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THE STRUCTURE OF STABLE COMPONENTS 

YINGBO ZHANG 

ABSTRACT. Let A be an artin algebra. Let ($ be a component of the stable Auslander-
Reiten quiver of A. If Q is periodic, then the structure of G is known. Here, we are going 
to consider the case when Q is non-periodic: we will show that 6 is isomorphic to Z 6 
with S a valued quiver. In particular, there is no cyclic path in G. 

1. The main result. For basic concepts and notations in representation theory of al­
gebras, we refer to [R]. Now we recall some of them. A quiver Q = ( V(Q), A(Q), sQ, CQ) 
is given by two sets V(Q), A(g), and two maps SQ,CQ:A(Q) —* V(Q). The elements 
of V(Q) are called vertices or points, those of A(Q) arrows. If a G A ( 0 , then sQ(a) 
is called its start vertex, eQ(a) its end vertex, and we write a:sQ(a) —• eoipc). A 
quiver Q is said to have no multiple arrows provided for any pair JC, y of vertices there 
is at most one arrow a : x —• y. Let Q be a quiver and JC G V(Q), then x+ is the set 
of end points with start point x, and x~ is the set of start points of arrows with end 
point JC. We say that Q is locally finite provided both JC+ and JC- are finite sets, for any 
x G V(Q). A valued quiver is of the form S = (V(©),A(S),s§,e§,d§,d'B), where 
( V(S ), A(S ), sts, e<s ) is a quiver without multiple arrows, and J©, d^ : A(6 ) —•> N i are 
maps. In case d&(oc) = 1 = d^(a) for all a G A(6), then we say that 6 has trivial 
valuation, and we may consider any quiver as a valued quiver with trivial valuation. For 
a:jc—>y inA((B), we write Ĵ y = J©(a),d'^ = d^(a). 

A stable translation quiver T = (y(r),A(T),sr,er9Tr) is given by a quiver 
,A(r),sr,er) which is locally finite and has no multiple arrows, and a bijection 

r r : V(T) —• V(T), satisfying z~ = (rrz)+ for any z G V(T). (Note that we allow loops!) 
Given an arrow a: y —>z, we denote by a a the unique arrow: rz —• y. A valued sta­
ble translation quiver is of the form G = (V(G ), A(G ), SQ , e©, TQ , Jg , d^ ), where, on 
the one hand, (V(G),A(G), s©, eg, d$, Jg ) is a valued quiver, whereas (V(G),A(G), 
*G > £© > TG ) is a stable translation quiver, and Jg (a) = d'Q(era), d'G(a) = d$ (aa) for 
any a G A(G). A valued stable translation quiver G is said to be connected provided 
V(G ) T̂  0, and 6 cannot be written as a disjoint union of non-empty valued stable trans­
lation quivers. Let G be a connected valued stable translation quiver. A vertex JC G V(G ) 
is said to be periodic provided there is t > 0 with JC = T*X. Note that the existence of 
any periodic vertex implies that all vertices are periodic and, in this case, G is said to 
be periodic, otherwise non-periodic [HPR]. We say that G is smooth provided its valua­
tion is trivial and JC+ consists of precisely two vertices, for any JC G V(G ). A subadditive 
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function £ on G with values in No is a map £ : V(G ) —• No satisfying 

HZ) + £(TZ)> £ 4 Z ' O 0 . forallzGV(G); 

and £ is said to be additive provided we always have equality. 

Given a valued quiver S, we construct a valued stable translation quiver Z 6 (follow­
ing Riedtmann [Ri]) as follows: let V(ZS) = Z x V(S); given an arrow a:x —> y in 
6 , there are arrows (/, a ) : (/, JC) —» (i9y) and a(/, a ) : (/ — 1, v) —• (/, JC), for all / G Z ; the 
translation r is defined by T(/,JC) = (/ — 1,JC), the valuations are given by dz&iU <x) = 
d&(a)9d'Zç(i,a) = d'(a). 

THEOREM. Let G be a non-periodic connected valued stable translation quiver with 
a non-zero subadditive function £ with values in No- Then, either G is smooth and £ is 
both additive and bounded, or else G is of the form Z 6 for some valued quiver (5. 

The precise structure of those stable translation quivers G which are not of the form 
Z 6 for some valued quiver 6 , will be given below, see Section 4; they are of the form 
Ylst with -s < t < 0. 

Let g be a quiver. A path in Q of length t > 1 is of the form (JC | a\,..., at \ y) with 
SQ(OC\) = X9SQ(OCÏ) = eQ(pLi-\) for 2 < i < t, and eQ(at) = v; in case x = y, this is 
called a cyclic path. If F is a translation quiver, a path (x \ a\9...,at \ v) in T is said 
to be sectional, provided a at ^ a/_i, for 2 < / < t. An important property of valued 
stable translation quiver of the form Z S is the following: 

LEMMA. Let 6 be a valued quiver. Then any cyclic path in Z 6 is sectional. If 6 
has no cyclic path, then Z S has no cyclic path. 

PROOF. Given x9y G V(©) and ij G Z with / > j , there is no path from (i,x) to 
(/,}>) in Z 6 . Thus any cyclic path in Z S involves only arrows of the form (/, a ) with 
a G A(6 ) and some fixed i G Z, and thus it is a sectional path and is obtained from a 
cyclic path in S . 

COROLLARY. Lef G be a non-periodic component of the stable Auslander-Reiten 
quiver of an artin algebra A. Then G is of the form Z 6 for some valued quiver 6 without 
cyclic path. In particular, G has no cyclic path. 

PROOF OF THE COROLLARY. We note that G is a non-periodic connected valued 
stable translation quiver (see [HPR]), and the length function £ is a subadditive function 
on G with values in N i. Either G is a complete component of Auslander-Reiten quiver 
of A, then £ is additive and unbounded (by a theorem of Auslander [A], since G cannot 
be finite), or else £ is not additive. It follows that G is of the form Z S for some valued 
quiver S. Any cyclic path in S would yield a sectional cyclic path in G, but this is 
impossible according to a theorem of Bautista-Smal0[BS]. The last assertion is a direct 
consequence of the Lemma. 
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We recall that the structure of the periodic components of the stable Auslander-Reiten 
quiver of an artin algebra has been determined by Happel-Preiser-Ringel [HPR]. In par­
ticular, we see that a regular component of the Auslander-Reiten quiver of an artin algebra 
is either a stable tube or else of the form Z ©, with 6 a valued quiver. 

