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MULTIPARAMETER VARIATIONAL EIGENVALUE
PROBLEMS WITH INDEFINITE NONLINEARITY

TETSUTARO SHIBATA

ABSTRACT. We consider the multiparameter nonlinear Sturm-Liouville problem

u00(x)�
mX

k≥1
ñku(x)pk +

nX
k≥m+1

ñku(x)pk ≥ ïu(x)q, x 2 I :≥ (�1, 1),

u(x) Ù 0, x 2 I,

u(�1) ≥ u(1) ≥ 0,

where ñ ≥ (ñ1,ñ2, . . . ,ñm,ñm+1, . . .ñn) 2 R̄m
+ ð Rn�m

+

�
R+ :≥ (0,1)

�
and ï 2 R are

parameters. We assume that

1 � q � p1 Ú p2 Ú Ð Ð Ð Ú pn Ú 2q + 3.

We shall establish an asymptotic formula of variational eigenvalue ï ≥ ï(ñ,ã) ob-
tained by using Ljusternik-Schnirelman theory on general level set Nñ,ã(ã Ù 0 : pa-
rameter of level set). Furthermore, we shall give the optimal condition of f(ñ,ã)g, under
which ñi(m + 1 � i � n : fixed) dominates the asymptotic behavior of ï(ñ,ã).

1. Introduction. This paper is concerned with the following nonlinear multiparam-
eter problem

(1.1)

u00(x) �
mX

k≥1
ñku(x)pk +

nX
k≥m+1

ñku(x)pk ≥ ïu(x)q, x 2 I :≥ (�1, 1),

u(x) Ù 0, x 2 I,

u(�1) ≥ u(1) ≥ 0,

where ñ ≥ (ñ1,ñ2, . . . ,ñm,ñm+1, . . . ,ñn) 2 R̄m
+ ð Rn�m

+ (R+ :≥ (0,1), R̄+ :≥ [0,1))
and ï 2 R are parameters. We assume

(1. 2) 1 � q � p1 Ú p2 Ú Ð Ð Ð Ú pn Ú 2q + 3.

The purpose of this paper is to extend the asymptotic formula of variational eigenvalue
ï ≥ ï(ñ,ã) obtained in Shibata [4] by using Ljusternik-Schnirelman theory on general
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NONLINEAR MULTIPARAMETER PROBLEMS 1067

level set Nñ,ã due to Zeidler [7], where

Nñ,ã :≥ fu 2 W1,2
0 (I) : B(ñ, u) :≥ �ãg,

B(ñ, u) :≥ 1
2

Z
I
u0(x)2 dx +

mX
k≥1

1
pk + 1

ñk

Z
I
ju(x)jpi +1 dx

�
nX

k≥m+1

1
pk + 1

ñk

Z
I
ju(x)jpk +1 dx,

and ã Ù 0 is a parameter. Furthermore, we shall give the optimal condition of f(ñ,ã)g,
under which ñi(m + 1 � i � n : fixed) dominates the asymptotic behavior of ï(ñ,ã).

Differential equations which involve several parameters have been extensively inves-
tigated and numerous references are available. In linear case, searching the asymptotic
direction of eigenvalues (the limit of the ratio of two eigenvalues) has drawn most of the
attention in the literature. We refer to Faierman [2] and Turyn [6] for further information.
As for the asymptotic properties of eigenvalues of nonlinear multiparameter problems,
however, a few results seems to have been given. Recently, Shibata [4] studied a simple
two-parameter problem

(1.3)
u00(x) + ñu(x)p ≥ ïu(x)q, 0 Ú x Ú 1,

u(x) Ù 0, 0 Ú x Ú 1,

u(0) ≥ u(1) ≥ 0,

where ñ,ï 2 R+ are parameters and 1 � q Ú p Ú q + 2 are constants. By using
Ljusternik-Schnirelman theory on general level set

Sñ,ã :≥
(

u 2 W1
0

�
(0, 1)

�
:

1
2

Z 1

0
u0(x)2 dx� 1

p + 1
ñ Z 1

0
ju(x)jp+1 dx ≥ �ã

)

(ã Ù 0 : a fixed constant), the following asymptotic formula for variational eigenvalue
ï ≥ ï(ñ,ã) as ñ ! 1 was obtained:

(1. 4) ï(ñ,ã) ≥ C1ã
2(p�q)

p+3 ñ q+3
p+3 + o

�ñ q+3
p+3
�
,

where

(1. 5) C1 ≥
8><
>:
�q + 1

p + 1

� q+3
2(p�q) (p + 3)(q + 1)(p � q)

2(2q� p + 3)

vuut 2
ô(q + 1)

Γ
�

p+3
2(p�q)

�
Γ
�

q+3
2(p�q)

�
9>=
>;

2(p�q)
p+3

.

In this paper, we shall extend this asymptotic formula (1.4) to our problem (1.1) under
the following condition (B.1) for f(ñ,ã)g: Let m + 1 � i � n be fixed. Furthermore, let
E :≥ R̄m

+ ð Rn�m
+ ð R+. A sequence f(ñ,ã)g ² E is said to satisfy the condition (B.1) if

the following conditions hold:
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(B.1)

(1.6) ãñ
2

pi�1

i !1, ãñ�1Û2
i ! 0.

(1.7) ñkã
2(pk�pi)

pi+3 ñ�
pk+3
pi+3

i ! 0 (k Â≥ i).

The typical example of f(ñ,ã)g ² E which satisfies (B.1) is:

ñi ≥ s !1, ñk ≥ sók

�
k Â≥ i, 0 Ú ók Ú pk + 3

pi + 3

�
, ã ≥ ã0(≥ constant).

The important point is that, without the condition (B.1), the asymptotic formula ofï(ñ,ã)
is not dominated by ñi (m + 1 Ú i � n : fixed) any more. For example, if we assume a
simple and natural condition

(1.8) ñj ≥ 0 (1 � j � m), ñm+1 !1, C�1ñj � ñm+1 � Cñj (m + 1 � j � n),

where C Ù 0 is a constant, then we find that ñm+1 is the dominant term of the asymptotic
behavior of ï(ñ,ã) automatically. The reason why is that, roughly speaking, the maxi-
mum norm of the associated eigenfunction tends to 0 under the condition (1.8). Hence,
the dominant nonlinear term should be upm+1 , the lowest term.

We shall show that, under the condition (B.1), ñi(m + 1 � i � n : fixed) dominates
the asymptotic behavior of ï(ñ,ã), and establish an asymptotic formula of ï(ñ,ã) in
Theorem 2.1.

Secondly, we consider the simple condition (B.2), in which the condition (B.1) fails:
(B.2)
f(ñ,ã)g ² E satisfies (1.6), (1.7) for 1 Ú k � n (k Â≥ i) and

(1.9) ñ1ã
2(q�pi)

pi+3 ñ�
q+3
pi+3

i ! C2,

where C2 Ù 0 is a constant.
Under the condition (B.2), we shall establish the different kind of asymptotic formula

for ï(ñ,ã) in Theorem 2.2.
Finally, we consider (1.1) under the following condition (B.3) and give an asymptotic

formula of ï(ñ,ã) in Theorem 2.3:
(B.3)
f(ñ,ã)g ² E satisfies

(1. 10) ãñ
2

pi�1

i ! 0.

Furthermore, for k Â≥ i

(1. 11) ñkñ
�

pk�1
pi�1

i ! 0.
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2. Main Results. We explain notations before stating our results. Let X :≥ W1,2
0 (I)

be the usual real Sobolev space. For u 2 X, let

kuk2
X :≥ Z

I
u0(x)2 dx, kukd

d ≥
Z

I
ju(x)jd dx (d ½ 1),

(u, v)2 :≥ Z
I
u(x)v(x) dx,

kuk1 :≥ max
x2I

ju(x)j.

