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Optimal Quotients of Jacobians With Toric
Reduction and Component Groups

Mihran Papikian and Joseph Rabinoff

Abstract. Let ] be aJacobian variety with toric reduction over alocal field K. Let ] — E be an optimal
quotient defined over K, where E is an elliptic curve. We give examples in which the functorially
induced map ®; — ®g on component groups of the Néron models is not surjective. This answers a
question of Ribet and Takahashi. We also give various criteria under which ®; — ®p is surjective
and discuss when these criteria hold for the Jacobians of modular curves.

1 Introduction

Let ] be the Jacobian variety of a smooth, projective, geometrically irreducible curve
defined over a field K. An optimal quotient of ] is an abelian variety E over K and
a smooth surjective morphism 7n: /] — E whose kernel is connected, i.e., an abelian
variety [7, Definition 3.1]. Henceforth we assume that E is an elliptic curve and K is a
local field. The following question, originally posed by Ribet and Takahashi, appears
in a letter from Matt Baker to Ken Ribet in 2009.

Question 1.1  Assume ] has (purelyi) toric re(luction; see §2.7 for the definition. Is
the functorially induced map 7.: ®;(k) — ®g (k) on component groups of the Néron

models of ] and E necessarily surjective, where k is the algebraic closure of the residue
field of K?

In Section 5, we will construct examples which show that the answer is “no”, con-
trary to the expectation expressed by Baker in the aforementioned letter. The interest
in Question 1.1 comes from arithmetic geometry, where for certain modular Jacobians,
suchas Jo(p) over Q,, the answer was known to be positive; see Section 4. It is natural
then to ask whether the surjectivity of the map on component groups is a general geo-
metric property of Jacobians with toric reduction, or whether it is a special arithmetic
property of modular Jacobians with toric reduction. Our examples indicate that the
latter is the case. Of course, Question 1.1 makes perfect sense without assuming that
J has toric reduction, but the answer to that more general question was known to be
negative even for the modular Jacobians Jo(N) of small levels. The following example
is due to William Stein.
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Example 1.2  There is a unique weight-2 newform of level 33 with integer Fourier
coefficients, and the corresponding optimal quotient of J5(33) is the elliptic curve
E : y* +xy = x> + x* - 1lx. Consider the optimal quotient 7: Jo(33) — E over
Q;. The reduction of Jo(33) over Qs is semi-stable but not toric. By [18, p. 174],
@), (33)(F3) = Z/2Z. On the other hand, ®5(F3) = Z/6Z, so . is not surjective.

The idea of our construction giving a negative answer to Question 1.1 is to take
two elliptic curves E; and E, over K with multiplicative reduction and non-trivial
component groups. We show that one can choose a finite subgroup-scheme G of the
abelian surface E; x E, such that the quotient /] = (E; x E;)/G is a Jacobian variety
and ®; = 1. Moreover, E; and E, are optimal quotients of /. Due to §2.8 below, J
automatically has toric reduction. Clearly the corresponding maps on component
groups cannot be surjective. The study of Jacobians isogenous to a product of two
elliptic curves has a long history dating back to Legendre and Jacobi. In more recent
times such Jacobians have found applications in a variety of arithmetic problems, for
example, the construction of curves with a maximal number of rational points over
finite fields [26], or the construction of Jacobians over Q with large rational torsion
subgroups [15].

From the work of Gerittzen, Mumford, and others it is known that abelian varieties
with toric reduction have rigid-analytic uniformizations. (In fact any abelian variety
has such a uniformization, but we will only be concerned with the totally degenerate
case.) In Section 3, we investigate the map m,: ®; — @ using analytic techniques.
Some of our arguments here are inspired by [10,23,31]. We show that the Tate period of
E can be obtained from J via a natural evaluation map. In this construction, which is
a generalization of the constructions due to Gekeler and Reversat [11], Bertolini and
Darmon [2], and Takahashi [28], the uniformizing lattice of ] maps to a subgroup
in K* isomorphic to Z/cZ & Z. We show that the cokernel of 7, is isomorphic to
Z/cZ. We also show that ¢ is closely related to the denominator of the idempotent
in End(J) ® Q corresponding to E. These results are of independent interest, and
could be useful in the theory of Mumford curves. The main theorem of this section is
Theorem 3.6, which gives equivalent conditions for 7, to be surjective. One of these
conditions shows that Question 1.1 can be interpreted as an analogue for Mumford
curves of the problem of the equality of the degree of modular parametrization of
an elliptic curve over Q and the congruence number of the corresponding newform,;
see Remark 3.7. At the end of Section 3, we give two additional criteria for 7, being
surjective, which are based on an assumption that End(J) contains a subring with
certain properties; see Lemmas 3.8 and 3.9.

In Section 4, we discuss Question 1.1 in the context of Jacobians of modular curves.
We show that this question has a positive answer for the following cases:

* Jo(p) considered over Q, (see Theorem 4.1),
* the Jacobian of Drinfeld modular curve X,(n) of arbitrary level n € 'y [ T] consid-
ered over F,((1/T)) (see Theorem 4.4).

(Theorem 4.1 was known, but we give a different proof which relies on Lemma 3.9.)
In this section we also point out a mistake in the published literature. Let J§ (M) be
the Jacobian of the Shimura curve over QQ associated with an Eichler order of level M
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in an indefinite quaternion algebra over Q of discriminant D. For any prime p divid-
ing D, the Jacobian J& (M) has toric reduction over Q ». Takahashi [27, Theorem 2.4]
claimed that 7, is surjective in this case. The proof of this theorem crucially relies on
aresult of Bertolini and Darmon [2, Proposition 4.4]. Unfortunately, the proof of this
latter proposition has a gap, cf. $4.2, so Question 1.1 in this case remains a very inter-
esting open problem. Theorem 3.6 could be useful for a computational investigation
of this problem; see Remark 4.3.

2 Néron Models

For the convenience of the reader and future reference we collect in this section some
terminology and facts about abelian varieties and their Néron models. The standard
reference for the theory of Néron models is [4].

2.1 Henceforth, we assume that K is a field equipped with a nontrivial discrete valuation
ordg: K - Z U {+00}. Let R = {z € K | ordg(2z) > 0} be its ring of integers. Let m =
{z € K| ordg(z) > 0} be the maximal ideal of R, and k = R/m be the residue field.
Assume that k is a finite field of characteristic p, and define the non-archimedean
absolute value on K by |x| = (#k)™°"4x(*) Finally, assume K is complete for the
topology defined by this absolute value. Overall, our assumptions mean that K is a
local field. It is known that every local field is isomorphic either to a finite extension of
Q, or to the field of formal Laurent series k((x)). We denote by Ck the completion of
an algebraic closure K of K with respect to the extension of the absolute value (which
is itself algebraically closed).

