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Real Interpolation with Logarithmic Functors
and Reiteration

W. D. Evans and B. Opic

Abstract. 'We present “reiteration theorems” with limiting values # = 0 and § = 1 for a real interpolation
method involving broken-logarithmic functors. The resulting spaces lie outside of the original scale of spaces
and to describe them new interpolation functors are introduced. For an ordered couple of (quasi-) Banach
spaces similar results were presented without proofs by Doktorskii in [D].

1 Introduction

Let (Xo,X;) be a compatible couple of (quasi-) Banach spaces. The interpolation space
Xoggn = (Xo, X1)g,gn (with a “broken logarithmic” functor) is the set of functions f &
Xo + X such that

(1.1) [ fllogn = [lE7 07565 OK(f, 15 X0, X))

|4,(0,00) < 00
Here 6 € [0,1],q € (0,00], A = (g, @s0) € R?,

) = (1+|logt)h™, re(0,1]
(1 +]logt)=, € (1,00),

K is the Peetre K-functional, and || - |[4,(0,00) is the usual L-(quasi-) norm on the interval
(0,00). A very important feature of the scale of spaces (X, X;)gga, resulting from the
logarithmic terms involved in their (quasi-) norms, is that these spaces are well-defined
also for # = 0 and § = 1 (¢f. Theorem 2.2 and Corollary 2.3 below).

Assume now that (Xp, X;) and (Yy, Y;) are two compatible couples and that 0 < 6y <
01 S I, 0 S wo; ¢1 S I, wo 7é 'lplr 0 < [071]) 0 < qo,491,9> To, 11 S 00, andA\i =
(o, ®iso)s Bi = (Bio, Biso)s A = (a, ase) € R? (i = 0,1). Moreover, let T be a linear or
quasilinear (in the sense of [S]) operator such that

T: Xao-,%ﬂo - YY/’OJU;BN

T: X017q1§A1 — le,ﬁﬂ[gl
(here the notation T: X — Y means that T is bounded from X into Y'). Then

(1.2) T: (XQO,qO;A\OaXﬁl,qI;AI )G,q;A\ — (onsfoﬂ[gov lemﬂ[gl)a,q'f\\
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Real Interpolation 921

(this holds even if spaces involved are trivial; for conditions which ensure that such spaces
are nontrivial we refer to Theorem 2.2, Corollary 2.3, Theorem 2.4 and Corollary 2.5 be-
low).

A problem of fundamental importance is the identification of spaces involved in (1.2).
In the case when 6y,0,,0 € (0,1) the identification of interpolation spaces
(X0o,q010 > X01,01501 )0, 1s known (cf. [EOP] and references given therein) and is given by
the reiteration formula

(13) (XGO,qO;A\O 3 Xel,ql;A\l )G,q;A\ = (X07 Xl )0’,q;A\/7

where
' =(1—-0)0,+06, and A’ = (1—0)A,+0A; +A.

In practice (especially in connection with certain limiting inequalities in analysis—cf.
[Mi]) it is often important to understand the behaviour of T on spaces which are close to
Xy,q0:0 OF X, g3, - This means that we need to identify the spaces

(1.4) (Xe()ﬂO;A\O’Xalaq;A\l)aﬂ;A\ withf =0orf = 1.

Note that in the case where the space Xg, 4, OF Xp,5,;a,> respectively, is replaced by X,
or Xj, such an identification was obtained in [EOP]. In the situation where X; C X,
similar results were presented without proofs in [D]; some particular cases of [D] had been
investigated earlier in [GM] and [B].

Although the scale of spaces (Xy, X;)g,gn is a particular case of (X, X;),,4, where p =
p(t) is the so-called function parameter (¢f. [Kal], [G], [He], [Me 1, 2], [Per], etc.), the
results presented in the mentioned literature do not cover the situation described in (1.4).
Indeed, to get the reiteration formula involving

(ng.,qo ’ Xpl »q1 )M’

where pg, p; and p are function parameters, the authors of these papers impose on p as-
sumptions which imply that the Matuszewska-Orlicz indices associated to p belong to the
interval (0, 1) (c¢f. [EOP]). Consequently, the case described in (1.4) is excluded.

The aim of this paper is to fill this gap and identify the spaces which appear in (1.4)
provided that 0 < 0y < 0; < 1and @ = 0 or § = 1. In order to do this a new class of
(quasi-) Banach spaces is introduced (based on ones appearing in [D] in the case X; C Xj),
and its relation to the scale of spaces Xj,; a is analysed in detail. The identification of the
spaces in (1.4) when X; C X was stated (without proof) in [D]. In this context we should
mention that general reiteration results of [DO], [N] and [BK] imply that

% % 7K
(Xﬁo-,%;A\o » X0, AL )G,q;A\ = Xg,

where || f|[xx = [[K(f, £ X0, X1) o with

® = (Lpy 005 Lprgia Joga, pi = (1—0)7", i=0,1.
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This means that the problem of identifying the spaces in (1.4) can be reduced to the special
case of couples of Lorentz-Zygmund spaces. However, it will be apparent from our solution
below that such a reduction does not make the proofs any easier.
To illustrate our results, for 0 < 6 < 1,0 < ¢q,r < o0 and A = (g, @), B =
(B0, Boo) € R, let
Xﬁ%r,]Bi,q,A\ = (Xo, Xl)g;r,lBﬁ,q,A\

be the family of all functions f € X, + X; satisfying || f|

Li6rB.gA < 00, where

1 _p—1
15) I fllesmsan = I @771 DK, 75 X0, X0 |00 10,00 -

We prove (Theorem 5.3) that
% % L
(16) (Xeuy%;/:\\o ) X01 A )an;A\ = XOO;q,A\JrA\O,qO,A\O

provided that 0 < 6y < 6, < 1,0 < qo,q1,9 < 00, A; = (o, iw) € R? (i = 0, 1), and
A = (ap, @oo) € R? is such that

Ooo S0< o ifg=¢gy=00

or

1 .
Qoo + = <0< ap+— if max{q,qo} < oco.
q q
If, moreover, g = qo, then (cf. Corollary 5.4)
r _
Xusaatao0t = Koo qiatao 1>

which means that the resulting space in (1.6) is a space of the original scale X 5. In general
(¢f. Theorems 4.7 and 4.10), we have the natural embeddings

<L

Xopgrtnor —— = Xga Athogoto ™ Xo.gAtAe+

min{gdo } n X90 ,max{q,q0 };A+Ao+ % .

1
max{q.q0 }

The formula (1.6) exhibits a certain kind of stability since the resulting space in (1.6) is
independent of the parameters involved in the space Xp, 4,;a,; note also that the same result
is obtained if the space Xy, 4,;1, in (1.6) is replaced by X, (Theorem 5.7).

In the case when Xy = L'(2), X; = L®(Q) withQ CR", 1 < p < 00,0 < ¢q,r < 00,
0=1-— %, and A, B € R?,

L _ 1L
XO;r,]B,qA - Lp;r,]B,q,A(Q)v

where the latter space is the collection of all measurable functions f on {2 satisfying

677 =A@ |77~ ) f*(7)

|q7(0-,t) ||r,(o,oo) < 00

(¢f. Lemma 8.5); f* stands for the non-increasing rearrangement of f. The space
Lﬁ;r’]& 4 (€2) is the Lorentz-Zygmund space L, 5,1 (€2) (for the precise definition see Sec-
tion 8) when r = g and

Boo — Qoo S0< By —ap ifr=o00
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or
1 |
Boo — Qoo+ = <0< By —ap+— ifr<oco.
r r

Similar results are obtained for spaces (Xﬁo,qo;A\o) Xel,ql;A\l )14 (cf. Section 6).

The method of this paper can be used in the situation when the function ¢ (¢) involved
in the (quasi-) norm (1.1) is replaced by H1m:1 6’?\"(1‘), where £,(t) = £(t), £j1(t) = 1+
log¢;(t)if j > 1,and A; = (i, i) € REi=1,... ,m.

The paper is organized as follows. Section 2 contains the basic definitions and prelim-
inaries, while in Section 3 we present weighted inequalities which are applied in Sections
4-8 to get the desired results. Embedding theorems for spaces X&R’ g are derived in Sec-
tion 4. Section 5 is devoted to the reiteration formula (1.6) involving spaces of the scale
X(,L;,’B’ 4> While spaces Xg?,’]& o4 are defined in Section 6, which are of significance in the reit-
eration (1.4) with § = 1. In Section 7 we explain how to obtain from our general results the
corresponding ones in [D] for an ordered couple of (quasi-) Banach spaces; applications
are contained in Section 8.

2 Notation and Preliminaries

Let E be a measurable subset of R” (with respect to n-dimensional Lebesgue measure), and
denote its measure by |E| and its characteristic function by xg. The set of all non-negative
measurable functions on E is denoted by M*(E); when E = (a,b) C R we simply write
M*(a,b). By M*(a,b;]) we mean the subset of M*(a, b) consisting of non-increasing
functions on (a, b), and M* (4, b; 1) is defined analogously. The set W (0, 0o) of all weights
on (0, 00) is defined by

W(0, 00) := {w € M"(0,00) : 0 < w < oo a.e. on (0,00)}.

We write A < Bif A < ¢B for some constant ¢ which is independent of significant quantities
involved in expressions A and B, and A ~ Bif A < Band B < A. We use the convention
1/oo = 0and co/a = oo for 0 < a < oo, and for 0 < q < oowedeﬁneq’byq—l, + é =1
when g # 1, and g’ = +o0o when g = 1; note that ¢’ < 0 when 0 < g < 1.

We understand by T: X — Y that the operator T is bounded from X to Y, where X
and Y are (quasi-) normed spaces; hence ||Tf|ly < ||fl|lx forall f € X. The symbol < in
X < Y means that X is continuously embedded in Y; hence || f|ly < ||f|lx forall f € X.