ï ≥ ï(ñ,ã) is called the variational eigenvalue of (1.1) when the associated eigenfunc-
tion u(ñ,ã, x) 2 Nñ,ã satisfies the following conditions (2.1)–(2.2):

(2. 1)
�
ñ,ã,ï(ñ,ã), u(ñ,ã, x)

� 2 Eð R+ ð Nñ,ã satisfies (1. 1).

(2. 2)
1

q + 1
ku(ñ,ã, Ð)kq+1

q+1 ≥ å(ñ,ã) :≥ 1
q + 1

inf
u2Nñ,ã

kukq+1
q+1.

We note that ï(ñ,ã) is obtained as a Lagrange multiplier and explicitly represented as
follows:

(2. 3) ï(ñ,ã) ≥ 2ã �Pm
k≥1

pk�1
pk+1 ñkku(ñ,ã, Ð)kpk +1

pk +1 +
Pn

k≥m+1
pk�1
pk+1 ñkku(ñ,ã, Ð)kpk +1

pk +1

ku(ñ,ã, Ð)kq+1
q+1

.

Actually, multiplying (1.1) by u(ñ,ã, x), we obtain by integration by parts that

(2. 4)
�ku(ñ,ã, Ð)k2

X �
mX

k≥1
ñkku(ñ,ã, Ð)kpk +1

pk +1 +
nX

k≥m+1
ñkku(ñ,ã, Ð)kpk +1

pk +1

≥ ï(ñ,ã)ku(ñ,ã, Ð)kq+1
q+1 ;

this along with the fact that u(ñ,ã, Ð) 2 Nñ,ã implies (2.3).
Now we state our main results.

THEOREM 2.1. Assume that a sequence f(ñ,ã)g ² E satisfies (B.1). Then the fol-
lowing asymptotic formula holds:

(2. 5) ï(ñ,ã) ≥ C3

�
ãñ

q+3
2(pi�q)

i

� 2(pi�q)
pi+3

+ o
 �
ãñ

q+3
2(pi�q)

i

� 2(pi�q)
pi+3

!
,

where

(2. 6) C3 ≥
8><
>:

(pi + 3)(q + 1)(pi � q)
2(2q + 3� pi)

vuut 2
ô(q + 1)

� q + 1
pi + 1

� q+3
2(pi�q) Γ

�
pi+3

2(pi�q)

�
Γ
�

q+3
2(pi�q)

�
9>=
>;

2(pi�q)
pi+3

.

Next, we shall show that the condition (B.1) is optimal to obtain Theorem 2.1. More
precisely, we consider the case where the condition (B.1) does not hold:
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THEOREM 2.2. Assume that p1 ≥ q. Furthermore, suppose that a sequence
f(ñ,ã)g ² E satisfies the condition (B.2). Then the following asymptotic formula holds:

(2. 7) ï(ñ,ã) ≥ C4

�
ãñ

q+3
2(pi�q)

i

� 2(pi�q)
pi+3

+ o
 �
ãñ

q+3
2(pi�q)

i

� 2(pi�q)
pi+3

!
,

where C4 Ù 0 is a unique positive solution x of the following equation:

(2.8)

2
(pi + 3)(q + 1)

f(2q + 3� pi)x � 2(pi � q)C2g ≥ L1(x + C2)�
2q+3�pi
2(pi�q) ,

L1 ≥ (pi � q)

vuut 2
ô(q + 1)

� q + 1
pi + 1

� q+3
2(pi�q) Γ

�
pi+3

2(pi�q)

�
Γ
�

q+3
2(pi�q)

� .

We see from (2.8) that if C2 ≥ 0, then C3 ≥ C4. Therefore, the formulas (2.5) and
(2.7) are connected continuously.

THEOREM 2.3. Suppose that f(ñ,ã)g ² E satisfies (B.3). Then the following asymp-
totic formula holds:

(2. 9) ï(ñ,ã) ≥ C5ñ
q�1
pi�1

i + o
�
ñ

q�1
pi�1

i

�
,

where C5 ≥ (pi � 1)kv0kpi+1
pi+1Ûf(pi + 1)kv0kq+1

q+1g and v0 is the unique minimizer of the
problem

(2.10)
minimize kvkq+1

q+1 under the constraint

v 2 V0 :≥
(

v 2 X :
1
2
kvk2

X ≥
1

pi + 1
kvkpi+1

pi+1, v Â� 0
)

.

The remainder of this paper is organized as follows. In Section 3, we shall show the
existence of variational eigenvalues. We prepare some fundamental lemmas in Section 4.
Section 5 and Section 6 are devoted to the Proof of Theorem 2.1 and Theorem 2.2, re-
spectively. Finally, we shall show Theorem 2.3 in Section 7.

3. Existence of Variational Eigenvalues. In what follows, let C denote various
positive constants independent of f(ñ,ã)g. Furthermore, for a subsequence, we use the
same notation as that of original sequence for convenience. To obtain the existence of
variational eigenvalue ï(ñ,ã), we shall apply the result of Zeidler [7, Proposition 6a].
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LEMMA 3.1. Let (ñ,ã) 2 E be fixed. Then Nñ,ã Â≥ ;.

PROOF. We put for t ½ 0

m(t) :≥ B
�ñ, t cos(ôxÛ2)

� ≥ 1
2

t2k cos(ôxÛ2)k2
X

+
mX

k≥1

1
pk + 1

ñktpk+1k cos(ôxÛ2)kpk+1
pk+1

�
nX

k≥m+1

1
pk + 1

ñktpk+1k cos(ôxÛ2)kpk+1
pk+1.

Then, m(0) ≥ 0 and m(t) ! �1 as t ! 1. Hence, there exists tã Ù 0 such that
m(t0) ≥ �ã, that is, t0 cos(ôxÛ2) 2 Nñ,ã.

LEMMA 3.2. Let (ñ,ã) 2 E be fixed. Then

(3. 1) inf
u2Nñ,ã

j � kuk2
X �

mX
k≥1

ñkkukpk+1
pk+1 +

nX
k≥m+1

ñkkukpk+1
pk+1j Ù 0.

Furthermore, for all constants C6 Ù 0, the set Mñ,ã :≥ fu 2 Nñ,ã : kukq+1 Ú C6g ² X
is bounded.

PROOF. For u 2 Nñ,ã

(3. 2)

mX
k≥1

1
pk + 1

ñkkukpk+1
pk+1

≥ �1
2
kuk2

X +
nX

k≥m+1

1
pk + 1

ñkkukpk+1
pk+1 � ã �

nX
k≥m+1

1
pk + 1

ñkkukpk+1
pk+1.

Hence, by (1.2) and (3.2)

(3. 3)

mX
k≥1

pk � 1
pk + 1

ñkkukpk+1
pk+1 � (pm+1 � 1)

mX
k≥1

1
pk + 1

ñkkukpk+1
pk+1

� (pm+1 � 1)
nX

k≥m+1

1
pk + 1

ñkkukpk+1
pk+1

�
nX

k≥m+1

pk � 1
pk + 1

ñkkukpk+1
pk+1.

Then by (3.3), we obtain that for u 2 Nñ,ã

(3. 4)

�kuk2
X �

mX
k≥1

ñkkukpk+1
pk+1 +

nX
k≥m+1

ñkkukpk+1
pk+1 ≥ 2ã +

nX
k≥m+1

pk � 1
pk + 1

ñkkukpk+1
pk+1

�
mX

k≥1

pk � 1
pk + 1

ñkkukpk+1
pk+1

½ 2ã Ù 0.

Therefore, we obtain (3.1). Next, since we know Gagliardo-Nirenberg inequality

(3. 5) kukpk+1 � Ckuk1�çk
q+1 kukçk

X ,
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for u 2 X, where çk ≥ 2(pk � q)Ûf(pk + 1)(q + 3)g(1 � k � n), we obtain for u 2 Mñ,ã

1
2
kuk2

X ≥ �
mX

k≥1

1
pk + 1

ñkkukpk+1
pk+1 +

nX
k≥m+1

1
pk + 1

ñkkukpk+1
pk+1 � ã

�
nX

k≥m+1

1
pk + 1

ñkkukpk+1
pk+1

� C
nX

k≥m+1
ñkkuk(pk+1)(1�çk)

q+1 kuk(pk+1)çk
X

� C
nX

k≥m+1
ñkkuk

2(pk�q)
q+3

X .

