € X* \ C such that:

de(y) = [ly—xll. (€".y =0 = [y = 2lf>, and [|€"]] = [|y — .

That is €* /||y — x|| supports the unit ball of X at (y — x)/||y — x||. We can easily check
that this general perpendicularity is identical to that for X = H; it suffices to note the
identity:

1€ ==l = €7 +ly —> =2(&,y—x) forgeH.

The generalized gradient of the distance function d¢(-) at x, ddc(x) is defined in terms
of perpendiculars to C at x by:

(1.3) ddc(x) = co{0} | {w" hm ||§ ” 2§ L Catx, with§, - 0andx, - xin C
where w*-lim denotes the weak star limit, which coincides with the weak limitif X = H
and with the strong limit if X = R”, in which case the closure in (1.3) is superfluous,
and || - ||« denotes the dual norm corresponding to || - ||. Another alternative approach
to calculate ddc(x) in the finite-dimensional case is given in [4]. It has been extended to
infinite-dimensional case by Borwein-Giles [1].

The normal cone of C at x, N¢(x) is defined by:

(1.4)
Ne() = cl{ U Aadc(x)}
A>0
= E(’){W*—lim/\, ||§ “ AN >0,& L Catx, withxy, > xinCand &, — 0},

where cl denotes the w*-closures and co denotes the w*-closed convex hull. To this nor-
mal cone, we associate another cone denoted N¢(x), which is called the upper semicon-
tinuous normal cone to C and which is defined by:

Ne(x) := {lim§, : €, € Ne(x,) and x, — x in C}.

Under mild regularity conditions on C, N¢(-) and N¢(-) coincide.
Anelement £* € X* is said to be a proximal normal functionalto C at x, if it is a scalar
positive multiple of a perpendicular functional to C at x; that is:
there exist y € X/C, and A > 0 such that: £&* = ¢} with de(y) = ||y — x|,
€11 = 1, and (&7, y —x) = [ly — x|,
Note that when X = H, this last definition is equivalent to, say, that an element £ € X
(because X* = X) is a proximal normal vector to C at x if there exists ¢ > 0 such that

(1.5) (¢,c—x) <olc—x|* Veec,

or equivalently dc(€ /20 + x) = (1/20)||€||, and we find (1.1) by taking 0 = 1/2. We
denote by PN(x) the set of all proximal normal vectors to C at x, which is a convex cone
containing always 0 when X = H.
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The best thing that proximals provide is the proximal normal formula:
(1.6) Ne(x) = co{w*-1im¢, : €, € PN¢(x,),x, — xin C},

which was first proved by Clarke [4] in the finite-dimensional case and extended by
Borwein-Strojwas [2] in the infinite-dimensional setting, for X being any reflexive
Banach space. For the particular case X = H, Loewen [6] has given a simple proof based
essentially on geometrical properties in Hilbert space; in this case w*-lim is replaced by
w-lim.

1.2 Clarke’s derivative, Dini’s derivative and strict derivative. Let f: X — RU {+o0}
be a lower semicontinuous (l.s. c.) function and x € X a point at which f is finite. Then
the epigraph of f, epi f := {(x, A) : f(x) < A} is aclosed subset of X X R, and (x,f(x)) €
epi f. We define the generalized gradient and generalized asymptotic gradient of f at x,
respectively df (x) and 0°°f(x) as follows:

(1.7) ) = {€€X" 1 (6, ~1) € Nepi s (xS (0)) }
(1.8) If(x) = {€ € X" : (£,0) € Nepi (2. () |,

Then df (x) is a w*-closed convex subset of X* and 0*°f(x) is a w*-closed convex cone of
X* always containing 0. Thus, elements of df (x) and 0°°f(x) are captured by elements of
Nep,f(x,f(x)) via (1.7) and (1.8) and those of the latter are captured by normal proximals
to epi f via (1.6) in a way that characterization and nature of df (x) and 9°°f(x) depend on
PNep f(x, f (x)). This diagram appears clearly in the proof of Theorem 4.1 in the sequel.

Recall that the support function of a nonempty subset C of X is the functiono¢: X* —
RU {oo} defined by:

oc(Q) := sup{(¢(,x) : x € C}.

A function f: X — R is said to be locally Lipschitz at x if it is Lipschitz in a neigh-
bourhood of x, that is there exists an open set U in X containing x and for some positive
constant K

) —f@I <Kly—z| VyzeU.

Likewise, f is locally Lipschitz on an open subset A of X, if it is locally Lipschitz at each
point of A. When f is locally Lipschitz at x, we prove that df (x) is exactly the set whose
support function is fO(x; ), given by:

(1.9) fO(X; V) = 11m supw

110

, forallv e X.

The latter is known as Clarke’s (or generalized) directional derivative of f at x. In this
case Of (x) is bounded and then it is w*-compact.

The function f is said to be regular at x if its usual right directional derivative f/(x; -)
exists and coincides with fO(x; -).
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The four Dini’s derivatives of f at x are defined as follows:

e v) = limsupwx—)
w 110 t
f+1v) —f(x)

filxgv) = hrﬂ(l)nf ;

f (xv) = —fi(x; —v), and
[ vy = —f*(x;—v), forallveX.