Throughout the paper the spaces Xy, Xi, Yo, Y; are (quasi-) Banach spaces (see [Pi]). We
say that (Xo, X;) is a compatible couple if there is a Hausdorff topological vector space into
which each of X;, X; is continuously embedded. The Peetre K-functional K(f, t; Xp, X;) is
defined for f € X + X; and t > 0 by

K(f, X0, X1) = inf{{[ follx, + ¢l fillx, }

where the infimum is over all representations f = fy+ f; with fy € X, fi € Xj. Itis known
that K(f,t; X, X;) is non-decreasing, and t 'K ( f, t; X, X;) non-increasing in t; see [BS].
If there is no danger of confusion, we shall simply write K( f, ) instead of K(f,t; Xy, X1).
We write A = (ap, @) € R? for an ordered pair of real numbers, and use the con-
vention A + 0 = (g + 0,000 + 0), A+ B = (ag + By, o + Boo) for o € R and
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B = (60,000) € RE IfA = (ap, o) and g = aoe = «, we write the logarithmic
function £ (t) appearing in (1.1) as £*(t).

The spaces which feature in this paper have already been defined in Section 1: for 0 <
r,q < oo,6 € [0,1] and A, B € R?,

(2.1) Xogn = (Xo, X1)ogn = {f € Xo + X1 : [ flloga < oo}

where || f||9,a is given by (1.1), and

(2.2) Xﬂ%r,l[%ﬁ,q,}\\ = (Xoﬁxl)en;m&q,;\\ = {f €EXot+Xi: HfHL;G;r-,Byq-,r’\\ < OO}

where || f||z0:8,9,a is defined in (1.5).
It is readily seen that Xy gn and Xz, ;, g are (quasi-) normed spaces. We establish their
completeness in our first theorem.

Theorem 2.1 Let Xy, X, be quasi-Banach spaces. Then, for 6 € [0,1], 0 < r,q < oo,
A, B € R, the spaces Xy gn, X7, , o are quasi-Banach spaces.

Proof The proof in the case when Xy, X; are Banach spaces and r,q € [1, oco] essentially
follows that in [BS, Chapter 5, Proposition 1.8]. The modifications necessary in general are
based on the following observations.

We first recall that the quasi-norm || - ||x on a quasi-normed space X is equivalent to
a p-norm for some p € (0, 1], that is a quasi-norm ||| - ||| say which is such that ||| - |||?
satisfies the triangle inequality. It is readily seen that a p-norm || - ||| is also an s-norm for
any s € (0, p). For a space X with a p-norm ||| - |||, it is known that X is complete if and only
if the following implication holds for f, € X,n =1,2,...:

(o) (o) p (o)

23) SO < oo = || S]] = oA
n=1 n=1 n=1

(see [Pi, B1.6, page 17]).

Next, let X;, i = 1,2, be quasi-Banach spaces with quasi-norms || - ||;, i = 1,2, respec-
tively, which are equivalent to p;-norms ||| - ||; for some p; € (0,1], i = 1,2, and put
p = min{py, p1}. Then ||| - ||l;» i = 1,2 are both p-norms, and X, + X; is a p-space with
p-norm defined by
(2.4) I flxyex == inf Ll folllo + [l il }

f=fth
fi€Xi
which is equivalent to the standard norm || - ||x,+x,. The functional

> o Py p P
K(f,1): legfrﬁ{‘”f(ﬂ”o + (Al

fiEex;

is readily seen to satisfy the triangle inequality for all ¢ € (0, 00), and

RC,t) &~ |- 1%y,
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Finally, on using the equivalence of || - ||x, and || - ||l;> and the fact that for p € (0, 1] and
ay, dp Z 0)
(a1 +a2)? < af +af <2'7P(ar +ar)?,

it follows that for all f € X, + X; and ¢ € (0, 00)
(2.5) K(f,t) = [K(f,1)]?,

the constants of equivalence being independent of f and z.
The argument in [BS, Chapter 5, Proposition 1.8] can now be modified as follows. We
sketch the proof for X&n BgA (assuming r, q < 00) that for X ;.5 being similar. Write

Hin;O;r,]P&,qA = ||¢F(f, ‘)”r/p.,(O,oo)v
where
W) =170, F(f, 0 = (6K, lajpons  $(r) =7 70007,
and choose p € (0, min{py, p1,1,q}]. The Riesz-Fisher property (2.3) is applied suc-
cessively in L'/P ((0,00);’4[1’/1’ dt), Lq/P((O,t);gbq/P dT) and X, + X; with the p-norm

Il - llxy+x, = K(-, ) for each t € (0, 00) to give the result. ]

. . . . Ve L . .
An important question is, when are Xy g5 and X7, | , intermediate spaces between X,

and X, that is
(26) XoNX; — Xgﬂ;A\ — Xy + Xl,
(2.7) Xo N X1 = Xgpan = Xo + X1

The answer for (2.6) is given in [EOP, Theorem 2.2 and Corollary 2.3] and, for convenience,
we mention it here.

Theorem 2.2 ([EOP, Theorem 2.2]) Let0 < 0 < 1,0 < q < oo, and A = (ay, aso) € R%

(i) The space (Xo, X1)g,qn is an intermediate space between Xy and X, provided that one of
the following conditions is satisfied:

(2.8) 6 € (0, 1);
1

(2.9) =0, ae+—-<0;
q

(2.10) 0=0, g=00, Qo =0;
1

(2.11) =1, ay+—- <0
q

(2.12) =1, g=o00, ay=0.

(ii) If none of the conditions (2.8)—(2.12) holds, then (Xo, X1)o,qn is a trivial space, that is
(X07X1 )G,q;A\ = {0}
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Corollary 2.3 ([EOP, Corollary 2.3]) If X, N X, # {0}, then the following statements are
equivalent:

(i)  (Xo,X1)oqn is an intermediate space between X, and X,;

(11) (X07 X )G,q;A\ 7& {0};
(iii) one of the conditions (2.8)—(2.12) holds.

We now give the answer for (2.7).
Theorem 2.4 Let0 <0 < 1,0 < q,r < oo, and A = (ap, @so), B = (6o, Boo) € R

(i) The space XQL;K]B; g 15 an intermediate space between X, and X, provided that one of the
following conditions is satisfied:
I 0 < gq,r < oo and either

1
0<d<1, ﬂw—am+;<0

or
1 1 1
0=0, ap+->0, Bo+-—+-<0
q q T
or
1 1
0=0, Qot+-—<0, foo—Qx+—-<0
q 2
or

1 1 1 1
0=1, ay+-<0, Bo+—-+-<0, Poo—Qxp+—<0;
q q r r

II. g = 00,0 < r < 0o and either

1
0<0<1, fBoo—Qut+t—-<0
r

or
=0, o >0, ﬁm+%<o
or
=0, axn<DO, ﬁm—aw+%<0
or

1 1
0:1, a0§0, ﬁ0+*<0, Boo*aoo+7<0;
r r
II. 0 < g < o0, r = 00 and either
0<0<1, foo—Qx<0

or

or
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or
1
0=0, 0+ —-—<0, Bo—Qx <0
q

or
1 1
9:17 o+ — <0, 50+7§07 ﬁoofaoog(l
q q

IV. q = 0o, r = 00 and either

0<0<1, Poo—0x<0

or
=0, aw >0, ﬁoo<0
or
0=0, Qx<0, fo—Qx=<0
or

0=1, <0, (<0, foo—x 0.
(ii) If none of the conditions I-IV holds, then XQ%r,]B&, g 18 a trivial space, that is XeLw& GA =
{0}
Proof The proof is similar to that of [EOP, Theorem 2.2] and thus omitted. [ |
Corollary 2.5 If Xy N X; # {0}, then the following statements are equivalent:

. <7 L . . . .
(i) Xorm, A IS an intermediate space between Xy and X, ;

(11) Xé;r,][%,q,A\ 7é {0};
(iii) one of conditions I-IV holds.

Proof It is again omitted since it is similar to that of [EOP, Corollary 2.3]. ]

Other (quasi-) Banach spaces, denoted by Xg;& g Will be defined in Section 6. They
possess similar properties to those of X{f},x&,q,;\\’ and, indeed, are closely related to them.
The superscripts £, R are an indication of the fact that the corresponding spaces give a
descriptions of the reiterations considered in the paper at the left (L) and right (R) end of
the #-range [0,1].

3 Weighted Inequalities

In this section we collect together weighted inequalities which are needed in the rest of the
paper. Some of the results are new, but others are included here (with precise references)
for convenience.

Lemma 3.1 ([EOP, Lemma 4.2 (i)]) Let1 <P < Q < ocoandD = (8, 0ss) € R2. Then
the inequality

t
Hféem’*a(t) / g(T)dTH < (7€ (0)g(6) | po.co)
0 Q,(0,00)
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holds for every g € M* (0, 00) if and only if either
boo < 0 < b,

or
P=1, Q=00 and ds <0<p.

Theorem 3.2 ([L, Theorem 2.2]) Let0 < Q < P <1, P: R, xR, = R, andv,w €
M*(0, 00). Then the inequality

(3.1) [/Ooo (/Ooo ®(x, y)h(y) dy)Pw(x) dx] e [/oo hQ(x)v(x) dx} Ve

0

holds for every h € M™*(0, 003 ) if and only if, for all z > 0,

(3.2) [ /O h ( /0 "o, ) dy>Pw(x) dx} e [ /0 ) dx} Ve

(The constant C in both inequalities is the same.)

Theorem 3.3 ([L, Theorem 2.1]) Let]1 < P < Q< o0, : Ry Xx Ry — Ry, andv,w €
M*(0, 00). Then the inequality

(3.3) [ /0 ~ i) dx} ¢ [ /0 h ( /0 o, h(y) dy) ") dx) v

holds for all h € M* (0, o0s ) if and only if for all z > 0,

(3.4) [ /0 ") dx} "¢ [ /0 h ( /0 “o(x,y) dy)Pw(x) dx} v

(The constant C in both inequalities is the same.)

