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MULTIPLIERS ON WEIGHTED FUNCTION SPACES OVER
LOCALLY COMPACT VILENKIN GROUPS

Y UEPING ZHU

In this note, we consider multipliers on weighted function spaces over totally dis-
connected locally compact Abelian groups (Vilenkin groups). First we present an
(H}, LL) multiplier result. Then we give an (HE, H}) multiplier result under a simi-
lar condition of Lu—Yang type. In Section 3, we obtain a result about the boundedness
of multipliers on weighted Besov spaces.

1. INTRODUCTION

One of the central problems in Fourier analysis is the study of multipliers and singular
integral operators on weighted spaces over R". In this paper we shall study the theory
with the underlying group R™ replaced by certain totally disconnected groups G that
are the locally compact analogues of Vilenkin groups. As early as the 1970’s, pioneering
work on multipliers and the boundedness of convolution operators on L? spaces was done
over local fields by Taibleson ([15]), and over certain locally compact Abelian groups by
Gaudry and Inglis ([3, 4]). Later Onneweer and Quek ([9, 10, 11, 12]), Kitada ([5]) as
well as Lu and Yang ([7]) extended their results to weighted spaces L?, and H2. In this
paper we extend Taibleson’s result in a different direction.

In the last decade, besides Hardy spaces, many other function or distribution spaces
have been found to admit a decomposition, in the sense that every member of the space
is a linear combination of basic functions of a particularly elementary form. Such decom-
positions simplify the analysis of the spaces and the operators acting on them. In {2],
Frazier and Jawerth obtained an atomic and a molecular decomposition for certain dis-
tribution spaces (Besov spaces and Triebel-Lizorkin spaces) on R". With the use of this
powerful result, many authors have studied the boundedness on such spaces of various
types of operators. These papers were the motivation for the present paper in which we
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study such subjects in the context of locally compact Vilenkin groups G, instead of R".
In particular, we extend the atomic decomposition theorems of Frazier and Jawerth to
the weighted Besov spaces on G, and apply them to prove the boundedness of multipliers
on such spaces.

We now summarise the contents of this paper. In the remainder of this section, we
describe the groups G and introduce the necessary definitions and notations. In Section 2,
we give the boundedness of multipliers on weighted Hardy spaces H?(G) where 0 < p < 1.
In Section 3, we first give an atomic decomposition of the weighted Besov spaces on G
which is an extension of the atomic decomposition theorems of Frazier and Jawerth to G,
and we prove the boundedness of some multipliers on Bg"?(w). In particular, a pseudo-
differential operator with kernel in S}* is bounded on these weighted Besov spaces.

Throughout this paper, we shall denote by G a locally compact Abelian group con-
taining a strictly decreasing sequence of compact open subgroups in the sense of Edwards

. and Gaudry ([1, Section 4.1]). This means that there exists a sequence {G,}52
that

_oo Such

@) U Gu=Gand ] Gn={0};

n=—0oo n=-00
(ii) sup{order(Gn/Gns1):n € Z} < oo.

Such a group is totally disconnected. It is a locally compact analogue of the groups
described by Vilenkin in {17]. Several examples of such groups are given in [1, Section
4.1]. Additional examples are the p-adic numbers and, more general, the additive group
of a local field (see [15]).

Let T denote the dual group of G, and for each n € Z, let

Fhn={yel:(y,z)=1Vze€ Gn}.
Then {T'n}22 _ is a strictly increasing sequence of open compact subgroups of I" and

() U Tw=Tand ) Tw={1}
n=--o0 n=—o¢
(ii") order(T'p4+1/I'y) = order(Gpn/Gny1)-

We choose Haar measures p on G and v on I' so that u(Gy) = y(I'y) = 1. Then
w(Gn)™' = ¥(I'n) := my, for each n € Z. If we define the function d : G x G — R by
d(z,y) = 0 when z = y and d(z,y) = m;]! when z —y € G, \ Gp41, then d defines a
metric on G x G and the topology on G induced by this metric is the same as the original
topology on G. For z € G, we set |z| = d(z,0). The symbols " and ~ denote the Fourier
transform and inverse Fourier transform respectively. We have (x¢,)(7) = m;'xr. (7)
and (xr,){z) = mnxe, (z) := An(z) for each n € Z, where x4 denotes the characteristic
function of a set A. For the definition of the spaces of test functions and distributions on
G and T, see [8]. These spaces will be denoted by S(G), S'(G),S(T) and S'(I).

