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Abstract

It has been shown by one of the authors that the system of idempotents of monoids on a group
G of Lie type with Dynkin diagram I can be classified by the following data: a partially ordered
set % with maximum element | and a map 4: ¥ — 2T with A(1) = I" and with the property
that for all Jy, J;, J3 € Z with J| < J, < J3, any connected component of A(J3) is contained in
either A(Jy) or A(J3). In this paper we show that A comes from a regular monoid if and only if
the following conditions are satisfied:

(1) Z is a A-semilattice;
(2)If Jy, J, € %, then A(J}) NA(Sy) CA(Jy A Jy);
(3)Ifeel, Je#Z, then max{J; € |J, < J,0 € A(J})} exists;

(4) If t, J, € with J; < J, and if X is a two element discrete subset of A(J;) UA(J,), then
X CA(J) for some J € Z with J; < J < J5.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 20 G 99,20 M 17.

By a Coxeter group W = (W,I") is meant a group W generated by a subset
I" of elements of order 2, such that W has a presentation by the relations
(a8)m@8 = 1, for 0,0 € I. We assume that the rank [ < co. If 6,6 € T,

define 0 Z 9 if m = m(a,8) > 3. In this way I" becomes a graph, called the
Coxeter graph of W. Note that o, # are not adjacent in the graph if and only
if 66 = fo. 1t is customary to write 0 — 6 to mean m = 3, ¢ = 6 to mean
m = 4 and ¢ = 0 to mean m = 6. The possible graphs for finite W were
determined by Coxeter (see [8]). Coxeter groups arise in much of algebra as
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Weyl groups related to root systems. The possible connected Coxeter graphs

are then
A, e o0 )
B, or C, : o ——— o - 0———oe———eo
®
D, ) o0 °
° °
Eg: o ) ) ° )
°
E:: e ) ) ) ) )
)
Ezs: e ) ) ° ) ° °
Fp: @O—————o—————0o——0
Gy: @—mm— e

These graphs are closely related to the Dynkin diagrams of root systems.
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Let W be a Coxeter group, 0 € W. Then o = 6, - -- 6, for some 6,...,0,
e I'. If k is minimal, then the length /(o) is defined to be k. Coxeter groups
are characterized by Matsumoto’s exchange condition [8, Theorem 4.4].

THEOREM (Exchange condition). Let 6y,...,0, €T, 0 =6,---6, I(6) =
k. If 0 € T, then either I(8c) = k + 1 or else [(66) = k — 1 and 00 =

A

6i---6;--- 0, forsomei=1,...,k.

REMARK. The exchange condition implies the following.

(i) If 6,,...,6,€T,0=06,---0,,/(c) =k, then g =0, ---6; for some
I < <.

(ii) If 6y,...,04, 01,...,6,€T,0=0,---0, =01---6;, and l(c) = n,
then {0,,...,60,} ={6},...,0,}.

If I CT, let Wi = (I) denote the subgroup of W generated by I. If
LI CT, then Wiy = WinWp and Wy =Wy ifand only if 7 = 1.

Let % be a partially ordered set with maximum element 1, A:  — 2T such
that A(1) =T. If J € Z, we write W; for M(J). Let 7' (A) = {(J,Wyo)|J €
#,0 € W}. Define (J;, Wj0) < (S, Wpa) if J; < J, and W0 N Wyha #O.
Define A to be transitive if < is transitive on % (1). Define A to be regular if
(# (4), <) is a A-semilattice. Then it can be seen [5] that A is transitive if and
only if for all Ji, J;, J5 € Z with J, > J, > J3, any connected component of
A(J) is contained in either A{(J;) or A(J3). The main goal of this paper is to
obtain a similarly usable characterization of regularity.

Before proceeding, we explain the motivation for the above considerations.
The basic motivation comes from the theory of linear algebraic monoids ([3],
[4], [6], [7]). It has been shown by L. Renner and one of the authors [8] that
for a connected regular linear algebraic monoid M with zero, the system of
idempotents (biordered set in the sense of Nambooripad [2]) is determined
by a ‘type map’ A from the finite lattice % of principal ideals of M into 2T,
where I is the Dynkin diagram of the group of units of M. One of the authors
[5] considered the more general situation of monoids on a group G with a
BN-pair. Again the system of idempotents is characterized by a type map
A: % — 2. Moreover it was shown in [5] that an abstract map A: % — 2§
arises if and only if it is transitive. It was further shown in [5], that A comes
from a regular monoid on G if and only if A is regular.