Lemma 3.4 Lets < (0,1), p,w € W(0, 00) and definev € W (0, 00) by
(3.5) v(y) = w(y)' = [90(}/)/ w(x) dxr, y € (0,00).
y

Then for all h € M*(0, c0),

(3.6) / 1 (0v(x) dx < & / ( / cp(y)h(y)dy)sw(x)dx.
0 0 0
Proof Put
(37) (T = [ bty dy. b e M (0,00, x € (0,00)
0
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We can assume that h € M*(0, 0co) satisfies

(3.8) 0 < [[(Thyw*

5,(0,00) < OO

(otherwise (3.6) with such h holds trivially). Using the identity
X y s—1
amer =s [ ([ oonod) " emmhpdy xe 0,0,
0 0
Fubini’s theorem, and (3.5), we get
69 [ imerweds=s [ ([ 1Imo emho)dy)ue) dx
0 0 0
—s [ TnmF w0 | [ v dy
0 y
—s [ LR 0w ) dy.
0

s—1

As ||(Th)5_1w%' ls.(0,00) = ||(Th)w% (0.00)° (3.8) implies that we can estimate the last
term in (3.9) by Holder’s inequality (which has the reverse form since s € (0, 1)—cf. [A.,,
Theorem 2.6]). Thus,

/ [(Th)(x)[*w(x) dx > s||(ThY ™ W || (0.00) |17+ [ls.0.00)
0
= S (THW* [0 00) 117 150,00 -

Dividing this inequality by ||(Th)w§ j;o{oo) (¢f. (3.8)) and raising it to the power s, we
obtain (3.6). [ |

Lemma 3.5 Let < 1,0 < q < oo, and A = (ap, 0so), B = (B0, Boo) € R2. Then for all
h € M*(0, 005 ),

t
(3.10) ||t(1_9)q€Bq(t)h(t)||°O’(O’°°) < H((JB—A\)q(t)/ T(1—9)q—1€A\q(7-)h(7—) dTH 000
0 0,(0,00

Proof Lett € (0,00) and h € M*(0, 00; }). Then
109" (1) h(t) = LB V() () P90 (1)

~ (M) h(t) / t =01l (r) dr
0
< (M) / t =01 () h(r) dr,
0

which immediately yields (3.10). ]
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Remark 3.6 Note that the right-hand side of (3.10) is infinite if oo —oo > 0and 0 # h €
M*(0, 003 ). Indeed, for such h there is R € (0, oo) satisfying h > x(o.r). Consequently,

e / 001 ) ar|
0

00,(0,00)

t
> H%B*A‘M(t) / T“*"”*lﬁ‘q(r)x(o.m(r)H
0 ’ 00,(R,00)

R
~( / P00 dr ) 68 0)] 10
0

Assuming that B, — @o, > 0, we have
165 79) oo, (R 00) = 00,

and the result follows.

Lemma 3.7 Letf € R, 0 < g < 00, s € (0,1), r = sq, and let A = (ap,000), B =
(Bo, Boo) € R? be such that

1 1
(3.11) Boo — Qoo +— <0< By —ap+ —.
r r

Then for all h € M*(0, 00),

(3.12) / h(o)x 1091 gBar < (1) dxe
0

{1 e a] s e ax
0 0
Proof Let h € M*(0, 00); put
LHS := / ()01 Bt (1 .
0

Using the estimate

1

€J|§11+%(x) ~ KAq(x) (/ y—lé(lBi—A\)r(y) d}/);, x€ (0’ OO),

X

and Minkowski’s (integral) inequality, we obtain

(LHS)® ~ {/oo h(x)x(lfﬁ)qflgz“w\q(x) (/oo yflé(BfA)r(y) dy) 5 dx}s

0 X
[e’e] y s
< / [ / h(x)x(l_a)q_léA\q(x)dx} y HEV () dy
0 0

and (3.12) follows. [ |
Lemma 3.8 ((EOP,Lemma4.1]) Let1 <P < Q< oo, v # 0,andD = (&, 5) € R2.
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(i) The inequality

t
e g S I 00 o
0 »\U,00

holds for every g € M* (0, 00) if and only if v < 0.
(ii) The inequality

e [ g S g0l
t Q,(0,00) ’

holds for every g € M* (0, 00) if and only if v > 0.

Theorem 3.9 ([L, Theorem 2.4]) Let0 < Q < P <1, P: R, xRy = Ry, andv,w €
M*(0, 00). Then the inequality

(3.13) [/Ooo (/OOO ®(x, y)h(y) dy) e dx] " oc [/OOO hQ(x)v(x) dx] Ve

holds for all h € M*(0, 0o; 1) if and only if, for all z > 0,

(3.14) {/000 </00 D(x, y) dy)Pw(x) dx} v < C[/OO v(x) dx] I/Q.

(The constant C in both inequalities is the same.)

Lemma 3.10 Assume that 0 < r < oo and A = (v, 000), B = (B0, 800) € R? are
such that (3.11) holds. Let either 8 € [0,1), or 0 = 1 and ayp < 0 < oo Then for all
h € M*(0, 005 ),

170257 (Oh() || o 0.00) S 1T EAO)T 2L T | oo,00) 150,00 -
Proof For h € M*(0,00;]))and T € [0, 00) put
RHS(T) = ||t~ £5=2(0) |7~ (T)h(T) | oo 00

[r(700)-
Our assumptions imply that for all T € (0, c0),
1712 () || ow 01) & T'4N(T)

and 1 1
#7752 |00y -~ €572 (T).

Consequently, for any T € (0, c0),
RHS(0) > RHS(T) > ||[7' 0% (7) | oo 0.0y ()|t~ €520 7,009
~ T/ 7 (T)h(T)
and the result follows. u

Lemma 3.11 ([EOP, Lemma 4.6 (i)]) Letv € (—1,0),0 < P < 1,P < Q < o0, and
D = (0o, 6oo) € R2. Then the inequality

t
v [ed| S 050 o
0 Q,(0,00)

holds every g € M*(0, 0o; ).
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4 Embeddings

Our objective here is to establish embeddings between spaces of the scales Xy 4 and
Xé&m& gA- More precisely, we prove that (under appropriate assumptions)

5 L
(4.1) KXo ot XbirBga
and
(4.2) X5 — X

. 0;r,B,9,A G,r;]BHWIW} .

We shall start with a simple observation.

Lemma 4.1 Let0 c [0,1] and A = (o, o), B = (8o, Boo) € R? be such that

(4.3) Boo — Qoo <0< By — .
Then
(4.4) Xé‘joo,:s;,oo,;\\ = Xp,com

(and the corresponding norms are equivalent).

Proof Using (4.3), we get

esssup (52 () =~ (52 (7) forall 7 € (0, 00).
T<t<00

Hence, for all f € XQL

;00,B,00,A

| f1l 20500 8,00, = €SSSUP 2572 (¢) esssup T_QKA(T)K(f, T)

0<t<oo o<r<t
= esssup T*GKA\(T)K(f, ) esssup £27A(t)
0<T<00 T<t<00
A esssup T*(’EB(T)K(f, T)
0<T<00
= || fllo,com- m
To deal with other cases, it will be useful to rewrite (1.5). Let 0 < g < 00,0 < r < 00
and set
(4.5) s=r/q
and
(4.6) g(r) = [r "I DK(f, T, T € (0,00),
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Then we can rewrite (1.5) as

5,(0,00)

t
(47) 1 g = [ 10) [ gtrrar
0

Lemma 4.2 Let6 € [0,1), A = (o, @0 ), B = (B9, Bos) € R?, and either

(4.8) 0<gqg<r<oo and q<
or

(4.9) 0<r<g<oo.

If moreover

(4.10) ,Boofaoo+%<0<ﬁofao+%,
then

(4.11) Xorwe ot Xirbga-

1

ey

Proof Let sbe given by (4.5) and f € Xy .5,

(i) Assume first that (4.8) holds. Then 1 < s < oo. Using (4.7), Lemma 3.1(i) (with
P=Q=sandD=(B—-A)g+ %), (4.10), and (4.6), we obtain

_1 _ 1 '
||f||,q£,;9;r,][§,q,r\\ = Ht Sz[(B Ml S(t)/ g(T) dTHs(O 00)
0 2\
S e €M (1) lag0,00) = (1170075 L1 (DK (S )]

—0—1 B+1
= ”t " +q(t)1<(f7 t)”Z(O,oo) - ||f||g7r;;|3;+%

5,(0,00)

and (4.11) follows since min(r, q) = q.
(ii) Assume that (4.9) is satisfied. Then 0 < s < 1. Put P = Q = sand, for x, y € (0, 00),

B(x, y) = X007 (y),
w(x) = x~1B=Nas(x),
y(x) = x(179)771623T+1(x)7

h(y) = [K(f, »)/¥1%

(4.12)

note that h € M™*(0, oo; |).
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Using (4.7), (4.6), (4.12), and the fact that min{r, g} = r, we obtain

0o 00 P 1/P
(413) g = [ ([ 2 dy) i) o
o 0 0
and
W10 NGy = 11 = 077 K0 4l o

1 1 o0 1/Q
= v )h1 (O g.00) = [ / h(x)v(x) dx} .
0

Thus, the embedding (4.11) would hold if and only if the inequality (3.1) (with our choice
of P, Q, ®, w, and v) would be satisfied. Consequently, to complete the proof, it is sufficient
to verify (3.2) (¢f. Theorem 3.2).

Letz € (0,00). Since 0 < 1,

(4.15) / v(x) dx = / 7O LBE () dx o 217 OER (),
0 0

Moreover, using (4.12), (4.10), and the assumption 6 < 1, we obtain

(4.16)

oo Z P
/ (/ D(x, ) dy) w(x) dx
0 0
= /z</z D(x, y) dy)sw(x) dx
0 Mo
®(x, y)dy) wlx)d
+/Z (/0 (x, %) y)w(x)x
= /z(/x yU=0a=1gha ) dy)sw(x) dx
0 Mo
+ /(><J </z y(l—ﬂ)q—lg}\\Q(y) dy)sw(x) dx
z 0

~ /Z (x(lfe)qf’x\q(x))sw(x) dx + (2(170)(16;\\(1(2))5 /OO w(x) dx
0 z

~ Z(lfe)qsngiqurl (2).

The estimates (4.15) and (4.16) show that the condition (3.2) holds. The proofis complete.
|

It remains to prove the embedding (4.1) in the case where 0 < r < g = oco. Then the
norm in the space Xé;;r)]& g cannot be expressed by (4.7) and one cannot directly apply the
results of Section 3. However, we shall show in the proof of the next lemma that there is a
way which, ultimately, enables us to make use of results of Section 3 to treat this case.

