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Abstract. We characterize those non-negative, measurable functions ¥ on [0, 1]
and positive, continuous functions w; and w, on R™ for which the generalized Hardy—
Cesaro operator

1
(Upf)() = /0 F(xy (o) di

defines a bounded operator Uy, : L'(w;) — L'(w). This generalizes a result of Xiao [7]
to weighted spaces. Furthermore, we extend Uy, to a bounded operator on M (w;) with
range in L'(w,) ® C8y, where M(w) is the weighted space of locally finite, complex
Borel measures on R*. Finally, we show that the zero operator is the only weakly
compact generalized Hardy—Cesaro operator from L!(w;) to L' (w,).

2010 Mathematics Subject Classification. 44A15, 47B34, 47B38, 47G10.

1. Introduction. A classical result of Hardy [5] shows that the Hardy—Cesaro
operator

e =~ [ s

defines a bounded linear operator on L?(R™) with |U|| = p/(p — 1) for p > 1. Clearly,
U is not bounded on L'(R™). Hardy’s result has been generalized in various ways, of
which we will mention some, which have inspired this paper.

For 1 < p < ¢ < oo and non-negative measurable functions u and v on R,
Muckenhoupt [6] and Bradley [3] gave a necessary and sufficient condition for the
existence of a constant C such that

oo X q 1/q o0 1/p
(/ (u(x)/ f@) dt) dx) <C (/ ) (x)Y dx)
0 0 0

for every positive, measurable function f on R*. This can be rephrased as a
characterization of the weighted I” and L7 spaces on R* between which the Hardy—
Cesaro operator U is bounded.
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In a different direction, for a non-negative measurable funtion ¥ on [0, 1], Xiao
[7] considered the generalized Hardy—Cesaro operators

1
(Wﬂmzﬂfwwmm

for measurable functions / on R". We remark that

1 X
(Uyf)(x) = < fo f()W(s/x)ds

for measurable functions f on R. Xiao proved that Uy, defines a bounded operator on
LP(R™) (for p > 1) if and only if

Ly (1)

o P

dt < oo

Xiao’s result is the main motivation for this paper.

Finally, we mention that Albanese, Bonet and Ricker in a recent series of papers
(see, for instance, [1] and [2]) have considered the spectrum, compactness and other
properties of the Hardy—Cesaro operator on various spaces of continuous functions
and discrete spaces.

In this paper, we will study the generalized Hardy—Cesaro operators between
weighted spaces of integrable functions, and we will obtain a generalization of Xiao’s
result in this context. Let o be a positive, continuous function on R* and let L'(w) be
the Banach space of (equivalence classes of) measurable functions f on R* for which

12w = fo If (0)|ew(2) dt < 0.

In the usual way, we identify the dual space of L!(w) with the space L>®°(1/w) of
measurable functions /2 on R for which

121l oo(1 /) = €8S SUP e+ ()] /o(t) < 00.

We denote by Cy(1/w) the closed subspace of L>°(1/w) consisting of the continuous
functions g in L°°(1/w) for which g/w vanishes at infinity. Finally, we identify the dual
space of Cy(1/w) with the space M(w) of locally finite, complex Borel measures u on
R for which

www=4fmmmm<m

We consider the space L!(w) as a closed subspace of M(w).

In Section 2, we characterize those functions ¥, w; and w, for which U, defines
a bounded operator from L'(w) to L'(w,). These operators are extended to bounded
operators on M(w;) in Section 3, where we also obtain results about their ranges.
Finally, in Section 4, we show that there are no non-zero weakly compact generalized
Hardy—Cesaro operators from L!(w;) to L (w,).
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2. A characterization of the generalized Hardy—Cesaro operators. For a non-
negative, measurable function v on [0, 1] and positive, continuous functions w; and
wy on RT, we say that condition (C) is satisfied if there exists a constant C such that

1
/ onts/0 "D i < oty
0

for every s € R*.

THEOREM 2.1. Let Y be a non-negative, measurable function on [0, 1] and let w| and
ws be positive, continuous functions on R*. Then, Uy, defines a bounded operator from
LY(w)) to LY(wy) if and only if condition (C) is satisfied.