For monoids M on a group G of Lie type, the partially ordered ser (1) is
isomorphic to the partially ordered set of ‘diagonal idempotents’ of M. We
illustrate with an example. Let G = GL(4, F) where F is a field. Then one
monoid on G is .#;(F), the monoid of all 4 x 4 matrices over F. In this case
the Weyl group of G is the group S, of all 4 x 4 permutation matrices and I"
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can be chosen to be

1 000 1 000 0100
0100 0010 1 000
F=1%=1loo0o0 1'% lo100|'" o010
0010 0 001 0 001
The graph structure for I' is
0,—60,—8,

The standard idempotent representatives for matrices in .#;(F) of different
ranks are given by the linearly ordered set

0

(]

0

1 0 00 1 0 0 0 1 0
vl (0 100} _fo 10O} (00
1510 o1 0)°271o 0o 0 0)°3"10 o

0 0 0 0 00 0 0 00

The corresponding regular map 4: Z — 2 is given by A(e) = {# € Tlef =
Oe}, for all e € Z. Thus A(I) =T, A(e)) = {61, 03}, Alez) = {61, 03}, Ales) =
{0, 6.} and A(0) =T. The lattice Z'(4) is a sixteen element Boolean lattice
isomorphic to the lattice of diagonal idempotents of .#,(F).

We now fix a Coxeter group W = W(I'). Before stating the main theorem,
we prove some lemmas.

oo OO

LEmMMA 1. Let 0y,...,04,, 8 €T, 0 #0;,i=1,...,k. Let 0 = 0, 0.
Suppose l(6) = k and 08 = 07 for some & € W with l[(G) = k and 8 not
appearing in . Then 6,60 =00, fori=1,...,k.

ProoF. We prove this by induction on k. By the exchange condition
(1) 0'2-"0'k0=0'105=03,

with /(') = kK — 1, and 6 does not appear in . So by the induction hy-
pothesis, 8g; = g;0 for i = 2,...,k. So if g, € {03,...,0;} we are done. So
assume o, ¢ {02,...,0;}. Now @ = uo,v,@ = uv for some i € {2,...,k}.
Since o; does not appear in the left side of (1), we see that g, does not ap-
pear in uv = @. Hence o, = 0; and 0,0uc,v = Quv. So g,0u = Guoy; and
hence ug; = 8o,0u. Since 8 does not appear in uog;, we see by the exchange
condition that 8o,0u = o,u. So 60,60 = o, and 6o, = d,6. This completes
the proof.

LEMMA 2. Let J;,J, C T, 0 € W), a € Wy, a ¢ Wy,. Let l(0) = k,

6 =00y, 0 € I. Suppose that ¢ is of minimal length in W; oW, and
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that Wy 0 N Wya~! # &. Then there exists 6 € J|\J, such that 6a; = 0;6,
i=1,...,k

PrOOF. We prove this by induction of /(a). By the exchange condition
(2) l(ox)=1(o) + I(x) =l(xg) forallxe W,,.

In particular, /(oa) = /() + /(a). Now ca € W), W;,. So by the exchange
condition, da = uv for some u € W;, and v € W, such that [(uv) = I(u) +
l(v). Since a ¢ Wy, u # 1. So u = Ou, for some u; € Wy, 6 € J,,
l(uy) = l(u) = 1. So uyyv = Boa. By (2), [(8a) = I(6) + 1. So by the
exchange condition, foa = 6o, for some a; € W), with /(o)) = I(a) - 1. So
oa; = u v € Wy Wy,. If a) ¢ W,,, we are done, by the induction hypothesis.
So assume o) € Wj,. Since a ¢ W, we see that a = aynas, ) = aas with
n € J1\J2. If m # 0 then n appears in ;v = oa;, a contradiction. Hence
n = 0 and Ooazfa3 = dgaai. Then Ooaz6 = 6ay. So a8 = Baa;, 8 does
not appear in ¢a;. We are now done, by Lemma 1.

THEOREM 1. Let % be a partially ordered set with maximum element 1
and let A: % — 2U be a transitive map such that A(1) = T'. Then A is regular
if and only if

(i) Z is a A-semilattice,
(i) if Jy, o € ¥, then A(J}) NA(J2) C A(Jy A J2),
(iii) ifJ €, 0 €T, then max{J, e Z|J, < J,0 € A(J1)} exists,
(iv) if ), , € %, J1 > J, and X is a two element discrete subset of
A UA(Jp), then X C A(J) for some J € Z with J, > J > J.

—r N

Proor. First we prove necessity. So assume that A is regular. So (Z'(4), <)
is a A-semilattice. Let Jy, J>» € Z, such that (J;, Wj,) A (2, W),) = (J, Wja).
Let J' € Z with J, > J', J, 2 J'. Then (J;, W;,) > (J', W), i =1,2. So
(J, Wya) > (J', Wy.). So J > J'. Hence J = Jy A Jy. Also (J, Wya) > (J, W)
whereby W a = W;. If 8 € A(J1) NA(J2), then 8 € WJl N WJZ. So (J,W;0) =
(N, le 0)A(Ja, sze) = (Jy, WJI)/\(JZ, WJZ) = (J,W,). So 8 € W, and hence
@ € A(J). This proves (i) and (ii).