Lemma 4.3 Let0 € [0,1),0 < r < q = 0o, and let A = (ap, @), B = (By, Boo) € R
satisfy (4.10). Then the embedding (4.11) holds.
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Proof On putting

_ 5 _ % v _ L
X —Xa,r;B+ ; —Xa,r;lszr}a X _Xﬂ;r,IB%,q,AU

min{rq}

and
h(t) = [K(f,t)/t]", t€(0,00),

we have, for any f € X, + Xi,

—9—1 B4+l V1 1
(4.17) fllx = e =7 % - @K S, )l 000 = [1E = O 9 0o
and
1 B_
I£llx= = 1= 52N 00,000,

where
N(t) = esssup 70 (T)K(f, ) = esssup h+ ()7 07 (7).

o<r<t 0<r<t

Since 7'M (1) & ||o' 0= 0M0)]| 0.y and h € M*(0, 003 ]),

g1 1 g1 1
N(1) S esssup [lo! =774 (0)h7 (0) o) = llo" ="~ €4 (017 () g0
0<r<t

which in turn yields

1
.

(4.18) fllge < Ht—%EB‘—A‘(t)( / o= =13 () (o) da)
0

1,(0,00)

t 1
_ Htflg(][%if}\\)r(t)/ 0,(170)r71€}\\r(0_)h(0_) dO’H T ‘
0 1,(0,00)

On putting, for x, y € (0, 00),

D(x, y) = X0y (),
W(X) _ x*lé(]Bi*A\)r(x)’

v(x) — x(l—@)r—lg!ﬂ%wrl(x)’
we have from (4.18) and (4.17),
ke = [ (] stmmma)was = [ rovoas
0 0 0

Together with Theorem 3.2 this implies that the embedding (4.11) holds if and only if the
condition (3.2) (with P = Q = 1) is satisfied for all z € (0, o). Since this is the case, the
proof is complete. ]
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Now, we turn our attention to the embedding (4.2).

Lemma 4.4 Let A = (q, o), B = (Bo, Boo) € R2. Suppose that either

(4.19) 0e€[0,1) and 0<qg<r<oo
or
(4.20) 0e[0,1] and 0<r<gqg<oo.
If moreover

1 1
(421) 5OO*OLOO+*<O<50*O[0+*,

r r
then

o0, _

(4.22) Xorpga < Xe,r;wmm

Proof Let s be given by (4.5) and f € Xéﬂw#\\.

(i) Assume first that (4.19) holds. Then 1 < s < co. Put P = Q = s and define ®, w, v,
and h by (4.12). On using (4.7), (4.6), (4.12), and the fact that max{r,q} = r, we obtain
(4.13) and

oo I/Q
LA gt = NG s = | /0 v dx] (o (4.14).

max{ra}

Thus, the embedding (4.22) holds if and only if the inequality (3.3) (with our choice of P,
Q, ®, w, and v) is satisfied. By Theorem 3.3, this is the case if we verify (3.4). However, this
follows from (4.15) and (4.16).

(ii) Assume now that (4.20) is satisfied. Then 0 < s < 1. For x, y € (0, co) put

{90()/) = yU=0a=1gha(y)  h(y) = [K(f, ) /],

4.23 '
( ) W(x) — x—le(.B%—A\)qs(x)’ v(x) — x(l—G)r—le]P&Hs(x)-

Then (cf. (4.21))

w(x) dx = (BN () g e (0, 00),
Y

which implies that

Wlis()/) {QO(}/) / w(x) dx] _ ysflg(]BifA)qs(lfs)(y)y[(lfﬁ)qfl]sg[Aqu(]BifA\)qurl]S(y)
y

:V()/), }’€ (0,00)

Thus, by Lemma 3.4, the inequality (3.6) holds on M*(0, 0c0). However, on using (4.7),
(4.6), and (4.23), we see that

11 g = {/Ooo (/Oxw(y)h(y) dy)SW(x) dx] "

https://doi.org/10.4153/CJM-2000-039-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-039-2

Real Interpolation 937

Moreover,
|‘f||g7r;]|)g+m = ||f||g7r;1p)g+% = ||x1707%£]m“11(x)1<(f7 x)/x”?,(o,oo)
= [yt (R () ey = [/Oo HE v dx]
0
Consequently, (4.22) follows from (3.6). [ |

The next two assertions show that Lemma 4.4 continues to hold when the condition
(4.19) is replaced by 0 < g < r = oo and the condition (4.20) by 0 < r < g = 0.

Lemma4.5 Let0 € [0,1),0 < q<r=o00,and A = (ag, o0 ), B = (B0, Bs0) € R2. Then
the embedding (4.22) holds.

Proof Let f € Xér’]quA and define s by (4.5) (i.e. s = 00). Put
(4.24) h(t) = [K(f,t)/t]1, t € (0,00).

Then, on using (4.7), (4.6) and the fact that max{r, g} = oo we obtain
t
||f||q£,;6;r7]87q7A\ = Hg(]B;iA\)q(t)/ T(lia)qilgA\q(T)h(T) dT”OO,(O,OO)
0

and

'y 1 —0
AIS s = 11 o = 1P ORIDNL, (6.00) = =MD RE) 000,00 -

max{rq}

Consequently, the result follows from Lemma 3.5. ]

Lemma 4.6 Let € [0,1],0 < r < q= o0, and A = (g, @so), B = (B0, Boc) € R% Then
the embedding (4.22) holds.

Proof Let f € X, . Since for every ¢ € (0, 00),

|7 DK, oo > DK, 1),

we get
_Oo—1 1
I fllesmman > 10 L OKF, D000 = I f]

and the result follows for max(r, q) = oo. [ |

0,r;B

Summarizing our results with § € [0, 1), we have the following assertion.

Theorem 4.7 Let6 € [0,1),0 < r,q < 00, and A = (v, @0 ), B = (Bo, Bo) € R
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(i) Let
ﬁoo_aooSOSﬁO_ao lfi’:q:OO
and ! 1
Boo — Qoo+ — <0< By — g+ — if min{r,q} < occ.
r r
Then
5 oL
(4.25) Xorps e 7 Xpirpga-
(i) Let
ﬁoo*aoog()S/BO*aO ifr:q:OO
and . 1
,@oo—ozoo-l-; <0<ﬁo—040+; if max{r,q} < oo.
Then
or _
(4.26) XorBan = Xﬁ,r;]BHWlw}‘

Corollary 4.8 Let A = (0, @so), B = (B, Boo) € R Let either

(4.27) fe[0,1),0<r<oo, and ,Boofaoo+%<0<ﬁofao+%

or

(4.28) 0 c(0,1], r=00, and Lo — Qs <0< Gy — ap.

Then

(4.29) X@%r.,][ﬁ,r,A\ = Xe,r;JBH}-

Proof The result follows from Theorem 4.7 and Lemma 4.1. ]

Note that the direct proof of (4.29) shows that the restriction § < 1 in (4.27) can be
relaxed (cf. our next result).

Lemma 4.9 Let0 € [0,1], and A = (qvg, 0oo), B = (B, Boo) € R2. Suppose either

1 1
(4.30) 0<r<oo and foo— Qo+ -<0<Gy—ag+ -
r r

or
r=00 and oo — Qs <0< Gy — ag.

Then
s _
Xe;r,lps,r,A\ - Xe,r;uzn} :
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Proof If r = oo, then Lemma 4.1 yields the result. If r € (0, 00), then (4.7), (4.5), Fubini’s
theorem, (4.30), and (4.6) imply that

oo t
emnen = [ 160 [ gtrar) ar
0 0

= / g(T)( / rleﬂB‘*f’\‘)’(t)dt) dr ~ / gl () dr
0

T 0
> 1 1
= [ @R b= [l
0 '
which completes the proof. ]
Now, we are going to show that the target space in (4.26) can be improved. In fact, we
shall prove that

oL _ _
(43 1) XO;r,]B,qA — XG.,r;]BH 1 N Xﬂ,max{r,q};l[%ﬂ%

max{ra}

provided that 6 € [0,1],0 < r < g < 00, and [ —aoo-f—% <0< By—agp+ %
Note that the target space in (4.31), in general, does not coincide with either of the
spaces Xg .y 1> X max{rqpm+! (¢ [EOP, Theorems 3.1 and 3.11]). Observe also that

(A}

the target spaces on the right hand side of (4.31) coincide if 0 < g < r < 0.

Theorem 4.10 Let0 € [0,1],0 < r < g < 00, and let A = (v, 0o )y B = (Bo, Boo) € R
be such that

1 1
(4.32) 5oo—aoo+;<0<ﬂ0—a0+;.

Then (4.31) holds.

Proof By Lemma 4.4, the embedding (4.26) holds. Thus, it remains to prove that
(4.33) XGL;r,]Bi,q,A\ — X@,max{nq};lBH% .

Let s be given by (4.5) and f € Xé:r,%,q,}\\‘ Define h € M*(0, 00) by (4.24). Then, using
(4.7), (4.6), (4.24), and the fact that max{r, g} = g, we obtain

0o t s 1/s
W nan = { [ [ 70w ar] v ar
. 0 0

and
q _ q
HfHH,max{r,q};lBH% - ||f||9,q;]B§+%
1—-0—1 B+l 1 * (1—0)g—1 pBg+!
=||¢ af ?(t)h‘l(t)|\37(0’oo)=/ h(e)e =91t (1) dr.
0
Thus, (4.33) is a consequence of Lemma 3.7. |

The next theorem shows that (4.31) may hold even if 0 < r < g = oc.

Theorem 4.11 Assume that0 < r < g = oo and A = (g, 0o ), B = (5o, Boo) € R* are
such that (4.32) is satisfied. Let either 6 € [0,1), or 0 = 1 and .o, > 0. Then (4.31) holds.
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Proof Since, by Lemma 4.6, the embedding (4.22) holds, it remains to prove (4.33).