For the proof of the main theorem, we may assume that we deal with a stable trans­
lation quiver with trivial valuation. For, asssume the assertion of the main theorm has 
been shown for all G with trivial valuation, and consider now a general G. Let T = 
(V(G),A(G) , SQ , e$, TQ ) be the corresponding stable translation quiver (with trivial val­
uation). Since t is subadditive on G, it is subadditive on T. We can assume that the 
valuation of G is non-trivial, thus £ cannot be additive on T (assume d'yz > 1, for 
some arrow y —> z\ according to Lemma 5.4 below, we find t such that li^y) ^ 0, 
thus Eyez- <tyzt(T'y) > T,yez- H^y)). This shows that T = TQ for some quiver Q, 
according to the main theorem. Of course, we can transfer the valuation of G to Q in 
order to obtain a valued quiver 6 = (V(Q), A(Q), SQ, eQ, d&, d's ), namely let d& (a) = 
<fc(0, a) ,<4(a) = 4 ( 0 , a ) for a G A(Q) (and (0, a) G A(1Q) = ACT) = A(G )), then 
G = Z S . 

2. Preliminaries: quivers and graphs. Let g be a quiver. An arrow a with 
SQ(OC) = eQ(a) is called a loop, and we denote by L(Q) the set of all loops of Q. The 
paths of length > 1 have been defined in Section 1 ; we should add that we also have 
to consider paths of length 0, they are of the form (JC|JC) with x E V(Q). Note that any 
arrow a : JC —• y may be considered as a path a = (x \ a \ y) of length 1. Given 
two paths w = (x | ofi,...,a f | y) and w' — {x! \ /3i,...,/35 | / ) in Q, the product 
wwf is defined provided y — xf, and then wwf = (x | a\,...,at9(3\,...,(3s I / ) • If 
w = (x | ot\,..., at | y) is a path, we write sQ(w) = x, and eQ(w) — y9 and say that 
w is a path from x to y in case x = y, and the length of w is at least 1, then w is called 
a cyclic path (starting at x). A cyclic path (x | « i , . . . , at \ y) is said to be elementary 
provided sg(a,) ^ SQ(CLJ) for i ^ j . If ^ is a subset of A(Q), we denote by ( Zl) the 
smallest subquiver of Q containing 11, thus V(( U) ) is the set of all start vertices and all 
end vertices of arrows in 11, and A((Zl)) = 11. 

A graph Y — (V(Y),A(Y),SY,€Y,LY) is given by a quiver (y(Y),A(Y),sY,eY) and a 
fixpoint free involution iy of A(Y). Thus ty'.A{Y) —> A(F) is a map with 6y(a) ^ a and 
Ly(a) = a for all a G A(F). A path (JC | ai,...,at \ y) in Y is said to be reduced 
provided ai+i ^ ta , for all 1 < i < t — 1. A graph Y is called a free provided for every 
pair x,y G V(Y) there is a unique reduced path from x to y, and, in this case, the unique 
reduced path from JC to y is called the geodesic from JC to y [D]. We will consider cyclic 
paths which are both reduced and elementary. Note that for a reduced, elementary, cyclic 
path (JC I ai,..., at | JC) in Y, we also have oc\ ^ tat (this is trivially true for t — 1; 
if t > 2 and ot\ = tat then sy(af) = £r(<*i) — SY(<*2), thus f = 2, but we assume 
a 2 7̂  t a i ) . 

(Remark: the definition of a graph may look rather clumsy, the usual definition just 
identifies the arrows a and ia and calls this identified pair {a,ia} an edge. There are 
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several reasons for using the definition as given above: an edge joining two vertices JC, y 
with x ^ y can easily be oriented by specifying the order of x and v. However, we also 
will want to change the orientation of loops, replacing a loop a by ict. Note that the 
orbit graph of a non-periodic stable translation quiver (as defined in Section 5 below) is 
always a graph in the sense defined above. The definition of a graph as specified above 
is due to Reidemeister [Re] who called this a "Streckenkomplex".) 

Given a graph F, an orientation £1 of F is given by a subset Q, of A(Y) such that Q 
intersects any t-orbit of A(Y) in precisely one element. We denote by (F, Q.) the subquiver 

On the other hand, let g be a quiver. The underlying graph Q of Q is the graph Q — 
(V(Q),A(Q), SQ, eg, IQ), where A(Q) consists of the disjointunion of two copies of A ( 0 , 
one denoted by A(Q), the other by { a* | a G A(Q)}, with SQ(OC*) = eQ(a), e^a*) = 
SQ(GC), and with LQ(CX*) = a , t^ (a ) = a*. By definition, a walk in Q is a path in Q. (Note 
that we also will consider walks in Q, thus paths in Q). Walks in Q will be denoted in the 
form w = (x | a[\..., a%n | y), where a\,..., an belong to A(Q), e\,..., en G { ± 1 } , 

a ' ' ~ {a* fore,= - 1 

(and ^ (a f 1 ) = x,SQ(a^) = eQia^) for 2 < i < n, eQ(a„n) = y), and we write 
JC = ^Q(W), y = ^g(w). Such a walk (JC | af1,..., a„n | y) is reduced provided at — a,+i 
implies et — ei+i, and it is elementary provided SQ(a?1) ^ sQ(a^j) for / ^ y. 

Let F be a graph. We are going to define its first homology group H\(Y) (see [S]). Let 
Co(F) be the free abelian group with basis V(F). Let C\(Y) be the factor group of the 
free abelian group with basis A(Y) by the subgroup generated by all elements of the form 
a +L(x, with a G A(Y). Thus, in Ci(F), the element t a , for a G A(F), is identified with 
—a. If £1 is an orientation of F, then C\ (F) may be identified with the free abelian group 
with basis A((Q)) = Q. We define « : d ( F ) - • C0(F) by £(<*) = eY(a) - sY(ct)9 for 
a G A(F), and //i(F) is, by definition, the kernel of S. The elements of H\(Y) are called 
cycles, thus a cycle is an element c G Ci (F) such that ^(c) = 0. If (JC | a\,..., at | JC) 
is a cyclic path in F, then Yfi=\ (*i belongs to H\(Y). An element of H\(Y) of the form 
E;=i <*i, where (JC | OC\ , . . . , oct \ x) is an elementary reduced cyclic path in F, is called an 
elementary cycle. 

Given a quiver g, let # i (Q) = Hi (Q), thus Hx (Q) is the kernel of the map S : C\ (Q) —> 
Co(Q), where C\{Q) is the free abelian group with basis A(Q), and Co(Q) is the free 
abelian group with basis V(Q), with 6(a) = eQ(a) — SQ(OC) for a G A(g). The elements 
in C\(Q) will be written in the form c = E«G4(0 c(cr)a with c(a) G Z and almost all 
c(a) = 0; the set supp(c) = { a | c(a) ^ 0} will be called its support and we write 
I c\ : = Yla<EA(Q) | c(a ) I. Since we will have to deal with elementary cycles in H\ (Q) rather 
frequently, let us repeat: let (JC | ot[ \..., af I ^) be an elementary reduced cyclic 
walk in Q (where c(a,) G {±1}), then T!i=z\ c(at)ai is an elementary cycle in H\(Q), 
and any elementary cycle is obtained in this way. 
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Let F be a graph. On the set of paths in 7, we define the homotopy relation as the 
smallest equivalence relation ~ with the following property: if w, W are paths, with 
eY(w) = SY(W') = sY(a) for some arrow a, then 

w • a - La • w' ~ w - w'. 