2.2 If X is a scheme over the base S and T — § is any base change, X1 will denote the
pullback of X to T. If T = Spec(A), we may also denote this scheme by X4. By X(T)
we mean the T-rational points of the S-scheme X, and again, if T = Spec(A), we may
also denote this set by X(A).

2.3 Let X beascheme over K. A model of X over R is an R-scheme 2" such that its generic
fiber Z is isomorphic to X. Let A be an abelian variety over K. There is a model ./
of A which is smooth, separated, and of finite type over R, and which satisfies the
following universal property. For each smooth R-scheme 2" and each K-morphism
¢x: Zx — A there is a unique R-morphism ¢: Z° — </ extending ¢x. The model
&/ is called the Néron model of A. It is obvious from the universal property that <7 is
uniquely determined by A, up to unique isomorphism. Moreover, the group scheme
structure of A uniquely extends to a commutative R-group scheme structure on 7,
and A(K) = & (R).

2.4 The closed fibre <7 is usually not connected. Let %7 be the connected component of
the identity section. There is an exact sequence

0> o » o > Dy —0,

where @4 is a finite étale group scheme over k. The group @4 is called the group of
connected components of A.
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2.5 Let fx: A — B be a morphism of abelian varieties. By the Néron mapping property,
the morphism fx extends to a homomorphism f:.o/ — 2. Restricting to the closed
fibres, we get a homomorphism fj: % — . This homomorphism maps 27 into
). Hence there are induced homomorphisms f: &7, - %) and f,: ®4 - ©p. We
say that f, is surjective, if the homomorphism of abelian groups f.: ® 4 (k) - ®p (k)
is surjective.

2.6 Let K’ be an unramified extension of K. Let R’ be the ring of integers of K’. Let
fxr: Axr = By be the base change of fx to K'. Then f @ R: &/ ®g R’ > B ®r R is
the corresponding morphism of the Néron models [4, Corollary 7.2/2]. This implies
that f,: ®4 (k) - ®p(k) does not change under unramified field extensions of K.

2.7 By a theorem of Chevalley, <7 is uniquely an extension of an abelian variety B by a
connected affine group TxU over k, where T is an algebraic torus and U is a unipotent
algebraic group [4, §9.2]. We say that A has

* good reduction if U and T are trivial,

o semi-stable reduction it U is trivial,

e toric reduction if U and B are trivial,

o split toric reduction if U and B are trivial, and T is a split torus over k.

Some authors say that A has purely toric reduction over K when U and B are trivial.
If A is an elliptic curve, then it is more common to say that A has multiplicative (resp.
split multiplicative) reduction over K, instead of toric (resp. split toric) reduction.

2.8 If A has toric reduction and fx: A — B is an isogeny, then f; is an isogeny [4, Corol-
lary 73/7]. This implies that B also has toric reduction. If fx:B — A is a closed
immersion of abelian varieties and A has toric reduction, then f} is a closed immer-
sion; see the proof of Theorem 8.2 in [7]. This implies that if A has (split) toric re-
duction, then any abelian subvariety of A also has (split) toric reduction. Denote by
AY and BV the abelian varieties dual to A and B, respectively. Then fx is an opti-
mal quotient if and only if the dual morphism f¥:BY — A is a closed immersion
[7, Proposition 3.3].

3 Rigid-analytic Constructions

First, we briefly review some facts from the theory of rigid-analytic uniformization of
abelian varieties. The abelian varieties in this section are assumed to have split toric
reduction over K. Since an abelian variety with toric reduction acquires split toric
reduction over an unramified extension of K, as far as the questions of surjectivity of
the maps of component groups are concerned, the assumption that the reduction is
split is not restrictive; cf. §2.6.

3.1 Let T:= (G¥ ;)™ be the rigid-analytification of

GE, x = SpecK[Z1, Z1",..., Zg, Z3'].
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A character of T is a homomorphism of rigid-analytic groups y: T — G ;. Denote
the group of characters of T by X(T). It is known that analytic characters are all
algebraic:

X(T) ={Z" - Zg* | (my,...,ng) € ZE}.
In fact, a stronger statement is true: any holomorphic, nowhere vanishing function
on ¥ is a constant multiple of an algebraic character [9, §6.3]. Consider the group
homomorphism

trop: T(Ck) — Hom(X(%),R) ~ R¢
x> (x = ~log|x(x)[).
A (split) lattice A in T is a free rank-g subgroup of T(K) such that trop: A — RS is
injective and its image is a lattice in the classical sense. Such A is discrete in T, i.e.,
the intersection of A with any affinoid subset of ¥ is finite. Hence we can form the

quotient /A in the usual way by gluing the A-translates of a small enough affinoid.
The Riemann form condition in this setting is the following.

Theorem 3.1 T/ A is isomorphic to the rigid-analytification of an abelian variety over
K if and only if there is a homomorphism H: A — X(T) such that H(A) () = H(u) (1)
forall A, u € A, and the symmetric bilinear form

(-, YmAXA->Z
Ay~ ordg H(A) (¢)

is positive definite.
Proof See [9, Chapter 6] or [3, §2]. [ |

3.2 Let Abean abelian variety of dimension g defined over K. We say that A is uniformiz-
able by a torus if A** = T/ A for some lattice A.

Theorem 3.2  An abelian variety over K is uniformizable by a torus if and only if it
has split toric reduction.

Proof See [3, §1]. [ |

3.3 If A has split toric reduction, then A" also has split toric reduction; cf. §2.8. Let T/A
be the uniformization of A. Denote T = Hom(A, G} ) and AY = Hom(%, G} ).
Note that AV is the group of characters X(%). We have a natural bilinear pairing
AY x T(K) — K* given by evaluation of characters on the points of T. For a fixed
A" € AV, this pairing induces, by restriction, a homomorphism A - K*, A — A'(1),
and hence a K-valued point in TV. If we vary A’ € A", we obtain a canonical ho-
momorphism AY — TV, which is easily seen to be the dual of A - T. Hence A"
is naturally a lattice in T, and we can form the quotient /A" as a proper rigid-
analytic group. As one might expect, /A" is canonically isomorphic to (AY)*"; see
(3, Theorem 2.1]. Let H: A — A" be a Riemann form for A. Applying Hom( -, G5} )
to H, we get a surjective homomorphism Hz: ¥ — V. From the definitions it is
easy to see that the restriction of Hz to A ¢ T is H. Hence we get a homomorphism
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Hpm: A*™ — (AY)*". By GAGA, Han canonically corresponds to a homomorphism
Ha: A — AY. Since H is injective with finite cokernel, Hy4 is an isogeny. In fact, one
can show that H, is a polarization and every polarization arises in this manner; cf.
3, §2].