Proof. Assume that condition (C) is satisfied and let f € L!(w;). Then,

0 1 o0
/ / "D wntsyndids < ¢ / F$)w1(s)ds = Clf 1130y < 00,
0 0

so it follows from Fubini’s theorem that

/ f )W (Deoa(x) dox di = f [ 0 P (s ) dsdi < Uiy < o0

Another application of Fubini’s theorem thus shows that (Uy,f)(x) is defined for almost
all x € RT with

0 [e%) 1
NUu o = /0 Uy )Dla(x) dx < /O fo I (D) di dx
1 00
- / f LN (Dws(x) dx di < Clf 13y < 0.
0 0

Hence, U, defines a bounded operator from L' (o)) to L' ().

Conversely, assume that Uy, defines a bounded operator from LY (w1) to LY (w»).
Since L'(w») is a closed subspace of M(w,) which we identify with the dual space
of Co(1/w,), it follows from [4, Theorem VI.8.6] that there exists a map p from
R* to M(w,) for which the map s (g, p(s)) = [ g(x) dp(s)(x) is measurable and
essentially bounded on R* for every g € Co(1/w>) with || Uy || = ess sup,cp: | 2(5) | a(wn)
and such that

(8. Upf) = /0 " (. PN (SJan(s) ds = fo N /R 8P f (e (5)ds
for every g € Co(1/w;) and f € L'(w;). On the other hand,
(g, Upf) = /0 Uy f)(x) dx
/ / & sy ds

_ fo @ W (s/x) dx f (51 (5) ds

w1(s) J,
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for every g € Co(1/w>) and f € L'(wy), so it follows that
1 o0
[ sdoern = —= [ ED yispnax
R+ wi(s) Jy X

for almost all s € Rt and every g € Cy(1/w;) (considering both sides as elements of
L>®(R")). Considered as elements of M(w,), we thus have

1 1
dp(s)(x) = —— — P (s/x) L5 dx

wi(s) x

for almost all s, x € R*. Hence, p(s) € L'(w,) with

/0 " 0r(0) dp(s)(x)
1

w1(s)

1 1
e / s/ xJen(x) dx

R A0
A Ta)z(s/t)dt

" w0i()

10 21 (wr)

[ vt as
0 X

for almost all s € R*. Therefore,

1
[ ont610 2 dt = 16N 0en) = 1V o)

for almost all s € R™. Since both sides of the inequality are continuous functions of s,
the inequality holds for every s € R™, so condition (C) holds. O

Letting s = 0 in condition (C), we see that Xiao’s condition is necessary in our
situation.

COROLLARY 2.2. Let v be a non-negative, measurable function on [0, 1] and let w,
and w be positive, continuous functions on R*. If Uy, defines a bounded operator from
LY (w1) to LY (w»), then

0]

——dt < oo.
0

The following straightforward consequences can be deduced from Theorem 2.1.
COROLLARY 2.3. Let ¥ be a non-negative, measurable function on [0, 1]

(a) Let w be a decreasing, positive, continuous function on R™, and assume that
fol Y(t)/tdt < 0. Then, Uy defines a bounded operator from L'(w) to L'(w).

(b) Let wy and w, be positive, continuous functions on R™, and assume that w, is
increasing. If Uy defines a bounded operator from LY (w) to L'(w,), then there
exists a constant C such that ws(s) < Cwi(s) for every s € RT.
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(¢) Let w be an increasing, positive, continuous function on R*, and assume that there
existsa < 1 and K > 0 such that y(t) > K almost everywhere on[a, 1]. If Uy, defines
a bounded operator from L'(w) to L' (w), then there exist positive constants Cy and
C, such that

1
Cio(s) < -/0 w(s/t) m dt < Cyo(s)

for every s € R*.

Proof.

(a) We have

: v (1) 10
/0 ( /t)_dt A Tdta)(s)

for every s € RT, so condition (C) is satisfied with w; = w, = w and the result

follows.
(b) We have

1
/ a)z(s/t) d >/ 1p()dtwg(s)

for every s € R™. Since condition (C) is satisfied, the result follows.
(c) We have

/ w(s/t) —= ( ) dt > K/ w(s/t)dt > K(1 — a)w(s)

for every s € RT. The other inequality is just condition (C) with w; = w; = w.

g

We finish the section with some examples of functions v, w; and w, for which Uy,
defines a bounded operator from L!(w;) to L!(w,).