The Lebesgue space on G with respect to the weighted measure

va(2)dp(z) = |2*dp(z) = dua(z),
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where @ € R and 0 < p < oo, will be denoted by L2.

2. MULTIPLIERS ON WEIGHTED HARDY SPACES
We give the definition of the weighted Hardy spaces HZ(G), where 0 < p < 1 and
a> -1
DEFINITION 1: Suppose that & > —1 and 0 < p < 1. A function f € S'(G)
belongs to H2(G) if
fHe) = i‘é‘z’lf * An(z)| € LE(G)

. Moreover, || flluz) = IIf*lz(0)-
A function @ on G is called a (p, 00), atom if
(i) supp(a) CI:=z+ G, for some z € G and n € Z;
(i) flalloo < (wal0) ™
(iii) /a(z)du(z) =0.
LEMMA 2.G (See [9].) Suppose that -1 < & € 0 and 0 < p < 1. A function
f € 8'(G) belongs to H2(G) if and only if f can be represented as f = 3, \a; with

convergence in S', where each a; is a (p, 00)q atom and Y, | ;[P < oo. Moreover, || f|| gp =~
inf(3"; |)\i|”)1/ P where the infimum is taken over all such expression.

THEOREM 3. Suppose that 1 < ¢ < 2. Assume that h € L®(T \ {0}) and there
exist C, e > 0 such that forall j € Z,n > j,

. . 1/2
sup {/ |h(z —y) — h(z)lzdu(a:)} < Cm;‘m;“/"_l/z,
y€Gn Gj\Gj+1
. 1/2
{/ Ih(x)|2du(z)} < ijl-/q'm.
Gi\Gj+

Then h is a bounded multiplier from H'(G) to LY(G).

Proor: It suffices to prove that the LY(G) norm is bounded for (1, 00) atoms (with
a bound that is independent of the atoms). Let a be a (1, 00) atom with support in G,

for some n € Z. We set
Ta(z) = (k@) (z) = K * a(z).

Then
q e 1/g-1/2
lox Kllo < ([ o K@)|'du(@)) " +w(Ga) /7 lla x K],
G\Gn

= Il+12
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and

h= (/G\c,,IK * a(z)lqdu(x)) e
<( /c\c,, ( /G |K(z -y) - K(z)lla(y)ldﬂ(y))qdu(x)) fa
S /c,,'a(y)l (/G\GHIK(JU -y) - K(x)lqdu(z))l/qdﬂ(y) <C.

For the estimate of ||ax K2, we decompose h as 3 h; with h;(€) = h(€)xr;,.\r, ()

j€ez
la+ K1 = 3 [Ims(@a@ance)
JEZ
R _ (2~q)/
<SImE( [ a0 e)
Jj€z Lj\l; ,
~ - (2-9)/
<SUIE([ @ Py e) "
jez :+1\I‘j
- (2-9)/q
<C / (20)/(2~a) '
; G ()

It remains to show that

J.—Z/

_ (2-q)/q —(2—
E)I(ZQ)/Q q)d’Y(g)) S C(M(Gn)) ¢ q)/q'
jez +1\F

Starting with the case where ¢ = 1, we get

JZ/

FEZ J+l J

(a(e)Pdy(e) = [ (@) = flallz < C(u(Gn)) ™.