’

We say that f has a right Dini’s derivative at x, which is denoted f/(x; -), if f*(x; -) and
f+(x; ) exist and coincide. The left Dini’s derivative f(x; -), if it exists, is defined in a
similar way.

Recall that a Lipschitz function f: X — R is said to be strictly differentiable at x (in
Clarke’s terminology) with strict derivative D¢f (x) € X*, provided that for each v € X,
we have:

i S0 ) W)
PR

X X

110

(D.&f(x), v).

A practical characterization of strict differentiability of f at x is given by the condition
that the generalized gradient of f at x, df (x) is reduced to a singleton (see [4], Proposi-
tion 2.2.4).

1.3 Relaxed controls. Let £ denote a compact nonempty subset of R” and L' (T, C(Q))
be the Banach space formed by classes of functions f: T x Q — R, (¢, u) — f(t, u), such
that f(-, u) is measurable, f(z, ) is continuous, and max {|f(t,u)| : u € Q} is in L'(T, R).
The norm in this space is taken as ||f|| := fr max{[f(s,u)| : u € Q}dr.

Let B(Q2) denote the Borelian o-algebra generated by Q. Define the vector space:

pm(Q) := {u : B(Q) — R is a probability Radon measure }.

We define a relaxed control as a mapping v: T — prm(€2) which associates toeach t € T,
a probability Radon measure v(¢) in prm(£2), such that for all f € L (T, C(Q)), the map-
ping t — fo f(t,u) dv(t)(u) is (Lebesgue) measurable. Note that every ordinary control
u(t) can be identified with a relaxed control, namely the Dirac measure é,(,) concentrated
at u(t) for each ¢t € T. Each relaxed control v can be regarded as a linear functional on
L' (T, C(LQ)) defined by

. f) = v(f) == /T /Q ftwydv(wde forallf € L'(T,C(Q)).

We denote by R _the set of classes (modulo Lebesgue measure) of all such relaxed con-
trols. If a function f: T x Q — R", (t,u) — f(t,u) is in L (T, C(Q)), then we denote
by f(t.1/()) the integral fo f (¢, u) dv(t)(w), in such a way that (v.f) = frf(t.v(t)) dt for
vewR.

Two natural topologies can be defined on & . The first one is the dual norm topology
defined by ||f]| = sup{|v()| : Ifll < 1} = esssup{|v(N|(Q) : t € T}, where |v(1)] is the
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total variation of v(f). The second is the w*-topology whose convergence is defined by:
v, — v(w*) iff (v, f) — (v,f) forall f € L (T, C(Q)). It is demonstrated in [10] that
R_is convex, and that with this topology, R_is compact and sequentially compact and is
the closure of U (the class of ordinary controls). For more details concerning this part,
we invite the reader to consult [10].

2. The problem and its perturbation. Let 7 denote the interval [0, 1]. We are
given functions f: T — R, - TXR'"XR" - R, :T—R", ¢: TX T X R" x R" — R",
two subsets {2 and C of R" and R™ respectively, and a tube Q; in 7 x R", which is by
definition a subset of 7 x R" of the form

{(t,x) eTXR": |x —w(n)] < e®)},

where w(-) and £(-) are continuous functions with e(+) positive.
For each a(-) € L*(T,R"), we denote by P(cr) the a-perturbed original problem, which
consists in minimizing the cost functional

1
(2.1) J(x,u) := f(x(1)) + /O F(t, x(t), u()) dt,
over all state/control pairs (x, u) satisfying the constraints

22) { (1) = (@) + o (1,14, x(0), u(®)) + i :(t. 5. x(s), u(s)) ds + ar) (1 € ),
x(0) = ¥(0),
u(t) € Q (ae)-t,x(1) € Cand (t, x(t)) € Q, foreachr e T.

The state x of P(«) is an absolutely continuous function from 7" to R" and its control u is a
measurable function from 7 to R™. In particular, P(0) is the unperturbed original problem.
We denote by P(a) (¢ # 0) and P(0) respectively the relaxed a-perturbed problem and
the relaxed unperturbed problem, in the sense of [9, Section 4]. More precisely, P(«) is
defined as follows:

P(a):  J(x,v) ::f(x(l)) + /Ol F(t, x(t),v(t)) dt — min,
under the constraints:

{ (1) = (0 + o (1. 6,50, v(1)) + f & (1. 5, x(5), v(5)) ds,
x(0) = ¥(0),
ve R, x(1)eCand (t,x(t)) € Q, foreachrinT.