EXAMPLE 2.4.

(a) Fora > 0, let ¥ (1) = 1% for t € [0, 1]. Also, for By, B> € R, let w;(x) = (1 + x)# for
x € Rt and i = 1, 2. Then, Uy, defines a bounded operator from L!(w;) to L'(w»)
if and only if 8, < By and B, < «.

(b) Fora > 0,let y(¢) = t* forz € [0, 1]. Also, let w;(x) = ¢™*/(1 + x) and wy(x) = ¢~
for x € R*. Then, Uy, defines a bounded operator from L!(w;) to L' (w,). Moreover,
it is not possible to replace w;(x) by a function tending faster to zero at infinity.

(¢) Lety () = e /7 for 1 € [0, 1]. Also, let w;(x) = e /4/x and w»(x) = ¢ for x € R*.
Then, Uy, defines a bounded operator from L!(w;) to L!(w,). Moreover, it is not
possible to replace w;(x) by a function tending slower to infinity at infinity.
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Proof.

(a) Fors > 1landt €0, 1], wehave s/t < 1+ s/t < 2s/t, so

/01 wi(s/ 1) @ dt = /01 (1 + ;)ﬁz 2 di

1
~ s / Pl gy
0

~ ¢

for s > 1 if B, < @ (Where F(s) >~ G(s) for positive functions F and G on [1, co)
indicates the existence of positive constants C; and C; such that C;F(s) < G(s) <
CoF(s) for all s € [1, 00)), whereas the integrals diverge if 8 > «. Moreover, the
expression

/01 wi(s/ 1) @ dt = /01 (1 + ;)ﬂ 2 dy

defines a positive, continuous function of s on R™, so it follows that condition (C)
is satisfied if and only if 8, < 8) and 8, < «.
(b) Fors > 1, we have

1 o)
/ ors/1) YD 41 = / @A) (/x) dx
0 t K}

X

o0 ,—X o 0 ,—X —S
e S e e
= dx < dx < —.
s X x* s X N

1 1
/ a)z(s/t)mdlff mdl<oo
0 t 0

t

Moreover,

foralls € R*, so condition (C) is satisfied and U, thus defines a bounded operator
from L'(w;) to L' (w,). On the other hand, since

1 25 ,—Xx 2s _
v (t) e s 1 x 1 e
[ PRz [ G g [ 55

for s > 1, it is not possible to replace wi(x) by a function tending faster to zero at
infinity.
(c) Fors € R*, we have

1 [} 00 ,x—x2/s? 00 Lsy—y?
/ wors/ ) YD gy = / @A) (/v dx = / ¢ dx = f 4y
0 t s X s X 1 y

Moreover, for s > 4

— 72 2 4
/00 V) dy < i/‘oo e_U,_s/2)2+32/4 dy = 4/‘00 e‘u2 du &/
s Y T8 Jya e ’
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and

5/4 esy—yz s/4 632/4
/ dy < / eVdy < :
1 Y 1 S

so condition (C) is satisfied and Uy, thus defines a bounded operator from L!(w)
to L'(w>). On the other hand, the estimate

1 0 Lsp—)? 5/241 1 5% /4
{ Y=y 1 ,

f onts/ ) L i = / S dy= - / e OSIPHRA gy f e du’
0 t 1 y s Js2 0 s

for s > 2 shows that it is not possible to replace w;(x) by a function tending slower
to infinity at infinity.

g

In Example 2.4(b), we have w;(x)/wi(x) - oo as x — oo, which should be
compared to the conclusion in Corollary 2.3(b). Conversely, Example 2.4(c) shows
an example where we need w>(x)/wi(x) — 0 rapidly as x — oo in order for U, to be
defined.

3. Extensions to weighted spaces of measures. Identifying the dual space of L'(w)
with L>°(1/w) as in the introduction, we have the following result about the adjoint of
Uy.

PROPOSITION 3.1. Let Y be a non-negative, measurable function on [0, 1] and let w,
and w, be positive, continuous functions on R™. Assume that condition (C) is satisfied
so that Uy : LN(w1) — LY(wy) is a bounded operator, and consider the adjoint operator
Uy, - L(1/wn) — L®(1/w)).