Since 2(pk � q)Û(q + 3) Ú 2, we obtain our conclusion.

By Lemma 3.1 and Lemma 3.2, we now apply [7, Proposition 6a] to (1.1) and obtain
the following lemma:

LEMMA 3.3. For a fixed (ñ,ã) 2 E, there exists uñ,ã(x) 2 Nñ,ã which satisfies (2.2).

By Lagrange multiplier theory, there exists ï(ñ,ã) 2 R such that
�ñ,ï(ñ,ã), uñ,ã(x)

�
satisfies the equation in (1.1). Furthermore, by (2.3) and (3.3), we obtain

(3. 6) ï(ñ,ã) ½ 2ã
kuñ,ãkq+1

q+1

Ù 0.

The existence of positive solution is obtained as follows.

LEMMA 3.4. There exists
�ñ,ã,ï(ñ,ã), u(ñ,ã, x)

� 2 Eð R+ ðNñ,ã which satisfies
(2.1)–(2.2) for a fixed (ñ,ã) 2 E.

PROOF. Let u(ñ,ã, x) ≥ juñ,ã(x)j, where uñ,ã 2 Nñ,ã is a function obtained in
Lemma 3.3. Clearly,

ku(ñ,ã, Ð)kX ≥ kuñ,ãkX,

ku(ñ,ã, Ð)kq+1 ≥ kuñ,ãkq+1,

ku(ñ,ã, Ð)kpk +1 ≥ kuñ,ãkpk+1.

Hence, u(ñ,ã, x) 2 Nñ,ã. Moreover, by (2.3), we find that
�ñ,ã,ï(ñ,ã), u(ñ,ã, x)

� 2
Eð R+ ð Nñ,ã satisfies the equation in (1.1) and (2.2) for the same Lagrange multiplier
ï(ñ,ã) as that of uñ,ã. If there exists x0 2 I such that u(ñ,ã, x0) ≥ 0, then u0(ñ,ã, x0) ≥
0, since u(ñ,ã, x) ½ 0 for x 2 I. Then by the uniqueness theorem of ODE, we obtain that
u(ñ,ã, x) � 0 in I. However, this is impossible, since u(ñ,ã, x) 2 Nñ,ã and 0 Â2 Nñ,ã.
Thus, u(ñ,ã, x) Ù 0 for x 2 I.
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4. Preliminaries. In what follows, for the usual Ld-norm of g 2 Ld(J) (d ½ 1,
J ² R : open set), we write kgkd for simplicity. We put õñ,ã :≥ maxx2I u(ñ,ã, x). By
Gidas, Ni and Nirenberg [3], we know that u(ñ,ã, x) satisfies the following properties:

(4. 1) u(ñ,ã,�x) ≥ u(ñ,ã, x), u0(ñ,ã, x) � 0, x 2 (0, 1),

(4. 2) u0(ñ,ã, 0) ≥ 0, õñ,ã ≥ u(ñ,ã, 0).

LEMMA 4.1. For a fixed (ñ,ã) 2 E, the following equality holds for x 2 Ī:

(4. 3)

1
2

u0(ñ,ã, x)2 �
mX

k≥1

1
pk + 1

ñku(ñ,ã, x)pk +1 +
nX

k≥m+1

1
pk + 1

ñku(ñ,ã, x)pk +1

� 1
q + 1

ï(ñ,ã)u(ñ,ã, x)q+1

≥ �
mX

k≥1

1
pk + 1

ñkõpk +1
ñ,ã

+
nX

k≥m+1

1
pk + 1

ñkõpk+1
ñ,ã � 1

q + 1
ï(ñ,ã)õq+1

ñ,ã

≥ 1
2

u0(ñ,ã, 1)2 Ù 0.

PROOF. Multiplying (1.1) by u0(ñ,ã, x), we obtain for x 2 Ī

²
u00(ñ,ã, x) �

mX
k≥1

ñku(ñ,ã, x)pk +
nX

k≥m+1
ñku(ñ,ã, x)pk � ï(ñ,ã)u(ñ,ã, x)q

¦

u0(ñ,ã, x) ≥ 0;

namely,

d
dx

²1
2

u0(ñ,ã, x)2 �
mX

k≥1

1
pk + 1

ñku(ñ,ã, x)pk +1 +
nX

k≥m+1

1
pk + 1

ñku(ñ,ã, x)pk +1

� 1
q + 1

ï(ñ,ã)u(ñ,ã, x)q+1
¦
� 0.

This implies that

(4. 4)

1
2

u0(ñ,ã, x)2 �
mX

k≥1

1
pk + 1

ñku(ñ,ã, x)pk +1 +
nX

k≥m+1

1
pk + 1

ñku(ñ,ã, x)pk +1

� 1
q + 1

ï(ñ,ã)u(ñ,ã, x)q+1 � constant.

Now put x ≥ 0, 1 in (4.4). Then (4.3) follows immediately from (4.2).
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LEMMA 4.2. Assume that f(ñ,ã)g ² E satisfies (B.1). Then

(4. 5) ï(ñ,ã) ½ Cã
2(pi�q)

pi+3 ñ
q+3
pi+3

i .

PROOF. Let ë ≥ ëñ,ã :≥
�
ãñ

2
pi�1

i

� pi�1
pi+3 . Furthermore, let wë satisfy

w00
ë (s) + wë(s)pi � wë(s)q ≥ 0, �ëñ,ã Ú s Ú ëñ,ã,

wë(s) Ù 0, �ëñ,ã Ú s Ú ëñ,ã,

wë(šëñ,ã) ≥ 0.

The existence of wë is obtained easily, for instance, by direct variational method. We put

Uñ,ã(x) :≥ dñ,ã(ã2ñ�1
i )

1
pi+3 wë(s), x ≥ ë�1

ñ,ãs,

where

dñ,ã :≥ infft Ù 0 : t(ã2ñ�1
i )

1
pi+3 wë(ëñ,ãx) 2 Nñ,ãg.

For a fixed (ñ,ã), we know that

e(t) :≥ B
�
ñ, t(ã2ñ�1

i )
1

pi+3 wë(ëñ,ãx)
�! �1 as t !1, e(0) ≥ 0.

Hence, dñ,ã Ù 0 exists. We shall show that

(4. 6) C�1 � dñ,ã � C.

Since ëñ,ã !1 by (1.6), we know from Shibata [5, Lemma 4.7, Proof of Theorem 2.2]
that wë ! w1 uniformly on any compact subset in R, and furthermore, wë ! w1 in
Lp(R) (p ½ 1). Here, w1 is the ground state solution of

(4.7)

w00(t) + w(t)pi � w(t)q ≥ 0, t 2 R,

w(t) Ù 0, t 2 R,

lim
jtj!1

w(t) ≥ 0.

We have by (1.7)

(4.8)
ëñ,ã(ã2ñ�1

i )
2

pi+3 ≥ ã,

ñkë�1
ñ,ã(ã2ñ�1

i )
pk+1
pi+3 ≥

�
ñkã

2(pk�pi)
pi+3 ñ�

pk+3
pi+3

i

�
ã ≥ o(1)ã (k Â≥ i).
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Then we obtain by (4.8) that

(4. 9)

�ã ≥ e(dñ,ã)

≥ d2
ñ,ãã

(
1
2
kwëk2

X �
1

pi + 1
dpi�1
ñ,ã kwëkpi+1

pi+1

� o(1)
nX

k≥m+1, k Â≥i
dpk�1
ñ,ã

1
pk + 1

kwëkpk+1
pk+1

+ o(1)
mX

k≥1
dpk�1
ñ,ã

1
pk + 1

kwëkpk+1
pk+1

)
.