We denote by Y, the set of solutions of f’(a) and we set in particular Yo = Y. We de-
note by AC?(T,R") the Hilbert space of functions x: T — R" such that x is absolutely
continuous and has derivative x in L>(7, R"). The inner product in this space is given by:
(x,y) = (x(0),y(0))g + (x,¥),2. With the associated norm, AC*(T,R") is isometric to
L*(T,R") x R™.
The following assumptions remain in force along this paper:
(H1) f islocally Lipschitz.
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(H2) F is measurable in ¢, continuously differentiable in x, and continuous in u; ¢ is
measurable in s, continuously differentiable in x and 7, continuous in (¢, x, u), and
¢, is continuously differentiable in x.
(H3) For each compact subset I" of R" x R™, there exists a function K(-) € L*(T,R)
such that for (a.e.)-s, [f (1, s, x, u)|+| (2, 5, X, )| +| w2, 5, x, )| < K(5),V(t, x,u) €
T x T; for (a.e.)-t, |F(t,x, u)| |Fo(t, x,u)| < K(1),V(x,u) € T.
(H4) ¢ € AC*(T,R").
(HS) Cis closed and € is compact.
(H6) The set of all admissibles state/control pairs for P(0)is nonempty and all solutions
of P(0) remain in Q,; that is: (t, x(t)) €Q, foreachr € T, forall xin Y.
In the sequel of this paper, the symbol “—” will denote the uniform convergence on
T. Existence for P() is an immediate consequence of the lemma below, provided that
Ad(P(a)), the set of admissibles pairs state/control for P(«), is nonempty.

LEMMA2.1. Let(x,v,) € Ad(P(a,)), where (@,) is a sequence in LA(T,R") converg-
ing strongly to o. Then there exists a subsequence of {(x,, 1/,)}, which we do not relabel
and x € ACXT,R"), v € R_ such that

X —»x, & — x(w— L), v, — v(w"), J(x,,v,) — J(x,v), and (x,v) € Ad(f’(a)).

PROOF.  The proof is similar to that of {9, Lemma 4.1, where o, = 0 for each ], and
thus is omitted. =
Define the set of admissible states for the problem P() by:

Ady(f’(a)) = {x : T — R" absolutely continuous: 3 € R
such that (x,v) € Ad(i’(a)) }

Forx € Ads(f)(a)) and A € {0, 1}, we define the A\-multiplier set corresponding to x,
denoted M;\((x) as thesetof allp € ACZ(T, R") satisfying the following conditions for a
certainv € R
(i) —p(1) = p(O{dx(t. 1. 50, () +J§ Sur (1. 5. X(5), 1(5)) ds }=AF (1, x(1), v(D)) (ae.),
(i) —p(1) € Af (x(1)) + Ne(x()).

(ii) max{p(t>-{¢‘>(r, £,5(0), ju(0)) + ff &4 (£, 5.x(5), 1)) ds) = NF (1, x(1), p(0)) = pt € 7(}
is attained (a.e.)-f in = v.

The A-multiplier set MA(Y,) corresponding to the problem P(a) is defined as
U{MA(x) : x € Y,}. For @ = 0, it is simply denoted by M*(Y). The sets M'(¥) and
MO(Y) are respectively called the normal multiplier set and the abnormal multiplier set.
Note that 0 is always in the cone M2(¥). In [9], itis shown that [M*(¥)\ {0} UM (Y) # 0.
This condition rephrases Theorem 7.4 of [9].
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3. Value function. To each problem P(«), we associate its value, namely the quan-
tity V(a) := inf{J(x,v) : (x,v) € Ad(P(a))}, with the convention that V(a) = +00
if Ad(f’(a)) = (). In this way, we have defined a function V: L%(T,R") — R U {+00},
o +— V(ar), which is called the value function corresponding to the perturbation of the
last section. The behaviour of V near the point o = 0 has a direct reflection on the prob-
lem P(«a). The very finiteness of V near 0 corresponds to an important property, namely
the local controllability of the system, in the sense that the set Ad(f’(a)) is nonempty
for o in a neighbourhood of 0. The local Lipschitz property of V near O measures the
sensitivity rate of the problem value vis-a-vis small perturbations in dynamics (for these
two properties, see Theorem 4.2). It is not always the case that the value function is dif-
ferentiable at 0, except under some conditions (for this, see Corollaries 4.3, 4.4 and 4.5).
However, the generalized gradient of V at 0, dV(0), contains information about differen-
tial properties of V at 0. A formula for dV(0) in terms of the multiplier sets M°(¥) and
MY(Y) is derived in Theorem 4.1.

The following lemma asserts that for o too small, hypothesis (H6) remains true for
the a-perturbed relaxed problem P(a).

LEMMA 3.1.  There exists & > 0 such that if ||a||;» < é and V(a) < V(0) + 6, then
each solution of P(at) remains in Q.

PROOF. If the lemma is false, then we can construct a sequence («;) converging to
0 in L*(T,R™), with V(o) < V(0) + 1 / iforall i > 1, and a corresponding sequence
(x;,v;) € Ad(ﬁ(ai)), with x; € Q; \ Q for all i > 1. Then the use of Lemma 2.1,
leads to the existence of (x,v) € Ad(P(0)), with V(et) = J(x;,vi) — J(x,v) (> V(0))
for a certain subsequence of (i) which we don’t relabel. Thus V(0) = J(x,v), and by
hypothesis (H6), x must remain in the tube €2,. According to Lemma 2.1, x is a uniform
limit of (x;), therefore x € Q, \ Q. Hence a contradiction. ]

This lemma combined with Lemma 2.1 and the fact that ¥,, # (), once Ad(f’(a)) #0
(which is a consequence of Lemma 2.1), give rise to the following lemma whose proof
arguments can be found in [5, p. 538].