(a) For h € L*(1/w,), we have

1
(U h)(x) = [0 h(x/t)@dt

for almost all x € RT.
(b) Uy, maps Co(1/wr) into Co(1/wr).

Proof.
(a) Let h € L*(1/w,). Since |h(x/t)| < ||hllz(1jwn@2(x/?) for almost all x, r € RT, it
follows from condition (C) that fol h(x/ )y (1)/tdt is defined and satisfies

1
‘/ h(x/t)@dl 40
0

1
< ”h||L°C(l/w2)/(; wi(x/1) Tdf < Clhll L1 jwy)@1(X)
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for almost all x € RT. Hence, the function x — fol h(x/ )y (t)/tdt belongs to
L>(1/wy). Also, for f € L'(w;) we have

{f. Uyhy = (Uyf, h) = /0 (Uyf)(s)h(s)ds
- / i f S lf ()Y (x/s)h(s) dx ds
0 0o S
= /0 / ") 9y ds ) dx

from which it follows that

o h 1
(U:Zh)(x):/ (Ts)l//(x/s)ds:/o h(x/t)@dt

X

for almost all x € R*.

(b) It suffices to show that Uy maps C.(R™) (the continuous functions on R* with
compact support) into Cy(1/w). Let g € C.(R™), let xo € RT and let (x,) be a
sequence in RT with x, — xy as n — oo. Then,

1
(Uyg)(xn) = (Uyg)(xo) = /0 (8(xa/ 1) — g(x0/ 1)) @ dt

for n € N. Since g is bounded on R* and since fol ¥(t)/tdt < oo by Corollary 2.2,
it follows from Lebesgue’s dominated convergence theorem that (Ujg)(x,) —
(U} 8)(xp) asn — oo. Hence, Uy g is continuous on R*. Finally, from the expression

= g(s)

o= [yt ds

X

it follows that supp Uy g < supp g, so we conclude that Uj g € C.(RT) C Cy(1/wy).
O

Let Vy be the restriction of Uy to Co(1/w2) considered as a map into Co(1/wy).
We then immediately have the following result.

COROLLARY 3.2. Let v be a non-negative, measurable function on [0, 1] and let w,
and wy be positive, continuous functions on RT. Assume that condition (C) is satisfied
so that Uy : LY (1) — LY(w») is a bounded operator. The bounded operator Uy, = vy
Jrom M(wi) to M(w,) is an extension of Uy,.

Let ¢ be a non-negative, continuous function on [0, 1] with ¥(0) = 0. For u €
M(w;) and x > 0 let

1
Wy = - /(0 V).

PROPOSITION 3.3. Let v be a non-negative, continuous function on [0, 1] and let w,
and w; be positive, continuous functions on RT. Assume that condition (C) is satisfied so
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that Uy, : LY (w) — LY(w») is a bounded operator. Then, Wy € LY () and

1
Uyp=Wyn+ ; @ dt - u({0})do

Jor i € M(wy). In particular, ran Uy, C LY (w,) & C8y and Uy, maps M((0, 00), wy) into
L (w).

Proof. By Corollary 2.2, we have fol Y(1)/tdt < 00, so it follows that v (0) = 0. Let
u € M(wy) with ©({0}) = 0. By condition (C), we have

| ! ¢
[ [ vemmwardue = [ [ o S ardinio
(0.00)Js X (0,00) JO t
< cf(o S dIuls) = Clklon < .
so it follows from Fubini’s theorem that
*1
[ 1] wemdn et < .
0 X J0,x

Hence, Wy u € L'(wy). Moreover, for g € Cy(1/w,), we have

1
(6. Tymt) = (Vygo 1) = /(0 | /0 g(s/z)@drdu(s)

_ / / 89 (5% dx dp(s)
(0,00) /s

X

S|
=/0 ~ [ v/ duts) gx) dx

X J(0.x)

= [ et dx = e Wy,
so we conclude that Uy = Wy . Finally, for g € Cy(1/w,), we have

1 1
(8. Tudo) = (Vo b0 = (14)0) = 0) [ YO = 6 0 YO g .

Since Wy, 8y = 0 this finishes the proof. O

The conclusion about the range of Uy, can be generalized to the case, where ¥ is
not assumed to be continuous.