Hence, dñ,ã ! 0 and dñ,ã !1 are impossible. Hence, we obtain (4.6). Then by (3.6)

(4. 10)

2ã
ï(ñ,ã)

� 1
q + 1

kuñ,ãkq+1
q+1

� 1
q + 1

kUñ,ãkq+1
q+1

� C(ã2ñ�1
i )

q+1
pi+3 ë�1

ñ,ãkwëkq+1
q+1

� Cã
2q+3�pi

pi+3 ñ�
q+3
pi+3

i .

Then (4.5) follows from (4.10).

LEMMA 4.3. Assume that f(ñ,ã)g ² E satisfies (B.1). Then õñ,ã ! 0.

PROOF. We have by (4.3)

(4. 11)

1
2

u0(ñ,ã, x)2 ≥
nX

k≥m+1

1
pk + 1

ñk

�õpk+1
ñ,ã � u(ñ,ã, x)pk +1

�

�
mX

k≥1

1
pk + 1

ñk

�õpk +1
ñ,ã � u(ñ,ã, x)pk +1

�

� 1
q + 1

ï(ñ,ã)
�õq+1

ñ,ã � u(ñ,ã, x)q+1
�

�
nX

k≥m+1

1
pk + 1

ñkõpk+1
ñ,ã .

Let x1 ≥ x1,ñ,ã 2 [0, 1] satisfy u(ñ,ã, x1) ≥ (1 � è)õñ,ã, where 0 Ú è − 1 is a fixed
constant. By mean value theorem and (4.11) we have for y1,ñ,ã 2 [0, x1,ñ,ã]

(4. 12)
èõñ,ã

x1
≥
þþþþuñ,ã(0) � uñ,ã(x1)

x1

þþþþ ≥ ju0ñ,ã(y1,ñ,ã)j �
vuutC

nX
k≥m+1

ñkõpk +1
ñ,ã .

By (4.10) and (4.12)

(4. 13)

Cè(1 � è)q+1õq+2
ñ,ã

� nX
k≥m+1

ñkõpk+1
ñ,ã

��1Û2 � C(1� è)q+1õq+1
ñ,ãx1

� C
Z x1

0
uñ,ã(x)q+1 dx

� Ckuñ,ãkq+1
q+1

� Cã
2q+3�pi

pi+3 ñ�
q+3
pi+3

i ;
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this implies that

(4. 14) õq+2
ñ,ã �

nX
k≥m+1

�
ñkã

2(pk�pi)
pi+3 ñ�

pk+3
pi+3

i

�1Û2�ãñ�1Û2
i

� 2q+3�pk
pi+3 õ

pk +1
2

ñ,ã .

Our conclusion follows from (1.6), (1.7) and (4.14), since q + 2 Ù (pk + 1)Û2 by (1.2).

LEMMA 4.4. Assume that f(ñ,ã)g ² E satisfies (B.1). Then for m + 1 � k � n

(4. 15) ñkõpk+1
ñ,ã � Cñiõpi+1

ñ,ã .

PROOF. For a fixed (ñ,ã), there exists m + 1 � j(ñ,ã) � n which satisfies

(4. 16) max
m+1�k�n

ñkõpk +1
ñ,ã ≥ ñj(ñ,ã)õpj(ñ,ã)+1

ñ,ã .

Then there exists a subsequence of f(ñ,ã)g and m + 1 � j � n such that j ≥ j(ñ,ã) for
this subsequence. We consider this subsequence. Then by (4.14), we obtain

õq+2
ñ,ã � C

vuut nX
k≥m+1

ñkõpk+1
ñ,ã ã

2q+3�pi
pi+3 ñ�

q+3
pi+3

i � Cñ1Û2
j õ

pj+1

2
ñ,ã ã

2q+3�pi
pi+3 ñ�

q+3
pi+3

i ,

that is,

(4. 17) õñ,ã � C
�
ñ1Û2

j ã
2q+3�pi

pi+3 ñ�
q+3
pi+3

i

� 2
2q+3�pj .

By Lemma 4.2, (4.2) and (4.17)

ã
2(pi�q)

pi+3 ñ
q+3
pi+3

i � Cï(ñ,ã)

� C
nX

k≥m+1
ñkõpk�q

ñ,ã

� Cñjõpj�q
ñ,ã

� Cñj

�
ñ1Û2

j ã
2q+3�pi

pi+3 ñ�
q+3
pi+3

i

� 2(pj�q)

2q+3�pj ;

namely,

ñj ½ Cã
2(pi�pj)

pi+3 ñ
pj+3

pi+3

i .

This along with (1.7) implies that (4.16) holds for j ≥ j(ñ,ã) ≥ i except finite elements
of f(ñ,ã)g. Thus, we obtain (4.15).
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5. Proof of Theorem 2.1. Let

ò :≥ òñ,ã ≥
�ï(ñ,ã)Ûñi

�pi�q
, ó :≥ óñ,ã ≥ ñ

1�q
2(pi�q)

i ï(ñ,ã)
pi�1

2(pi�q) ,

t :≥ óx, wñ,ã(t) :≥ ò�1u(ñ,ã, x).

Then by (1.1), wñ,ã(t) satisfies the following equation:

(5.1)

w00
ñ,ã(t) + wñ,ã(t)pi � wñ,ã(t)q +

nX
k≥m+1, k Â≥i

ó�2ñkòpk�1wñ,ã(t)pk

�
mX

k≥1
ó�2ñkòpk�1wñ,ã(t)pk ≥ 0, t 2 Iñ,ã :≥ (�ó, ó),

wñ,ã(t) Ù 0, t 2 Iñ,ã,

wñ,ã(šó) ≥ 0.

It follows from (1.6) and Lemma 4.2 that

(5. 2) óñ,ã ½ Cñ
1�q

2(pi�q)

i

�
ã

2(pi�q)
pi+3 ñ

q+3
pi+3

i

� pi�1
2(pi�q) ≥ C

�
ãñ

2
pi�1

i

� pi�1
pi+3 !1.

Hence, we expect that wñ,ã(t) ! w1(t) if f(ñ,ã)g ² E satisfies (B.1), where w1 is the
ground state of (4.7). We recall here some important properties of w1. We know from
Berestycki and Lions [1] that there uniquely exists a solution w1 of (4.7), which is called
the ground state solution of (4.7), and satisfies the following properties:

(5.3)
w1(0) ≥ ê :≥

�pi + 1
q + 1

� 1
pi�q

,

w1(t) ≥ w1(�t), t 2 R,

w0
1(t) � 0, t ½ 0,

(5. 4)
1
2

w0
1(t)2 +

1
pi + 1

w1(t)pi+1 � 1
q + 1

w1(t)q+1 ≥ 0, t 2 R,

(5. 5) w1(t) � Ce�Cjtj, t 2 R.

We shall show that wñ,ã(t) ! w1(t) in Lq+1(R). To do this, we need some preparations.
Let êñ,ã :≥ maxt2Iñ,ã wñ,ã(t) ≥ ò�1õñ,ã.

LEMMA 5.1. Assume that f(ñ,ã)g ² E satisfies (B.1). Then

C�1 � êñ,ã � C.
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PROOF. By (4.3) and (4.15), we have

(5. 6) ï(ñ,ã) � C
nX

k≥m+1
ñkõpk�q

ñ,ã � Cñiõpi�q
ñ,ã .

This implies the first inequality. Next, since (4.17) holds for j ≥ i, we see from
Lemma 4.2 that

(5. 7) õpi�q
ñ,ã � C

�
ãñ�1Û2

i

� 2(pi�q)
pi+3 � C

ï(ñ,ã)
ñi

.

Thus we obtain the second inequality.