IfX* = XOL;r,]B,q,A\ = {0}, then (4.33) is plain. Let X* # {0}. If = 1, then Theorem 2.4
and the second inequality in (4.32) imply that ap < 0. Hence, 6,r,A and B satisfy the
assumption of Lemma 3.10. Therefore, Lemma 3.10 applied to h € M* (0, o0; ), given by
h(t) = K(f,t)/t,t € (0,00), with f € X~ yields the result. [ |

5 Reiteration

The aim of this section is to prove a limiting form of reiteration formula involving spaces
Xgga = (Xo, X1)g,g, namely, the formula for the space

(Xoy.q00 X01,q158 0,657 -

To this end we shall use the following notation:

K(fa t) = K(f7 t;Xe(),Q();A\()7X_017q1;A1)‘

Lemma 5.1 Let0 < 0y < 0; < 1,0 < qo,q1,9 < 00, and Ay = (a0, ooo)s A1 =
(@10, Q100 ), A = (g, Qo) € R% Then

(5.1) Koa00> X01,02)0.08 = Xioig Aosgosto-
Proof Put

(5.2) X = (Xoy,q05005 X01,0150 )0,

and

(5.3) )_(L = X;;W’\\*A\o:qoﬁ\f

By [EOP, Theorem 6.3], forall f € X,

(5.4) K(f, p(6)) = ||s~ ™~ 0 £% (K (f, 5 Xo, X0) lgu.00
+p@) s H T GOKS, 5 X0, X1 g .00,
where
(5.5) p(t) = %P~ e (0,00).
Note that the function p is continuous on (0, c0), it maps (0, co) onto (0, 00), and there
exist numbers §, M € (0,00), d < 1 < M, such that p is increasing on (0, J) U (M, 00).

Since p(t) — Oast — 0, and p(t) — oo ast — 00, we may assume that § and M are
chosen in such a way that also p(§) < 1 < p(M). One can verify that

(5.6) p'(t) = p(t)/t, t€(0,00),
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and
(5.7) P (1) & [rh =P (7)] /=),

provided 7 € (O,p(§)) U (p(M), oo).
On using (5.4), we obtain for all f € X,

(5.8) [ fllge = 11l 23002420005
_1 gL
— ||t qEA\(t)HT 0 HOKA\“(T)K(](,7')Hq0,(()7t)||q’((),oo)

1 —
S ISR (f, p0) | 00y S Ny + Mo # N,

where 1 B

N; = ||t *(K(f, p(t))Hq,1,> i=1,2,3,
and
(5.9) I,=(0,9), L=(M), I=(M,o0).

Changing the variable to 7 = p(t), t € I UI3, and using the relations (dt /t) ~ (d7/7) and
logp~!(7) ~ log T, we get fori = 1,3,

(5.10) N = 771 ORS, Dl gpy < 1 f s
where p(I;) = {37 = p(t),t € I;}. Since t ~ 1 and £(¢) =~ 1 on I, and
ak(f,t) <K(f,pt)) < aK(f,t), teL,

where
_ . —1 _ —1
a=min{l,r"p(t)}, =max{l,tp1)},

we have
1) No& [K(fp0)],y, ~ IR Dl ~ It ORE, Do, < 15

Thus, on using estimates (5.8), (5.10), and (5.11), we obtain (5.1). [ |

Lemma 5.2 Let0 < 6y <6, <1,0< qo,q1,q9 < 00, and A\; = (0o, 0tis) € R4, 1 =0, 1.
Suppose that A = (g, aeo) € R? is such that

(5.12) Qoo S0< g ifqg=¢qo=00

and
1 1.

(5.13) Qoo+ = <0<+ - if max{q,qo} < oo.
q q
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Then .
Kopsgatnoqons — Xoogones Xo1,g500)0.g-

Proof We shall use notation (5.2) and (5.3). Let f € X" . Then

I fllx = 7" 1€ DR(f, Dllg000) S N1+ N2+ N3,

where 1
N; = ||7-7§€A(T)K(faT)”q,/)(li)? i= 1,2,3,

pis from (5.5), and I, I, I3 are given by (5.9). On substituting 7 = p(t), t € I, U I5, we
obtain fori =1, 3,

N~ [t 1 OR (f, p0) [l < €71 OR(f, 00)) 14 0,000

Since, moreover,
N ~ KO, Pl =R (F, o),

~ TR (S, POy sy < 52 OR(f, p(t)) I, 0.00)7

we have

(5.14) £l S 175 OR(f, p0) 0,009

and, on making use of (5.4) and (5.5),

Ifllx ST+,

where

1 —0)—
L= [ a 2Ol 0 LK, 9llgo.00 lg.0000 = I fllg=

and
T = [0 g A=A (1) |8 6 (DK, 9 g o000 0,000 -

Thus, to conclude the proof, it is sufficient to verify that
(5.15) TS| fllge forall fe X"

To this end, we shall distinguish several cases:
(1) Assume first that q; = 00, g = 00. Since

] = esssup 01 =00 AR =a (1) esssup s O ($)K(f,s)

0<t<oco t<s< 00
= esssup s~ " LM ()K(f, 5) esssup /1 RN o= (p)
0<s<o0 0<t<s
/2 esssup sfeléA\l (S)K(f7 5)591 *tgoeA\JrA\o —A (s)
0<s<o0
— 0y pA+A
=esssup s 0L °(s)K(f,s) = H]f||90700;r,\\+}\\O
0<s<oo
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and, by Lemma 4.5 (if gy < 00) or by Lemma 4.1 (if gy = oo; note that then (5.12) is used),

I fllze = 11 fls000 Atm0.9080 2 11 fll6g,00+m0s

the estimate (5.15) follows.
(ii) Let0 < g; < 0o and 0 < g < co. On putting

(5.16) oc=q/q
and
(5.17) g(s) = [~ oM ($)K(f, 91T,

we can write

(5.18) J = "t(ﬂlfeo)qréé(A\JrA\oﬁA\l)ql (t)/ g(s) ds
t

7,(0,00)

(ii;) Assume additionally that q; < q (consequently, 0 < q; < g < oo and q; < 00).
Then 1 < ¢ < 0o. Using (5.18), Lemma 3.8(ii) (with P = Q = o, v = (6 — 0y)q:1, and
D= A+A;—A1)q1), (5.17), and (5.16), we obtain

(5.19) Ji [z BRI () (0) 0,000
O — 1
— Ht Ooq: UE(A\-FA\O)QI (t)K(f, t)ql ||a,(07oo)
_g,—1
— ||t B qg(A+A\o)(t)K(f’t)H31

0,00)
= 1115, gasne < IF1G, ga

where

(5.20) A=A+Ag+ —— .
max{q, qo}

Since, by Theorem 4.7(ii) (¢f. (5.12) and (5.13)),

L —L —
(5.21) X = Xao;q,A\JrA\g,quo = Xoog

the estimate (5.15) follows from (5.19).
(ii;) Assume additionally that g < q; (consequently, 0 < g < q; < 00). Then 0 < o <
1. Let A be given by (5.20). Put P = Q = o and, for x, y € (0, 00),

B(x, y) = X(x,00)(p)y 01N (),
W(x) _ x(éh—670){1—1€(A\+A\a—A\l)tl(x)7

v(x) = x~ha-1pA4(x),

h(y) = [K(f, )]

(5.22)
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note that h € M*(0, 00; 1). Using (5.18), (5.17), and (5.22), we obtain

= [/OOO (/Ooo B(x, y)h(y) dy)Pw(x) dx} v

and
oo 1/Q 1 1
[/ hQ(x)V(x)dx} = [[ho () 1110 00
0

= xR, 018 g ey = 12 goa-
Since, by Theorem 4.7(ii), the embedding (5.21) holds, the estimate (5.15) holds if and only
if the inequality (3.13) (with our choice of P, Q, ®, w, and v) is satisfied. By Theorem 3.9,

this is the case if we verify (3.14).
Let z € (0, 00). Then

(5.23) / v(x) dx = / x~09 1A () dx & 770904 (7).

Moreover,

(5.24) /0(><J </Z<>° D(x,y) dy)Pw(x) dx
= /Oz(/oo D(x, ) dy)Pw(x) dx + /OO (/00 D(x, ) dy)Pw(x) dx
= /:(/OO yfalqlflér’\\lq‘ (») dy)ow(x) dx

+/ (/’ y,olqlfléé\\lql(y)dy)gw(x)dx

~ ZfﬁoqE(AHA\o)q (Z)

The estimates (5.23) and (5.24) imply that the condition (3.14) holds.
(iii) Finally,let 0 < g < g; = oo. It is sufficient to prove that

(5.25) J<|fllopga forall feX"

with A from (5.20) since then the estimate (5.15) follows on applying the embedding
(5.21).
Let f € X~ For x, y € (0, 00) put

B(x, ¥) = X(x,00)(p)y~ a7 10MA(y),
w(x) = x@—0)a—1pA+A=A)g ()

v(x) = %~ 01 (),
h(y) = [K(f, )%

(5.26)
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again h € M*(0, 003 1). As

g 1
s~ M ()K(f, 9)lloo, 1,000 & esssup K(f,9)][o™ "™ 1£%(0) g 5,00

t<s<oo

—g,—1
< o™ M (@K, 0) | gie,00)

we obtain
1 o0 1/
(5.27) J1 < |00 oA A=A (t)( / o~ () (o) da) q||gv(0m)
t
_ Ht(é‘]—90)q—1€(A\+A\0—A\1)q(t) /°° U—ﬂlq—lé‘M(a)h(U) dO.H
' 1,(0,00)
- / (/ o (x, y)h(y)dy)w(x) dx.
0 0
Moreover,
(5.28) 118, g = 27T WK, D)L .00

= ||t~ A ) h(E) |1 (0,00) = /00 h(x)v(x) dx.
0

Since the condition (3.14) with P = Q = 1 (and @, w, and v given by (5.26)) is satisfied, by
Theorem 3.9 the inequality (3.13) holds on M*(0, c0; 1). Together with (5.27) and (5.28)
this yields (5.25), which completes the proof. ]

Combining Lemmas 5.1 and 5.2, we obtain the desired reiteration formula.