The equivalence class of the path w will be denoted by w>, and called its homotopy class. 
For v G V(Y), let TÏ\(Y,y) be the set of homotopy classes of paths starting and ending at 
y, it is a group with respect to the composition w • w' — wW, the fundamental group of 
Y at y. It is well-known that the fundamental group of a graph Y is a free group. Note 
that there is a canonical group homomorphism ir\(Y,y) —-> H\(Y), sending the homotopy 
class of the path (x | au..., an \ JC) to £?=1 <*/. The kernel of the homomorphism is 
the commutator subgroup, and this homomorphism is surjective provided Y is connected 
[S]. 

3. Tempered maps. Let F be a graph. A linear map i? : /fi(F) —• Z is called tem­
pered provided it satisfies the following conditions: given any elementary cycle c in 
Hi (F), then 

0(c) = \c\ (mod 2) and 10(c)| < \c\. 

Let Q be any orientation of Y. We define $Q: H\{Y) —-> Z by 0Q(E«GQ £(«)<*) = 
EaeQ^(a). Then clearly #Q is a tempered map on H\(Y). We will need the converse 
statement: 

PROPOSITION. Let Y be a graph, and $ : H\(Y) —> Z a tempered map. Then there 
exists an orientation ÇlonY such that $ = $Q. 

The proof of the proposition will be given in this section. We will start with a quiver 
Q such that Y — Q, and we will construct a function 77 : A(Q) —• { ±1} such that 

£ IJ(7)C(7) = 0(C) 
7 04(0 

for any c G//1 (g). Thus 

Q = { a I a GA(<2),7/(a) = 1} U {a* | a €A(£), 17(a) = - 1 } 

will be the required orientation of Y. 

3.1. Shrinking of arrows. Let g be a quiver, 11 Ç A(Q) some set of arrows. We define 
Qj U, the quiver obtained from Q by shrinking the arrow in 11, as follows: given JC, y G 
y(0> write JC ~ y provided there exists a walk (JC | af1,..., a„n \ y) from JC to y with all 
arrows a, G ^i. The equivalence class of JC in V(Q) with respect to ~ is denoted by [JC] <̂ , 
and V(<2/ *U) is the set of these equivalence classes. Let A(<2/ ti) = A(Q)\ 11 and given 
a G A(Q/ £/), let Sg/ u = [s<2(a)]?i> <?£/ <a = [^ôfaOlî/- We stress that, by definition, 
the arrow set A{Qj 11) of Qj 11 is a subset of the arrow set A(g). 
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We define 0f: Q(Q) —> Q(Q/ 11) for i = 0 and 1 as follows: given x G V(Q), let 
<j>o(x) = [x\u\ given a G A(Q), let (j)\(a) — a provided a £ 11 and (j>\(a) = 0 
otherwise. Since the diagram 

Ci(G) 

«4 
CxiQ/U) 

I 'o/« 
Co(G) —» Co(G/«) 

</>0 

obviously commutes, we obtain an induced map 

# i ( Q ) - ^ - # i ( f i / W ) 

between the kernels of the two S -maps, we may call it the canonical map. 
Note that the inclusion A(Q/ U) C A(Q) yields an embedding C\(Q/ II) Ç C\(Q), 

but£g/ <u is usually not the restriction of 6Q to C\(Q/ 11). 
We say that 7 Ç A(Q) is cycle-free provided there does not exist a non-zero cycle c 

with supp(c) Ç T, (or, equivalently, provided H\((T)) — 0). Assume that T is cycle-free, 
then one easily shows that H\ (Q/ U) ~ H\ (Q). We want to construct an explicit map 

ïr.Hx{Q/T)->Hx(Q) 

(which will be shown to be an isomorphism). For any connected component (Tt) of ( T) 
( where Tt Ç 7), choose some vertex at of ( Tt). If x is a vertex of ( 7i), choose some 
walk (at | af1,..., a^n | x) from <z, to x inside Tt, and let C(JC) = £?=1 £/«/, whereas for 
x £ V(( T) ), let c(x) = 0. We define £0": C0((2/ 71 — C0(Q) by 

U if*eV«7->) 
U ifjc€V(G)\v«r», Coû(Wr) 

for x G V(Q). And £f : Ci(G/ ^ — Ci(g) by 

ef(a) = a + c ( j ( c r ) ) - c ( e ( a ) ) 

for a G A(G/ 7). We claim that the diagram 

CdQ/T) 

6Q/T[ 

Co(Q/T) 
^0 

Ci(Q) 

Co(G) 

commutes: given a G A(Q/ T), we have 

0etf)(ar) = 

e(a)-s(a) if s(a) £ V((T)),e(a) # V((T)% 
e{a)-ai if s(a) G V((T,)),e(a) #V((T)), 
aj-s(a) if s(a) ? V((T)),e(a) e V((7)>), 
aj - a, if s{a) 6 V({ T,) ), e(a) € V(( 7}>). 
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Consequently, £f maps HX(Q/ T) into H\{Q), thus we obtain an induced map 

ÏT:HX(QIT)-^HX(Q\ 

which does not depend on the chosen vertices at (note that the map £f already does not 
depend on the chosen walks, but, of course, it depends on the vertices at). 

We stress that given x G CX(Q/ T), the element ix(c) — c has support in T, and thus 
the composition 

CX(Q/T)^CX(Q)^CX(Q/T) 

is the identity; in particular, the composition 

# i (G/ T) - ^ H{(Q) ±* HX(Q/ T) 

is the identity. Also the composition 

HX(Q)^HX(Q/T)^HX(Q) 

is the identity, since for c G HX(Q), the cycle £r<Mc) — c has support in 7, and thus 
vanishes. 

Given a quiver Q, let L(Q) Ç A(Q) be the set of loops. The quiver Q will be said to be 
reduced provided the support of any elementary cycle is a loop. If Q is a reduced quiver, 
then, clearly, HX(Q) is just the free abelian group generated by L(Q). Thus, if Q is an 
arbitrary quiver, and T is a cycle-free subset of A(Q) such that Qj T is reduced, then one 
obtains a free generating system for HX(Q) by 

UrtoOl aeL(Q/T)}. 

