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Abstract

In this paper we examine the extremal tail probabilities of moving sums in a marked
Poisson random field. These sums are computed by adding up the weighted occurrences
of events lying within a scanning set of fixed shape and size. We also provide an alternative
representation of the constants of the asymptotic formulae in terms of the occupation
measure of the conditional local random field at zero, and extend these representations
to the constants of asymptotic tail probabilities of Gaussian random fields.
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1. Introduction

The maxima of moving averages in Gaussian random fields in dimension d > 1 was studied
in [19] and [21], with applications in imaging and signal detection. Two key techniques used
are (i) the Karhunen—Lo¢ve expansion with the volume of tube formula and (ii) the Euler
characteristic; see [1] for an overview, and [24] and [25] for more recent developments.

The maxima of moving sums in Poisson random fields, more commonly known as scan
statistics in the statistical literature, is also used widely in molecular biology, epidemiology,
geostatistics, and image analysis (cf. [4], [8], [9], and [11]), but the tail probability approxima-
tions are in comparison not as well developed for d > 1. While the tail probabilities of these
sums have been studied in [3], [14], and [15], restrictions to rectangular scanning sets have
been imposed for analytical convenience.

We set out here to study the tail probabilities of the maxima of moving sums for a wider choice
of scanning sets. A theory parallel to the study of tail probabilities in Gaussian or Gaussian-
like random fields in the classical framework of Pickands [16] and Qualls and Watanabe [18]
(see also [7] and [17]) is first developed. Motivated by recent developments in molecular
biology (see, for example, [8]), we consider a more general marked Poisson random field. This
generalization entails careful consideration of overshoots in special cases of scanning sets that
is not required in Poisson random fields. Albin [2] and Berman [5] studied tail probabilities
of stationary processes, but their limiting results are of a different type and do not apply here.
Kabluchko and Spodarev [13] considered scan statistics of Lévy noises and marked empirical
processes, with the scan over all cubic subsets of [0, 1]d .

The main results of this paper are Theorems 2.1 and 2.2. We illustrate their applications with
examples in Section 3. Theorem 2.1 provides an expression of the asymptotic tail probability
and the statement of the result requires a description of an induced local random field around
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the boundary of the scanning set. The proof of Theorem 2.1 is given in Section 4. Lemma 4.1
is the basic building block of Theorem 2.1, providing the extremal tail probability over a local
domain by using a change of measure approach. We then show how these building blocks can
be combined together to provide the tail probability of the maxima of the sums over the whole
domain, via an adaption of the Pickands—Qualls—Watanabe technique. Theorem 2.2 provides
an alternative representation of the asymptotic constants in terms of the occupation measure of
the local random field at zero. The proof is given in Section 5. We extend the representation
to Gaussian random fields in Section 6. These representations provide simple upper and lower
bounds of the asymptotic constants; see the examples in Sections 3 and 6. We consolidate the
technical details in the appendices.

2. Main results

For vectors t = (t1,...,t;) and u = (uy, ..., uq), and real number b, we shall let t > u
denote ¢; > u; for all j and let ¢+ > b denote t; > b for all j. Let ox(-), k = d ork =
d — 1, denote the Lebesgue or Hausdorff measure of a k-dimensional manifold in RY. For
any A C R4, real number b, and r € R4, let #A denote the number of elements in A and
t+bA={t+ba:ae A}. Also,let |[t]| = (t] + - +13)'/? and ||t]|oc = maxj<j<qlt;].

Let B be a bounded subset of R? with boundary B that can be expressed as a finite union
of smooth (d — 1)-dimensional submanifolds possibly with boundaries (see [22, p. 113] for the
definition), satisfying o4_1(0 B) < oo. For example, if B = {t: ||#||coc < 1}, a cube of length 2
centered at 0, then 9 B is a union of 2d faces, each a smooth (d — 1)-dimensional submanifold
with boundary.

Let {f;: i > 1} be a homogeneous Poisson point process on R? with intensity A > 0,
and let X1, X», ... be independent and identically distributed (i.i.d.) random variables having
distribution F and independent of the Poisson point process. Let X = {(#;, X;): i > 1} denote
the marked point process. Let u = E(X1)and M (8) = E(e?X1). Assumethat® = {#: M(0) <
oo} is an open neighborhood of 0. For any A C R¢, define the sum S(A) = ZneA X;. Let D
be a Jordan measurable (bounded) subset of R, and let ¢ > nog(B). We analyze here the tail
probability

Pa :Pk(sup S(v+ B) > Ac) as A — o0. 2.1)
veD

Through an appropriate transformation, we can also look at the limiting probability of
P as one involving fixed Poisson rate A9 > O and increasingly large scanning sets. Let
& = (A/Ao)l/d be the scaling constants. Then py = Pj,(sup,eg, p S(v + g1B) = Ac). For
notational simplicity, the analysis here looks at p; in terms of (2.1), but in terms of practical
use, the asymptotics in terms of increasing scanning sets is sometimes more appropriate.