3.4 More symmetrically, let A and AY be two finitely generated free abelian groups of the
same rank and let [-,-]: A x AY - K* be a bilinear pairing such that the pairing
(-,-)=ordgo[-, ]: Ax AY - Z becomes perfect after extending scalars from Z to
R. Let T = Hom(AY, G3; i) and T = Hom(A, G5} ). Then [ -, - ] defines injective
homomorphisms A < T(K) and AY - TV(K), the images of which are lattices.
With these notations, a Riemann form is a homomorphism H: A — A" such that
[, ]lg=[>H(-)]issymmetricand (-, -}y = (-, H(-)) is positive-definite. If such
a form exists, then T/A and T"/A" are dual abelian varieties.

3.5 Let A" = %)/A; and A" = T,/A, be uniformizable abelian varieties. Let
Hom(%;, A; 5 T2, Az) denote the group of homomorphisms ¢:T; - T, of analytic
tori such that ¢(A;) c A,. By a result of Gerritzen [12], the natural map

Hom(Tl,Al 5 ‘32, Az) g HOl’n(Al,Az)

is a bijection (see also [14, §7]).

Following the notations in §3.4, for i = 1,2 let A} = X(%;), let T be the torus
with character lattice A;,let[ -, - ];: A; x A} — K* denote the pairing induced by the
inclusion A; = T;(K),andlet (-,-); =ordo[-,-];. Let ¢ € Hom(%y, A;; T2, Az).
Then ¢ is determined by the induced homomorphism ¢Y: Ay — A} of character
groups, and since ¢(A;) c A,, we have

(3.1) [p(M), A3 ]2 = [A 9" (A5) ]

for all A; € A; and AJ € AJ. We can therefore define Hom(T;, A; 5 %5, A,) more
symmetrically as the group of pairs (¢, ¢") of homomorphisms ¢: A; - A, and
¢¥: Ay — A satisfying (3.1). Since (-, -); is nondegenerate for i = 1,2, it is clear
that ¢ and ¢" determine each other. If (¢, ¢¥) € Hom(%}, A; ; T2, A,) corresponds
to the homomorphism f:A; — A,, then (¢",¢) € Hom(%y, A} ; T, A)) corre-
sponds to the dual homomorphism f: Ay — AY.

Now let H;: A; — A} be Riemann forms determining principal polarizations
A; = AY for i = 1,2. Using H; to identify A; with A}, we can describe an ele-
ment of Hom(%, A; 5 %5, Ay) as a pair (¢, ¢"), where ¢: Aj > Ay and ¢¥: Ay, > Ay
are homomorphisms satisfying [¢(11), 2], = [, ¢¥(A2)]n, for all A; € A; and
Ay € Ay. As above, if (¢, ¢V) corresponds to the homomorphism f: A; — A, then
(¢Y, @) corresponds to the dual homomorphism fV: A, 2 Ay - AY = A;.

Proposition 3.3  Assume A*™ = T/ A is a principally polarizable abelian variety. Fix
a principal polarization H: A — X(T). An endomorphism T € End(A) induces an
endomorphism of A, which we denote by the same letter. Let T" € End(A) be the image
of T under the Rosati involution with respect to the principal polarization H. Then for
any A, < A H(TA) () = HO (T ).
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Proof LetAY =2X(%)andlet[-, ]: AxAY - K* be the pairing induced by the in-
clusion A = T(K), as in §3.4. By §3.5, we can describe T as a pair of endomorphisms
@, ¢": A — A satisfying

H(p(1))(X) = [9(1), A']u = [A, 9" (A)]u = H(A) (9" (1))

forall 1,1’ € A. The endomorphism T then corresponds to the pair (¢", ¢). Under
these identifications, the endomorphism of A induced by T (resp. TT) is exactly ¢
(resp. ¢V). ]

3.6 Let] := Pic% /x be the Jacobian variety of a smooth, projective, geometrically irre-
ducible curve X over K. Assume ] has split toric reduction; this is equivalent to X
being a Mumford curve. Let H be tge canonical principal polarization on J. The uni-
formization of ] is given by 0 -~ A—Hom(A, C%) - J(Cg) — 0.

Remark  More generally, throughout this section we could take ] to be any abelian
variety with split toric reduction and a fixed K-rational principal polarization. We
only assume that J is a Jacobian for consistency with the sequel.

Let E be an elliptic curve which is an optimal quotient 71: ] - E. Using the canoni-
cal principal polarizations on E and J, we can consider E as an abelian subvariety of J
via the dual morphism 7V: E < J; ¢f. §2.8. Sometimes to emphasize that we consider
E as the image of 7 (resp. the domain of ") we will write E, (resp. E*).

To simplify the notation, we will denote the pairing (-, -} of Theorem 3.1 for
the canonical principal polarization on J by (-, -). Likewise we denote the pairing
[, lmAxA—>K of§34by[-,-]

3.7 Since E is a subvariety of J, it has split toric reduction; cf. §2.8. Therefore E is uni-
formizable by a torus 0 - I - C¢ - E(Cg) — 0, where T, as a subgroup of Ck, is
q% for some qx € C} with ordg(qg) > 0. More precisely, since E carries a canonical
principal polarization, it is uniformized by the torus Hom(T', C¥); fixing a generator
p of I', we identify Hom(T, C ) with C% via the isomorphism f ~ f(p). By §3.5, the
closed immersion 7V: E — ] induces a homomorphism 7¥:T — A and a homomor-
phism of tori Cx — Hom(A, C¥) making the following diagram commute:

(3.2) 0—=T cx E(Cg) —= 0

| | -

0 — A — Hom(A,C¥) — J(Cx) —=0

It is easy to see that the vertical arrows in (3.2) are injective. In general, 7V (T') need not
be saturated in A, i.e., the abelian group A/n"(T') might have non-trivial torsion. Let
[’ be the saturation of 7V (T') in A. We can write 7¥(p) = c- Ag, where ¢ is a uniquely
determined positive integer, Ag is a generator of I, and p is our fixed generator of T.

3.8 Letm A — I be the homomorphism of character groups associated with the middle

vertical arrow of (3.2). The homomorphism 7¥:T - A induces the homomorphism
of tori ev,: Hom(A, Cg) — Hom(T, Cy) = Ck given by ev,(f) = f(nY(p)). By the

https://doi.org/10.4153/CJM-2016-009-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-009-9

3.9

3.10

Optimal Quotients and Component Groups 1369

discussion in §3.5, the following diagram commutes:

(3.3) 0 — A — Hom(A,C¥) — J(Cx) —= 0
0 r Ck E(Cg) —=0

It is easy to see that the vertical arrows in (3.3) are surjective.