Next let 8 € \A(J), (J, W) A (J,W;0) = (J1,Wja). SoJi £ J, 0 €
WJWJla,a € le W;. So @ € WJWJ| W;. Since 6 ¢ A(J), 0 e X(Jl). So
(W) 2 (1, W), (J, Ws6) 2 (Ji, Wy). So (Jy, Wya) > (J;, W) whereby
W_,la = W_]l. Let J, € % with 8 € A(J;). Then (J,W;) > (J,, WJZ) and
(J,W,8) > (J2, Wp,). So (Ji, Wy,) > (Jo, Wy,) and hence J; > J;. This proves
(iii).

Finally we prove (iv). We can assume that X ¢ A(J;), X € A(J2). So X =
{6, 7} with & € A(J})\A(J2) 8 € A()\A(Jh), O = =0. Let J = max{J3]J; <
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Ji, 8 € A(J3)}. Then as above (Ji, Wj,) A (Ji, W,,0) = (J5,W),). Since
n € )»(Jl), (J1, le) > (Ja, szﬂ). Since On = =#0, lea ] szﬂ # . So
(J1, W;,0) > (J2, Wy,n), whence (J,W;) > (Jo, W;,n). Hence J > J, and
ne W,Wjy. Since n ¢ A(J2), t € A(J). So 0, n € A(J).

Conversely assume that (i), (ii), (iii) and (iv) are valid. First we claim that
forany JeZ, X CT,

(3) max{J, € Z|J, £ J,X C A(J})} exists.

We prove this by induction on |X|. If X C A(J), there is nothing to prove.
Otherwise there exists & € X\A(J). By (iii), Jo = max{J; < J|6 € A(J})}
exists. By the induction hypothesis, J, = max{J; < Jo|X\{0} € A(J))}
exists. Now J, < Jy < J, 8 € A(Jy), 0 ¢ A(J). So by transitivity § € A(J)>).
So X C A(J;). Now let J; < J such that X C A(Jy). Then 8 € A(J;). So
J1 £ Jp and then J; < J,. Hence (3) holds.

Next we claim that if Ji,J,b € Z, J, < J1, 01,...,0, € A(J2), m € A(Jy),
then no; = o;m, i = 1,..., k, implies that there exists J € Z with

(4) JZS',SJI, naah'“:akej‘(‘,)'

We prove this by induction on k. If g; € A(J;) for all i, there is nothing
to prove. So assume o, ¢ A(J;). By condition (iv), there exists J5 € Z,
J» < J3 < Jp such that n,0, € A(J3). By the induction hypothesis, there
exists J € Z, J, < J < Jy such that #,0,,...,0, € A(J). Now J < J3 < Jj,
o1 € A(J3), a1 ¢ A(Jy). So by transitivity oy € A(J). So =, ay,...,0r € A(J).
This proves (4).

Let (J1, Wy, 0y), (J2, Wy,02) € # (4). We need to show that (Ji, W 01) A
(J2, Wy02) exists in Z°(A). If = € W, then (J,W;0) — (J,W;on) is an
automorphism of Z°(1). For this reason we need only show that (J;, W) A
(J2, Wy,o) exists where 0 € W is such that it is an element of minimum
length in W;,cW;. Then by the exchange condition /(da) = I(d) + I(0),
l(oy) = (o) + I(y) for all § € W,,, y € Wj,. There exists a maximum
J3 < JiAJy such that o € W,. We claim that (Jy, Wj,)A(J2, Wy,0) = (3, Wy,).
So let (Ji, Wy,) > (Js, Wy,), (J2, Wy,0) > (Js, W),a). We can assume that o
is of minimum length in Wj,a. Now a € W,;,W;, and hence o € W,,. Also
o€ W,WjaC W;, W, W, Hence o € Wj,. Therefore J4 < J;. There exists
u € Wy, v € Wy, such that ua = va. So u = vea~! € W,W, W) nW,,.
By the exchange condition u = abc for some a € W;,,nW;,, b e W, nW,,,
(S le N Wj4. Now

(5) (Jg, WJBCa) > (J4, WJ4C(1) = (J4, Wj4a).
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Also,
(J3, stca) = (J3, WJcha) S (Jz, WJZbCa)
(6) = (J2, Wpabca) = (J2, Whua) = (L, Wivo)
= (JZa WJza)'

Moreover
(7) (J3’ Wcha) S (Jla WJICC!) = (Jla WJ|)
By (5), (6) and (7), it is clear that without loss of generality we can assume
that J; = J,.