In the case where ¢ = 2, we want to estimate

J= sup |a(¢
jXE;EEF,'H\Fj' ( )I

=(Z+Z) sup 3] == i + Ja.

jen j<n £€Tj41\l;

For J, we see that

a(e) = / o(@)E 2)du(z) =

n

For J;, we write V,(€) = m_;xr, (&), and observe that

2O =2+Vu@ = | a0)Vule - mir(n).
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The last equality holds because if j > n, and € € T'j41 \ T, then n € T'j11 \ ;. So

lez sup |a(f)|

j>n SET N

<x o [ am9ate - martof

j>n SE€T N

< Z / |a(m)|*dv(n) sup / |Va(€ = n)|*dv(n)
i Tj41\l; §€T;11\T'; JT41\F;

< /r |a(77)|2d7(n) /r |V () dv(m)
= ()™ /F |5(n)|2d7(n) <C

j2n Y Tis\
Thus J £ C in the case ¢ = 2. We shall now interpolate to get the general case. Let
p=2/(1—6) where 0 < 0 < 1, ¢; = |l@xr;,.\r; [l and dj = ||@xr;,,\r;]l2. We know that
IExr; s o < g™,

The g = 1 estimate shows that ||d;|lz < Cu(G,)~"/? and the ¢ = 2 estimate shows
that ||lc;||z < C. This implies that

@xe, v el < Nfdi ™l < llesliflldsll® < Cu(Ga) V2.
So when we put p = (2¢)/(2 - q), we get J < Cu(G,) ™399, that is,
la * Kll; € Cu(Gn)V2 1.
The proof is completed. 0

THEOREM 4. Suppose that 0 < p € 1 and 1 < r < 2, and that a function
h € L=(T') satisfies
(o]
P (G

k=n

P < Cmp-Vr=Upny,

where i < n, J; = G; \ Giy1, ¥ = hxr,,\r, and C is independent of n, i. Then his a
bounded multiplier on H2(G) when —(1/r') < a £ 0.

PROOF: It is enough to prove that for every (p,00), atom a, on writing f = (k@)

we have
[ rerdu@ <c
e
with C independent of a. Suppose supp(a) C zo + G, := I,,, for some 1y € G and n € Z.
Write

&) [ rerdu = ([ + " L) )P
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We first see that

[ @) duala) <

In

( (f ‘(""))2‘1#(973))”/2 ( / v(za/z—p)dn(z)) o
< Cllall” ()" inf{va(z) : 7 € I, \ {0}}
(2) <c

For z ¢ I,, we set ¥(v) = v(zo)h(7) and b(z) = a(z + zo). Then as shown in the
proof of [5, Theorem 2] or [7, Theorem 2.5],

oo n-l1

}_“,l(uﬂ) xb(x)| <D D () xe, * b(z))

j=ni=-o00

where L,’ = I,' \ Ii+1, I,' =T + Gi.
But when i < n,supp((%7) Xz, *b) C L;, so if z € L; with i < n, we have

Z () xz: * b(z)|.

Therefore,

Jou”

)P dpalz)

Pral) = 3 /

1=—00

Z Z/I XL; * b(z)lpdﬂa(z)

i=—00 _1-n

<C Z Euan"n ) xe|PmE " inf{va(z) : = € I; \ {0}}

i=—o0 j=n

n-1 oo
<C Y S miPml (W) x|,

t=—o0 j=n
n—-1
o <0 5 mermrimporim <0
i=—00
Substituting (2) and (3) into (1) completes the proof. 0

REMARK 5. This result is an improvement on the weak multiplier result which Lu and
Yang obtained in [7] under similar conditions.

When p = 1, we have the following result.
THEOREM 6. Suppose h € L*(I") and
(4) sup( Z / (z)]du(z)) < 0.
j=N+17(Gn

Then h is a bounded multiplier on H}(G) with —1 < a < 0.
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PROOF: Let T denote the multiplier operator with multiplier A. For T to be bounded
on H(G), it is sufficient to show that there exists a constant B such that

/GI(T(a))‘(z)|dua(z) <B<oo

for all (1,00), atoms a. Write f = (ha)".
We assume that supp(a) C zo + Gy := Iy, for some 4 € G, N € Z. Then we have

epate) + [

(5) == (A) + (B).

z) ldua(x) =

For the integral (A), we use the usual L? argument as in the proof of Theorem 4:

@ <1 dnote)™
< llalla(In)? inf{va(z) : z € In \ {0}}
<

Cllalloop(In) inf{va(z) : z € IN\ {0}} < C

For the integral (B), we set ¥(y) = y(zo)h(y) and b(z) = a(z + zo). As shown in
the proof of the above theorem,

f@) < il(wJ)' (o)
So }
12: (IN)c V)" b(2)|dua(@)
<3 [l Gl ARCERIEACEA0
=:~ /( WY [ Jole + 20~ O]dualedute)