Let ¢'T = {x € C} | x° € T}. Since T' = g%, we have ¢"'T = p, x w”, where
pe € Ck is the group of c-th roots of unity and w is any c-th root of qg. In particular,
ordx(qg) = ¢ - ordg(w). Define evg: Hom(A, Cx) - Cx by eve(f) = f(Ag). Then
evy = ev,, so we have a commutative diagram

(3.4) 0 — A —— Hom(A,C¥) — J(Cx) —=0
0 T Cx E(Ck) 0

where the map Cx — E(Cg) in (3.4) is the c-th power of the one in (3.3). We claim
that the vertical arrows in (3.4) are again surjective. Since evg is surjective, by the
snake lemma it suffices to prove that ker(evg) — ker(7) is surjective. Let x € ker (7).
Since ker(7) is an abelian subvariety of J, it is divisible; choose y € ker(7) such that
cy = x. Since ker(ev,) surjects onto ker(r), there exists z € ker(p) such that z ~ y.
Then z¢ = x and evg(z°) = ev,(z) = 1, which proves the claim. This implies

(3.5) c'T={[AAg]| A e A} c K.

In particular, ¢ divides the order of the group of roots of unity in K.

The endomorphism ey = 7" o 71: ] — J corresponds to an idempotent e € End’(J) :=
End(]) ®z Q. Up to isogeny, we can decompose | ~x A; x Ay x -+ x Ag, where A;’s
are K-simple abelian varieties. This decomposition produces idempotents ey, . .., e; €
End’(J) which are mutually orthogonal: e;e; = 0if i # j. The idempotent e is one of
those. The Q-bilinear form B(x, y) = Tr(xy") on End’(A) is symmetric and positive
definite (here the Rosati involution is with respect to the canonical principal polariza-
tion H). This implies that the Rosati involution must fix each idempotent e;. Therefore
e’ = e,and also e} = ey. This observation will simplify some calculations and is useful
in the following paragraph.

We denote by n the denominator of e in End(J), i.e., the least natural number
such that ne € End(J). Note that §3.5 implies that End(J) is naturally a subring of
End(A) when we regard A as the lattice uniformizing J, and End(J) is a subring of
End(A)°PP when we regard A as the character group of the torus uniformizing J. By
Proposition 3.3 and the above discussion, the image of ey in End(A) is the same under
either identification. We define the denominator r of e in End(A) as the least natural
number such that re € End(A). Obviously, r divides n.

Lemma 3.4 The morphism o n¥: E* — E, is the multiplication-by-n map on E.
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Proof See the proof of Theorem 3 in [31]. [ |

3.11 Recall that the closed immersion E — ] gives rise to the inclusion 7¥:T < A send-
ing p + cAg, and that the projection m: ] — E induces a surjective homomorphism
n: A - T. The endomorphism 7 o 7¥: E* — E, corresponds to the endomorphism
mon”:T - A - T,sobyLemma3.4, n(cAg) = mon¥(p) = np, and therefore

(3.6) m(he) = Zp.

The idempotent ey corresponds to the composition 7 o 1: A - T — A. We have
m¥om(Ag) = m/(%£p) = nAg, so eg = ne because e(Ag) = Ag. Since 17¥(T') c A, but
LmY(T) ¢ Afor ¢’ > ¢, we have 1eg € End(A), but Leo ¢ End(A) for ¢’ > c. Thus
re=1le=2e,ie,

(3.7) c=—

3.12 The pairing (-, - ) coincides with (the H-polarized version of) Grothendieck’s mon-
odromy pairing; see [14, (14.2.5)] and [6, Theorem 2.1]. By [14, (11.5)], the cokernel
of the map A — Hom(A, Z) induced by the monodromy pairing (-, - ) is naturally
isomorphic to the component group ®;. The analogous statement holds for E, and
we have a commutative diagram

(5)

(3.8) 0—> A—=Hom(A,Z) — ®; —=0
1T
0 T Z O 0

where ev,(f) = f(nY(p)) asin (3.3). Since n¥(p) = cAg and ZAg is a direct sum-
mand of A, the cokernel of ev, is isomorphic to Z/cZ. As m: A — T is surjective, this
implies that

(3.9) coker(m,: @y > Og) 2 Z/cZ.

This is a generalization of Formula 1 in [23]. The following corollary is also observed
in [29, Theorem 2] in the context of Jacobians of Shimura curves.

Corollary 3.5  #coker (. ) divides the order of the group of roots of unity in K*.

Proof Follows from §3.9 and (3.9). [ |

3.13 The map I' - Z is the composition of I' - K* with ordg: K* — Z; hence p maps
to ordg(gg). (This recovers the well-known fact that #Pg = ordkx(qg).) We have
p = +m(Ag) by (3.6), so since the left square commutes,

n
c(Ag, Ag) = (Ag, ' (p)) = ;OrdK(‘JE),
and therefore,

(3.10) ¢* (Mg, Ag) = nordg(qg).
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This is essentially Formula 3 in [23].

3.14 Let
m:=min{(A,Ag) >0|Ae A}, Ap:={deA|(A Ag)=0}.

The image of ev, o (-, -) in (3.8) is generated by min{(A, cAg) >0 | A € A} = c-m;as
m: A — T is surjective and the image of I' in Z is generated by ordk (g ), this implies

(3.11) c-m =ordg(qg).

Theorem 3.6  The following are equivalent.

(i)  The functorially induced map on component groups ©; — Qg is surjective.
(ii) eq is primitive in End(A).

(iii) c=1

(iv) n=r.

(v) (Mg, Ag) = nordg(gg).

(vi) m =ordg(qg).

(vii) n=[A: Az @ ZAg).

Proof We have (i) < (iii) by (3.9), (iii) < (iv) by (3.7), and (iv) <> (ii) since eq = ne.
Conditions (v) and (vi) are equivalent to (iii) by (3.10) and (3.11), respectively. It is easy
to see that 7 = [A: Ay & ZAg |; hence (iv) < (vii). [ |

Remark 3.7 Assume X has a K-rational point. Fix such a point Py, and let 6: X < |
be the Abel-Jacobi map which sends P, to the origin of J. Since 8(X) generates J, the
composition 7 o 6 gives a non-constant morphism w: X — E. It is easy to show that
the degree deg(w) of w is n. The index [A: 1} ® ZAg] is the “congruence number” of
Ag with respect to the monodromy pairing, i.e., it is the largest integer Rg such that
there is an element in A3 congruent to A modulo Rg. Hence Theorem 3.6 (or more
precisely, (3.7)) implies that Rg divides deg(w) and the ratio is c. As we will show in
Section 5, n/Rg = ¢ can be strictly larger than 1. It is interesting to compare this fact
with the relation between the degree of modular parametrization of an elliptic curve
over (Q and the congruence number of the corresponding newform.