LEMMA 3.2.  The value function V is (strongly) 1.s. c. near zero. ]

4. Main result. The principal result of this paper is the following theorem, where
relations between the generalized and asymptotic gradients of V at 0, dV(0) and 0V>(0)
and the normal and abnormal multiplier sets M'(Y), MO(Y) are established.

THEOREM 4.1. Under the hypotheses (H1), (H2), (H3), (H4), (H5) and (H6), we
have the two formulas:

(1) AV(0) = T{[~M' ()] N V() + [-M* ()] N *V(0)};

(2) 0°V(0) = o{[-M°(¥)] N d>*V(0)},

where the operation o is taken in L* with the strong topology. n

In the remainder, we suppose that the problem P(0) is normal i.e., M(¥) = {0}.
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THEOREM 4.2.  The value function is locally finite and Lipschitz at 0. Consequently,
oV(0) # 0 and for each o € 6Bz, Yo # 0. In addition, if P(0) is free endpoint, i.e.,
C = R", then values of P(a) and P(t) are equal for each o € 6B;.. [

Conditions on the set of solutions ¥ and on the normal multiplier set M'(Y), imply
important consequences, which are expressed in the following corollaries:

COROLLARY 4.3.  We have the formulas:

oV(0) = co{[-M"(7)] N aV(0)},
9°V(0) = {0}.

In addition, dV(0) is a compact subset of L*(T,R"), formed entirely by arcs. ]

COROLLARY 4.4. Foreach 3 € L*(T,R"), we have the following estimations:
(l) VO(O; 6) S Supxef/ SuppEM'(x)(l)» ﬁ>L2'
(ii) V*(0; ) <infj Suppepn o {—ps B)r2,
(iii) V.(0;3) > infxdinfpeM.(x)(~p, B)12,
(iv) V_(0;3) > SUp,cy infpeM'(x)<_p’ B)LL
(v) V7(0;8) < sup,y SUp,en (o~ B)r2-
In particular, if for each x € ¥, M'(x) is reduced to a singleton {p*}, then V/(0; -), V] (0; -)
exist, and are given by:

V/(0;3) = inf{(—p",B) : x € I},
V1(0; 3) = sup{(—p*, 3) : x € Y} for each 3 € L*(T,R").
In addition, —V is regular at 0. [

COROLLARY 4.5. Ifin addition to the hypotheses of the previous corollary, we sup-
pose that ¥ = {x}, then by setting M'(x) = {p}, V is strictly differentiable at 0 and
its strict derivative is given by D;V(0) = —p. Consequently, for a € L* too small,
V(o) = V() — (p, o). n

5. Proof of results. Recall that the symbol “—»" denotes the uniform convergence
on T and we define the topology of the product space L? x R” by the inner product:

{[a, x1, [, xX]) = (o, &) o + (0, X Vs
for [a, x], [, x'] € L? x R”, and the associated norm.
5.1 Proof of Theorem 4.1. First of all, we prove the following lemma:

LEMMA 5.1.  Let [3,—X] € PNepiv(a,7) with A > 0 and let (x,v) be a solution of
P(). Then 3 € ACX(T,R") and satisfies 3 € —M\(x).

PROOF.  The fact [3, —A] € PNepiv(a,?7) signifies the existence of o > 0 such that
for all [&/,Y'] € ep1 V

G- "Bty de+ry < — / ' B0y o) ANy +o / Yo () — ) di+o (=Y.
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FIRST CASE: V(a) = W’(: J(x, l/)). For an arbitrary y in ACX(T,R") with y0) =
Y(0), y(1) € C, and y remaining in |, and for any p1 € R ; let o’(-) € L*(T,R") be given
by:

. il
1A — oir) _ . _ N o) e
o(1) = 3(1) — (1) = $(1,1,y(0), (1)) — /0 (1,5, X(5),1(5)) ds.
Therefore (y, i) € Ad(f’(a’)), and consequently [«/, V'] € epi V. Replacing [¢/,V'] and

[, Y] by their values in (5.1), we obtain
(5.2)

Moy + [ 80 {50+ 6(t0x0.00) + [[64(t.5.x500()) ds ) di
<M + o (I p) = J)
+ [ {B(t) =30+ 0 (6630, 1) + [ 64(1 5,300, 1) ds |
450 = 50 = 660,30, 10) = [ 6,(1,5.5(9) 1)) ds
+6(1,0,x0,00) + [ 61(1,5.2(9),1(9) dslz} d.

Then (y, 1) = (x,v) minimizes the RHS of this inequality over all possible (y, ). Con-
sider a second state m(:) = ACZ(T, R) solution of m(t) = F(t, y(t),p(t)) (a.e.) and
m(0) = 0, with y and p chosen as above. We can consider y as a second control v(-)
in LX(T, R"). Define the functional:

F:T x ACHT,R") x R x LX(T,R") — R
(830D () vC)) = F(1,30), (), ()
such that
F( 31, v0) 1= 30 - {900+ 01,3000, 10) + [ 64(1,5.5(5), 1)) s
40 = 614,50, 1) = [ 61(1,5, (), p() ds — (1)

2

+ (1, X0, v(0) + /0 (1,5, (), () dis
+ AF(£,x(),v(1)),

and the function f: R" x R — R, (y,m) +— f(y,m) := M) + o[f(y) + m — J(x,)]?, and
set fortin T:

my(t) 1= /(: F(s,x(s), V(s)) ds.