C;;r/(m)c @) @)dutt) = C;/(GN)cl(hj)'(tﬂdu(t)

The first equality comes from the fact that zp € Iy, z & Iy, s0if t € Iy, then £ + 5 — ¢
¢ Iy, and hence a(z + zo — t) = 0. Combining these estimates and the condition (4), we
get the desired result. 0
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3. MULTIPLIERS ON WEIGHTED BESOV SPACES

3.1 HOMOGENEOUS BESOV SPACES. Fora > 0 and 0 < p, ¢ € o0, there exist a large
number of equivalent characterisations of the Besov or generalised Lipschitz spaces Bg"’
on R". For these results see the book by Triebel {16], and for the atomic decomposition
of Besov spaces on R”, see [2]. In [8] and [13] Ombe, Onneweer and Su introduced the
Besov spaces on the topological groups G and presented several equivalent (quasi-)norms
for these spaces. In this section we define the weighted Besov spaces B;j"q (w) on G and
give a decomposition theorem. :

DEFINITION 7: Suppose that « € R, 0 < p < 00, 0 < ¢ < 00 and let w be a
nonnegative doubling weight function. The weighted homogeneous Besov space B;,"q (w)
is the collection of all f € &' such that

oo

sz = (2

n=—00

1/q
[memMO < oo

with the usual interpretation when ¢ = oo, where ¢, = A, — A,,_;.

The corresponding sequence space l};’,"‘?(w) is the collection of all s = {s;} such that

* ay e
Islligaqy = { Z ( E [Z™[sr|Xr ) }
pw

v==00 T |Jj=mj?
where X7 is the L?(w)-normalised characteristic function of I.

When w = 1, the basic properties of the Bg'q spaces on G are described in [8).
DEFINITION 8: A set of functions {¢;} is called a family of smooth w atoms for
Bo9(w) if
(i) each a; € S and supp(a;) C I,
() [ a(e)du(z) = 0;
(iii) foGr any d > 0, there exists Cs > 0 such that
|z —

waw—axmlsawurW«jﬂﬂﬂ

DEFINITION 9: Suppose that w € Ay, 7 =71, = inf{s : w € A,}, @ > 0, and
J = max(1,1/p,1/q). A set of functions {m,} is called a family of smooth w molecules
for B;,"'q(w) if there exist § > a and M > rJ such that

@ [miedutz) =0
) — max(M,M-a)
(b) |mu(z)| < w(I)—1/2{1+1%,_[} (e0-c)
|mi(z) = mi(y)| < w(I)~2 (Lzl;_lyl)(ssuplzlslx—yl (1 + )_M

11}
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where z; is an element of 1.

For each n € Z, l € Z, we choose elements z,; € G, so that

(@i +Ga) =G
]

and
(Zng+ Go) N (zap +Gp) = if k # L.
See [13]. We put
pr(z) = W(I)lm‘Pn(z - Znt)
and
Yi(x).= w(I) V2| @n(z ~ 24,) for [ = z,; + Gh.

It is easily seen that {¢;} is a family of smooth w atoms, hence a family of smooth w
molecules.

THEOREM 10. Suppose that o € R, 0 < p < 00, 0 < ¢ < oco. Then each
fe Bg"’ (w) can be decomposed as follows:

f = Z(f) 901)1/’1

with convergence in S', where ||s|as(,) < ClIfllgo9(,. Here s = {51} = {{f,¢1)}, and
C is independent of f.

PROOF:

f@) =D f*pn(z)in &

neZ

= f*0n*pn(2)

neZ

5= [ (£ o )ente ~ euty)

neZ

= 337 (F * ) (@n)on(z — zag)my!

neZ =0

where I = z,; + G,,. Moreover

=Y (f * ea) @) (D) Ppr(z) = D (f o) (z)
||s||i,g'°(w) = {Z(

neZ =0
)tI}l/q
neZ Lr(w)

. {Zm(i INE wn(zn,,)|”w(x)du<x))"/p}l/q

neZ =0

z my (f * ‘pn)(xn,l)Xl

1=0
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1/q
©) - {Zmi’f’llf ) wnnzp(w)} g0y

neZ

The next theorem is the converse of the decomposition in Theorem 10.