Let E be an elliptic curve over Q. One may view E as an abelian variety quotient
over Q of the modular Jacobian Jo(N), where N is the conductor of E. Assume E
is an optimal quotient of Jo(N). The modular degree ng is the degree of the com-
posite map Xo(N) — Jo(N) — E, where the second map is an optimal quotient,
and the first map is the Abel-Jacobi map Xo(N) — Jo(N) sending the cusp [oo]
to the origin. Let S,(N,Z) be the space of weight-2 cusp forms on Iy (N) with in-
teger Fourier coefficients. Let fg € S,(N,Z) be the newform attached to E. Let
Ry = [S2(N,Z): fz ®Zfg], where fj is the orthogonal complement of fg in S,(N, Z)
with respect to the Petersson inner product. In [1], the authors showed that ng divides
R, but the ratio R /ng can be strictly larger than 1. See also Remark 4.2.

We use Theorem 3.6 to give two conditions under which ®; — @ is surjective.
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Lemma 3.8 Let'T be a commutative subring of End(J) with the same identity element
and such that e € T ® Q. Suppose there is a bilinear T-equivariant pairing

(~,-):']TXA—>Z,
which is perfect if we consider T and A as free Z-modules. Then the equivalent condi-

tions of Theorem 3.6 are satisfied.

Proof Letsbethe denominator of e in T, i.e., the smallest positive integer such that
se € T. Note that r divides n and n divides s, since T € End(J) € End(A). Let A € A
be arbitrary, and denote A’ = (re)A € A. Because se € T is primitive, we can take it as
part of a Z-basis of T. Now

(se,A) = (1, (se)A) = (1, EA’) = 3(1, A) e ;Z'

Hence s/r divides the determinant of ( - , - ) with respect to some Z-bases of T and A.
The perfectness of the pairing is equivalent to this determinant being +1. Therefore
s = r, which implies r = n. ]

3.15 We keep the notation of Lemma 3.8. As it is easy to check, the assumption e € T ® Q
implies that I’ is T-invariant, that is, for any T € T we have TAg = a(T) - Ag for some
a(T) € Z. 1t is clear that the map T +~ a(T) gives a homomorphism T — Z. Denote
the kernel of this homomorphism by Iy. Define

IgEA={TA|Telg,Ae A} ={TA-a(T)A| TeT,AeA}.
Assume a(T") = a(T) forall T € T. Since
(TA = a(T)MAg) = (A, T Ag) — a(T){(A, Ag) = 0,

we have an inclusion Ig A € A;. Note that the index [A;:IgA] is finite since 1 — e is
the projection onto 13 ® Q.

Lemma 3.9  Theindex [Ay:IgA] is divisible by c. In particular, if [g A = A3, then the
equivalent conditions of Theorem 3.6 are satisfied.
Proof For T € T and A € A we have
[TA—a(T)A, Ag] = [TA, Ag][A, Ag]%(D
=[N, TP Ag][A Ae]7*D = (A, a(THA][A, As]D) = 1.

Hence by (3.5) we have a surjection [, Ag]: A/IgA - ¢7'T = u, x wZ. Consider the
short exact sequence

(3.12) 0 — Az/IgA — AJIgA — AJ/Az — 0.

Since A/)j = Z, this identifies A3 /Ig A with the torsion part of A/IgA. Since A/IgA
surjects onto y, x w”, no non-torsion element of A/IzA maps into y, so we must
have A;/IgA - .. [ |
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4 Modular Jacobians

In this section we discuss Question 1.1 in the context of Jacobians of certain modular
curves.

4.1 Consider the modular curve Xo(p) defined over Q classifying elliptic curves with
cyclic subgroups of order p where p is prime. Assume the genus of X, (p) is not 0,
or equivalently, p # 2,3,5,7,13. By a well-known result of Deligne and Rapoport, the
Jacobian Jo(p) of Xo(p) has good reduction over Q, for any prime € # p, and has
toric reduction over Qy; cf. [4, p. 288].

Theorem 4.1 Let m:Jo(p) — E be an optimal quotient defined over Q, where E is
an elliptic curve. The induced map on component groups m.: @,y — @ of the Néron
models over 7, is surjective.

Proof This was proved by Mestre and Oesterlé [19, Corollary 3]. A more general
result was proved by Emerton [8]. Both proofs rely on Ribet’s level-lowering theorem
[24], and the deepest results in [18]. We give a different proof, which uses Lemma 3.9.

Since Jo (p) is defined over Q and has semi-stable reduction, all its endomorphisms
are defined over Q; see [21, Theorem 1.1]. This implies that 77 and E can be defined over
Q. Let T be the subring of End(Jo(p)) generated by the Hecke operators T}, n > 1
(see [24, §3] for the definition). If f(z) = ¥,51 a,e*™*" is the newform attached
to E, then one checks that T,Ag = a,Ag, which implies e € T ® Q. By [24, p. 444],
Tt = wy, Tw,, for T € T, where w,, is the Atkin-Lehner involution of J. Since w,Ag =
+Ag, the condition a(T) = a(T") of §3.15 is satisfied. Let Iz be the kernel of the map
T—>2Z,T, ay.

The Jacobian Jo(p) acquires split toric reduction over the unramified quadratic
extension of Q; let A be the lattice uniformizing the analytification of Jo(p) over
this quadratic extension. Since p is odd, Corollary 3.5 and §2.6 imply that p does not
divide ¢ = #coker(®j,(,y - ®g). By Lemma 3.9, it is enough to show that for all
¢ # p such that ®g[£] # 0, we have (A5/IgA) ® F, = 0. From the sequence (3.12)
we see that A/IgA = Z x (A3 /IgA) as abelian groups; so it is enough to prove that
(AJIgEA)@Fp 2 TFp. Ifm, = (Ig, €) < T, then (A/IgA)®F, = A/myA. When £ # 2 or
m, is Eisenstein, it is a consequence of [25, Theorem 2.3] that A/m,A = F,. We claim
that m, is Eisenstein when ®@g[£] # 0. Considering the ¢-torsion subgroup E[¢] of E
as a Gal(Q/Q)-module, we obtain a representation p: Gal(Q/Q) — GL, (). This
representation is isomorphic to the residual representation py,, attached to mg; see
[24, §5] for the construction and properties of py,. If & is the Néron model of E,
then, since @[ £] # 0, we have that £[€] is a finite étale group-scheme over Z, which
extends E[£]. Therefore the Galois representation p % py, is finite; so m is Eisenstein
by [25, Proposition 2.2]. ]

Remark 4.2 Let N > 1be an integer. As in Remark 3.7, let S, (N, Z) be the space
of weight-2 cusp forms on Ip(N) with integer Fourier expansions. Let T(N) be the
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subring of End(Jo(N)) generated by the Hecke operators T, n > 1. The pairing
(41) T(N) x $,(N,Z) > Z
T,f > ai(Tf),

where a;(f) denotes the first Fourier coefficient of f, is bilinear, and T(N)-equi-
variant. Moreover, it is perfect by [22, Theorem 2.2].