From all this data, we deduce that the state/control pair (y, m; p, v) = (x, mg; v, %) is a
solution of the following problem:

() Jy,m; vy = F(y(),m(D) + 3 (£, y0), (), () dt — min
y(1) = v(1) (a.e.), y(0) = ¥(0), y(1) € C and y remains in Q,,
m(t) = F(£.y(0), ju(0)) (ae.), m(0) = 0, (u,v) € R x LA(T,R").
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This problem is very similar to the basic problem P(0), and the technique of [9,

Proof of Theorem 7.4] can be applied to yield a p € AC*(T,R"), X’ € {0,1}, and
€ € Af(x(1)), with 1 = A%+ A%|¢| + | p(0)| and such that the following hold:

—p() = =\BO{6:(1, 150, 10) + [ 6(t,5,2(), 1)) ds |

(5.3)
— MONF(1,x(0), (1)) (ae.),

(5.4) —p(1) = \°¢ € Ne(x(D)),

(5.5)

max {p(t) : V(t) - AO/B(t) . {ﬁv(t) + ¢<t» I,X(Z), M(Z))

+ [0' 61(1,5,x(5), 1(5)) ds} — AONF(t,x(0, (D) s p € R, v € LA(T, R

is attained (a.e.) for py = v and v = x.

From this last conclusion, we deduce that p(t) = —A%3(1) (a.e.), and, since p is continu-
ous, p = —\93, and satisfies
(5.6)

max {p(l‘) . {¢(t, t, x(1), u(t)) + /01 é,(t, s, x(s), u(s)) ds}
— )\)\OF(t, X, (t),u(t)) RS K} is attained (a.e) for u = v.

We claim that A’ must be equal to 1. If not, then |[p(0)| = 1 and therefore p # 0, but
p = —A\%8 = 0. Hence a contradiction. In conclusion, 3 € —M)(x), where x € ¥,,.

SECOND CASE: J(x,v) = V(a) < 7. Inthis case, if we putin (5.1) «’ = « and we
consider the ¥’ which are near 7, we conclude that A = 0 necessarily. Armed with this
information, the proof given in the first case can be adapted to the present situation (it
suffices to ignore all terms containing )) in order to show that —3 € MY(x) for a certain
x in ¥,. At this point, the proof of the lemma is achieved. n

The next lemma asserts that the A\-multiplier set related to P(r) has a sequential com-
pactness property.

LEMMA 5.2. Let (a,) C L*(T,R") such that V(o) < o0 and a, — 0 in L*. Let
(x,v,) € Ad(f’(a,)) and let p, € Mé‘l(x,), where {(p,, \)} is a bounded sequence in
C(T,R") x R with \, > 0. Then, there exists a subsequence of {(x,,v,)}, which we don't
relabel such that x, — x, v, — v(w*) with (x,v) € Ad(f’(())). There exists also a
subsequence of {(p,, \,)} converging uniformly to (p, \), where p € M*(x). If (x,,v,) €
Y., then we can claim that (x,v) € Yandp € M (x).

PROOE. By virtue of Lemma 2.1, we can assume the existence of x € ACX (T, R"),
v € R_such that for a certain subsequence of {(x,,,)}, which we don’t relabel, x, — x,

https://doi.org/10.4153/CJM-1993-061-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-061-0

1114 A.YEZZA

v, — v(w"), and (x,v) € Ad(P(O)). Since ()\,) is bounded, we can assert without loss of
generality the existence of A > 0 such that A, — A. Let M be a constant such that A, < M
for all i. Then, from the inequality |p,(| < K()(|p.(1)] + M), where K(-) € LX(T,R),
we can see that the sequence (p,) is absolutely equicontinuous and (p,) is bounded in
LX(T,RY). Consequently, there exists a subsequence of (p,) which we don’t relabel and
p € ACXT,R") such that p, — p, p, — p (w — L?). From the inclusion p, € MY (x,),
and by taking the limit as i — +o0o and using the preliminary lemma of [9] and the fact
that the multifunction N¢(+) is closed, we can see that p € Mé(x). n

LEMMA 5.3. Let [3,—)] = w — lim,[3,, —\,] in L* X R, where [3,A] # 0, A, > 0
and [3,, —A/] € PNepv(e, ) with (a,,7,) — (0, V(O)) in L x R. Then 8 € ACX(T,R")
and satisfies

(i) B/X € =M'(x) N IV(0) if A\ > 0,
(ii) B € —MO(x)MA>®V(0) if \ = 0, for a certain x € Y.