In fact, since for a ^ /î G L(g/7) , we have (£r(a))(/3) = 0, whereas (£r(<*))(<*) = 1, 
we see that any c G HX(Q) can be written in the form c = HaeUQ/T) c ( a )^r (^) -

3.2. Dealing with one elementary cycle. Let Q be a quiver and # : HX(Q) —-> Z a tem­
pered map. Note that for any loop a of g, we have |# (a ) | = 1, since |i?(a)| < 1 and 
0 (a ) = 1 (mod 2), thus |ar| - |*(ar)| = 0 . 

We consider an elementary cycle c which is not a loop. By the definition of a tempered 
map, we know that u := ^ (| c| — # (c)| ) is a non-negative integer. Replacing, if necessary, 
c by —c, we assume # (c) > 0. 

LEMMA A. Let c be an elementary cycle, not a loop, and assume $ (c) > 0. Let S = 
supp(c), and n — \c\, and u = \ (n — t? (c)\ Then there are (") functions rj:S —• { i l } 
such that 

(*) 'Eri(a)c(a)='ô(c). 
a ES 

PROOF. Given rj:S —> {±1} satisfying (*), we have r](a)c(a) € {±1} for all 
a G S. There are n summands on the left, all are in { ± 1 } , thus u of the summand 
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rj(a)c(a) have to be —1, the remaining ones have to be 1, since n — u = u + i?(c). Thus 
U — { a G S | rj(a)c(a) = —1} is a subset of S with « elements. Conversely, let U be 
a subset of 5 with u elements, then we define 

(-c(a) fora G <Zi 
7 / ( 0 0 ~ (c(a) fora eS\U. 

and we see that 

J2r](a)c(a)= £ ( - l ) + E 1 =-11 + /1-11 = tf(c), 
<*GS «Gîi aeS\Zl 

thus (*) is satisfied. 
Let j/tf = minj |( |c | — 1#(c)|)) \c an elementary cycle of Q, not a loop }. 

LEMMAB. Let c be an elementary cycle of Q with u = u#. Let rj:S —» {±1} be 
a function such that Y.aesl(oc)c(a) — ïï{c). Let oco G S be a fixed arrow and T := 
S\ { ceo} • Define r]T: HX(Q) -+ Z by 

per 

ford<EHi(Q). Then 

0' = (0-f/r)&:tfi(G/r)—Z 

is a tempered map on H\ (Qj T). 

PROOF. Let d be an elementary cycle of Qj T, we want to show that 

<d'(d) = |d\ (mod 2) and |$'{d)\ <\d\. 

Note that instead of d, we also may consider — d. We will consider the support of d as a 
subset of A(Qj T) Ç A(Q), and we write £ instead of £T. 

First, we assume d = ao. Since ^(d) is a cycle in H\((S)) with £(d)(ao) = 1, we 
have £ (d) — c(cto)c. Now 

0'(d) = (0 - ryr)(c(a0)c) = c (a 0 ) fE i W a ) ~ E l ( « W a ) ) 

= c(a0)77(ao)c(ao) = *7(<*o). 

therefore, \$'(d)\ = 1. 
Thus, we can assume that supp(d) ^ { ao}, and therefore ao ^ supp(d), since d is 

an elementary cycle of Qj T. Let ([y]r | pfm
9... ,$^m) \ \y\r) be a cyclic walk in 

Qj T with supp(J) = {flu • • • iPm} • Let yt = sQ(f5?{(5l)). There is at most one index i 
such that j / G V(( T) ), and we can assume v, ^ V(( 7) ) for all 2 < i < m. Let y = y\, 
and z = eQ^flm )• In case z = y, we see that J is an elementary cycle of g itself and 
£ (J) = d. Thus, we only have to consider the case y ^ z. In this case, both y, z belong to 
( T). Let (x\ | afa]\..., a^(an) | JCI) be a cyclic walk in Q with supp(c) = {<*i,..., an} 
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and let JC,- = SQ(afai)). Let z — xr, y — xs with 1 < r, s < n. We can assume r < s, 
otherwise we consider —d instead of d. It follows that 

s-\ 
i(d) = d + Y,c(ai)ah 

i—r 

in particular, | £ (d)\ = m + n\ where n1 — s — r. Let ri be the number of arrows at £ 11 
with r < i < s — 1, where 11 = { a G S \ r)(a)c(a) = — 1}. Note that 

tf V ) = (0 - riT)(t(d)) = d (t(d)) - £ riiaMca) 
i—r 

= ${i(d)) + ri -(ri -ri) 

= d(i(d)) + 2uf-n\ 

since ri of the summands r)(oci)c(oci) are —1, the remaining ones are 1. Now, £(d) is an 
elementary cycle of Q, and therefore i? (£ (d)) = | £ (d)| = m + ri (mod 2), thus 

|# V ) | = i? (£(</)) + 2M' - n' = m + ri + 2w' - ri = m = |</| (mod 2). 

Since £ (d) is an elementary cycle of Q and not a loop, we have 

\t(d)\-\&(t(d))\>2uo, 

thus 
#{t(d)) < \$(t(d))\ < \£(d)\ -2u$ =m + ri -2u<>, 

therefore 

$'(d) = ïï (£ (d)J + 2ri — ri <m + ri — 2u$ + 2ri — ri — m — 2u$ + 2u < m = \d\ 

where we have used ri < u = u$. 
In order to show that we also have —\d\ < fi'(d), let us consider £ (d) — c. We have 

r-\ n 

£(d)-c = d-J2 c(ai)cxi - £ c(ai)ah 
i= 1 i=s 

in particular, also £ (J) — c is an elementary cycle of g and not a loop. We have | £ (J) — 
c| = m + «", where n" — n — ri. Since £ (J) — c is an elementary cycle of Q and not a 
loop, 

\£(d)-c\ - | 0 ( £ ( d ) - c ) | > 2 i i * , 

thus 

tf(^(rf)-c) > - | # ( £ ( < / ) - c ) | > - | $ ( ^ / ) - c | + 2 ^ = -m-ri' + 2u$. 

We also will use that 
i9 (c) = | c| — 2u$ — n — 2u$. 
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Altogether, we have 

$'{d) = $(Z(d)) + 2u' -ri 

= # (i (d) - cj + ïï (c) + 2u - rî (since # is additive) 

> —m — n + 2M# + « — 2M^ + 2u — n 

= —m + 2u > — m = —\d\. 

This shows that | # '(d) | < | d\, and therefore finishes the proof. 

3.3. Transfinite induction. 

LEMMA. Let fi : H\(Q) —> Z be a tempered map for a quiver Q. Then there exists a 
cycle-free subset T ofA(Q) and a function r\ : T —• { ±1} such that 

(1) X/ T is reduced, and 
(2) the map $T- HX(Q/ T) —> Z defined by 

0rtc) = 0(c) -5>(a)c(aO 

/or c £H\{Q/ T) and c = £r(c) is tempered. 