We will now proceed with the description of a limiting local random field Y that is derived
from both the distribution F' and the geometry of the boundary d B. Let 6, > 0 and distribution
F, satisfy

Ocx
M6 = —— and Fudr) = =200 2.2)
oa(B) M@©.)
where a prime here denotes the first derivative. By (2.2), a random variable having distribution
F. has mean M'(6.)/M6.) = c/[o4(B)M(0.)] and, hence, a marked Poisson process with
intensity AM (6.) and mark distribution F, inside B will satisfy E.[S(B)] = Ac.

Consider the product space B x R with measure induced from the (d — 1)-dimensional

Hausdorff measure on d B and Lebesgue measure on R. Let {v;: i > 1} be a nonhomogeneous

https://doi.org/10.1239/aap/1253281058 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1253281058

Maxima of moving sums SGSA e 649

Poisson point process on dB x R with intensity 1 on dB x [0, co) and intensity M (6.) on
0B x (—o00,0). Let Z1, Z>, ... be independent random variables (marks) conditioned on
this nonhomogeneous point process, with Z; ~ F if v; € dB x [0,00) and Z; ~ F, if
v; € 9B x (—00,0). Let Q, be a probability measure under which X = {(#;, X;): i > 1}isa
nonhomogenous marked point process with intensity AM (6.) and mark distribution F, inside
B, and intensity A and mark distribution F outside B. The measure Q, describes the local
behavior of X near d B under the original probability measure P, in which X is homogeneous,
when conditioned on {S(B) > Ac}. Let dB® = {u € R?: lu —t|| <6 for somet € B}. For
any m > 0 and large A, we can apply a A-scaling transformation such that X under Q, and
restricted to 8B(’"*_]) tends to Z restricted to 0B X [—m, m] as A — o0.

Let n; be the unit normal vector of ¢+ € d B pointing away from B, and let a dot denote the
scalar or inner product of two vectors. Let

YPw= Yz forj=12,
{i: v eay
where
AP=|J txi0now and AP= () rxnou0). (@23
{tedB: n;-u>0} {t€edB: n;-u<0}

We define the limiting local random field by
Yu) =YV w) —¥yPw), ueRi (2.4)

Let
I(= 1) = 0.c —oq(B) M) — 1]. (2.5)

It follows from Theorem 2.1, below, that I = —limj_so A~} log p;. and, hence, it is the large
deviation rate of the tail probability p,. If there exists n > O such that F is concentrated on
+n, 21, ..., then we say that F is arithmetic. The largest n with this property is called the
span of F'; cf. Section 5.2 of [10]. If such n does not exist then we say that F is nonarithmetic.
Let | -] denote the greatest integer function, and let a double prime denote the second derivative
of a function.

Theorem 2.1. Define x;, = 0.(Ac — nlic/n)) if F is arithmetic with span n and x) = 0 if F
is nonarithmetic. Let

77|:(1 —e M)l 4 Z el P( sup Y(u) > £>i| if F arithmetic with span n,
+ 0<u<m
Kn = ~ LenZ
6‘;1 +/ eley P( sup Y (u) > y) dy if F nonarithmetic.
0 0<u<m
(2.6)
Then

K= lim m K, isa well-defined positive and finite constant. 2.7
m—0oQ

Moreover, as .. — 00,

P = P;\<sup Sw+ B) > Ac)

veD
~ 2rog(BYM" (6.)]"/2e M+ 47125 (D)K. (2.8)
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Remark 2.1. By Jordan measurability of D, as a — 0,

d d
#{ke(aZ)d: H[kj,kj+a)CD}~#{ke(aZ)d: H[kj,kj—l—a)ﬂD;é@}. 2.9)

j=1 j=1

Relation (2.8) still holds if D is replaced by domains D, that depend on X, provided that (2.9)
holds with D replaced by D;, and a replaced by mA !, with limit A — oo for all large m, and

lim A~ 'log[og(Dy)] = 0. (2.10)
A—00
However, even without condition (2.10), the relation

P,\( sup S(v+ B) > Ac)

veD;,
~ 1 —exp{—[2m0oq(B)M" (6:)] /> 1247126, (D; ) K}
still holds.

We now provide an alternative expression of K which follows from a different proof of (2.8).
This representation is less intuitive when compared to (2.6) and (2.7), but it has the advantage
of being able to provide simple bounds for K. Let o ! (+) denote the reciprocal of o4(-).

Theorem 2.2. The constant

K = XJI E([(1 — exp{O. sup{Y (u): Y (u) < O}}]ad_l({u: Y(u) = 0})), (2.11)
where x. = n~'(1 — e %) when F is arithmetic with span 1 and x. = 0. when F is
nonarithmetic.