PROOF.  Applying Lemma 5.1, we conclude that —3, € M (x,) fora certainx, € ¥, .
Let p, := B,. Then we can show by using the boundedness of (3,) in L? that {p,(0)} is
bounded. Applying Gronwall’s lemma to the inequality

lp(D] < |p(0)] + /c: A(s) - (lp,(s)] +M) ds for some constant M > \,(Vi),

which is a consequence of the adjoint equation. Note that the previous lemma is applica-
ble to the sequence {(p,, A,) }. Therefore 3 € —M*(x) for some x € ¥, which is equivalent
to 3/A € —M'(x) for A > 0. The fact that 3/\ € 9V(0)if A > 0 and 3 € —9™V(0)
if A = 0, follows immediately from proximal normal formula (1.6) with C = epi V and
from (1.7) and (1.8) respectively. =

Now, by the proximal formula (1.6) for C = epiV and from the last lemma, we
conclude the inclusion Neplv((), V(O)) C ©o{N U N>}, where to denotes the closed
convex hull in L2,

N:={a(&,~1): a >0, € ~M"(¥)NIV(0)} and
N> = {(£,0): £ € —M°(¥)N0™V(0)}.

In fact, the previous inclusion is an equality. This is due to the inclusion N U N> C
Nep V(O, V(O)), which results from the definitions of dV(0) and 3> V(0) (see (1.7), (1.8)).
At this point, a direct application of [6, Proposition4.2] gives the formula (1) of Theo-
rem 4.1.

In order to prove the second formula (2) of Theorem 4.1, it suffices to show the in-
clusion 9°V(0) C co{—M"(¥) N9°°V(0)}. For this, we use the same technique as that
of [7, pp. 83-84]. Let £ € 9*°V(0). Then according to proximal formula (1.6), it follows
that for ¢ > 0 small enough, we can construct a sequence {[3,, —X,]} and an element
[g.s] € LX(T,R") x R" such that

[6’ O] - Z 0![/81’ —Al] + [q’ SL

€l
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where §, > 0, %,; 0, = 1 and ||q||,2 + |s| < &, and foreach i € I. B,/ )\, € —M'(¥)N
V(D) if X\, > 0, 8, € —M%¥) N 3>°V(0) if A, = O (see last lemma).
Define the index set A. := {i € I, : A\, > 0}. Then we can write
=500 = 0 andE =g+ S 6,5+ 3 6.4,

1EA I1EA. 1€l \A.

If A. = 0, then from the last line, the fact that 8, € —M°(¥) M 9d>°V(0) and the convexity
of this last set, it follows immediately that ¢ € co{—M°(¥)Mad*V(0)}, since ¢ is chosen
arbitrarily positive. Now if A, # (), we can suppose without any loss of generality that
the set of finite sequences {(3,/),) : i € A, }.>0 C —M'(¥) is uniformly bounded in L?
relative to e. That is; there exists a constant M > 0 such that

/Bt = Z glﬁl - Z 01/\1(,8,/A1) E SMBLZ.

1IEA 1EA,

Thus, we can write

€ € g+ sMBy: +co{—M°(Y) N a™V(0)},

with ||g||;2 < € and |s| < e. The result then follows by taking the limit e — O in this last
inclusion.

5.2 Proof of Theorem 4.2. Define for a € L*(T,R") the set
Ay = {x € ACH(T,R") : Jv € R _such that (x,v) € Ad(i’(a))}

In particular we denote A simply by A. Let M°(A,) denote the abnormal multiplier set
associated to Ay; i.e., M'(Ay) = U{M (x) : x € A, }. We will first show the implication:

5.7 M°(A) = {0} = V is finite near 0.

To this end, we define the set W := {oc € LX(T,R") : Ad(f’(a)) # (D}. Then W # () once
Ad(f’(O)) # (0, i.e., 0 € W; moreover, W is closed by virture of Lemma 2.1. Therefore,
showing (5.7) is equivalent to show

(5.8) M°(A) = {0} = 0 € int(W).

Suppose that 0 ¢ int(W). Then 0 € Fr(W) (boundary of F) and by [3, Theorem 5.1],
which asserts in particular that the set {a € L? : PNy(a) # {0}} is dense in Fr(W) we
can construct a sequence (c,) C L? such that

(5.9) PNy («,) # {0} for all i, and o, — O in L%
Fix a in W and let 3 # 0 in PNy(c). Then there exists ¢ > 0 such that
(5.10) B,y —a) <olla—=F Vyew.

Let (xg, 1) € Ad(ﬁ(a)) (fixed). Treating the inequality (5.10) with the same arguments
as those applied to the inequality (5.1) in Lemma 5.1 leads to the following conclusion:
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CONCLUSION 1 0 # 3 € PNy(a) = —3 € M°(A,)

As a second step 1n the proof of (5 8) or equivalently (5 7), we combine (5 9) and this
conclusion 1n order to construct sequences (3,) C AC*(T,R"), {(x,,v,)} such that 3, # 0,
-3, € M(x), (x,,v,) € Ad(f’(a,)) for each 1 and o, — 01n L> We can suppose without
loss of generality that ||3,||sup = 1 for all 1, and then a direct application of Lemma 5 2,
leads to the existence of 3 # 0 with —3 € M°(x) for a certain x € A Consequently

CONCLUSION 2 0 ¢ mt(W) = M°(A) # {0}, hence (5 8) and therefore (5 7)

