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1.

Let G be a finite P-group. Denote dimH'(G, Z,) by d(G) and dimH2(G,Z,)
by r(G), then d(G) is the minimal number of generators of G and G has a pre-

sentation
G = F/R = {xI, '"’xd(G)]RI’ ""Rm}’

where F is free on x, -+, X;, and R is the normal closure in F of Ry,+-:,R,,.
We have always that m = r(G) = d(R/[F,R]) and we say that G belongs to
a class, ¥p, of the finite p-groups if m=r(G). It is well known (see for example
Johnson and Wamsley (1970)) that if G and H are finite p-groups then r(G x H) =
r(G) + r(H) + d(G)d(H) and hence G, He%p implies G x He %p, also (it is
shown in Wamsley (1972) that if G is any finite p-group then there exists an
He%p such that G x H belongs to ¥p. Let G! = G and G* = G*"! x G then
we show in this note that if G is any finite p-group, there exists an integer n(G),
such that G*e @p for alal k = n(G).

2.

Let G be a finite p-group of nilpotency class ¢, then G has a presentation
G =F|R = {xl,---,x,,(G,IRl,---,R,(G), Sy, S} where Sy,-, S, are commu-
tators of weight ¢ + 2. Define b(G) to be the minimal ¢ such that G has a presen-
tation of the above form, then G € wp if and only if b(G) = 0.

LEMMA. Suppose H and G are finite p-groups then
b(G x H) £ max(b(G) — r(H),0) + max(b(H) — r(G),0).
PROOF.
G = {x1, %) | Rs s Reey» S, 1 £ 2d(G), 1 £ 5 b(G)},

H = {x‘,l,"':x:l(H)lR’l"": :(H): SJ” 1 é i é d(H)’ 1 é] é b(H)}
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Let K be presented on generators Xj,-:-,Xsg) X1, Xam, With relators,
[x:,%}], RuSu % R,S3' S4/S,, where 1 £ i < d(G), 1 £ j £ d(H),1 £m<r(G),
1£nrlH), (G +1Z2uZb(H), r(H)+1 =v =< b(G). Then S, is in the
centre of K and hence K is of class ¢ + 1 and therefore class ¢. Therefore
K =G x H and b(K) £ max(b(G) — r(H),0) + max(b(H) — r(G),0).

We have inductively that

d(G*) = kd(G) and r(G*) = kr(G) + (k(k—1)/2)d(G)2.

Also the lemma states that b(G2) £ 2b(G) and hence b(G2*) £ 2*b(G). Choose
a k such that b(G) £ 2*~3d(G)2 and consider G2* x G2*. We have,

b(G*"") £ 2 max(b(G*) — r(G*),0),
and since
b(G*) £ 2b(G) £ 2%734(G)* £ r(G™),

then b(G**") = 0.

Let « be such that b(G*) = 0 where o« = 2**! then we will show that
b(G**') = 0. We have r(G*) = 2*7%d(G)? and b(G) £ 2*~3d(G)* whence by
the lemma

b(Ga+ 1)

A

max(—r(G),0) + max(b(G) — r(G*),0)
max(2*~3d(G)* — 2%*734(G)?,0)

lIA

IIA

0, and we have proved the following:
THEOREM. Let G be a finite p-group. Then there exists an integer n(G) > 0
such that G*e%p for all k = n(G).
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