PROOF. Let T\ = 0, and $i = #. Assume there is some ordinal number À such that 
for any ordinal number p < A, we have constructed a subset 7^ Ç A(Q) and a map 
ln'-T^ —• { ±1} with the following properties: 

(a) If v < [i is an ordinal, then TVCJ^, and r\v = 77̂  | TV, 

(b) 7), is cycle-free, 
(c) the map tipiH^Q/ T„) - • Z defined by 0M(c) = «(c) - E«erM ifo(ar)c(a) for 

c G H\(Q/ 7^) and c = £rM(c), is tempered. 
First, assume A is a limit ordinal. Let T\ — U/i<A 7^, and define TJA by T/A \ T^ — r\^. 

By definition (a) is satisfied for \i = A. Since a filtered union of cycle-free subsets of 
A(Q) is cycle-free, also (b) is satisfied for /x = A. In order to show (c) for p — A, let c be 
an elementary cycle of H\(Q/ T\), and c = £TX(C). The support of c — c is a finite subset 
of T\9 thus it lies in 7^ for some p < A, and $A(C) = $/i(c). Therefore #A(C) = \c\ 
(mod 2) and | iïx (c) | < |c|. 

Now assume A > 1 and that A is not a limit ordinal, thus A — 1 exists. Let Q\-\ := 
g / 7A-1. In case 2A-1 is reduced, let T = Z\—1,77 = 77A—1 ; clearly, all assertions of the 
lemma are satisfied in this way. So assume <2A-I is not reduced. We write £A-I instead of 
£TX-I » an (i MA-I instead of u$x_x. We choose some elementary cycle of 2A-1 , not a loop, 
with \{\c\ — | $A-I (C) | ) = WA-1, and we can assume #A-I(C) > 0. Let S be the support 
of c, fix some c*o £ S, and let T := 5\ { ao} • According to Section 3.2, there exists a 
function 77 : S —• { ±1} such that 

Y/r}(a)c(a)= 0A-i(c), 
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for all c G #i(XA), and the function # ' A _ I : Hx (QXJ T) —• Z denned by 

0 ' A - I W ) = I»A-I (&(<*)) - E l(cc){Ud))(cc), 

for J G H(Qx-\/ 7), is a tempered map. Let Tx = T\-\UT ÇA(Q)Mr}\:Tx —> {±1} 
be defined by T7A|̂ A—1 = ?7A-I, and 77A|7 = rj\T, thus (a) is satisfied for /J = À. In 
order to see that T\ is cycle-free, let c be a cycle with support in T\. Shrinking of 7A-i 
produces the cycle c\ 7 in / /I((2A-I)> however 7 is cycle-free in Q\_i, thus c| 7 = 0, or, 
equivalently, supp(c) Ç T\-\. Since T\-\ is cycle-free, it follows that c = 0. For the 
proof of (c), we first note that clearly Qj T\ = Q\-\/T and we claim that #A = $ 'A- I ,SO 

that #A is tempered. Let £A = £rA. Let d G # i ( g / 7A)and note that £A(<0 = É A - I & W ) , 

so that (&(</))(<*) = (fr(<0)(<*) for a G T . Thus 

«A(<0 - « (6 (d ) ) " E *7A (<*)(& (<*))(<*) 
«erA 

= «(6-iC7<rf))- E *7A-i(a)($A-i€7<rf))(a)-E^(a)(C7<rf))(a) 

= 0A-i(Cr(d)) - E r / (a)(^(^))(a) 

= 0 ' A - I W ) . 

This finishes the proof of the induction step. 
Since our algorithm produces a strictly increasing chain of subsets 7A in A(Q), it must 

stop. Thus, for some ordinal A > 1, not a limit ordinal, QjT\~\ has to be reduced. This 
yields the proof of the lemma. 

3.4. Proof of the Proposition. Let X be a quiver, # : H\(Q) —> Z a tempered map. Let 
7 be a cycle-free subset of A(Q) such that Qj 7 is reduced, and let 77: 7 —• { ±1} be a 
map such that #7 (as defined in Section 3.3) is tempered. It remains to extend 77 to all of 
A(G). 

If a is a loop of Qj 7, let 77(a) = #7-(°0> whereas for /3 £ Q/ 7, not a loop, we may 
choose 77(/?) arbitrarily, say let r]{(5) = 1. Thus 77: A ( 0 —-» { ±1} is defined. Recall that 
£(£?/ D denotes the set of loops of Qj 7, and given a G L(g/ 7), let â — £r(a) G 
/ / i (0 .Wehave 

E ^CY)«(7) = r?(a) + E *7(7)â(7) (sinceâ(a) = 1) 
ieA(Q) ieT 

— 77(a) + # (â) — #r(a) (by the definition of #7) 

= 0(â ) . 

Note that { â \ a G 7 ( 2 / 7)} is a basis of H\(Q) as a free abelian group, in fact, 

given c G H\(Q), we have c = T,aeuQ/T) c (a)a , and therefore 

E T?(7M7) = E E i 7 ( 7 ) c ( a ) â ( 7 ) 
7GA(0 7 or 

= Ec(«)(E^)^)) 
a V 7 y 

= E^(«)^(â) = 0(c). 
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This completes the proof. 

4. Smooth non-periodic stable translation quivers. We are going to give a com­
plete list of the non-periodic stable translation quivers which are smooth and to exhibit 
some of their properties. 

4.1. The stable translation quiver Ylst. First, we note that an isomorphism/: Y —» V 
of two stable translation quivers T, r ' is given by two bijections V(f): V(T) —> V(T'), 
A(f): ACT) —+ A(V) which are compatible with s, e, r, (thus, srA(f) = V(f)sr, epA(f) = 
V(f)er,TT'V(f) — V(f)rr). Let T be a stable translation quiver. A group G of automor­
phisms of r is said to be admissible provided for x G V(T), any orbit of V(T) under 
G intersects x+ in at most one vertex. For an admissible group G of automorphisms of 
r we may form Tj G, this is the translation quiver defined as follows: V(T/ G) is the 
set of G-orbits on V(T), A(T/ G) is the set of G-orbits on A(T), and sr/G> er/G>Tr/G are 
induced by sr, ^r>n\ respectively. (Note that we follow Riedtmann [Ri], but with some 
slight changes in order to take care of the fact that our translation quivers are allowed to 
have loops). 