Now let N = p be prime. Let A be the lattice from the proof of Theorem 4.1. Then
A and S,(p, Z) are T(p)-modules, which are free Z-modules of the same rank. If A
S2(p,Z) as T(p)-modules, then the perfectness of the pairing (4.1) and Lemma 3.8
imply that 77,: @, () > @ is surjective. One can use Eichler’s trace formula to show
that A®zQand S;(p, Z)®zQ are isomorphic T(p)-modules [13]. On the other hand,
it is most likely that A and S,(p,Z) are generally not isomorphic as T(p)-modules.
Although, at the moment, we do not have an explicit example of this for prime levels,
the following closely related example came up in the work of the first author with Fu-
Tsun Wei on Jacquet-Langlands isogenies. Let N = 65 = 5 - 13. The Jacobian J(65)
has toric reduction at 5 and 13. Let As and A;3 be the uniformizing lattices at 5 and 13,
respectively. Then neither As nor Ay; is isomorphic to S,(65,Z) as T(65)-modules,
although all three T(65)-modules become isomorphic after tensoring with Q.

4.2 Let D > 1beasquare-free integer divisible by an even number of primes, and let M > 1
be a square-free integer coprime to D. Let [ (M) be the group of norm-1 units in an
Eichler order of level M in the indefinite quaternion algebra B over Q of discriminant
D. Since B is indefinite, by fixing an isomorphism B ® R = M, (R), we can regard
[P (M) as a discrete subgroup of SL, (R). Let X2 (M) = TP (M)~ H be the associated
Shimura curve, where H = {z € C | Im(z) > 0}. This is a smooth projective curve,
which has a canonical model over Q. It is a moduli space of abelian surfaces equipped
with an action of B and Tp( M )-level structure.

The Jacobian J§ (M) of X (M) has toric reduction over Q,, if p divides D; this
follows from the work of Cherednik and Drinfeld [5]. Assume 7: JP (M) — E is an
optimal quotient defined over (Q, where E is an elliptic curve. Fix a prime p dividing
D, and let 7, be the induced map on component groups of the corresponding Néron
models over Z,. In the proofs of Proposition 4.4 and Corollary 4.5 in [2], Bertolini
and Darmon implicitly assume that c in the diagram (3.4) with J = J@(M) is 1. By
Theorem 3.6 this assumption is equivalent to 7, being surjective. On the other hand,
Question 1.1 in general has a negative answer, so it is not clear whether the answer is
always positive for the Jacobians of Shimura curves. In the positive direction, Taka-
hashi proved that if the Gal(Q/Q)-module E[£] is irreducible, then ¢ does not divide
the order of the cokernel of 7,; see [29, Theorem 1]. The proof relies on the compar-
ison of the degrees of different modular parametrizations of E by both modular and
Shimura curves.

Remark 4.3 Theorem 3.6 suggests a computational approach to finding an example
of an optimal quotient E of J? (M) such that the homomorphism 7, of component
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groups is not surjective. The computer algebra package Magma has an implementa-
tion of Brandt modules which allows one to do calculations with the lattice A uni-
formizing the analytification of J§ (M). In particular, one can efficiently calculate the
idempotent e. The surjectivity question then reduces to whether or not re, as an endo-
morphism of Hom(A, K*), takes A to itself. This calculation can in theory be carried
out using p-adic ®-functions.

4.3 Let A = F[T] be the ring of polynomials with coefficients in a finite field F, and
F = F(T) be the field of fractions of A. Let K = F((1/T)) be the completion of F at
the place 1/T, and R the ring of integers of K. Let n < A be an ideal and

To(m) = {(24) €GLy(4) [cen}.

The group Ih(n) acts discontinuously on the Drinfeld half plane Q := Ck - K, and
the quotient Tp(n) \ Q is the analytification of the Drinfeld modular curve Yy(n),
which is a smooth affine algebraic curve defined over K. The Cg-valued points of
Yo(n) are in bijection with rank-2 Drinfeld A-modules over Cx with certain level
structures. Let Jo(n) be the Jacobian of the smooth projective curve containing Yo (n)
as a Zariski dense subset. The Jacobian Jo(n) has split toric reduction over K; cf.
[10, Theorem 2.10].

Theorem 4.4  Assume 7: Jo(n) — E is an optimal quotient defined over K, where E is
an elliptic curve. The induced map on component groups t.: @,y — Qg of the Néron
models over R is surjective.

Proof The proof essentially consists of showing that the condition in Lemma 3.8 is
satisfied. This heavily relies on the arithmetic theory of Drinfeld modular curves.
There are Hecke operators defined in terms of correspondences on Yy (n) which
generate a commutative Z-subalgebra T of End(Jo(n)); see [10, §1] for the defini-
tions and basic properties. The Hecke algebra T also naturally acts on the space
of Z-valued Ty (n)-invariant harmonic cochains Hy(7T, 7)™ on the Bruhat-Tits
tree T of PGL,(K); again we refer to [10, §1] for the definitions. (The Z-module
H,(T, 7)™ is the analogue in this context of S,(N,Z).) Let A be the uniformiz-
ing lattice of Jo(n). The algebra T naturally acts on A; ¢f. §3.5. A crucial fact is that
there is a canonical T-equivariant isomorphism between A and H,(T,Z)%("); see
[10, Theorem 1.9] and [11, Lemma 9.3.2]. Gekeler [10, Theorem 3.17] defined a bilinear
T-equivariant pairing T x H,(T,Z)"*(" - 7, and proved that it is perfect after ten-
soring with Z[ p~'] where p is the characteristic of F. (This pairing is the function field
analogue of (4.1).) Using the facts listed above, the argument in the proof of Lemma
3.8 shows that c is a p-power. On the other hand, according to Corollary 3.5, ¢ divides
#I — 1, so c is coprime to p. This implies that ¢ = 1. ]