It follows from Lemma 4.1 that

(5. 8)
1
2

w0
ñ,ã(t)2 + R

�ñ,ã, t, wñ,ã(t)
� ≥ R(ñ,ã, 0, êñ,ã),

where

R(ñ,ã, t, w) :≥ 1
pi + 1

wpi+1 � 1
q + 1

wq+1

+
1

pk + 1

nX
k≥m+1, k Â≥i

ó�2ñkòpk�1wpk+1

� 1
pk + 1

mX
k≥1

ó�2ñkòpk�1wpk+1.

LEMMA 5.2. Assume that f(ñ,ã)g ² E satisfies (B.1). Then

(5. 9) ï(ñ,ã)ó�2òq�1 ≥ 1,

(5. 10) ó�2ñkòpk�1 ! 0 (k Â≥ i).

PROOF. (5.9) follows from the definition of ó and ò. We shall show (5.10). It follows
from (5.6) and (5.7) that

(5. 11) ï(ñ,ã) � C
�
ãñ

q+3
2(pi�q)

i

� 2(pi�q)
pi+3

.

Then by (1.7), Lemma 4.2 and (5.11), we obtain that for k Â≥ i

(5. 12) ó�2ñkòpk�1 ≥ ï(ñ,ã)
pk�pi
pi�q ñkñ

�
pk�q
pi�q

i � Cñkã
2(pk�pi)

pi+3 ñ�
pk +3
pi+3

i ! 0.

Thus the proof is complete.
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LEMMA 5.3. Assume that f(ñ,ã)g ² E satisfies (B.1). Then kwñ,ãkq+1 � C.

PROOF. By (4.10) and Lemma 4.2

kwñ,ãkq+1
q+1 ≥ ò�(q+1)óku(ñ,ã, Ð)kq+1

q+1

� C
�
ï(ñ,ã)�1ã

2(pi�q)
pi+3 ñ

q+3
pi+3

i

� 2q+3�pi
2(pi�q)

� C.

LEMMA 5.4. Assume that f(ñ,ã)g ² E satisfies (B.1). Then wñ,ã(t) ! w1(t) uni-
formly on any compact subsets on R.

By using Lemma 5.1–Lemma 5.3 and a standard limiting argument, we can easily
prove this lemma. Hence, we omit the proof.

LEMMA 5.5. Assume that f(ñ,ã)g ² E satisfies (B.1). Then there exists y(t) 2
Lq+1(R) such that wñ,ã(t) � y(t) � C for t 2 R.

PROOF. Let q Ú r Ú 2q + 3 be fixed. Then y1(t) :≥ (t + 1)�2Û(r�1) satisfies

(5.13) y01(t) ≥ �
r

Y0

�
t, y1(t)

�
, t Ù 0,

y1(0) ≥ 1,

where Y0(t, y) :≥ 4(r � 1)�2yr+1. Since r Ú 2q + 3 Ú 2pk + 3, we see that y1(t) 2
Lq+1(R+) \ Lpk+1(R+). We put y(ñ,ã, t) :≥ ê�1

ñ,ãw(ñ,ã, t). Then it follows from (5.8) that
y(ñ,ã, t) satisfies

(5.14) y0(ñ,ã, t) ≥ �
r

Y1

�
t, y(ñ,ã, t)

�
, 0 Ú t Ú ó,

y(ñ,ã, 0) ≥ 1,

where

(5. 15) Y1(t, y) ≥ 2ê�2
ñ,ã

n
R(ñ,ã, 0, êñ,ã) � R

�ñ,ã, t, êñ,ãy(ñ,ã, t)
�o

.

Fix 0 Ú è − 1. We shall show that for 0 � y � è.
Y1(t, y)� Y0(t, y) Ù 0.

By Lemma 5.1 and Lemma 5.2

(5. 16) ó�2ñkòpk�1êpk+1
ñ,ã ypk+1 ≥ o(1)ypk+1 (k Â≥ i).

We note that R(ñ,ã, 0, êñ,ã) Ù 0 by (4.3). Then we obtain by (5.16) that for 0 � y � è

(5. 17)

Y1(t, y) � Y0(t, y) ½ 2ê�2
ñ,ãR(ñ,ã, 0, êñ,ã)

+
2

q + 1
êq�1
ñ,ã yq+1 � 2

p1 + 1
êpi�1
ñ,ã ypi+1

� o(1)
nX

k≥1, k Â≥i
ypk+1 � 4

(r � 1)2
yr+1 Ù 0.
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Let t0 × 1 satisfy y1(t0) Ú è. Then by (5.5) and Lemma 5.4, we find that y(ñ,ã, t0) Ú
y1(t0). Now, by (5.17), we apply the comparison theorem of ODE. Then we have
y(ñ,ã, t) � y1(t) for t Ù t0. This together with Lemma 5.4 implies that wñ,ã(t) ≥
êñ,ãy(ñ,ã, t) � 2êy1(t) for t Ù t0. Now, put

(5. 18) y(t) ≥
(

C jtj � t0,
2êy1(jtj), jtj Ù t0,

where C × 1 is a constant. Then y(t) is the desired function.
The following lemma is a consequence of Lemma 5.4, 5.5 and Lebesgue’s conver-

gence theorem:

LEMMA 5.6. Assume that f(ñ,ã)g ² E satisfies (B.1). Then wñ,ã(t) ! w1(t) in
Lq+1(R) and Lpk+1(R).

LEMMA 5.7 ([4, LEMMA 4.6]). Let w1(t) be the ground state of (4.7). Then

(5. 19)
Z

R
w1(t)q+1 dt ≥ 2

pi � q

vutô(q + 1)
2

ê q+3
2

Γ
�

q+3
2(pi�q)

�
Γ
�

pi+3
2(pi�q)

� .

Now we shall prove Theorem 2.1.

PROOF OF THEOREM 2.1. Multiply (4.7) by w1(t) and integrate it over R to obtain

(5. 20) kw0
1k2

2 ≥ kw1kpi+1
pi+1 � kw1kq+1

q+1.

Integrate (5.4) over R to obtain

1
2
kw0

1k2
2 +

1
pi + 1

kw1kpi+1
pi+1 �

1
q + 1

kw1kq+1
q+1 ≥ 0;

this along with (5.20) implies that

(5. 21) kw1kpi+1
pi+1 ≥

(pi + 1)(q + 3)
(pi + 3)(q + 1)

kw1kq+1
q+1.

By Lemma 5.6, we obtain

(5. 22) kwñ,ãkq+1
q+1 �! kw1kq+1

q+1, kwñ,ãkpk+1
pk+1 �! kw1kpk+1

pk+1.

Moreover, by (1.7) and (5.12)

(5.23)

ñiku(ñ,ã, Ð)kpi +1
pi +1 ≥ ï(ñ,ã)

pi+3
2(pi�q)ñ�

q+3
2(pi�q)

i kwñ,ãkpi+1
pi+1,

ku(ñ,ã, Ð)kq+1
q+1 ≥ ï(ñ,ã)

2q+3�pi
2(pi�q) ñ�

q+3
2(pi�q)

i kwñ,ãkq+1
q+1,

ñkku(ñ,ã, Ð)kpk +1
pk +1 ≥ ñkï(ñ,ã)

pk�pi
pi�q ñ�

pk�q
pi�q

i

(
ï(ñ,ã)

pi+3
2(pi�q)ñ�

q+3
2(pi�q)

i kwñ,ãkpk+1
pk+1

)

≥ o(1)
(
ï(ñ,ã)

pi+3
2(pi�q)ñ�

q+3
2(pi�q)

i kwñ,ãkpk+1
pk+1

)
(k Â≥ i).
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It follows from (2.3) and (5.23) that

ï(ñ,ã) ≥ 2ã +
Pn

k≥m+1 ñk
pk�1
pk+1 kuñ,ãkpk+1

pk+1 �
Pm

k≥1 ñk
pk�1
pk+1 kuñ,ãkpk+1

pk+1

kuñ,ãkq+1
q+1

≥ 2ã + pi�1
pi+1 ï(ñ,ã)

pi+3
2(pi�q)ñ�

q+3
2(pi�q)

i fkwñ,ãkpi+1
pi+1 + o(1)g

ï(ñ,ã)
2q+3�pi
2(pi�q) ñ�

q+3
2(pi�q)

i kwñ,ãkq+1
q+1

;

this along with (5.22) implies that

(5. 24)
ï(ñ,ã)

ã
2(pi�q)

pi+3 ñ
q+3
pi+3

i

≥
� 2

Hñ,ã

� 2(pi�q)
pi+3 !