Smooth stable translation quivers have been considered before. Following Butler-
Ringel [BR], let us consider the stable translation quiver IT defined as follows: V(Yl) = 
{(a,b) G Z2 | a = b (mod 2)} with arrows (ayb) —• (a + l,b+ 1), and (a,b) —• 
(tf+l,£-l)andwithtranslationrn(tf,£) = (a-2, b), for all (a, b) G V(Yl). Observe that n 
is isomorphic to Z A™ as defined in [HPR]. Given (s, t) G Z 2, consider the automorphism 
gst of n defined by gst(a, b) — (a+s — t,b+s+t), let (gst) be the group of automorphisms 
generated by gst9 and define Ust — IT/ (gst). Since g~x — g-s-t, we have n^ = U-s-t; 
also, the automorphism i of n defined by («, b) —• (a, —b) yields an isomorphism of 
Ylst and ri-^-^; thus any stable translation quiver of the form Hst is isomorphic to one 
satisfying 0 < s and — s < t < s. Of course, FIoo = n . 

PROPOSITION. The smooth non-period stable translation quivers are of the form Tlst 

with 0 < s and —s< t < s, or of the form IT. 

PROOF. Let T be a smooth stable translation quiver. Clearly, T ~ U/ G for some 
admissible group of automorphisms of n (see Riedtmann [Ri]). Note that elements of 
the form gssi with s G Z cannot belong to G, since gssL interchanges the two elements 
of (s, s)+. On the other hand, for s ^ t in Z, we have (g^)2(0,0) = (2s — It, 0), thus gsti 
cannot belong to G in case n / G is non-periodic. Thus, assume n / G is non-periodic. 
Let g G G and write g(0,0) in the form g(0,0) = (s — t, s + t) for some s, t G Z, 
thus g~lg fixes (0,0), therefore g = gst or g = gstt, but as we have seen, the latter is 
impossible. Therefore all elements of G are of the form gst. Also, if (s, t), (s/,t/) G Z2, 
then ga(sf+1,)gp}(P,0) = (2sft - 2^,0) . Both gst and gît can belong to G only in case 
s't = sfy since otherwise 11/ G would have a periodic vertex. It follows that G is a cyclic 
group, thus r ~ n^ for some 0 < s and — s < t < s. However, the cases 0 < s = — t 
are impossible, since in these cases 11^ has periodic vertices. 
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Recall that Âst denotes the quiver 

<*2 
o y o — • • • —> o 

oc\ / \as 

o o 

ft \ Sfr 
o • o — • • • —> o 

(h 
where 0 < f < s and 0 < s (note that we allow t = 0; in this case we deal with an 
oriented cycle!). Also, A££ is the quiver with V(A£J) = Z, with arrows z —> z + 1, for all 
z G Z. We observe that 

n, r ~ ZA„ for 0 < s and 0 < t < s, 

whereas, as we have noted above, 

4.2. The cases — s < t < 0. It remains to consider the stable translation quivers of the 
form n ^ with — s < t < 0. They have a cyclic path which is not sectional, and thus they 
cannot be written in the form Z Q, with Q a quiver. 

LEMMA. Let —s < t < 0. Let I be a subadditive function on Y\st with values m N0. 
Then t is additive and bounded. 

PROOF. We write Hst = 11/ ( gst) and consider I as a g^-invariant function V(IT) —•> 
No, thus I is a subadditive function on IL 

Given vertices x, y of IT, write x < y provided there is a path from x to y, and we 
denote by [x, y] the set of all vertices z of n satisfying x < z <y. The four neighbours 
of x = (a, fc) G V(n) will be denoted as follows: x = {a + 1, fr + 1 ), x. = (<s + 1, b — 1 ), 
x = (a - 1, b + 1), and . x = (a - 1, b - 1). If W is a finite subset of V(I1), let £ W = 

Let x G V(I1). We claim that 

i (x) + a (gx) >i(x + o, sj) + £ (x + (-*, o), 

and that we have equality only in case 

t (y) + I (ry) = £ ( y) + £ (. y) for all y G [T~X, gx]. 

For the proof, we add up the inequalities 

£(y) + n r y ) > £ ( y ) + £(.y), 

with y G [T~X, Z], where z = gx. We obtain 

I [T~X,Z] + I [X,TZ] > I [X\Z] + t[x.,. Z]. 
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The left hand side of this inequality is equal to 

t(x) + l(z) + l[x,.z] + t[x.,'z], 

the right hand side is equal to 

t(x + (s,sj) + t(x + (-t,t)) + £[JC,.Z] + £[JC.,'Z]. 

We can subtract £ [x',. z\+£ [x., z] from both sides in order to obtain the required inequal­
ity. Also, we see that we obtain an equality only in case we have started with equalities 
for ally E [T~JC,Z]. 

Next, we claim 2£ (x) > £ {x + 0, s)) + £ (JC — 0,s)). For, we have 

2£(x)= £(x) + £(gx) > l(x + (s,s)) + e(x + (-t,tj) 

= e(x + (s,sj) + e(x-(s,s))9 

where we use that g(x — (s, s)) = x + (—f, t) and the fact that £ is ^-invariant. 

It follows that for a fixed JC, the map/: Z —-> N0, defined by/(/) = £ (x+(i • 5, i • 5)) for 
/ E Z is constant: choose i0 with/(/0) </( / ) for all / € Z and conclude that/(i'o + 1) = 
/O'o) — /O'o — 1), as in the proof of Lemma 3 of [HPR]. 

Thus, for all x E V(FI), we have £ (JC + 0, s)) = £ (JC). Similarly, we also have £ (JC + 
(—r, 0) = £(*)• In particular, the only values taken by £ are the numbers £(y) with 
y E [T-JC,£JC], and therefore £ is bounded. Also, the equality £(x) + £(gjc) = £(x + 
($,$)) + £ (JC + (-f,f)) implies £(y)+ £{ry) = £(y) + £(.y) for y E [T~JC,£JC] thus £ is 
additive. 

REMARK. The results of this section establish the main theorem in case we deal with 
a smooth stable translation quiver. We summarize the discussion above as follows: 

Conditions Shape of Is there a subadditive 

non-additive £ ? 

Is additive £ 

bounded? 

0 < s, 0 < t < s ZÂst yes yes 

0 < s, t = 0 ZÂrf no can be unbounded 

0 < s, -s < t < 0 no yes 

0 < s, -s = t ZA£/(s) no yes 

s = 0, t=0 ZA- yes can be unbounded 

(In fact, when s > 0, / = 0, we consider [JC, gx. ]. Since £ (JC) + £ (gx. ) = £ (gx) + £ (JC. ), 
we have £(y) + £(r£) = £(y) + £(.y), for any y E [r_1JC,gjc. ]. Therefore £ is additive.) 

https://doi.org/10.4153/CJM-1991-038-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1991-038-1


666 YINGBO ZHANG 

5. The non-periodic stable connected translation quivers. 

5.1. The orbit graph. Let T be a non-periodic connected stable translation quiver. Give 
x G V(T), we denote by xT its r-orbit, given a G A(T), we denote by aT its r-orbit (by 
definition,Ta = cr2a). The orbit graph P of T is defined as follows: V(P) is the set of 
T-orbits of vertices of T, and AiV) is the set of r-orbits of arrows of F, the maps s^ and 
e^ are induced by sy and er, respectively, and 6pr(aT) = (a a )T, for a G A(T). In order 
to see that P is a graph, we only have to observe that aT ^ (aa)T for any a G A(T). 
(For, assume era = T ra for f G Z, thenra = a1 a = or1 a — rloa — r2ta, therefore 
a = T2t~~xa. But this implies that sy{cx) and er(oc) are periodic vertices). 