3. Examples

We first discuss two interesting cases of Theorem 2.1. In Example 3.1 we consider F
to be degenerate at 1. Then (2.8) simplifies to (3.2), below, an extension of tail probability
relations in Poisson random fields obtained earlier by other authors to nonrectangular scanning
sets. In Example 3.2 we consider rectangular scanning sets on a marked Poisson random field.
We show here that an overshoot constant derived from F plays an important role in the tail
approximations. When F is degenerate at 1, that is, for Poisson random fields rather than
marked Poisson random fields, the overshoot constant is equal to 1 and disappears from the
resulting formula. We then show in Examples 3.3 and 3.4 how the alternative expression in
Theorem 2.2 leads to simple upper and lower bounds of K.

Example 3.1. Let F be concentrated at 1. Then S(v + B) counts the number of points #; lying
inside v + B. Since M(0) = M’ (9) = M"(6) = ¢’, it follows from (2.2) and (2.5) that

e! =( ¢ )Ce—”f’d“”. G.1)
04(B)

Substituting (2.2) and (3.1) into (2.8) and noting that F is arithmetic with span 1, we obtain

pi ~ r) " 2a (B el 12hedoaB)yd=126 (DY K as A — oo. (3.2)

https://doi.org/10.1239/aap/1253281058 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1253281058

Maxima of moving sums SGSA e 651

Example 3.2. Let B = ]_[Z=1 [0, by ] with by > O for all k. Since 9B is a union of 2d faces,
with a pair of them orthogonal to each coordinate vector, by (2.3) and (2.4),

d
Y =Y 17" ) — v o,
k=1

where Y(l) Y(l) Y(Z), ceey Yf) are independent one-dimensional compound Poisson pro-
cesses. The process Y, (1) , 1 <k <d,isconstructed from a marked point process with intensity
I1 otk by (the surface area of the face of B orthogonal to the kth coordinate vector) and mark
distribution F. The process Y , 1 <k <d, is constructed from a marked point process
with intensity M(0.) [, £k by and mark distribution F.. If X is a random variable with
distribution F,., we shall let F denote the distribution of —X. We define F in a similar

manner. First consider F nonarithmetic, and let Yy = Y(l) Y (2). Then, by (2.6) and as
P(SUPg—y < Yy Yi(tx) > y) = 1 fory <0,

K :/ 96}1)( sup ZYk(uk) = y> dy
—00

0<u<m k=1

d
:961E<exp<ecz sup Yk(uk)))

k=1 0<ur<m

O0<up<m

d o0
= ]_[/ %y P( sup  Yi(ug) > y) dy. (3.3)
k=1Y "

Since Yk(l) and Y, k(2) are independent compound Poisson processes, it follows that Yy (uy) =

Zyiﬁ"") Uyj, where Nj is a Poisson process with rate parameter (I—[(#k bo)[1 4+ M(6.)] and
Uk1, Uga, . .. are i.i.d. random variables independent of Nj such that

P(Uy € duy = 1 (96)1F :L((Z)(;“)F (dw) (3.4)

Let P, be a probability measure under which the distribution of Ny is unchanged, and let Uy,
Ui, ... bei.id. random variables independent of Ny satisfying

F(du) + M(6,)F,(du)

P.(Ug € du) = T+ M@ . 3.5)
By (2.2), (3.4), and (3.5),
dP,
EUkl = exp{0.Uk1}. (3.6)

Suppressing the notation k, let Ry = Uy +--- + Uy and 7y, = inf{¢ > 1: Ry > y}. Define the
overshoot constant

ve = lim Eu(exp{—0e(Re, = 1)), C))

where E, denotes expectation with respect to P,.. See [23], [26]-[28], and Chapter 8 of [20]
for analytical expressions of v, and also of related constants for sample size calculations.
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By (3.5)~(3.7),
f 'V P( sup Yi(m) = y)dy

—00 O0<ux<m
| 00
=60, + / E..(exp{0c(y — R‘[y)} l{sup0<uk<m Yk(uk)Zy}) dy
0 <uy <
~ Ve E*( sup Yk(”k))
O0<up<m

~ vemleay ' (B) = pul [ ] be, (3.8)
O£k

noting that, by (2.2), under F,, E.(X1) = M'(6.)/M (6.) = c¢/[o4(B)M (6.)], and by definition,
under F, E(X1) = u. Substitute (3.8) into (3.3). Then, by (2.7) and (2.8),

P~ R2roa(BYM" (0)]) ™/ 2e M54 26, (D) (ve[ca ;' (B) — pul}?
d

d—1
x (x.: I1 bk) : (3.9)

k=1

where x. = 6. for F nonarithmetic. Using similar arguments, (3.9) can also be shown to hold for
F arithmetic with span 7, by defining v, in (3.7) with y — oo over nZ and . = n~ ! (1 —e %),