� 2
H

� 2(pi�q)
pi+3

,

where

(5.25)
Hñ,ã ≥

�
1 + o(1)

�kwñ,ãkq+1
q+1 �

pi � 1
pi + 1

��
1 + o(1)

�kwñ,ãkpi+1
pi+1 + o(1)

�
,

H ≥ kw1kq+1
q+1 �

pi � 1
pi + 1

kw1kpi+1
pi+1 ≥

2(2q + 3� pi)
(pi + 3)(q + 1)

kw1kq+1
q+1.

Now, Theorem 2.1 is a direct consequence of (5.24), (5.25) and Lemma 5.7.

6. Proof of Theorem 2.2. We first note that by Lemma 4.2 and (5.11) still holds
under the condition (B.2), namely,

(6. 1) C�1ã
2(pi�q)

pi+3 ñ
q+3
pi+3

i � ï(ñ,ã) � Cã
2(pi�q)

pi+3 ñ
q+3
pi+3

i .

In fact, to prove Lemma 4.3, we used the condition (B.1) for (4.8) to derive (4.9). If we
assume (B.2), then instead of (4.9), we obtain

�ã ≥ e(dñ,ã)

≥ d2
ñ,ãã

(
1
2
kwëk2

X �
1

pi + 1
dpi�1
ñ,ã kwëkpi+1

pi+1 +
�
C2 + o(1)

� 1
q + 1

dq�1
ñ,ã kwëkq+1

q+1

� o(1)
nX

k≥m+1, k Â≥i
dpk�1
ñ,ã

1
pk + 1

kwëkpk+1
pk+1 + o(1)

mX
k≥2

dpk�1
ñ,ã

1
pk + 1

kwëkpk+1
pk+1

)
.

Then it is easy to see that neither the case where dñ,ã ! 0 nor the case where dñ,ã !1
occur. Hence, Lemma 4.3 holds under the condition (B.2). Moreover, to obtain (5.11),
Lemma 4.3 and Lemma 4.4 were used, and we find that these lemmas were proved with-
out using the condition for ñ1. Hence, (5.11) also holds under the condition (B.2). Then
we see that

(6.2)
D :≥

(
a Ù 0 : there exists a subsequence of f(ñ,ã)g such that

ï(ñ,ã)Û
²
ã

2(pi�q)
pi+3 ñ

q+3
pi+3

i

¦
! a

)
Â≥ ;.
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We shall show that D ≥ fC4g. Let a1 2 D. We put

ë ≥ ëñ :≥ (ñ1Ûñi)
1

pi�q , ú ≥ úñ :≥ ñ1Û2
1 ë q�1

2 , s :≥ úx, zñ,ã(s) :≥ ë�1u(ñ,ã, x).

Then by (1.1), we see that zñ,ã satisfies

(6. 3)

z00ñ,ã(s) + zpi
ñ,ã � zq

ñ,ã �
mX

k≥2
ñkëpk�1ú�2zñ,ã(s)pk +

nX
k≥m+1, k Â≥i

ñkëpk�1ú�2zñ,ã(s)pk

≥ ï(ñ,ã)ëq�1ú�2zñ,ã(s)q, �ú Ú s Ú ú,
zñ,ã(s) Ù 0, �ú Ú s Ú ú, zñ,ã(šú) ≥ 0.

We obtain by (1.9) and (6.2) that for b1 :≥ a1ÛC2

(6. 4) ï(ñ,ã) ≥
�
b1 + o(1)

�
ñ1.

LEMMA 6.1. Assume that a sequence f(ñ,ã)g ² E satisfies (B.2). Then for 2 � k �
n (k Â≥ i)

(6.5) ï(ñ,ã)ëq�1ú�2 ≥ b1 + o(1) ! b1,

ñkëpk�1ú�2 ! 0.

PROOF. The first assertion is a direct consequence of (6.4). Further, we obtain by
(1.7) and (1.9) that for 2 � k � n (k Â≥ i)

(6. 6) ñkëpk�1ú�2 ≥ ñkñ
�

pk�q
pi�q

i ñ
pk�pi
pi�q

1 � Cñkã
2(pk�pi)

pi+3 ñ�
pk +3
pi+3

i ! 0.

Thus the proof is complete.
By repeating the same arguments as those used in Lemma 5.4–Lemma 5.6, we see

from (6.3) and (6.4) that if f(ñ,ã)g ² E satisfies (B.2), then zñ,ã(s) ! z(s) uniformly on
any compact subsets in R, and furthermore, zñ,ã(s) ! z(s) in Lpk+1(R), Lq(R), where z(s)
is the ground state solution of the following equation

(6.7)

z00(s) + z(s)pi � b2z(s)q ≥ 0, s 2 R,

z(s) Ù 0, s 2 R,

lim
jsj!1

z(s) ≥ 0,

where b2 :≥ b1 + 1. By definition, we have

(6.8)
ku(ñ,ã, Ð)kq+1

q+1 ≥ ëq+1ú�1kzñ,ãkq+1
q+1 ≥ ñ

2q+3�pi
2(pi�q)

1 ñ�
q+3

2(pi�q)

i kzñ,ãkq+1
q+1,

ku(ñ,ã, Ð)kpk +1
pk +1 ≥ ëpk+1ú�1kzñ,ãkpk+1

pk+1 ≥ ñ
2pk+3�pi
2(pi�q)

1 ñ�
2pk+3�q
2(pi�q)

i kzñ,ãkpk+1
pk+1.
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Then we obtain by (2.3), (6.4) and (6.8) that

�
b1 + o(1)

�
ñ1ñ

2q+3�pi
2(pi�q)

1 ñ�
q+3

2(pi�q)

i kzñ,ãkq+1
q+1

≥ 2ã +
pi � 1
pi + 1

ñiñ
2pi+3�pi
2(pi�q)

1 ñ�
2pi+3�q
2(pi�q)

i kzñ,ãkpi+1
pi+1

� q� 1
q + 1

ñ1ñ
2q+3�pi
2(pi�q)

1 ñ�
q+3

2(pi�q)

i kzñ,ãkq+1
q+1

�
mX

k≥2

pk � 1
pk + 1

ñkñ
2pk+3�pi
2(pi�q)

1 ñ�
2pk+3�q
2(pi�q)

i kzñ,ãkpk+1
pk+1

+
nX

k≥m+1, k Â≥i

pk � 1
pk + 1

ñkñ
2pk+3�pi
2(pi�q)

1 ñ�
2pk+3�q
2(pi�q)

i kzñ,ãkpk+1
pk+1;

that is,

(6. 9)

(
b1+

q� 1
q + 1

+ o(1)
)
kzñ,ãkq+1

q+1 �
pi � 1
pi + 1

kzñ,ãkpi+1
pi+1

≥ 2ãñ�
pi+3

2(pi�q)

1 ñ
q+3

2(pi�q)

i

�
mX

k≥2

pk � 1
pk + 1

ñkñ
pk�pi
pi�q

1 ñ�
pk�q
pi�q

i kzñ,ãkpk+1
pk+1

+
nX

k≥m+1, k Â≥i

pk � 1
pk + 1

ñkñ
pk�pi
pi�q

1 ñ�
pk�q
pi�q

i kzñ,ãkpk+1
pk+1.