Theorem 5.3 Let0 < 6y < 0, < 1,0 < qo,q1,9 < 00, and A; = (g, Qo) € R,
i =0, 1. Suppose that A = (v, o) € R? is such that

(5.29) Qoo S0< g ifg=qo =0
and
1 1 .
(5.30) Qoo+ = <0< ap+— if max{q,qo} < c0.
q q
Then
— — =L
(5.31) (X60,050 1 X01,018 0,54 = X392+ 90,0 -

Corollary 5.4 Let0 < 0y < 0, < 1,0 < qo, 1 < 00, and A; = (i, Qo) € R%, i =0, 1.
Suppose that A = (g, Qeo) € R? is such that

Qoo S0< oy ifgo =00
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and
1 .
Qoo+ — <0< ap+— ifg < oo.
qo qo
Then
(532) (Xgo-,l]o;A\o ) Xﬁ] KA )040;A - Xﬁo.ﬂo;A\‘fA\o‘f% .
Proof The assertion is a consequence of Theorem 5.3 and Lemma 4.9. ]

One can see from Theorem 5.3 that the resulting space in (5.31), that is the space
Xé‘;;q_ﬁ\ g0, 18 independent of parameters 61, g1, and A;. That means there is a certain
kind of stability in the reiteration formula (5.31) with respect to the space X, 4,;,. Now,
we are going to show that (5.31) continues to hold even if the space Xy, 4,;a, is replaced by

any intermediate space X; of class 1, that is, by any intermediate space X; (between X, and
X;) satistying (cf. [BS, Chapter 5, Definition 2.2])

X — Xl — X; + 00Xy := (X07X1)1,oo;(0,0)-

Lemma 5.5 Let0 < 6y < 1,0 < qo, q < 00, and Ay = (o0, Qoo )> A = (v, o) € R If
X is an intermediate space of class 1, then

- - =L
(5'33) (Xaoﬂo;A\oaXl)O,q;A — Xeg;q,A\+A\0,quo .

The proof uses the same arguments as that of Lemma 5.1, except that the estimate (cf.

[EOP, Theorem 6.6])

(5.34) K(f, p(t)s Xop quer X1) & |5~ 70 L% ($)K(£, )]s 0

with

(5.35) p(t) = t'=%0MN (), t e (0,00),

is applied instead of (5.4). ]

The next lemma deals with the opposite embedding to (5.33).

Lemma 5.6 Let0 < 6y < 1,0 < qo,q < 00, and Ag = (0, Qoo )> A = (g, o) € R If
X, is an intermediate space of class 1, then

—L — —
(5.36) XooigAtAogon0 > Xog.gn0, X1)0,gA-

Proof Let X~ be given by (5.3); put X = (Xg, gm0 X1)oga and K(f,1) =
K(f, t; Xg,.g00, X1). Using the arguments of the proof of Lemma 5.2 (except that p is now

given by (5.35)), one obtains (5.14), and, on applying (5.34),

_1 —fy—L
I£llx < 1™ @)lls™ 7w K, ) lgoo lao.00) = Il fllge- u
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Combining Lemmas 5.5 and 5.6, we get the desired result.
Theorem 5.7 Let0 < 0y < 1,0 < qo, g < 00, and Ay = (o, Qoo )s A = (g, 0ie) € R2.
If X, is an intermediate space of class 1, then
- - <L
(5.37) (Xoo.q020> X1 )o.ga = Xao;%A\JrA\oﬂo,A\o'
The next assertion is a consequence of Theorem 5.7 and Lemma 4.9.

Corollary 5.8 Let0 < 6y < 1,0 < go < 00, and Ay = (gp, oo )s A = (g, o) € R2.
Suppose that

or

1 .
Qoo+ — <0<+ — 1ifgy < o0.
qo 90

If X, is an intermediate space of class 1, then
(5.38) (XGO,QO;A\O ) Xl )07110§A\ = Xﬁo.ﬂo;A\‘fA\o‘f% .

Combining Theorems 5.3 and 5.7 (or Corollaries 5.4 and 5.8), we obtain the following
result on stability of the reiteration formula (5.31).

Theorem 5.9 Let0 < 0y < 6, < 1,0 < qo,q1,9 < o0, and A; = (aip, Qiso) € R?,
i =0, 1. Suppose that A = (ayp, aso) € R? is such that

0o S0< g ifg=¢qo =0
and . )
Qoo+ = <0< ay+— if max{q,qo} < o0.
q q

If, moreover, X, is an intermediate space of class 1, then

- - - - —L
(Xoo;%;zl\\u7X01~,%;A\1)0~,q;A = (Xlgoa%;A\le )O,Q;A\ = Xeu;q,A+A\0,qU,A\g'

Corollary 5.10 Let0 < 6y < 0; < 1,0 < qo, q1 < 00, and A; = (o, Qioo) € R%, 1 =0, 1.
Suppose that A = (g, Qoo) € R? is such that

Qoo S0< @y ifgy=00

and

1 |
Qoo+ — <0< ap+— ifgy < oo.
9o qo

If, moreover, X, is an intermediate space of class 1, then

(X0o.,qo;A\uaX01.,q1;A\1)0.,qo;A = (Xéoﬁqo;A\oaxl)O,qu;A = Xﬁg,qu;A\ﬁ*A\o+% .

Remark 5.11 Note that a similar stability property to that of Theorem 5.9 has the reitera-
tion formula

(XO;XGI g )O,q;A\ = (Xo,yl )O,q;A\ = X0.,11;A\
provided that oo + 1 < 0 0or oy < 0 when g = 0o, and X; (i = 0, 1) is an intermediate
space of class i (see [EOP, Theorem 7.1 (iii)]; ¢f. also [GM, Theorem 4.1]).
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TR
6 The Spaces X .

For0 < r,q < 00,0 € [0,1] and A, B € R?, we define

(6.1) Xg?r,]Bi,q,A\ = (XO’Xl)g?r,]Bi,q,A\ ={f €Xo+Xi:|fllzprmgn < 00},
where

0 _p—1
(6.2) Hf”ﬂz;@;r,lB‘,q,A\ = Ht_%EB_A\(t)HT ’ MA\(T)K(fv T;XOvXI)Hq,(t,OO)||r,(070<>)'

These spaces are needed to obtain analogous results to the preceding ones at the right end
(6=1) of the #-range [0, 1]. They are in fact related to the spaces Xé%nlﬂi, oA by the identity

(6.3) (X0, X0iitgn = X1 X oty 0 0

where, if A = (ap, ®so), B = (8o, Boc), we have A = ((too, ap) and B = (Bso, Fo)-
This follows from a change of variables t — 1/t and the fact that (see [BS, Chapter 5,
Proposition 1.2])

(6.4) tK(f,t7"5 X0, X1) = K(f, £ X1, Xo).

Similarly, on using (6.4) we have

(6.5) (Xo, X1)o,gn = (X1,X0)1—g,ga
and hence
(66) ((X07 Xl )00,q0;A\0a(X03 Xl )017q1;A\1) LgA

- ((Xl 5 X0)1—017q1;A~\1 ) (Xl ) XO)lfﬁg,qU;Ao)o_’q;A'
These remarks lead to the following consequences of Theorems 2.4.
Theorem 2.4* Let0 <0 <1,0< g,r < ocoandA = (ag, @), B = (B, Boo) € R

(i) The space X'g}r’B_’ aA is a (quasi-) Banach space which is intermediate between Xy and X,
provided that one of the following conditions is satisfied:
I. 0 < gq,r < oo and either

1
0<f<l1, By—ay+-<0
r

or
1 1 1 1
0=0, ap+-<0, Boot+-+-<0, Gp—ag+-<0
q q r T

or
1 1
=1, oy+-<0, Bo—ag+-<0
q r
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or
1 1 1
=1, oay+->0, Bo+-+-<0;
q q T

II. g = 00,0 < r < oo and either

1
0<f<l1, [By—ap+-<0
r

or
1 1
0=0, 00<0, Boot+t-<0, [Bo—ay+-<0
2 2
or 1
9:1, ay <0, ﬂo—a0+—<0
r
or

1
=1, a >0, [o+-<0;
r

I 0 < g < o0, r = 00 and either

0<0<1, [By—ay<0

or
1 1
6:07 a00+_<07 Boo+_S07 ﬁ()_Oé()SO
q q
or |
0:1, Oéo+*<0, B()*Oéogo
q
or 1
=1, oay+-=0, Gp—ag<0
q
or

1 1
9:1, Oé0+*>0, 50+*§0;
q q
IV. g = oo, r = o0 and either

0<0<1, By—ay<0

or
0=0, 0,0<0, (<0, [Bo—ay<0
or
9:1, oy <0, ﬂo—aogo
or

0:17 aoZOa ﬂoﬁo

(ii) If none of the conditions I-IV holds, then )_(Z;B%A\ is a trivial space.
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Similarly, one can obtain the symmetric results to those of Sections 4 and 5 involving

—R .
spaces Xy, 4 2. For example, the symmetric counterparts of Theorems 4.7 and 5.9 read as
follows.

Theorem 4.7* Let0 € (0,1],0 < r,q < oo and A = (g, 00 ), B = (B0, B0) € R2.

(i) Let
Bo—0p <0< B —an Hfr=q=00
and
1 |
/60_@0+;<0<ﬁoo_aoo+; 1fm1n{r,q}<oo.
Then
. - =R
(425 ) X@,r;IBHm — XG;'r,]B,q,A'
(ii) Let
Bo—0p <0< B —an Hfr=q=00
and
1 1 .
ﬁo—ao+; <0<Boo—aoo+; if max{r,q} < 0.
Then
* R Y
(426 ) X@;rJPﬁ,q,A\ — XG,r;WP)Hm .

Theorem 5.9 Let 0 < 6y < 0, < 1,0 < qo,q1,9 < o0 and A; = (i, o) € R,
i =0, 1. Suppose that A = (cy, aeo) € R? is such that

<0< ay ifg=q =

and

1 1
ap+ - <0< a+— if max{qg,q:} < oo.
q q

Then, if X, is an intermediate space of class 0,
- - v v SR
(Xeos%;f\\o ) X91~,’]1;A\1 )l,q;l\\ - (X07 Xehlh;A\l )l,q;A\ - XGI;qAJrA\l,ql,A\l .

7 Ordered Couples

We now indicate the changes which result from the assumptions that the compatible couple
(Xo,X1) of (quasi-) Banach spaces is ordered in the sense that X; C X, algebraically and
topologically, i.e. the identification map is continuous, and hence there exists K > 0 such
that || f||x, < K||fl|x, forall f € X;. These are the spaces considered in [D]. An example
is Xo = LY(Q), X; = L>°(Q) and Q C R" such that |Q| < co. When X; C Xj and X is a
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Banach space, then it is readily seen that K(f, #; Xo, X;) = || fl|x, forall f € Xpandt > K
(¢f. [BL]), whereas if Xj is a quasi-Banach space, there exists ¢ > 1 such that

1
ZHf”Xo < K(fa t;Xﬂaxl) < ||fHX07 f € Xo

for t > K; in fact, in this case the functional K in the proof of Theorem 2.1 satisfies
R(f,t:X0,X1) = |If|[%, for f € Xo, where p € (0,1] is such that || - ||y, is equivalent
to a p-norm.