Example 3.3. If F has point mass at 1 then sup{Y (u): Y (#) < 0} = —1 almost surely, and,
by (2.11) and Jensen’s inequality,

K =B, ({u: Y() = 0}) = {E(a({u: ¥ (u) = 0))}~". (3.10)
Let Uy = {t: ||t]| < 1} be the d-dimensional unit ball, and let

04-10Us) _  dn??/T(d/2+1)
od ((Ua_y)  [#@D2/T(d+ /D))

Cy =

Then

2k
—r C C r
Elog({u: Y(u) =0})] = Cd/ a1 Z (I+¢) @
> ckF(Zk—l—d)
=X e om

Cq f(d n e

(1 +c)d’d (I+¢)’
where f;(x) = x?/v/1—4x2 and £\“"" is the (d — 1)th derivative of f. A positive lower
bound of K follows from (3.10). Similar computations can also be carried out for kernels of
other shapes.

Example 3.4. Let Q2 denote the random set of all u for which the sums in (2.3) are sums over
an empty set for both j = 1 and j = 2. For a more precise definition, let {(¢;, y;): i > 1} be
a Poisson point process on d B x R with intensity 1 on dB x [0, co) and intensity M (6.) on
0B x (—o00, 0). Then

Q={u:yi>n; -u>0o0ry <ng; -u<O0foralli}.
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By (2.4), Q C {u: Y(u) = 0} and, hence, by (2.11),

_ 7] E(Ud_l(Q)) if F has point mass at 1,
| x 7 E(0; () otherwise.

The upper bound of K for F having point mass at n uses the property
sup{Y (#): Y(u) < 0} = —|n| almost surely.

4. Proof of Theorem 2.1

A key idea here is a change of measure argument that allows us to obtain, in Lemma 4.1,
below, the tail probability of the maxima over a local domain. To obtain the global probabilities
in Theorem 2.1 from these local probabilities, we adapt the Pickands—Quall-Watanabe tech-
nique from the Gaussian random field literature. Hence, the characterization of the constant K
in Theorem 2.1 bears a striking resemblance to constants seen in the earlier papers on Gaussian
random fields though the distribution of Y (u) here is compound Poisson rather than Gaussian.
Hogan and Siegmund [12] provided a vital framework for this correspondence.

Lemma 4.1. Let E; 5. = {SUP;<y<;yma—1 S(v+ B) > Ac}. Define x, as in the statement of
Theorem 2.1. Then, forallt € D,

Pi(Erm) = Pi(Eomy) ~ Rarog(BYM" (0] 2e ™5 K, ash — oco.  (4.1)

Proof. By stationarity, Py (E; .5) = Py (Eo,m,».). Let us first consider the case in which F
is arithmetic with span 1. Then

Py (Eoms) = PA< sup S+ B) > )\c)

O<v<mA—!

=Py {S(B) = [Acl}

+ ZPA(S(B) — el — ¢ sup [S@w+B)—S(B)=> e). (4.2)

=1 0<v<mi~!

Let Q; be a probability measure under which X is a nonhomogeneous marked point process
with intensity LM (6.) and mark distribution F, inside B, and intensity A and mark distribution
F outside B. Then

d
%(X) = exp{0:S(B) — roa(B)[M(6.) — 1]}. 43)
Let
B.= () +B).
0<v=<a

Since S(B \ B,,;;-1) and supgy < -1[S(v + B) — S(B)] are functions of the marked point
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process outside B,,; -1 and, hence, independent of S(B,,;-1) under Q;, it follows from (4.3) that

PA(S(B) —lic)—€, sup [S(v+ B)—S(B)]> z)

O<v<mi~!

— exp{—Al + x5 + 6.0} Q, (S(B) — lic)—€,  sup [S(v+ B)—S(B)] > e)

O<v<mi~—!

= exp{—Al + x; + 6.£} Z Q, (S(B,,;-1) = LAc] — £ —k)
k=0

x QA<S(B \B,, )=k, sup [S(w+B)—S(B)=> e).
O<v<mir~l

4.4)
It follows from the local central limit theorem that, for each £ € Z,

Qu(S(Byyy-1) = [Ac] — € —k) < [1+0(1)]Q;(S(B) = |rc) — £)
~ Raroa(BYM"(0:)]7"? ash — 0o, (4.5

uniformly over k > 0, with ‘<’ replaced by ‘="if we look at (4.5) with k fixed. Hence, by (4.4)
and (4.5),

P, (S(B) —ic)— €,  sup [S(w+B)—S(B) > e)
O<v<ma~!
~ 27 rog(BYM" 01 exp{—rl + x) + 6.4}
« Q,\( sup  [S(u+ B) — S(B)] > e). (4.6)

O<v<mi~!

By (4.6) and the weak convergence of {S(A‘lu 4+ B) — S(B): 0 < u < m} under Q, to
{Y(u): 0 <u <m}as A — oo (see (2.3) and (2.4)),

ZPA(S(B) =|rc]— €, sup [S(v+B)—S(B)]=> e)
=1

O<v<mi~!