THEOREM 11. Suppose that € R, 0 < p < 00, 0 < ¢ < 00. Ifs = {s;}

€ bg'q(w) and {my} is a family of smooth molecules for Bqu(w), andiff =% Y spmy,
UEZ |[|=m;}
then

1fll 29y < Cllsllszaqay
where C' is independent of s.
To prove the theorem, we need the following lemma.
LEMMA 12. (See [6].)
(a) Leta> 1,29 € G and u 2 v with u,v € Z. Suppose that h : G — C satisfies
/;h(z)du(z) =0 and |h(z)| < (1 + mulz - zo])™*. Then

0w * B(z)| < C(%)“(] +m, |z — o)) *

where C is independent of u, v, zy and .

(b) Leta,b>1,86>0,z0€ G and u < v with u,v € Z. Suppose that h: G — C
satisfies

|a(z)| < (1 +mulz - z0) 7%,

and
|a(z) — h(y)| € (myle - yl)&] sup I(1 +mylz -z — o)) "
zig|T—y,
Then G
u -b
v+ 1()| < O(72) (1 4+ mule ~ )

with C independent of u,v, ¢ and .

Proor:
v o0
o (T8 sm)=pe (L +3) T sm
uEZI[':m;1 u=-—~00 u=vr+1 |I|=m;l
v q
Migay S T ([ £ X owoms
veZ y=—00 lIl:m;l Lr(w)
e q
+ E Z Py x SyMy ):=11+Iz.
u=v+1 |I|=m;l Lr(w)
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For I, applying Lemma 12 (b) and [6, Lemma 3], we obtain

<Tm| 3 X w0 s (22) @ ke - i)™

q

veZ u=—00 |J|=m! LP(w)
v 1 A 1/A q
My \ 9 ~
<oxme| 3 (%) [M( S tlw) @) |
veZ My - [f|=m3? Lp(w)
where < A< 1l,and & =6 ifa >0, whiled =0ifa < 0.
If0<p<1,and A€ (0,1] is chosen such that p/A > 1, then
v My \ P8 5 1/Ap q/p
szqa{ Z ( ) [Mw E IS]IX[(.’L')jl }
veZ My [|=mZ? LP(w)
v ., \ PO P q/p
qa My v
coxme{ 3 (=) & | 1
VvEZ U=~00 |I|=m;l (w)

(i) Wheng/p<1

I < szga i (Z_::)qal

q

Z |sr1xr(z)

vel u=-—00 lIl:m;l Lr(w)
q
_qua'zm(a ~¥h Z |s1]Xr(x)
u€Z III:m;‘-l LP{w)
q
<Y mPml=N N sl (=)
u€Z [T|=mg? LP(w)
q
-3 (| = mrosize)| )
ucZ I!]:m;l LP(w)
= ”sllbg'q(w)'
(i) When ¢g/p>1,let s =g¢q/p
hd m..\&p/2 s, \ —ap/2
~esn{ £ (3)"" (@)
2 > )
veZ u=-00
ma 8p/2 (4 a/p
(@) | ¥ b}
m, [I}=m3? LP{w)
v _ /e
<C2maq/2{ z ( )(6 "‘)"’/2}
veZ u=—00 My
v &q/2 19
(52 ()] £ o]}
U=—00 My ‘”:m;l LP(w)
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s o [y \ 912 ) |7
<O me 30 (TE)" mee| 32 Jsilt
vel u=—00 My {H=my! Lr(w)
m.\ (8=a)g/2 _ |9
ey > ) > Ml
u€Z v=u |l|=m;l LP(w)
q
—_ q
<C Z Z 'SIIXI = C”s“(,g.a(w)-
ueZ' |fj=m LP(w)
Ifp>1
v m & 1/A q
neXme (3 (=) | T wiw)aw)] )
veZ u=—00 My [I}=mgz! Lr(w)
v Moy & _ q
<m (2 E@)) S iw| )
veZ u=-00 7 [I|=mg! Lr(w)

(i) When0<g<1

ST S (%)""
v

q
Z |sr1Xr

veZ uU=—00 |]|=m—l Lr(w)
q
my _ ~
S S e
ueZ v=u ”'=m;l Lp(w)
q
<o (| etz ) = st
4€Z M fj=my! Lr(w)

(i) When ¢ > 1, the proof is essentially the same as the case (ii), so we omit the
details.