REMARK. In case the group generated by the automorphism r is admissible, we may 
consider instead of the orbit graph also the stable translation quiver F(Ty However, Tlio 
is an example of a non-periodic translation quiver where ( r ) is not admissible. 

LEMMA. Let w = (y | / 3 , e i , . . . , (3%" | / ) be a walk in P' . Let x G V(F) with xT = y. 
Then there exists a unique walk wx = (x \ a^l,..., ot%r \ xJ) in F with aj = /?,-, for all 
1 < / < ra. 

PROOF. First, we note the following: let a:x —• x' be an arrow of F. Then rla is 
the only arrow in aT starting at rlx, and the only arrow in aT ending in r V, since x and 
xJ are non-periodic. 

The proof of the lemma is by induction on ra. The assertion is clear for ra = 0. 
Consider now a walk w = (y | (5X

£\... ,f3^m | / ) in P with ra > 1 and take some 
x G V(F) with xT = y. By induction there is a unique walk (x | a£\..., o^T/ | *") 
in r with a] = # for all 1 < i < m - 1. Now, jt" = ^ « T / ) , therefore (x")T = 
erriP^-x) — ^((3%")- ^ u r first observation yields a unique arrow am G F such that 
aw = Pm and sr(a^m) = JC". Let er(oc^m) — x/; then wx = (x \ a£\...,o^m | x/) is the 
required walk. 

5.2. The map $r- Fix some vertex x of F. Therefore we have fixed some xT GFr, and 
we may consider the fundamental group 7TI(P,JCT). 

LEMMA. Given a cyclic path w — (xT | (3\,..., j5m \ xT) inF7. Let $r(w) = m + 2t, 
where ey{wx) = T1X. Then tfp: 7Ti(P,xT) —• Z is a group homomorphism. 

PROOF. Consider w = (xT | / ? ! , . . . , /?OT | JCT ) and v = (xT \ f3m+\,...,/?„ | JCT ). Let 
WJC = (JC | oc\,..., am | T'X) and v* = (x | am+i,. . . , an \ rsx). Then (wv)x = (x | 
a i , . . . , am , r 'am+i, . . . , r 'a„ | rs+tx). Therefore 

#r(wv) = ra + /i + s + f = i9r(w) + ^r(v). 

PROPOSITION. 77ie map #r:7Ti(P,;cT) —•» Z induces a group homomorphism 
# i ( P ) —• Z which is independent ofx (and which will be denoted by $r, again). 

PROOF. Since # i ( P ) is the commutator factor group of 7Ti(P,xT), we see that 
#r" 7TI(P,JCT) —» Z factors through / / i (P ) . In order to see that the induced map is 
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independent of x, consider an arrow ct'.x! —> x. Let w = (xT | /?i,...,/?m | xT) be 
a cycle in F , and let wx — (x \ au...,am \ T*X). Thus # r O ) = m + It. Simi­
larly, let W = ((x'Y | crT,/3i,...,/Jm,(<7a)T | (x/)T). Then the canonical images of 
H7 G 7ri(F,jtT) and vv7 G TriiV,xfT) in / / i ( F ) coincide. On the other hand we have 
Wy = (V | a,oci,... ,am,Tt~laa | r r _ V ) , since r'-10-a:T'jt —• T'~1JC/ is the only 
arrow in (aa)T starting at T'JC, therefore #r(V) = m + 2 + 2(7 — 1) = $r(w). 

5.3. A special subquiver of T. Let w = (xT | /Jf,..., ̂ w | xr ) be a cyclic walk in F . 
We define a corresponding cyclic path in F by 

• r i i r x , f /3| for £/ = 1 
w = (xM 7 , , . . . , 7 . I S), where% = ( ^ . fof£/ = _ ^ 

and we define $r(w) := #r(w)- Given w and x, we have defined above the walk wx in T, 
and we can use #r(w) in order to determine the endpoint of wx. 

LEMMA A. Let x G VÇT), and w = (xT \ 0p,..., (3%* \ xT)a cyclic walk in F . Let 
t = I (tf r(w) - E-li et). Then t G Z and e(wx) = r ' x 

PROOF. We use induction on the number of indices i with et = —1. If all £,- = 1, 

then w = vv, and by definition of $r(w) we have #r(w) = m + It where eO^) = rlx. 

Consider now some w = (;cr | /3f\ . . . , /3^m | xr ) with er — — 1 for some 1 < r < m. Let 

v = (JCT | ft»,..., ^ r / , i/?r, ̂  , . . . , / ? * - ! *0; thus vv = v, and *r(w) - i»r(v). By 

induction, e(vx) = r5*, where 5 = |(tfr(v) - (££} e« + 1 + E?Ui £«)) = £(*r(w) -

ES = 1 e«-2) .Letv x = (* | a f , , . . . , a ^ r , , , a r , a ^ , , . . . , a ^ | TJJC). Then w, - (* | 

a^1,..., a ^ 1 , (aar)~
l, (ra r+i)£r+1 , . . . , (ram)£m | T5+1JC), therefore (̂vvx) = TS+1X, and 

j + 1 = \ (^r(w) - E?= i £i• - 2) + 1 = \ (ûr(w) - £ £ , e,-). 
Let Q be an orientation on F . A cyclic walk w = (JCT | ft1,..., (3%" I * r ) in ( F , £2) 

is a cyclic walk in P with all /3,- G Q; if we consider the corresponding cycle Y%L\ £ifii 
in / / i (P ) , then I?Q(EJ1I ^ft) = £*Li £«'• Ttws w e maY d e f i n e ^n(w) = E^ i £*• The 
previous lemma can be reformulated in this case as follows: 

LEMMA B. Let CI be an orientation onV .Letx G VÇT), and (xT | /?,*',..., $%? \ xr ) 
a cyclic walk in ( P , Q). Then e(wx) = T*X, where t—\ (^r(w) — #Q(W)). 

Note that both maps t?r> ^n are defined on Z/i(F), and the case when i?r = ^Q will 
be of great importance: 

PROPOSITION. Let Q be arc orientation on P VWÏ/Î # r = #Q. ^ ? ̂  G V(T). If wis a 
cyclic walk in ( P , Q) starting at xT, then wx is a cyclic walk in T starting at x. 