Hence, by passing to the limit in (6.9), we obtain by (1.9) and (6.6) that

(6. 10)
�

b1 +
q� 1
q + 1

�
kzkq+1

q+1 �
pi � 1
pi + 1

kzkpi+1
pi+1 ≥ 2C

�
pi+3

2(pi�q)

2 .

Hence, it is necessary to investigate kzkq+1 and kzkpi+1 precisely. To do this, we recall
some properties of z. Similar to (5.3) and (5.4), we have

(6. 11) z(0) ≥ í :≥
� (pi + 1)b2

q + 1

� 1
pi�q

, z(t) ≥ z(�t), t 2 R, z0(t) � 0, t ½ 0,

(6. 12)
1
2

z0(t)2 +
1

pi + 1
z(t)pi+1 � 1

q + 1
b2z(t)q+1 ≥ 0, t 2 R.

LEMMA 6.2. Let z be the ground state solution of (6.7). Then

(6. 13) kzkq+1
q+1 ≥

2
pi � q

vuut (q + 1)ô
2b2

í q+3
2

Γ
�

q+3
2(pi�q)

�
Γ
�

pi+3
2(pi�q)

� ,

(6. 14) kzkpi+1
pi+1 ≥

(pi + 1)(q + 3)b2

(pi + 3)(q + 1)
kzkq+1

q+1.
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PROOF. By (6.11) and (6.12), we obtain for t ½ 0

(6. 15) z0(t) ≥ �z(t)

vuut 2b2

q + 1
z(t)q�1 � 2

pi + 1
z(t)pi�1.

Then by putting w ≥ z(t), y ≥ í�1w ≥ sin
2

pi�q x and using (6.15) we obtain

1
2
kzkq+1

q+1 ≥
Z 1

0
z(t)q Ð z(t) dt

≥ Z 1

0
z(t)q �z0(t)r

2b2
q+1 z(t)q�1 � 2

pi+1 z(t)pi�1
dt

≥
vuutq + 1

2b2

Z í

0

w
q+1

2p
1� íq�pi wpi�q

dw

≥
vuutq + 1

2b2
í q+3

2

Z 1

0

y
q+1

2p
1� ypi�q

dy

≥
vuutq + 1

2b2

2
pi � q

í q+3
2

Z ôÛ2

0
sin

2q+3�pi
pi�q x dx

≥
vuutq + 1

2b2

pô
pi � q

í q+3
2

Γ
�

q+3
2(pi�q)

�
Γ
�

pi+3
2(pi�q)

� .

Thus, we obtain (6.13). Similarly, we obtain

(6. 16)

1
2
kzkpi+1

pi+1 ≥
vuutq + 1

2b2

p
2

pi � q
í 2pi+3�q

2

Γ
�

q+3
2(pi�q) + 1

�
Γ
�

pi+3
2(pi�q) + 1

�

≥ (pi + 1)(q + 3)b2

(pi + 3)(q + 1)

vuutq + 1
2b2

pô
pi � q

í q+3
2

Γ
�

q+3
2(pi�q)

�
Γ
�

pi+3
2(pi�q)

�

≥ (pi + 1)(q + 3)b2

2(pi + 3)(q + 1)
kzkq+1

q+1.

Thus, (6.14) follows from (6.17).

Now we are ready to prove Theorem 2.2.

PROOF OF THEOREM 2.2. Now, a simple calculation with the aid of (6.10), (6.13)
and (6.14) shows that x ≥ a1 satisfies:

(6. 17)
2

(pi + 3)(q + 1)
f(2q + 3� pi)x� 2(pi � q)C2g ≥ L1(x + C2)�

2q+3�pi
2(pi�q) ,

where L1 Ù 0 is defined in (2.8). Since 2q + 3�pi, pi�q Ù 0, it is clear that the positive
solution x ≥ C4 of equation (6.17) uniquely exists. Hence, we obtain that a1 ≥ C4.
Now, full assertion follows from a standard compactness argument. Thus the proof is
complete.
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7. Proof of Theorem 2.3. Let

Vñ,ã :≥
²

v 2 X :
1
2
kvk2

X

+
mX

k≥1

1
pk + 1

ñkñ
�

pk�1
pi�1

i kvkpk+1
pk+1 �

nX
k≥m+1

1
pk + 1

ñkñ
�

pk�1
pi�1

i kvkpk+1
pk+1 ≥ �ãñ

2
pi�1

i

¦
.

Since u(ñ,ã, x) 2 Nñ,ã, we see that vñ,ã(x) :≥ ñ1Û(pi�1)
i u(ñ,ã, x) 2 Vñ,ã. Using (1.1), we

find that vñ,ã satisfies the following equation:

(7.1)

v00ñ,ã(x) �
mX

k≥1
ñkñ

�
pk�1
pi�1

i vñ,ã(x)pk +
nX

k≥m+1
ñkñ

�
pk�1
pi�1

i vñ,ã(x)pk

≥ ï(ñ,ã)ñ�
q�1
pi�1

i vñ,ã(x)q, x 2 I,

vñ,ã(x) Ù 0, x 2 I,

vñ,ã(š1) ≥ 0.

LEMMA 7.1. Assume that f(ñ,ã)g ² E satisfies (B.3). Then kvñ,ãkq+1 � C.

PROOF. We choose u0 2 X (u0 Â� 0) and define a function m(t) for t ½ 0 by:

m(t) :≥ 1
2

t2ku0k2
X +

mX
k≥1

1
pk + 1

ñktpk+1ku0kpk+1
pk+1 �

nX
k≥m+1

1
pk + 1

ñktpk+1ku0kpk+1
pk+1.

Since m(0) ≥ 0 and m(t) ! �1 as t !1, we have

Gñ,ã :≥ ft Ù 0 : m(t) ≥ �ãg Â≥ ;.

Let tñ,ã ≥ infft Ù 0 : t 2 Gñ,ãg. Then m(tñ,ã) ≥ �ã, namely, tñ,ãu0 2 Nñ,ã, and by
definition, m(t) Ú �ã implies that tñ,ã Ú t. We see from (1.11) that m(t) Ú �ã implies:

(7. 2)

1
2
ku0k2

X �
1

pi + 1
ñit

pi�1ku0kpi+1
pi+1 +

mX
k≥1

1
pk + 1

ñktpk�1ku0kpk+1
pk+1

�
nX

k≥m+1, k Â≥i

1
pk + 1

ñktpk�1ku0kpk+1
pk+1

≥ 1
2
ku0k2

X �
1

pi + 1

�
tñ

1
pi�1

i

�pi�1ku0kpi+1
pi+1

+
mX

k≥1

1
pk + 1

ñkñ
�

pk�1
pi�1

i

�
tñ

1
pi�1

i

�pk�1

�
nX

k≥m+1, k Â≥i

1
pk + 1

ñkñ
�

pk�1
pi�1

i

�
tñ

1
pi�1

i

�pk�1 Ú �ãt�2.

For C × 1, we put t ≥ Cñ�
1

pi�1

i . Then it follows from (1.11) and (7.2) that

(7. 3)

1
2
ku0k2

X �
1

pi + 1
Cpi�1ku0kpi+1

pi+1 + o(1)
mX

k≥1
Cpk�1 � o(1)

nX
k≥m+1, k Â≥i

Cpk�1

Ú �ãñ
2

pi�1

i C�2.
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Therefore, we obtain that tñ,ã � Cñ�
1

pi�1

i . Now, by using (2.2), we obtain

(7. 4)
1

q + 1
ku(ñ,ã, Ð)kq+1

q+1 �
1

q + 1
tq+1
ñ,ãku0kq+1

q+1 � Cñ�
q+1

pi�1

i .

Thus the proof is complete.

LEMMA 7.2. Assume that f(ñ,ã)g ² E satisfies (B.3). Then kvñ,ãkX � C.