The spaces (X, X})g g1 and (X07X1)(§;r,]gs,q,;\\ are now defined (¢f. [D] and [EOP]) with
A = (a, @) and B = (3, ), and (quasi-) norms

_p_1
I flloge == 17202 OK(S, t, Xo, X0l g.0,0)5

_ _ _p—_1
1 fllesinpaa = @7~ 704K, 75 X0, X0 00 lln0.1)

respectively: they are denoted by Xy 4., and )_(;;m Baar

The proofs of our general results in this paper are easily adapted to give analogous results
for the ordered couple case: these essentially involve replacing the intervals (0, 00), (t, 00)
by (0, 1), (t, 1) respectively, the vector exponents A, B by their first components, and by
omitting all the assumptions on their second components. For example, the results which
correspond to Theorems 2.4, 4.7, 4.10, 5.7 and 5.9 are as follows.

Theorem 2.4° Let0 <0 <1,0<g,r<occanda,B € R.

(i) The space (Xo, XI)QL;r,,B,q,a is an intermediate space between Xy and X, provided that one
of the following conditions is satisfied:
(a) 0<6<1;

(b) 0 = 1 and either

1 1 1
0<gqr<oo, a+-<0, [B+-+-<0
q q T

or
1
g=00, 0<r<oo, a<0, [B+-<0
2
or
1 1
0<g<oo, r=o00, a+-<0, B+-<0
q q
or

g=o00, r=o00, a<0, (<0

(i) If none of the above conditions holds, then (X, Xl)gzrﬁ,q,a ={0}.
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Theorem 4.7" Let0 € [0,1),0 < r,q < coand o, 3 € R.

(i) Let
B—a>0 ifr=gq= o0,
ﬁ—a-{—% >0 if min{r,q} < co.
Then
(4.25%) Ko st X g
(ii) Let
B—a>0 ifr=q= o0,
ﬁ—a+% >0 if max{r,q} < co.
Then
(4.26") Xsaga  Xorprm -

Theorem 4.10" Let6 € [0,1],0 <r < g <oo,anda, € Rwith(§ — a+ % > 0. Then

(4.31%) Xompga = Xomper N X et
Theorem 5.9" Let0 < 0y < 6, < 1,0 < qo, 1,9 < 00 and ag, o € R. Let o« € R be such
that
a>0 ifqg=gqo=o0,
a+ % >0 if max{q,qo} < co.
Then

- < - - <L
(Xao,qo;a[])Xel,LZl;al )07q;a = (Xé’uy%;auvxl)qu;a = X0o;q7a+ao7qo,ao
where X, is an intermediate space of class 1.

Results for an ordered couple (Xp, X;) (still with X; C Xj) correspondingto 6 = 1 in

. . . . <R .
the reiteration formulae are obtained in terms of the spaces X, Baa = (Xo, X1 )33 g with
(quasi-) norms

_p_1
||f||IR;9;nﬂ~,qA,a = ||t_%€ﬂ_a(t)||7' ’ qea(T)K(ﬂTvXOvXI)Hq,(t,I)||r,(0,1)'

Such results can be easily obtained from general results for the spaces )_(Z?#B%, oA Feplacing
the intervals (0, 00), (¢, 00) by (0, 1), (¢, 1) respectively, the vector exponents A, B by their
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first components, and by omitting all the assumptions on their second components. (The
formula (6.3) offers another way of getting such results from our general results for the
spaces Yéry;g’ ga: these essentially involve replacing 6 by 1 — 0, the vector exponents A, B by
their second components, and by omitting all the assumptions on their first components).

For example, the result corresponding to Theorem 4.7* reads as follows (compare also
with Theorem 4.7):

Theorem 4.7*" Let0 € (0,1],0 < r,g < coanda,f € R.

(i) Let
B—a<0 ifr=qg=o00,
B — a+% <0 if min{r,q} < oo.
Then
(4.25"") Xy s mmpes = Xopaa
(ii) Let
f-a<0 ifr=q= o0,
B — a+% <0 if max{r,q} < oo.
Then
(4.26%) yg?nﬂﬂ,a R R T——

8 Applications
Let (R, u) denote a totally o-finite measure space with a non-atomic measure u. By
M(R, 1) we mean the set of all y-measurable functions on R. If f € M(R, ), f* denotes
the non-increasing rearrangement of f with respect to p, and f**(¢) := ¢! fot f*(s) ds.
We adopt the convention:
(%) (+00)* = +o00  foralls € (0, 00).

Definition 8.1 Let0 < p,q < coand A = (g, o) € R2. The Lorentz-Zygmund space
Lpgn = Lpga(R, p) is the set of all f € M(R, p) such that

(8.1) s Lpagall = 167550 £* )l 000) < o0

(For detail study of spaces L, ,.n we refer to [OP].)
y oL Sp .5
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]. Peetre [Pe] has shown that

t
(8.2) K(f,t;Ll,L”):/ f*(r)dr.
0
This result has been generalized by P. Krée [Kr] who has proved that
i 1/s
(8.3) K(f,t;15,1) ~ (/ f*(r)sdr) . 0<s< oo
0
When the space L’ is replaced by L**°, then (cf., e.g. , [Ho])
(8.4) K(f,515°,L%) ~ sup 7° (1), 0<s< oo.
o<r<t®

We shall need the following two lemmas (where we make use of the convention (x)).

8.2. Lemma Letf € (0,1),0 < q < 00,0 < s < 00, and A = (ap, 0oe) € R% Then for all
t € (0,00] and every f € L° + L,

1 1-6_1 *
(8.5) Ir == A OKS,5 L L) lgon = ly T 0N (0)

|q7(0,t5)'

Proof Put N(t) = ||T_€_é£A\(T)K(f, 73 L°, L) ||4,0.)- On using (8.3) and the change of
variables 7° = y, we get

(8.6) N(t) ~ Hreﬁm(r) ( /OTS 2y dz)l/qu.’(M
~ HyiflzﬁA\(J’)(/oy f @ dZ)I/SH%(OJs)'
The estimate ,
| rerdzyror e,

implies that

1—0

(8.7) N(t) = |y

_%g}\\(y)f*(y)Hq,(O,tS%
On the other hand, by (8.6),

s )\ y
N(t) ~ Hy*‘s’*ae““(y)/ £ dz
0

1
s
q s ’
1,0,65)

Consequently, putting ¢ = f*x(os) (note that g € M*(0,00;]))) and applying
Lemma 3.8(i) and Lemma 3.11if £ > 1and 4 € (0, 1), respectively, we obtain

1
s

R y
N < [y i) [ g
0

.- ly =D g 1 e

1—0

= 1y DS OVl g = 1y O D lag0s-
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This estimate and (8.7) yield the result. [ |

Lemma 8.3 Letf € (0,1),0<qg<00,0<s<ooandA = (a,s) € R2 Then for all
t € (0,00] and every f € L»*° + L*°,

_p_1 1=6_1 %
(8.8) 7= A OKf, 75 L5°°, L) g0 2 ly = 10 (D) l0u0-

Proof Put N(t) = HT_H_WA\()/)K(f, 73 L9, L) ||4,0,)- On using (8.4) and the change of
variables 7° = y, we get

(8.9) N~ |7 7168 r) sup 2 ()], 0

0<z<Ts

_0_1 T
T swp 2 @l

<z<y

The estimate : :
sup z% f*(z) > y= f*(y), y €(0,00),

0<z<y
implies that

1—0

(8.10) N(t) Z lly =

1 «
) )| gy0.)-
On the other hand,

sup z]?f*(z) ~ sup f*(2) o ldo

0<z<y 0<z<y 0

< sup /Zaéflf*(cr)daz/yaéflf*(o)da,

0<z<y JO 0

which, together with (8.9), yields

NO S [yt /ya%*f*w)daH N
0 q,(0,t°)

Consequently, putting ¢ = f*x(os) (note that g € M*(0,00;])) and applying
Lemma 3.8(i) and Theorem 3.2, respectively, if g > 1 and g € (0, 1), we obtain

1 Y 1
N < [y i) [0l o o
0 q,(0,00)

< 1;59_l£A\ o %—lg}\\ * )
Sy T WMEDg0.00 = 1y W D00 -

Together with (8.10), this gives the result. ]
Corollary 8.4 Let0 <s < p < o0, 0 =1~— 50 <q< oo and A\ = (0g, ass) € R
Then

(8.11) (Ls’Loo )G,q;A\ = Lp,q;A\a

(8.12) (L7, L%)g.qn = Lpgn-
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In particular:

(8.13) (L*,L*)gp = LP (cf. [Ho, Lemma 4.1]),
(8.14) (L%*°,L*%)g, = L¥  (cf. [Ho,Lemma 4.2]),
(8.15) (Ll,Lw)p%Tq;A\ =Lpgn ifl <p<oo,

(8.16) (leOO,L“)pLHM =Lygn ifl1 <p<oo.

Proof Put )_(9761;;\\ = (Xo, X1)g,gn> where Xy = L° or Xy = L%*°, and X; = L*°. Then for all

- g1 .
feXo+ Xy, |fi Xogall = |I7 =N, 73 X0, X1)|/4,0,00)- Applying Lemma 8.2 or
8.3 (with r = 00), respectively, and using the identity (1 — 0)/s = 1/p and (8.1), we get

- =61 .
1 Xogall = lly = 1O F Dllg .00 = 15 Lp gl

which proves (8.11) and (8.12). |

Lemma 85 Let0 < s < p < 00,60 =1-— ;,O < q,vr < 00, and A = (g, 0eo);
B = (B, Bs0) € R2. Then

(8.17) (L%, L) fpgn = L L) mon = Lypmgn = L%,

where

(8.18) Lyomgn = {f € M(R, )| ;17| < oo}

and

819)  [IfLE = s Lppgall = 7 2@l 71 8@ £ lg 000,000

Proof Put YL = (XOvXI)eL;r,B,qA’ where Xy = L or Xy = L%°°, respectively, and X; = L*°.
Then, by (2.2)

—L N R S
X0 = 1l A ON®) 0,00

where
_p—_1
N(t) = |75 T)K(f, 75 X0, X0 | g 0.