5 Jacobians Isogenous to a Product of Two Elliptic Curves

We start by giving a very explicit, equation-based, example. We will explain later in
this section how this example can be obtained as a special case of a general construc-
tion.
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Example 5.1 Let K = Q, where p is odd. Let X be the hyperelliptic curve of genus
2 with two affine charts y* = f(x) and Y? = g(t) glued in the obvious way, where

f(x) = (px? + (p-1))((p+1)x* + p)(x* +1),

Y = y/x>, t = 1/x,and g(t) = f(x)/x°. These equations define the minimal regular
model of X over K. Indeed, modulo p, the equation y* = f(x) becomes

y* = —x*(x? + 1),

which is a curve with singular point (0, 0). It is clear from the equation y* = f(x) that
the maximal ideal (x, y, p) is a regular point on this model. Similarly, on the other
chart, we have the reduction Y* = —#*(1+#*), and the maximal ideal (¢, Y, p) is again
regular. Hence, the model is regular, and has a special fibre consisting of an irreducible
rational curve with two nodes. It follows from [4, Example 9.2/8] that the Jacobian J
of X has toric reduction over K, and [4, Remark 9.6/12] implies that @ ](Fp) =1

Next, let E be the elliptic curve given by the equation y* = x(x —1)(x + p). The
j-invariant of E has valuation ordk(j) = -2, so by the Tate algorithm E has multi-
plicative reduction over K and @ (F,) = Z/2Z.

There is a morphism f: X — E of degree 2 given by

(x, ) = (p(p+1)x*+ p*, p(p+1)y).

Let m:] — E be the homomorphism of the Jacobians induced by f by the Al-
banese functoriality. Note that the induced map on component groups 7.: ®;(F,) —
O (F ») is not surjective. We claim that 7 is an optimal quotient. If 7 is not optimal,
then it factorsas ] — E’ := ]/ ker(1)°>E, where ¢ is an isogeny of degree greater than
1. Let X - J be the canonical morphism to the degree-1 part of the Picard scheme
(as X(K) may be empty, there may be no Abel-Jacobi map X — J defined over K).
Then the composition X — J®) — E'M) = E’ % Efactors f, which is impossible since
the degree of f is 2.

5.1 Letc > 2bean integer dividing the order of the group of roots of unity in K*. Assume
¢ is coprime to the characteristic of the residue field k. Let E; and E, be two elliptic
curves over K with multiplicative reduction, which are not isogenous over the alge-
braic closure K of K. Assume @, (k) = @, (k) = Z/cZ; equivalently, the j-invariants
of E; and E, have valuation —c. Assume

Ei[c](K) = E;[c)(K) »Z[cZ x Z|cZ, (i=1,2);

this condition is automatic if E; has split multiplicative reduction and satisfies the
previous assumption.

5.2 Lete. E;[c]xE;[c] — u. be the Weil pairing. Recall that the Weil pairing is alternat-
ing, i.e., e.(P, P) =1for any P € E;[c]; cf. [17, (2.8.7)]. There is a canonical subgroup
of E;[c] corresponding to (&) [c] = Z/cZ. Fix a generator g; of this subgroup and
a generator { of y.. Since e, is non-degenerate, we can find h; € E;[c] such that
Ei[c] ~ (gi) x (h;), and e, (g1, h1) = ec(g2, h2) = (. Let y:Ej[c] — Ez[c] be the
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unique isomorphism such that y(g1) = h, and w(h;) = g,. This is an anti-isometry
with respect to the e, pairings on E;[c] and E,[c] because

ec(y(g1),¥(m)) = ec(ha, £2) = ec(g2, h2) ™' = ec(gi, )™
Let A = E; x E; and let G c A[c] be the graph of y:

G={(Py(P)) | PeEc]}.

The product of the canonical principal polarizations on E; and E, is a principal po-
larization 6 on the product variety A = E; x E;.

Proposition 5.2 There is a principal polarization on the quotient abelian variety
J := A/G defined by G and 6. With this principal polarization, ] is isomorphic to the
canonically principally polarized Jacobian variety of a smooth projective curve X defined
over K. The Jacobian ] has toric reduction.

Proof The existence of X follows from [16, Theorem 3 ]. It is important here that  is
an anti-isometry, and E; and E, are not isogenous. The curve X can be defined over K
because v, by construction, is an isomorphism of Galois modules [15, Proposition 3].
The claim that J has toric reduction follows from §2.8. |

Lemma 5.3 ®;=1

Proof Clearly G ¢ A(K) is a subgroup isomorphic to Z/cZ x Z/cZ. By §2.3, G
extends to a constant étale subgroup-scheme of .. The restriction to the closed fibre
gives an injection G — @ (k), which composed with 27 — @, gives a canonical
homomorphism ¢: G - @ 4. It is clear that @4 = Of, x Dg,. Since

Al = {(PLPy) | Pre (gi)},

Gn szf’ko = 0. Therefore, ¢ is an isomorphism. Now Theorem 4.3 in [20] implies that
(D] = (DA/G =1 |

Lemma 5.4 E, and E, are optimal quotients of J.

Proof Note that E; embeds into ] as a closed subvariety since E; N G = 0. The claim
then follows from §2.8. Alternatively, note that the quotient J/E; is isomorphic to
E»/E;[c] 2 E, so, by definition, E, is an optimal quotient of J. [ |

5.3 In the special case when ¢ = 2, Proposition 4 in [15] allows us to compute an ex-
plicit equation for X starting with equations for E; and E,. Moreover, in this case the
assumption that E; and E, are not isogenous can be relaxed to the assumption that
E; and E, are not isomorphic over K, i.e., have distinct j-invariants [16, Theorem 3].
With this in mind, consider the Legendre curves

Ei:y*=x(x-1)(x-p) and Ey:y*=x(x-1)(x+p)

over Qp, where p is odd. These curves have distinct j-invariants, multiplicative re-
duction, @, = Z/27Z, and E;[2] is Q,-rational. (Note that E; has split multiplicative
reduction if and only if -1 is a square modulo p.)
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Let P, = (1,0), P, = (0,0), and P; = (p,0) be the non-trivial elements of E;[2].
Similarly, let Q; = (1,0), Q2 = (0,0), and Q3 = (—p, 0) be the non-trivial elements of
E»[2]. Modulo p the point P lies in the smooth locus of the reduction of E;, hence its
specialization lies in the connected component &” of the identity. Define y by y(O) =
O, y(P1) = Qa, w(P2) = Q1, y(P5) = Q3. Using the formulas in [15, Proposition 4],
one obtains the equation in Example 5.1.