~ e Mooy (BYM" (0] " et P( sup Y (u) > z). (4.7)

=1 0<u<m

By a similar application of (4.3) and (4.5),

0
Py(S(B) = [rc]) ~ [2mhog(BYM” (0.)] /2 I H0 3~ el (4.8)

{=—00

Substitution of (4.7) and (4.8) into (4.2) then proves Lemma 4.1 when F is arithmetic with
span 1. For F arithmetic with span n, we prove Lemma 4.1 by replacing the sums in (4.2),
(4.4), (4.7), and (4.8) by Z@enZ+’ Zkzo,kenZv or Z@fO,@enZ' For nonarithmetic F, the sums
are replaced by corresponding integrals. The details are similar to the arguments provided
above and shall be omitted.
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We now proceed to the proof of Theorem 2.1. Let J = [0, 1]¢,
C,=tlke @z k+aJ cD), and C,={ke (aZ): (k+al)nD # &).

Then {k+aJ: k € C,}and {k+aJ: k € C,} are lower and upper coverings of D, respectively,
by cubes of length a. We shall show via Lemmas 4.2 and 4.3, below, that

PrUwec, 1+ wet) Buma 0 Ewmi))
3d—172 oA =0. 49

The proofs of Lemmas 4.2, 4.3, and (4.9) will be given in the appendices. Let f(1) =
2woy(BYM"(6.)] /224 1/2e=*+%1 Then, by Lemma 4.1,

K f (1)
Ad

. . —1
lim lim sup .

m—0Q A—> 00

[Zuec

Py(Eymy) ~ as A — oo. (4.10)

Given ¢ > 0, let m, be large enough such that, for all m > m,, the expression in the square
brackets on the left-hand side of (4.9) does not exceed ¢ for all large A. Then, by (4.10), for all
m 2 m€7

lim inf [w’ #C,, ) Kim —

A—00

exd—1/2e—41 }

< lim inf[ﬂ]
f@) r—=oo | f(X)

< lim sup[i}
A—00 f()\)

< limsup[2 " #Cp/3) K. 4.11)
A—>00
Since D is Jordan measurable,
#C, ~#Cy ~a904(D) asa — 0. (4.12)

Noting that liminf, o[ pa/f ()] and lim sup, _, [ pa/f (A)] are fixed real numbers and x; is
bounded, it follows from (4.11) and (4.12) that m 4K, is Cauchy. Hence,

K = lim m 9K,
m— o0
exists and (2.8) follows from (4.11).

We will now state Lemmas 4.2 and 4.3 before proving Theorem 2.1. To avoid repetitive
arguments, we will state and prove all subsequent results in this section and in the appendices
assuming that F is arithmetic with span 1. The modifications required to extend these results
to arbitrary F are straightforward and will not be discussed.

Lemma 4.2. We have

lim lim sup
r—0o0 A—> 00

P, (S(B) < [Ac] —r, supg<y<p-1t S(v + B) > [Ac))
[ A—1/2¢—A1 ] =0.

Lemma4.3. Letr > 0 and L > 0 be given. Then

[Z{ve(kIZ)dkklgllvloofL} P}L(S(B) Z L)\CJ -, S(U + B) Z L)\CJ - r)} _ O

lim lim sup

k=00 )00 A—1/2e—21
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Proof of Theorem 2.1. By the arguments in (4.9)—(4.12), it remains for us to show that K is
positive and finite. By Lemma 4.2, there exists r large enough such that

PA<S(B) <|ic)—r, sup S+ B)> LAcJ) <72 foralllarge . (4.13)
O<v<r—!
Moreover, by a modification of (4.8) (with Y,____ in place of Y-9__ ),
Py(S(B) > rc] —r) = O 2e™H). (4.14)
By adding up (4.13) and (4.14), and applying Lemma 4.1, we show that K; < co. Then, by

(2.8), (4.11), and (4.12), K < K, < oo.
Next, select & small enough so that § = [27o,(B)M” (6.)]~'/? Z?: o et —¢ > 0. By

Lemma 4.3 withr =0 and L > sup, ,p Ilx — yllco, there exists k large enough such that
> Py(S(B) = [Ac], S+ B) = [rc]) < en”2e™ (4.15)
{ver12)?: 0<|v]lco<L}
for all large A. Then, by stationarity, (4.8), and (4.15), noting that x; > 0,
Pi.(Eo.m.) > Pi(S + B) > |Ac] forsome u € (kA™'Z)4, 0 <u <ma™")
> > (Pmsw + B) = |xc))

{ue(kr=17)4: 0<u<mxr—1}

- > P(S( + B) = |c), Sw + B) 2 LMJ}>

{(wekr=1Z)4: 0<|lw—ull0o<L}
m\¢
> (;) SAT12e= M forall large A,
and, by letting m — oo with k fixed, it follows from (2.7), (4.1), and x; bounded that K > 0.