Now, 1f the problem P(0) 1s free endpoint, then we have automatically M°(A) = {0}
Consequently, such problems have a locally finite value function, that 1s, there exists
6 > 0 such that for all @ néB;>, V(a) < 0o

In this second part, we will show under the hypothesis C = R" that V 1s locally
Lipschitz on 6B;. Let a,3 € 6B, then in view of the fact that ¥, # 0 as well as
V(o) < 00, there exist (x,r) and (y, u), respectively solutions of P(a) and P(3), 1 e
V() = J(x,v) and V(3) = J(y, ) We will esimate [J(x,v) — J(y, p)| by |l — 3|,
up to a multiplicative factor depending on 6 But before, let us examine the quantity
|x(r) — y(t)| fort in T

|x(r) — y(t)] < l/()I‘qS(t, s, x(), I/(S)) — d)(t, s, y(s), 1/(5))' ds
+ /0'1(,/)([, 5, y(8), v(s) — u,(s))l ds + /0, lae(s) — B(s)| ds
= 0 ozligl

+ /0 2K(s)ds + ||o — 3

P (l, 8, Ax(s) + (1 — A)y(s), 1/(3‘))' [x(s) — v(s)| ds

X

< /(:Mlx(s) — )| ds+2||K

p+ =8l ,

(where the existence of the constant M 1s due to the fact that the set of all admissible arcs
for P(0) 1s uniformly bounded and ¢ 1s continuously differentiable 1n x)
By applying the Gronwall’s lemma to this inequality, we obtain

511 llx = yllswp < 2lIK

r+lla—3l) expM)
Now we have

o) —J0n ] < [f(x(D) —F ()| + [ F(1, 50, v(0) = (1,300, v(n))| dr

+ /0l {F(r, (0, (1) — u(t))[ dt
< Kolx(1) — y(1)|
Fo(t, Ax(t) = (1 = Ny, v(0))| - |[x(0) — y(0)] dr

'l
+/ sup
0 p<a<i

l
+ /0 2K(1) dt (K 1s the Lipschitz constant for f)

< Kollx— ,VHsuP +Mfjx — )'HSUP +2|lK

2 (Mj1s aconstant)

https://doi.org/10.4153/CJM-1993-061-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-061-0

PROXIMAL ANALYSIS 1117
Taking (5.11) in into account, we obtain

[J(x,v) — J(y, )| < exp(M)- (Ko +M,)-(2||K

12+l = Bll2) + 2[[K ]2

From this inequality, we can see easily that it is possible to find a constant ¢ = £(§) such
that the LHS is < {||oc — 3|, forall o, 3 € 6B;2. Thus, V is locally Lipschitz at 0.

In order to prove the same result in the presence of the endpoint constraint and when
P(0) is normal, we can reduce P(0) to a problem which is free endpoint and has the same
set of solutions and the same value function as P(O). In fact, there exists a constant K
such that P(0) is equivalent to the problem P (0) of minimizing the functional I(x,v) :=
Jx,v)+Kd¢ (x(l )) over the state/control pairs (x, ) verifying the dynamics of P(0) with
x(0) = ¥(0) and x remaining in ;. The problem P;(0) is automatically normal, and
the previous result is applicable to this one to assert that V| = V is locally finite and
Lipschitz at 0 (see [8] for a proof).

Examine now the rest of the assertions: the assertion that ¥, # () for each o in 0B;»
is an immediate consequence of Lemma 2.1 and the conclusion that V(a) < oo for o
in 6By,, and the fact that P(«) and P() have the same value for « in 6B;> when P(0)
is free endpoint, can be shown using the same arguments as those of the proof of [9,
Theorem 5.1]. (]

5.3 Proof of Corollary 4.3. 1In order to prove the corollary, we need the following
lemma whose proof arguments may be found in [5, Lemma 6] and where we have to
use Lemma 2.1 of this paper instead of Lemma 4 of [5].

LEMMA 5.4. There exist K(-) € LX(T,R) and a constant M such that forall p €
M(Y).
Ip(0)] < K() - (]p(t)| + 1) (a.e.) and |p(1)| < M.

Consequently, normality ofi’(()) implies that M W(Y) is bounded in C(T,R"). ]

Now the proof of the corollary is the same as the proof given in [5, after the proof of
Lemma 6]. [

5.4 Proof of Corollaries 4.4 and 4.5. For proof, we refer the reader to [5, Corollaries 1,
2 and 3]. ]

6. Example. We consider in this example a projectile launched from rest at time

t = 0 with a constant thrust 7 > g, employed along and making a steering variable angle
u(t) with the horizontal. Here g denotes the gravitational acceleration. The equations of
motion are:

x1(t) = f§x3(s) ds,

x2(1) = [y xa(s)ds,

x3(1) = [y Tcosu(s) ds,

x4(t) = fi{rsinu(s) — g} ds,
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where (x;,x2) and (x3, x4) are respectively the position vector and the velocity vector of
the projectile If in addition, we suppose that interior factors to the projectile act on 1t by
the vector

(/(: ri(t — s)x3(s)ds, ‘/Ot ra(t — 8) x4(5) ds),

where ry, r; are C' real functions satisfying r1(0) = 0 = r»(0), then the third and the
fourth equations become

x3(t) = ./(;{T cosu(s)+ri(t—s)xa(s)}ds, x4(t) = ./(:{T sinu(s) — g +ra(t —s) xq(s)} ds