PROOF. Since vñ,ã 2 Vñ,ã, we obtain by (1.11), (3.5) and Lemma 7.1 that

(7. 5)

kvñ,ãk2
X �

2
pi + 1

kvñ,ãkpi+1
pi+1 +

nX
k≥m+1, k Â≥i

2
pk + 1

ñkñ
�

pk�1
pi�1

i kvñ,ãkpk+1
pk+1

� Ckvñ,ãk(pi+1)(1�çk)
q+1 kvñ,ãk(pi+1)çk

X

+ o(1)
nX

k≥m+1, k Â≥i

2
pk + 1

kvñ,ãk(pk+1)(1�çk)
q+1 kvñ,ãk(pk+1)çk

X

� Ckvñ,ãk
2(pi�q)

q+3

X + o(1)
nX

k≥m+1, k Â≥i
kvñ,ãk

2(pk�q)
q+3

X ,

where çk ≥ 2(pk�q)Ûf(pk+1)(q+1)g. Since we know from (1.2) that 2(pk�q)Û(q+3) Ú 2
for 1 � k � n, our assertion follows from (7.5). Thus the proof is complete.

LEMMA 7.3. Assume that f(ñ,ã)g ² E satisfies (B.3). Then kvñ,ãkq+1 ½ C.

PROOF. By Sobolev’s embedding theorem, (3.5) and Lemma 7.2

kvñ,ãk2
q+1 � Ckvñ,ãk2

X

� Ckvñ,ãkpi+1
pi+1 + o(1)

nX
k≥m+1, k Â≥i

kvñ,ãkpk+1
pk+1

� Ckvñ,ãk
(q+1)(pi+3)

q+3

q+1 kvñ,ãk
2(pi�q)

q+3

X

+ o(1)
nX

k≥m+1, k Â≥i
kvñ,ãk

(q+1)(pk+3)
q+3

q+1 kvñ,ãk
2(pk�q)

q+3

X

� Ckvñ,ãk
(q+1)(pi+3)

q+3

q+1 + o(1)
nX

k≥m+1, k Â≥i
kvñ,ãk

(q+1)(pk+3)
q+3

q+1 ;

that is,

(7. 6) 1 � Ckvñ,ãk
piq+pi+q�3

q+3

q+1 + o(1)
nX

k≥m+1, k Â≥i
kvñ,ãk

pkq+pk+q�3
q+3

q+1 .

Since pkq + pk + q� 3 Ù 0 (1 � k � n) by (1.2), we obtain our conclusion.
We introduce the uniqueness lemma of the minimizer of the problem (2.10).
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LEMMA 7.4 ([5, PROPOSITION 3.9]). There uniquely exists the minimizer v0 of the
problem (2.10).

Next, we shall show that vñ,ã ! v0 in X. Let

(7. 7) T(ñ,ã) :≥ inf
v2Vñ,ã

kvkq+1
q+1(≥ kvñ,ãkq+1

q+1), T0 :≥ inf
v2V0

kvkq+1
q+1.

LEMMA 7.5. Assume that f(ñ,ã)g ² E satisfies (B.3). Then lim sup T(ñ,ã) � T0.

PROOF. We define sñ,ã Ù 0 by sñ,ãv0 2 Vñ,ã. We shall show that sñ,ã ! 1. By
definition of sñ,ã and the fact that v0 2 V0, we have

(7. 8)

1
2
kv0k2

Xs2
ñ,ãf1� spi�1

ñ,ã g +
mX

k≥1

1
pk + 1

ñkñ
�

pk�1
pi�1

i spk+1
ñ,ã kv0kpk+1

pk+1

�
nX

k≥m+1, k Â≥i

1
pk + 1

ñkñ
�

pk�1
pi�1

i spk+1
ñ,ã kv0kpk+1

pk+1

≥ �ãñ
2

pi�1

i ,

that is,
1
2
kv0k2

Xs2
ñ,ã +

mX
k≥1

1
pk + 1

ñkñ
�

pk�1
pi�1

i spk+1
ñ,ã kv0kpk+1

pk+1 + ãñ
2

pi�1

i

≥ 1
2
kv0k2

Xspi+1
ñ,ã +

nX
k≥m+1, k Â≥i

1
pk + 1

ñkñ
�

pk�1
pi�1

i spk+1
ñ,ã kv0kpk+1

pk+1.

This along with (1.10) and (1.11) implies that sñ,ã � C. Next, assume that there exists a
subsequence of fsñ,ãg such that sñ,ã ! 0. Then we obtain by (7.7) that

kvñ,ãkq+1
q+1 ≥ T(ñ,ã) � ksñ,ãv0kq+1

q+1 ! 0.

This is a contradiction, since we have Lemma 7.3. Hence, C�1 � sñ,ã � C. Then it
follows from (1.10), (1.11) and (7.8) that sñ,ã ! 1. Now,

(7. 9) T(ñ,ã) ≥ kvñ,ãkq+1
q+1 � sq+1

ñ,ãkv0kq+1
q+1 ≥ sq+1

ñ,ãT0.

By passing to the limit in (7.9), we obtain our assertion.

LEMMA 7.6. Assume that f(ñ,ã)g ² E satisfies (B.3). Then vñ,ã ! v0 in X.

PROOF. By Lemma 7.2, we can extract a subsequence of fvñ,ãg such that vñ,ã ! v1
weakly in X, strongly in C(I), Lpk+1(I), Lq+1(I). By Lemma 7.3, we see that v1 Â� 0. Since
vñ,ã 2 Vñ,ã, it follows from (1.10), (1.11), (7.1) and Lemma 7.2 that

(7. 10)

ï(ñ,ã)ñ� q�1
pi�1 ≥ 2ãñ

2
pi�1

i + pi�1
pi+1 kvñ,ãkpi+1

pi+1 + h(ñ,ã)

kvñ,ãkq+1
q+1

! C5

≥ pi � 1
pi + 1

kv1kpi+1
pi+1

kv1kq+1
q+1

,
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where

h(ñ,ã) :≥ �
mX

k≥1

pk � 1
pk + 1

ñkñ
�

pk�1
pi�1

i kvñ,ãkpk+1
pk+1

+
nX

k≥m+1, k Â≥i

pk � 1
pk + 1

ñkñ
�

pk�1
pi�1

i kvñ,ãkpk+1
pk+1.

We shall show that v1 2 V0. By (1.11), (7.1) and (7.10), v1 is a weak solution of the
following equation, namely, for † 2 X

(7. 11) � Z
I
v01(x)†0(x) dx +

Z
I
v1(x)pi†(x) dx ≥ C5

Z
I
v1(x)q†(x) dx.

Multiplying (7.1) by vñ,ã along with integration by parts, we have

(7. 12)

kvñ,ãk2
X ≥ F(ñ,ã, vñ,ã) :≥ �

mX
k≥1

ñkñ
�

pk�1
pi�1

i kvñ,ãkpk+1
pk+1

+
nX

k≥m+1
ñkñ

�
pk�1
pi�1

i kvñ,ãkpk+1
pk+1 � ï(ñ,ã)ñ�

q�1
pi�1

i kvñ,ãkq+1
q+1.

We put † ≥ v1 in (7.10). Then we obtain by (1.11), (7.10) and (7.12) that

kv1k2
X ≥ kv1kpi+1

pi+1 � C5kv1kq+1
q+1 ≥ lim F(ñ,ã, vñ,ã) ≥ lim kvñ,ãk2

X.

Hence, vñ,ã ! v1 in X and this implies that v1 2 V0. Now, it follows from Lemma 7.5
that

(7. 13) T0 � kv1kq+1
q+1 ≥ lim kvñ,ãkq+1

q+1 � T0.

This along with Lemma 7.4 implies that v1 � v0. Now full assertion follows from a
standard compactness argument. Thus the proof is complete.

PROOF OF THEOREM 2.3. Theorem 2.3 follows immediately from (7.10) and
Lemma 7.6.
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