Using Lemma 8.2 or 8.3, and the identity (1 — )/s = 1/p, we obtain

IF L5 = e =2 Olly? 50 £ D) o 0,000
and, on changing the variable to x = t°,
—L 1l L_1 n *
15X =[x 52y 7~ 10 F* D g0 no,00) = 115 L. =
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Lemma 8.6 Let1l < p < o0, = #, 0<q,r<o0 andA = (ap, ), B = (5o, 8c0) €

R2. Then

(8.20) (L L) g = Linign = L,
where

(8.21) L5 on = {f € MR, w3 || 517 < o0}
and

11 *ok
(822) (LY = 1 fs Ly gall =l 2O 1 @) £ ()l go0)ln0.00-

The proof is trivial and is hence omitted. ]

In [EOP, Section 8] we have used the spaces

(8.23) My a(Q) := (LI(Q),LPJ(Q))LOO;A, 1<p<oo,
and
(8.24) Spa(Q2) := (L"*°°(Q),L°°(Q))O71A, 1 <p <oo,

with & C R" to describe mapping properties of certain (quasi-) linear operators. The

following theorem shows that these spaces are particular cases of Lg}& g and Lﬁ,’;& g (with
(R, p) = (Q,dx)).

Theorem 8.7
(i) Let 1 < p < coand A = (ayp, aoo) € R% Then

R

_7(®) _ (71 )
EmP*A\(Q) - Lp;ooA,A\,l,(O,O) - (L (), L (Q)) #;oo,A\,l,(0,0)'
(ii)) Let 1 < p<00,0<s<pO=1-— é, and A = (o, 0ee) € R2. Then

L
6;1,A,00,(0,0)"

Spn = LIE;I,A,OO,(O,O) = (L%°°(), L>°())
Proof (i) PutX, = L' = L'(Q), X; = L*® = L>®(£). Since, by (8.15),
P =(LL%®). ;, 1<p<oo,
2,

we have by (8.23), a symmetric analogue (dealing with the right end of the interpolation
scale) of Theorem 5.7, and Lemma 8.6,

=R
My 2 () = (X07 (X07X1)p¢,,1)1700;A\ = Xpi,;oo,A\,L(o,o)

R
®

17500,A,1,(0,0) = “pioo,A1,(0,0)°

= (L"), L (V)
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(ii) PutYy = Lo = [>*°(Q), Y; = L™ = L*=°(Q). Since, by (8.12),
[P = (LS’OOaLOO)Q,ooy

we have by (8.24), Theorem 5.7, and Lemma 8.5,

Y
Spa() = ((Yo, Y1)p,00, Y1)071;A\ = Y41 4,00,00,0)

: L L
= (LS'OO(QLLOO(Q))G;I_A@O’(O’O) = Lp;l,}\\,oo,(O.,O)' u

Next, recall the result of [Me 1, Example 3]:
Let 0 < po, p1 < 00, Po # P1,0 < qo,q1,9 < 00, o, a1, ¢ € R, 0 < 8 < 1,and

1 1—
= 0+£, ag = (1 —0)ag +0a;.
Po Po P1

Then

(Lpo,gostao,0)s Lpraistan,an )o,ge,0) = Lpogitanan)-
In the next theorem we determine the corresponding space with 8 = 0.

Theorem 8.9 Let0 < py < p; < 00, 0 < qo,q1,9 < 00, A; = (i, Aino) € R%, i =0, 1.
Assume that A = (o, 0veo) € R? is such that

and

1 1 .

Ooo+ = <0< ap+— if max{q,qo} < o0.

q q

Then
L

(8.25) (Lpoqoiror Lorgia)oga = Linig aeng.qomo-
In particular,
(8.26) (meqo;A\oa LPIv@l;A\l )07110;%\\ = Lpo.,qo;A\+A\0+%
provided that

Qoo <0< and gy=
and

1 1
Qoo+ — <0< ay+— and gy < oo.
qo do
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Proof Let 0 < s < min{pg,p1}, 6, =1 — pi,i = 0,1,and X, = L, X; = L*. Then by
(8.11), Theorem 5.9, and Lemma 8.5,

(Lpy,qosos LprgiaJoga = ((LS’LOO)%’%'A\O’ (L Loo)el*q‘;Al)07q;A

- - =L

= (X90740;A\03X917Q1;A1 )0711;}\\ = Xeg;q,A\JrAg,qg,A\g
_ s too\L

= (L% L™ )00 R0 000

_ L»C

T posq.A+Ag,q0,M0 7

which proves (8.25). Taking g = g in (8.25) and applying Lemma 4.9, we obtain (8.26).
|

Remarks 8.10 (i) By Theorem 5.9, the assertion of Theorem 8.9 remains true if the space
Ly, g, is replaced in (8.25) or (8.26) by L.

(ii) Suppose that the assumption 0 < py < p; < oo of Theorem 8.9 is replaced by
1<p <po<oo.Then

R
(827) (LPO-,QO')A\O7LPl,‘Zl')A\l)O-,q;A\ = (Lpl,qul\\l7LP0,QO'»L\\0)1,q;5\\ = L;O;;7A+A\U;q07A\U7
where A = (oo, qp) (the last equality in (8.27) follows from Theorem 5.9* and

Lemma 8.6).
(iii) Note that in the case when p(R) < oo the result corresponding to (8.26) (with
Ay = (ap, ), Ay = (a1, 1), and A = (a, a)) was mentioned without proof in [D].
(iv) Let u(R) < oo. Taking Ag = (0,0), Ay = (0,0) and A = (¢, @) in (8.26), we get
— (Lpoﬂq()’Lplvql

LPoﬂo;(H% )O,qu;a

provided that
0<a and gy=o0

or

1
0<a+— and g < oo.
9o

(Compare with extrapolation results in [ET, Section 2.6.2, Theorem 2] and [Mj, (2.26)].)

Acknowledgement The authors thank the referee for helpful comments.

References
[A] R. A. Adams, Sobolev spaces. Academic Press, New York, 1975.
[B] C. Bennet, Intermediate spaces and the class Llog" L. Ark. Mat. 11(1973), 215-228.

[BS] C. Bennet and R. Sharpley, Interpolation of operators. Academic Press, New York, 1988.

[BK]  Yu. A. Brudnyi and N. Ya. Krugljak, Interpolation functors and interpolation spaces. North Holland, Am-
sterdam 1, 1991.

[BL] J. Bergh and J. Lofstrom, Interpolation spaces. An Introduction, Springer, New York, 1976.

[D] R. Ya. Doktorskii, Reiteration relations of the real interpolation method. Soviet Math. Dokl. 44(1992),
665-669.

https://doi.org/10.4153/CJM-2000-039-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-039-2

960

W. D. Evans and B. Opic

[DO] V. L. Dmitriev and V. I. Ovchinnikov, On interpolation in real method spaces. Soviet. Math. Dokl.
20(1979), 538-542.

[EOP] W.D. Evans, B. Opic and L. Pick, Real interpolation with logarithmic functors. to appear.

[ET] D. E. Edmunds and H. Triebel, Function spaces, entropy numbers and differential operators. University
Press, Cambridge, 1996.

[GM] M. E. Gomez and M. Milman, Extrapolation spaces and almost-everywhere convergence of singular inte-
grals. ]. London Math. Soc. 34(1986), 305-316.

[G] J. Gustavsson, A function parameter in connection with interpolation of Banach spaces. Math. Scand.
42(1978), 289-305.

[He] H. P. Heinig, Interpolation of quasi-normed spaces involving weights. CMS Conference Proceedings
1(1981), 245-267.

[Ho] T. Holmstedt, Interpolation of quasi-normed spaces. Math. Scand. 26(1970), 177-199.

[Ka] T. E. Kalugina, Interpolation of Banach spaces with a functional parameter. The reiteration theorem. Vestnik
Moskov. Univ. Ser. I Mat. Mekh. 30(1975), 68-77.

[Kr] P. Krée, Interpolation d’espaces qui ne sont ni normés, ni complets. Applications, Seminaire Lions-
Schwartz, semmestre 1964-1965, Secrétariat Mathématique 11, rue Pierre Curie, Paris 5°.

[L] S. Lai, Weighted norm inequalities for general operators on monotone functions. Trans. Amer. Math. Soc.
340(1993), 811-836.

[Mel]  C. Merucci, Interpolation réelle avec function paramétre: réitération et applications aux espaces AP ()
(0 < p < 400). C. R. Acad. Sci. Paris Sér. I. Math. 295(1982), 427-430.

[Me2] , Applications of interpolation with a function parameter to Lorentz, Sobolev and Besov spaces. Lec-
ture Notes in Math. 1070, Springer, 1984, 183-201.

[Mi] M. Milman, Extrapolation and optimal decompositions. Lecture Notes in Math. 1580, Springer, 1994.

[N] P. Nilsson, Reiteration theorems for real interpolation and approximation spaces. Math. Pures Appl.
132(1982), 291-330.

[OP] B. Opic and L. Pick, On generalized Lorentz-Zygmund spaces. Math. Inequal. & Appl. 2(1999), 391-467.

[Pe] J. Peetre, Espaces d’interpolation, généralisations, applications. Rend. Sem. Mat. Fis. Milano 34(1964),
133-164.

[Per] L. E. Persson, Interpolation with a parameter function. Math. Scand. 59(1986), 199-222.

[Pi] A. Pietsch, Eigenvalues and s-numbers. University Press, Cambridge, 1987.

[S] Y. Sagher, An application of interpolation theory to Fourier series. Studia Math. 41(1972), 169-181.

School of Mathematics Mathematical Institute of the Czech Academy of

Cardiff University Sciences

23 Senghennydd Road Zitnd 25

Cardiff CF244YH 11567 Praha 1

United Kingdom Czech Republic

e-mail: Evanswd@cf.ac.uk e-mail: opic@math.cas.cz

https://doi.org/10.4153/CJM-2000-039-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-039-2