We suppose that fuel runs out at t = T, so that thereafter the projectile 1s subject only to
gravity until 1t lands (¢ e, until x, = 0 occurs) The problem 1s to maximize total hori-
zontal range, which 1s equal to x;(T) plus the horizontal distance traveled after fuel runs
out This 1s equivalent to mimimizing the negative of the range, which can be calculated
and 1s given by

f=—x)(T) = (x3(T)/ g ){xa(T) + [x4(T)* + 2g:2(1)]' *}

We recognize this problem as a special case of the basic problem P(0) of Section 2, with
thedataf, F =0,y = 0, ¢(t,s,x,u) = [x3,x4,7COS u+r;(t—s) x3, 7 sSinu—g+ry(t—s) x4},
C=R*and Q = [0, 7 /2] (say)

Our main goal 1s to prove that the optimal control can be constant only in the case
where r; = rp Let (x, u) be an ordinary solution of the problem Since we are 1n presence
of a free endpoint problem, by [9, Theorem 5 1] (x, ) 1s also a solution of the relaxed
problem and then by [9, Theorem 7 4], we conclude that there exists p = (py, p2, p3, psa) €
AC?(T,R*) such that

@) pi = 0,p2 =0, —p3(t) = pr(D)+p3(0) fy ri(t—s) ds, —ps(t) = pr()+J§ r2(t—s) ds,

®) p(T) = L po(T) = xs(D/m, psT) = (x(T) + m)/g, ps(T) =

(x3(T)/ gm) (xa(T) +m), where m = Lxy(T) + 2gx:(T)]'/2,
(c) For(ae)-tn[0,T], p3(t) cosv(t)+pa(t) sinv(t) < p3(t) cos u(t)+ps(t) stnu(r) for
all v € R, which 1s valid also for v replaced by any point v in Q

From (a), (b) we conclude thatp; = 1, py = x;(T)/m, and that p», p4 are solutions of
the linear differential equations p3 + rips = —1, ps + raps = —p> with p3(T) and ps(T)
respectively given The condition (c) implies that u 1s characterized by 1g(u) = ps/p3
This quotient 1s constant 1iff 1ts derivative 1s zero, or equivalently iff (r; — ry)psp3 =
pa — pap3 Or p4/p; = p2+ (r; — r2)ps This last equality can be written in the form

#) [r2(t) — r(DIF(r)(0) F(r)(0) = F(r2)(@) — F(r1)(1), where
Fin) = exp(—‘/(;r r(s)ds) [m(T) exp( /OT r(s) ds) + /’ Texp( /0 r(T)dT) ds‘]

Note that for each choice of r as before and for all ¢ in [0, T], F(r)(t) > 0 We conclude
from (#) that when u 1s constant, then r| = r, iff F(r)(t) = F(rp)(r) Vt € [0,T] From
this, we conclude that u 1s constant only if r; = r;
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From now on, we take ri(f) = r,(tf) = —ot, where o is a given positive constant. The
state (x, x2,x3,X4) 1S given by:

x4(1) = (af /o) siny/at,

x3(1) = (3/+/0) sin /o,
x2(t) = (a/o)(1 — cos \/at),
x1(1) = (B/0)(1 — cos /o),

where o = 7sinu — g, 3 = Tcos u.

From this and the expressions of 7g(x) and m, we conclude that («,m) is the solution of
the system:

m* = (& /y/a)sin® \/oT + 2(ga/ o)(1 — cos \/aT),
1g(u) = (Bsin(y/0T))//oT.

In order to find results of [5, Example E], it suffices to take the limit in the particular case
ri(t) = ry(t) = —ot as o tends to 0.

Suppose now that the dynamics of the problem is perturbed by a vector
(o, o2, a3, ag). The perturbation disappears in the beginning of the second phase of
motion (i.e., after fuel runs out). First let us consider only perturbation in velocity, that
is (a3, a4) = (0,0), a1(?) = 0 = ay(¢) fort > T, and

X = x3 + oq(1),

Xy = x4 + a(t).

Corollary 4.5 asserts that the value function V has derivative equal to —p(-) and to first
order approximation we have

V() = V(0) — /Oroq(t) dr — (X3(T)/m) /OT (1) dt.

From this, we deduce that in order to have a maximal range of the perturbed projectile,
it suffices that there exists a positive constant k such that a; = k(x;(T)/m)a,.
If the perturbation is in the thrust, i.e., a3 = 0 = a4, then we find

Vi) 2 V) = [ patoles) + praso)] dr.

If we ask for the perturbation well chosen so as to make the range maximal under the
constraint that ||as||?, + [|asl|?. < &, where & is a given small number, then by virtue
of the last formula, this is equivalent to maximize fjo 7 p33 + Jjo.7) p2p3 subject to the
given constraint. By looking at this as a mathematical programming problem, we find
that there must exist a constant k > 0 such that a3 = kp3 and a4 = kp,p3, that is a3 and
ay are in the proportion 1 : p».
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