5. Proof of Theorem 2.2

Thekey trick here is a telescoping sum of (5.3) or (5.5), below, which removes the dependence
of the representation of K on the supremum of Y. To simplify the notation, we shall first consider
F having point mass at 1, select A such that x;, = 0 (i.e. Ac € Z), and write S(v) in place of
S(v + B). Let
pe(t, k, dw) = Pk(sup S() = Ac, S(t) = Ac —k, oq({v € D: S() = Ac — k}) € A4 dw).

veD
5.1
By the change of measure argument in the proof of Lemma 4.1, in particular (4.4) and (4.5),
and Lemmas 4.2 and 4.3, for any integer k£ > 0, ¢ lying in the interior of D and dw € (0, 00),

pet. k. dw) = e Q,(S(1) = he = ) Q; (supLS(V) = S()] =K,
veD

oa(fv e D: [SW) = S®)] =0} € 24 dw | S(t) = he — k)
~ [27‘[)qu(B)M//(ec)]_lﬂe_“_l—eck
x P( sup Y(u) =k, oq(fu: Y(u) = 0}) € dw). (5.2)

ueRd
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The second relation in (5.2) follows from the weak convergence of {S O lu+nn-S0):0<
u < m}, under Q, and with conditioning on S(¢) = Ac—k,to {Y (u): 0 < u < m}. Multiplying
pe(t, k,dw) by )»d(e_gvk — e_ec(kH))/w and integrating over t € D and w > 0, we obtain,
from (5.1) and (5.2),

(e_efk — e_e“(kH)) Px<sup S(v) = Ac, S(t) = Ac — k for some ¢ € D)
veD

_ etk _ e—ec-<k+1>)/ /oo pelt k dw)
D Jo w

~ R2roa(BYM" (0:)12e M 3471 26,(D) (1 — e %)
x E(oy ! (u: Y (u) = 0D Lsup__y vwy=k)- (5.3)

We then sum up over 0 < k < ko, let A — oo followed by kg — o0, and compare against the
asymptotic relation

P)\(sup S(v) = Ac) ~ 2roa(BYM" (0] V2(1 — e % )e M3 d=126,(D)K,  (5.4)
veD

which follows from a straightforward modification of Theorem 2.1, to obtain the expression
K =E(o; ' ({u: Y(u) = 0})).

Let us next consider more generally F arithmetic with span 1. Let kyp > 0, and when
the event {sup,.p S(v) = Ac} occurs, let {r;: 1 < i < I} be a monotone rearrangement of
{Ac—=S@):t € D,0 < Ac — S(t) < ko}. Inother words, 0 =rg <r; < --- < ry < kp.
Define, for 0 < k < £ < ko,

pe(t,k, £, dw) = P(sup S(w) =Ac, Ac—S(t) =k =r; and
veD
¢ = rii1 for some i, og({v: S(v) = Ac — k}) € A4 dw).
Then, by the arguments in (5.2) and (5.3),

(e—gck _ 6—9[1) P)L<Sllp S(U) = Ac, ri = k, rig] = £ for some l)

veD
® pe(t,k, £,d
_ ol (e0ek _efece)/ / pe( w o
pJo w
~ [277011(B)M”(Qc)]_l/ze_“kd_l/zod(D)(l — g bet=h)y
X E(ad—l({u: Y (u) =0} Yisup, g Y )=k, sup, . V<o Y (0)=k—£})- (5.5)

We then sum up (5.5) over all integers 0 < k < £ < ko, let . — oo followed by kg — o0,
and compare against (5.4) to obtain the more general expression (2.11). For F arithmetic with
span 7, the arguments are similar, while for nonarithmetic F, we need to partition the range of
S(t), t € D, into intervals of length ¢, then let ¢ — 0. The details are omitted.

6. Extension of representation to Gaussian random fields

Let X(¢), t € R4 be a stationary, mean zero, continuous Gaussian random field satisfying

EX®OXE+s5)~1—als||* as|s||—0

https://doi.org/10.1239/aap/1253281058 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1253281058

658 ¢ SGSA H. P. CHAN

forsome 0 < & <2anda > 0. Let A, = (c2a)~ V. 1t was shown in [6], [16], and [18] that

P(supX(t) > c) ~ Qm) e 1R AT 6y (D)R  as e — oo 6.1)
teD

forsome K > 0, which is expressed in terms of a continuous Gaussian random field Y satisfying

EY @) = —lul®  cov(Y(u),Y() = lull® + [v]* — u — v]|*. (6.2)
In particular,

o0
K = lim m*d/ eyP< sup Y(u) zy) dy.
0

m—00 0<u<m

The key argument in the proof of (6.1) is the weak convergence
{c[X(t+Auw) —X@®)]:0<u<m}= {?(u): 0<u<m} foranym > 0, (6.3)

conditioned on X (1) = ¢ — y/c for some y > 0. In Theorem 6.1, below, we apply the approach
of Section 5 to obtain a different representation of K, one that involves only the occupation
measure of Y near 0.