Remark 5.5 When ¢ > 3, it seems rather difficult to write down an explicit equation
for X. Below we will compute the p-adic periods of J from the Tate periods of E; and
E,. Teitelbaum [30] developed a method for computing an equation for a genus 2
curve X with split degenerate reduction from the periods of its Jacobian. Teitelbaum’s
formulae are p-adic, i.e., the coefficients of the equation of X are given by infinite
series.

In order to illustrate the machinery of Section 3, we give an analytic interpretation
of our previous algebraic construction, with some generalizations. For simplicity, we
only treat the case of split toric reduction.

5.4 LetT = (G2, x)*" be a two-dimensional split analytic torus over K. Fix q;,q; € K*
such that ordx(q;), ordx(q2) > 0 and g} # g5 for any non-zero u,w € Z. Let ¢ > 1
be an integer and let { € K* be a primitive c-th root of unity. Let A ¢ T(K) = (K*)?
be the free abelian group generated by (g1, () and ({, g,). We have trop(q;,{) =
(~log|qi|,0) and trop({, g2) = (0, -log|ga|) which are linearly independent in R?,
so A is alattice in T. Let J*" be the analytic quotient T/A.

5.5 We identify (n;,n,) € Z* with the character of T defined by (Z;, Z;) ~ VASYASH
Define H: A — Z2 by H(q1,{) = (1,0) and H({, g2) = (0,1). We have

H(q1,$)(q1,¢) =q1,  H(q1,¢)({q2) = { = H({ q2) (g1, ()
H(‘:) ‘12)(() ‘12) =q2

so H(A)(u) = H(u)(A) for all A,y € A. Moreover, the symmetric bilinear form
ordg (q1) 0

0 ordg(g2)
basis, so ( - , - ) is positive definite. Therefore by Theorem 3.1, J*" is the analytification
of an abelian variety /, and the Riemann form H gives rise to a principal polarization

of J by §3.3.

(-, )y has the matrix form [ ] with respect to the above choice of

5.6 By an elliptic subvariety of ] we will mean an abelian subvariety E of ] of dimension
one. By §2.8, any elliptic subvariety of J has split multiplicative reduction; moreover,
if0 > I - C; - E(Ck) — 0 is the Tate uniformization of E, then we have a
homomorphism of short exact sequences

(5.1) 0—=T cx E(Cg) —=0

ok

0 A (C¥)? J(Cx) —0
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with injective vertical arrows. In particular, 9(C¥) n A = ¢(T'). Conversely, let
Gy x 2 T c Theasubtorus of dimension one such that I' = T'(K) N A = Z (equiva-
lently, such that ' (Cx)nA # {1}), and let E** = ¥'/T. Then E*" is the analytification
of an elliptic curve E over K and the induced map E — ] is a closed immersion, so E
is an elliptic subvariety of J and the diagram (5.1) commutes.

Proposition 5.6 Let ] be as in §5.4. There are exactly two elliptic subvarieties of ],
given by Ex(Cr) = C5 x {1}/(q5.1)% and Ex(Cx) = {1} x C5/ (1, g5)%.

Proof It is clear that E; and E, are elliptic subvarieties of J. Any dimension-one
subtorus T’ of T is of the form T'(Ck) = {(z,w) | z*wP = 1} for some coprime
integers «, € Z. Let T’ be such a subtorus, and suppose that T'(K) n A # {1}. Let
A e A~ {1} be an element of T'(K) n A. Then A = (1,{)"({,92)° = (¢) %, 93¢7)
for some integers y, &, not both equal to zero, and we have g, yqf Opwdthy -, Raising
both sides to the c-th power gives qf‘ycqg& =1, so we must have ay = 6 = 0 by the
way we chose g1, 2. If « # 0 and 8 # 0, then y = § = 0, which contradicts our choice
of A. Hence either & = 0 and 8 = +1, in which case T'(Cg) = Ck x {1}, or = 0 and
a = 1, in which case T'(Ck) = {1} x C%. [

5.7 Let A’ be the sublattice of A generated by (q5,1) and (1, q5). Identify E; (resp. E,) with
C%/qf% (resp. Cx/q5%) in the obvious way. Let A = E; x E,, so A(Ck) = (C¥)?/A,
and the kernel of the multiplication map A — J is A/A’ & (Z/cZ)?. Since E; and E,
are the only elliptic subvarieties of J, it follows that J is not isomorphic to a product
of elliptic curves. Therefore the theta divisor of J is a smooth curve X of genus 2, and
] is isomorphic to the Jacobian of X as principally polarized abelian varieties.

5.8 Since E; and E, are subvarieties of ], for i = 1, 2 the dual homomorphism | — E; is an
optimal quotient by §2.8. Let I} = (¢5,1)% and T, = (1, ¢5)%, and for i = 1,2 let T be
the saturation of T; in A. Then I} = (g1, ()% and T = ({, g2)%. It follows from (3.9)
that the cokernel of the map on component groups ®; - @, is isomorphic to Z/cZ.
In particular, ®; — @, is not surjective. Note that the image of A in Cy under the
evaluation map evg, is generated by { and q; — this is immediate from the definition
of H in §5.5. This illustrates the surjectivity of the map A — ¢™'T; of (3.4).

5.9 A calculation involving p-adic ®-functions shows that the Weil pairing on the c-
torsion of the Tate curve E; is given by the rule e.({,q;) = {. Note that { € E; gen-
erates the subgroup of E;[c] which reduces to the identity component of the Néron
model of E;. Let y: E;[c] = E,[c] be the unique isomorphism such that ¢({) = g,
and ¥(q;) = {. Then the graph G = {(P, w(P)) | P € Ey[c]} is exactly the kernel of
the map A = E; x E; — ], so this analytic construction coincides with our algebraic
construction, at least when 1 = ordg(q;) = ordx(q2), char(k) + ¢, and J has split
toric reduction.

5.10 Let E = E;. In the notation of Section 3, we have gr = qf, so ordx(gg) = c-ordx(q1).
We can take Az = (q1,{) € A, so (Ag,Ag) = ordxH(q1,{)(q1,{) = ordg(q1). It
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is clear that m = min{(A,Ag) > 0 | A € A} is equal to (Ag,Ag) = ordk(q1) =
ordx(qg)/c. Hence c¢{Ag,Ag) = ordk(qE), so ¢ = n by (3.10), and hence r = 1 by
(3.7). The fact that r = 1 is easy to see directly, as the idempotent e corresponds to the
endomorphism (a, b) +~ (a,0) of the character group Z* = A of T, so e € End(A).
The equality n = ¢ is then clear as well since the smallest power of the endomorphism
(x,y) = (x,1) of G2, ; sending A to itself is c.
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