PROPOSITION 3.4. Let Y be a non-negative, measurable function on [0, 1] and let w,
and w, be positive, continuous functions on RY. Assume that condition ( C) is satisfied so
that Uy : LY (@) — L'(w) is a bounded operator. Then, ran Uy, C L!(w,) & Céy.

Proof. Choose a sequence of non-negative, continuous functions (v,,) on [0, 1] with
Yn < ¥ and

1
/ wdteo asn — oo.
0
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For u € M(w1) and g € Cy(1/w»), we have

g, (Uy — Uy )| = U(Vy — Vy,)g, 1)l
1 _
- / / g/ YO0 g gy
R+

< llgll ot jeon) / / wr(x /t) 1/’”( ) dtd|p(x).

Let

1
p) = [ entarn YO0,

for x € R* and n € N. By condition (C), there exists a constant C such that p,(x) <
Cw;(x) for every x € R* and n € N. Moreover, for every x € R, we have p,(x) — 0
as n — oo by Lebesgue’s dominated convergence theorem. Hence,

I(Uy = Uy illmswn = sup (g, (Uy — Uy )| < /an(X)dIMI(X) -0

gl cy/wy =1

asn — oo again by Lebesgue’s dominated convergence theorem. Consequently, U, —
Uy strongly as n — oco. Since ran Uy, < L' (w;) ® C8 for n € N by Proposition 3.3,
the same thus holds for ran U,,. g

COROLLARY 3.5. Let v be a non-negative, measurable function on [0, 1] and let w,
and w, be positive, continuous functions on R™. Assume that condition ( C) is satisfied so
that Uy : LY (@) — L'(w) is a bounded operator. For s > 0, we then have (U 8)(x) =
V(s/x)/x for almost all x > s and (U 85)(x) = 0 for almost all x < s.

Proof. For  continuous, this follows from Proposition 3.3. For general v, it
follows from the approach in the proof of Proposition 3.4 using Uy, — Uy, strongly
asn — oo. g

It follows from Corollary 3.5 that

@2(X) ¥ (1)

1
W(v/x)dx_/o a)z(s/t)—dt

1T 08, st = f

N

whereas |8 mw) = @i(s). Since Uy is bounded we thus recover condition (C).
If we without using Theorem 2.1 could show that if Uy : LY (w;) — LY(w») is a
bounded operator, then is has a bounded extension Uy, : M(w;) — M(w,) for which
Corollary 3.5 holds, then we would in this way obtain an alternative proof of condition

(©).

4. Weakly compact operators. We finish the paper by showing that there are no
non-zero, weakly compact generalized Hardy—Cesaro operators between L'(w;) and
L ().

PROPOSITION 4.1. Let Y be a non-negative, measurable function on [0, 1] and let w,
and an be positive, continuous functions on R*. Assume that condition (C) is satisfied
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so that Uy, : LY wy) — LY(w») is a bounded operator. If ¥ # 0, then Uy, is not weakly
compact.

Proof. For f € L'(w;) and x € R*, we have

1 X [o.¢]
U =+ [ Serrsmds = [ e ds

where (with a slight change of notation compared to the proof of Theorem 2.1)

1
p($)(x) = o10) x W(S/X) Lexs

for x, s € RT. In the proof of Theorem 2.1, we saw that p(s) € L'(w,) with || P L1 (@) <
C for a constant C for almost all s € R*. It thus follows from [4, Theorem VI.8.10] that
U, is weakly compact if and only if {p(s) : s € R} is contained in a weakly compact
set of L!(w,) (except possibly for s belonging to a null-set). Consider p(s) as an element
of Co(1/wy)* for s € RT and let g € Cy(1/w5). Then,

(g, (s) /0 2()p(s)(x) dx

QLTS

/(; (/t)mdt

Since g(s/f) — g(0) as s — 0, for all ¢ > 0, it follows from Lebesgue’s dominated
convergence theorem that

- wl(s)

w1(s)

B0
(g, p(s)) — (0) () —dt
as s — 0,. We, therefore, conclude that
1 40!
PO = T fy T

weak-star in M(w,) as s — 0. Since 8 ¢ L'(w,), it follows that {p(s) : s € R*} is not
contained in a weakly compact set of L!(w») (even excepting null sets), and the result
follows. O
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