Theorem 6.1. We have K = limg ¢ [y (o, ({u: —b < Y(u) < £ — b})) db.

Example 6.1. By Theorem 6.1 and Jensen’s inequality,

1

K> 1msup/ {(E(oq({u: —b < Y(u) <& — b))}~ db—(/ ﬁ(O)dt) . (64)

£—0

where f; denotes the normal density of IN’(t), with means and variances given in (6.2). Let
Ug = {t: ||t|| < 1}. Then, by (6.4),

2a -1
K> <6d_1(8Ud)f rd=V(4mr®)~ UZexp{—r—}dr)
0 4re

d d
= d_ln(l_d)/241_d/“aF<§ + 1>/r <E - 5). (6.5)

Inthe case v = 2, Y hasa simple characterization from which K = 779/ can be computed.
For d = 2, the second line of (6.5) is 7~} (= K) and, for d = 3, it is (4«/_)’1

It is quite straightforward to improve upon (6.5). Consider 0 < o < 2 and select 7 # 0.
Let f|/(- | ¥) denote the density of Y(s) conditioned on Y(t) = y. Then, by a more refined
application of Jensen’s inequality,

0 —1
Kz[ (/ fst<0|y>ds) () dy.
—o00 \JR4

In principle, we can get even sharper computable lower bounds by conditioning on two or
more fs.

Proof of Theorem 6.1. Let & > 0, 0 < v < &, Xgp = sup,cp X(¥), and Ygp =
sup,crd Y (u). Letk be anonnegative integer, Iy = (Xsup+[v—(k+1DE]/c, Xsup+(w—kE)/c],
and Jy = [k€ — v, (k + 1)§ — v). Define

8eew(t k,dw) =P(Xsup > ¢, X(@t) € Iy, og({u € D: X(u) € It}) € A‘CJ dw).
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By (6.3), for any ¢ lying in the interior of D and dw € (0, 00),
gC,E,U(ta k» dw)

N (2n)—1/2c—1e—c2/2 /

—00

[e¢]

eyP<XSup >c, X() € I,
oaueD: X(u) e Ik}) € Aldw | X(1) = c — X) dy
C

ké—v ~
~ (2n)‘/2c1e62/2{ (/ e’ dy) P(Ysup € Ji, oa({u: Youp — Y (1) € Ji}) € dw)

—00

(k+1)6—v
+f eyP(y§YSUP<(k+1)€_U’
kE—v

oa(u: Youp — Y () € Ji}) € dw) dy}. (6.6)

Multiply (6.6) by (e_kE — e_(k“‘l)s)/(Afw), integrate over t € D and w > 0, then add over
0 < k < ko for some positive integer kg > 0. We obtain

ko
Z(e*ké _ ei(k+l)s)P(Xsup > ¢, X(t) € I for some ¢ € D)
k=0

ko
D N R
k=0 D JO w

~ @r) V2 e A6y (D)
ko

x {(e—” —e ") Y Bllyrypen) 0f (s Yap — Y(w) € Ji)) + 05(1)}, (6.7)
k=0

where 0z (1) — 0 as § — 0. Since Yup € Ji is equivalent to k = [ (¥Ysup +v)/& ], by (6.1) and
(6.7), and letting ko — oo,

~ . § _ Youp + v s
o o (v (520

cro (2] ) o

Appendix A. Proof of Lemma 4.2

and Theorem 6.1 is shown.

By (4.6) with m = 1 and the weak convergence of S."'u+ B) — S(B) to Y (u) under Qy,
as A — o0,

PA(S(B) <liel—r, sup S+ B)> LMJ)

O<v<ir—!
oo
~ 2rrog(BYM" (0)] /e Mo 3 eWP( sup Y (u) ze). A1)
l=r+1 O=u<l
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Let x™ = max{x, 0} and x~ = max{—x, 0}. It follows from (2.3) and (2.4) that

sup Yap <z = Y 1z"1h+ Y 1221, (A2)

0<u<l
- {i: v Veam) fi: vPeA®)

where AV = 9B x [O,d]/z) and A® = 3B x [-d~1/%,0). We can also express Z* =
ZN V;, where N is a Poisson random variable with mean x = 1 — F ) + M@6.)F.(0)
and Vi, Vo, ... are i.i.d. random variables independent of N with g = E(e?V1) < oo for some
6 > 6.. Since E(e(’Z ) =¥ it follows from Markov’s inequality that P(Z* > ¢) <
ekg=1—0t Hence, by (A.2),

Z efet PA( sup Y (u) > z) — O(expli(g — 1) — (@ — 6)r)). (A3)
t=r+1 0=u<l

Since x;, is bounded, Lemma 4.2 follows from (A.1) and (A.3).