First we consider the case J; = J,. We assume o ¢ W, and obtain a
contradiction. Let /() = k, 0 = 6,--- 0, g; € I. Then ay,...,0, € A(S3),

a € W;. By Lemma 1 there exists § € A(J;)\A(J3) such that fo; = 0,0,
i=1,...,k. By (4), there exists J € Z, J; < J < Jy such that g{,...,0,
0eci(J). Soog € Wyand J = J35. So § € A(J3), a contradiction.

Next we consider the case where J; > J,. Since a € W, we have
(J3, WJJCZ) < (Jo, sza) < (J1, le). Also a € WJJ WJZU - st WJ2 Wy,. Since
a is of minimum length in Wya, a € W,W,,. So (53, W),) < (2, Wha).
By the above, (Jo, Wj,a) A (2, Wra) = (Jo, Wy, B) exists. Then (Jo, Wy, f) <
(J2, Wyo), (Jo, Wy, B) < (J1, Wy,). So as before 0 € Wy,. Hence J5 > J.
But (Jy, W_]oﬂ) > (J5, WJ3) and (Jo, Wjoﬂ) > (Js, WJBQ). So J5 = Jy and
W_/3 = Wjaﬂ = lea.

Finally we consider the general case. Now a € W, W0 C W, W, W;,.
Since a is of minimum length in Wja, o € W;, Wj,. Since also a € W, we see
by the exchange condition that o = ab for some a € W; nW;,, be W; nWj,.
Let J = J; A Jo. Then a € W by (ii). Now W; nW;, € W;. So (J, Wya) =
(J, W;b) < (1, Wy,). Also (J,Wya) = (J, W;b) > (J3, W), (J3, Wpa). Since
J» > J, we see by the above that (J,, W;,0) A (J, Wya) = (Jo, Wy, B) exists.
Then (Jo, W3, B) < (1, Wy,),(J2, W),a). So as above g € Wj,. Hence Jy < J.
But (Jp, Wjoﬂ) > (J5, WJJ),(J3, Wra). So Jo = J3 and Wy, f = Wy, = Wja.
This completes the proof of sufficiency.

COROLLARY 1. If % is a finite linearly ordered set, then a transitive map
is regular if and only if for all J|,J, € %, X a two element discrete subset of
M) UA(LR), X CA(J) for some J between J, and J,.

IfA: % — 2T, X CT, then let Ax: % — 2X where for J € %, ix(J) =
AJ)NX.

COROLARY 2. Let Z be a partially ordered set with a maximum element
1 and let A: % — 2V be such that A(1) = . Then A is transitive (respectively
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regular) if and only if Ax is transitive (respectively regular) for all rank < 2
subgraphs X of T.

In [1] a universal transitive map u: U(I') — 2 was constructed. It has the
property that for any transitive map A: % — 2T, there is an order preserving
map y: Z — U(I') such that A = u o p. The partially ordered set U = U(I')
was constructed as follows:

U=UT)={(4,B)|4,Be2', ANB=0
and each connected component of AU B
is either contained in A4 or contained in B}.

For (4, B),(A',B’') € U we define (4,B) < (4',B')if A C A’ and B’ C B.
Then (U, <) is a distributive lattice with (4,B) Vv (4',B') = (AU B,BN B’)
and (4,B)A(A",B')=(ANA',BUB’).

COROLLARY 3. The map u: U(I') — 2T, where u(A,B) = AU B, is regular.

Proor. Clearly U(T) is a A-semilattice. Let J, = (4, B)), J» = (43, B») €
U(T’). Then

u(Ji) Nu(h2) = (4, UB)N (42U By)
=(A;NA)U(ANB))U(BNA)U(B;NBy)
C(A4NA)UB UB,
=u(J; A Jy).

Take any J = (4,B) € U(I') and @ € I". Then max{J' € U(IN)|J’ < J,0 €
u(J"H}y=V{J' e U)|J' < J,0 € u(J')} exists since U(I) is a finite lattice.

Let J, = (A4, By) > J, = (42, B;) and X be a 2-element discrete subset of
I' such that

X Cu(S)Vu(Sp) =(A4UB))U (42U B;y) = 4, UBs.

Then X = (X n 4;) U (X\A4,) with X\4, C B,. Take J = (C,D) where
C=A4,U(XnNnA4,), D= B, U(X\A,). Then CND = . Now B, C B; and
X is discrete. So every connected component of C U D is contained in C or
in D. Thus J € UT). Also J; > J > J> and X C u(J). This completes the
proof.
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