For the estimate of I3, we use Lemma 12 (a) and obtain

12=Zm3° i Z Py * SyMy ’

veZ u=v+1|fj=m! Lr(w)
q
<ompel > 3 ot () (1 ke — 1)
veZ - u-u+l|[| mJ “. LP(w)
rfA/m, \a A 1/Ay(q
<c (2)"™(2e) e 8 i) o)
ze; u—z;-l My Z—xl | @ LP(w)
v v NMif=ma
had a-r/A A 1/A)19
— qa my, ~
o =oxme| 3 (@) T ) @]
veZ u=v+1 IIIZm;l LP(w)
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where we have taken a = max{M, M — a}, M is the constant in the definition of a
molecule, and we choose A € {0, 1), such that a > r/A. Then we can get I, Clls”baq

in a similar way to that used in the estimate of I;.

3.2 MuLTIPLIER THEOREM. We are now in a position to prove a boundedness result
for certain multipliers on weighted Besov spaces, by applying Theorems 10 and 11.

THEOREM 13. Suppose that w € A, ER,0<p<ooand0 < g < 0. Also
suppose that h € L*°(T") satisfies the following properties.
For some r € [1,00), there exist C > 0 and € > 1 such that for allm € Z,l < n

([ moram) " <omr,

and

r 1/r
sup([ MO — e =2l ) " < Omrem.

zely
Then h is a bounded multiplier on Bg’q(w).
PRrROOF: We write

Tf(z) = (hF)¥( / (e NG

It is sufficient to show that up to a constant, {T¢;} is a family of smooth molecules for
Bg"q(w). We shall prove that there exist § > @ and M > rJ such that

|T1/),(g;)| < Cw(I)‘1/2(1 + |z I_Ilzll)_M,

) B —i2 (17— yl\e |z —z—zi{\~M
(@) |Toi(@) = Toi(w)| < Coln™*(ZEE) sup (14 5=7=1)

where C is independent of I.
For I = z; + G,,, we have

Tyu(z) = / (&, 2)(E) B (E)dr(€)
= {Tw(1)? / (€6, — z)h(E)dv(©).
Fn\l",._
If z € I, then

IT91(z)] < [Tlw(D)~/2 /F o I@lare) < cun
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If z ¢ I, we take z € I\ ['—1, VI < n,
(2 = 22) = 17w = o] [ (467 —20) ~ (62 = 20] O
= o7 [ [be =) = hO) € 2~ )ar()

< Mw(D)™? / (€ — 2) — h(2)|d(E)

Ta\la—1

< CHFw(I)™?mf = C|I|Fw(I)712a[".

Hence |( ) 1|
2,2 — ) —
|T¢1($)|—|z|:——

Integrating both sides of this inequality over I',_;, we have by [14, Lemma (I1.3)] that

< CIfw(I)~V2.

|.’L‘ - fL‘]lE_lIT'(/)[(I)I < Cl]ls—lw(I)-lﬂ.

So for all z € G we have

—'1'1'

1T61()| < Cult) 21+

)—5+1

If |z — y| > ||, (ii) follows from (i), so it is sufficient to show (ii) for |z — y| < |1].
Tyr(z) — T (y) = Il'lw(f)'l/z/r . (&2~ z1) = (&,y — zn)] h(€)d(€)

SO ANRGERENIGES

- [ @v-aes-mh@a©
Fn\Fn—l
=0.
The last equality comes from the fact that £ € Ty \ Ty, [z —y| < |I], 50 2 —y € G,
and (§,z—y)=1. 0

REMARK 14. In (18] the author proved that a pseudo-differential operator with a kernel
in S7* (defined in [13)) satisfies the condition given in Theorem 13, so it is bounded on
weighted Besov spaces.
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