Appendix B. Proof of Lemma 4.3

Let CNQA (= ék,v) be the probability measure under which the marked point process X has
intensity AM (6.) on By = BN(v+ B), intensity AM (6. /2) on By = {B\ (v+B)}U{(v+B)\B},
and intensity A elsewhere on R4, We also require that, under Q;L, the marks have distribution
F. on B, distribution F satisfying F (dx) = e%*/2F(dx)/M(6./2) on By, and F elsewhere

on R?. Then
dQ;
@, 0= ( [1 exp{ecx,-}) exp{—Aoq(B)[M(®.) — 11}
{i: t;eBy}
X ( l_[ exp{%}> exp{—)\ad(Bg)I:M<%> — l“ (B.1)
| > 5 . .
{i:t;eBy}

Since M is convex and M(0) = 1, ¢ = [M(6,) — 1] — 2[M(6./2) — 1] > 0. We can thus
express (B.1) as

Q(X) {%[S(B) LS+ B — Aoy (B) +oq(v -ZF B)|[M(©6.) — 1]
ALoq(By)
+ T}’

and it follows from (2.5) and an analogue of (4.5) that
Py (S(B) = [Ac] —r, S(v+ B) = [Ac] — 1)
< Py(S(B) + S(v+ B) = 2(lAc] — 1))

dP;,
=E; (E 1is(B)+Sw+B)=2(L)c|— r)})
= O(exp{—Al — r{oq(B\ (v+ B)IA~1?). (B.2)

Let |le]| = 1,and let 1, = {b — (e - b)e: b € B} be the projected surface of Bona (d — 1)-
dimensional hyperplane orthogonal to e. Then f = inf)¢=1 04—1(I1,) > 0. Hence, there
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exists € > 0 such that

oa(B\ (v+ B)) > ””2”’6 > w for all [|v]|eo < &. (B.3)
By (B.2) and (B.3), it follows that
> Py(S(B) = [Ac] —r, S+ B) = [Ac] —r)

{ve(1Z)?: ka1 <|lv[| 0 <¢}

-0 (Xl/zeu Z Kdlegeﬁﬂ)

>k
= O\ e M pd— 1o EkB/2y, (B.4)

Since o = inf ||, >¢ 04 (B \ (v + B)) > 0, it also follows from (B.2) that

> Pi(S(B) = Lhc] —r, S(v+ B) > |Ac] —r) = O~V 2e= M —Mey
{ve(A™1Z)7: e<|lv]lo=<L}
(B.5)
Lemma 4.3 then follows from combining (B.4) and (B.5).

Appendix C. Proof of (4.9)

Let ¢ > 0. By Lemma 4.2 and stationarity, we can select r large enough such that

Vur = PA<S(u ¥ B)<lic)—r, sup S(w+B) > L)\cJ) <ex"V2e M ()

u<v<u+l

for all large A. Letk = |m'/?|, T, ={teZ: k<t<@m—k}andQ, ={reZ¢:0<
t <m}\ I'y. Then

Z P)»( U (Eu,m,A N Ew,m,)\))

ueC, -1 {weC, ,—1: w#u}
< > Vet > Pi(Gumi N Guwma) + Y Pi(Hums). (C2)
ueC, i fu,weC, , —1: ws#u} ueC, . -1
where
Gumy =Pi(S(w+ B) > |Ac] —r forsome v € u +17'T,,), (C.3)
Hymy=Py(S(w+ B) > |Ac] —r for some v € u + )»_IQm). (C4)

By (4.12) and (C.1),

D Vua < le+ oM 2e Moy (D). (C.5)

ueC, i
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Let L > sup, yep lIx — ylloo- Then, by (C.3), stationarity, and Lemma 4.3, there exists m large
enough such that, forallu € C, ,-1 and large A,

Z Pk(Gu,m,A N Gw,m,k)

(weC,, -1 wu)

<m! > P.(S(B) = rc] —r, S+ B) = [Ac] —r)
fve~12)4: k=t <|vllo<L}

[e + 0(1)]md)»_1/2e_“.

A

Hence, by (4.12),

> Py (Guns. N Gumy) < 0a(D)e + oD 2 (C.6)

fu,weC, ,—1: w#u}

Since k = |m'/?], it follows that #2,, = (m + 1)? — (m + 1 —2k)? = O(m?~1/2). By (4.12),
(C.4), and a modification of (4.8) (with ) j,__ in place of Zgz_oo),

> PulHumz) = 0m* ' 20m™ Y og(D)n™ ey < ex?12e M oy(D)  (C.7)

ueQm)L_l

for all large m. We then obtain (4.9) from (C.2) and (C.5)—(C.7) by choosing ¢ arbitrarily
small.
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