COROLLARY. Let Q, be an orientation on P with #r = ^Q- Let x £ V(T). Let Q be 
the following subquiver ofT: its vertices are the end vertices of walks of the form wx, its 
arrows are the arrows occurring in the walks of the form wx, with w a walk in ( F , Q ) 
starting at xT. Then V(Q) contains precisely one vertex of each r -orbit of V(T), andA(Q) 
contains precisely one arrow of each a-orbit ofA(T). 

PROOF. Let w, v be walks in ( P , Q) starting at xT and having the same end vertex. 
Let e(vx) = y, e(wx) — rly. We claim that t — 0. Now wv~l is a cyclic walk in ( P , Q) 
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(or of length zero), and (wv l )x ends in T1X. It follows from the previous proposition that 
f = 0 . 

5.4. If r is not smooth, then #r is tempered. Let T be a non-periodic connected stable 
translation quiver, and let £ be a non-zero subadditive function on F with values in No-

LEMMA. For any vertex x G V(F), there is t with I (T'JC) ^ 0. 

PROOF. Let £ (y) ^ 0, for some y G V(F). If there is an arrow y —> z. Then £ (TZ) + 
I (z) > £ (y) > 0. Thus £ (z) ^ 0 or £ (TZ) f 0. It follows that the set of vertices / in F 
with £ {rly) ^ 0 for at least one t G Z is non-empty and closed under neighbours. Thus 
it is all of V(T ) . 

A stable translation subquiver F' of Y is a stable translation quiver Y' such that 
V(V) Q y(0> M^) Ç A(Y) and sr, er,rr are the restrictions of sr, er,rr, respectively. 

COROLLARY. IfV is a stable translation subquiver ofY, with Y' ^ 0 and Yf ^ T, 
then £\V is not additive. 

PROOF. Choose y G V(Y)\ V(F'), z G V(Yf) with an arrow y —• z. We can assume 
in addition, that £ (y) ^ 0 (otherwise shift by some power of t). But then £ (TZ) + £ (z) > 
T,yiez- £(yi)> where zT is the set of vertices yt in V(T) with an arrow yt —+ z. On T', we 
have to delete on the right side of the inequality at least t (y). Thus we obtain a proper 
inequality. 

PROPOSITION. Assume that Y is not smooth. Then #r* H\(YT)—>Z is tempered. 

PROOF. Let c be an elementary cycle in P", say Y^T=\ $u where w — (y \ (3\,..., (5m \ 
y) is a reduced, elementary, cyclic path in P". Let yt = spr (fy) for 1 < / < m. Let Y(c) be 
the stable translation subquiver of Y with V(Y(c)^ the set of all vertices x G yt for some 
1 < i < m, and with A(Y(C)) the set of all arrows a such that a or era belongs to /?/ 
for some 1 < i < m. Clearly, Y(c) is smooth. Since we assume that Y is not smooth, it 
follows that Y(c) ^ T, thus I \ Y(c) is not additive. According to the table of Section 4, 
we see that Y(c) is isomorphic to IX, with 0 < s and 0 < t < s. Since the definition 
of #r does not depend on the chosen base point, we may assume that our base point x 
satisfies xT = y. Without loss of generality, we can assume that wx is either the image in 
Tlst of the path (0,0) —>(1,1) —• > (s +1, s +1) in IT, this is a path of length m = s + t, 
and e(wx) = r~lx, therefore $r(w) = s + t — 2t = s — t; or else that wx is the image in 
Yist of the path (0,0) —• (1,-1) —• • • • —* (s + t, -s - t) in n , this is a path of length 
m = s + t, and e(wx) = r~sx, therefore ^(w) = s + t — 2s = t — s. Altogether, we see 
that | #r(w)| = m (mod 2) and that | i?r(w)| < m. 

5.5. Proof of the main theorem. For the proof of the main theorem, we can assume that 
r is not smooth. By Proposition 5.4, the map fir'- # i ( P ) —• Z is tempered. According to 
Section 3, there exists an orientation Q o n P such that #r = #Q- Corollary 5.3 yields a 
subquiver Q of Y such that V(Q) intersects every r-orbit of V(Y) in precisely one vertex, 
and such that A(Q) contains precisely one arrow of each cr-orbit of A(Y). Since Y is non-
periodic, it follows that F ~ Z Q. This completes the proof. 

5.6. The existence of cyclic paths. 
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COROLLARY. Let C be a non-periodic connected valued stable translation quiver, 
with a non-zero subadditive function I with values in No. Assume that C has a cyclic 
path. Then C is smooth and £ is additive. 

REMARK. More precisely, we will show that under the given assumptions, either 
C = Flst with — s < t < 0, and the cyclic path is non-sectional, or else C = ZA ô for 
some 0 < s, and the cyclic path is sectional. 

PROOF. According to the main theorem mentioned in Section 1, and the table in 
Section 4, either C = TLst for 0 < s, and — s < t < 0, or C — Z 6 , for some val­
ued quiver 6 . In the first case, there exits a cyclic path which is non-sectional. When 
C = Z 6 , the cyclic path has to be sectional and S includes a cyclic path by the lemma 
of Section 1. Let T = (V(C\A(Q, SQ,eQ,rc) be the corresponding stable translation 
quiver, with trivial valuation, and Y — Z Q, so that Q corresponds to 6 . Assume that 
wx — (x | oc\,...,an | x) is a cyclic path in g, and let S(OCJ), s((Xi+\ ) , . . . , S(OCJ) be pair-
wise different, but s(ai) = e(otj) for some 1 < i < j < n. Let y = s(at), and consider 
w — (yT | (3i,...,f3j | yT ) in F" with /?* = aT

k for k = i,... J. We want to show that w is 
reduced and elementary. First of all, fa+i i1 lPk, for k — i,... J — 1, and fy ^ ify, since 
A(Q) meets each a -orbit only once; and second, s(f3k) ^ s{j3t), fork^ I, since V(Q) 
meets each r-orbit only once (5.3, Corollary). Therefore c = £^=1 f3k is an elementary 
cycle. Consider the stable translation subquiver T(c), with V^Tic)^ — {x | xT — s(/3k), 
for some / < k < j}, A(r(c)) = {a \ aT or (aa)T = (5k for some / < k < j}. If 
C ^ T(c), I |r(C), is not additive. By the table of Section 4, we have T(c) = TAst, for 
0 < 5-, 0 < t < s. But there is no cyclic path in Âst, a contradiction. Thus C = T(c) is 
smooth. Since 6 includes a cyclic path, the only possibility is 6 = Â$o. 

APPENDIX 1. THE MAP tfr: # I ( F ) -+ Z 

There is a more sophisticated way to construct $r- Following Bongartz-Gabriel [BG], 
we consider F as a simplicial set (the loops which we allow do not lead to difficulties). 
Under the assumption that T is connected and non-periodic, we easily see that the geo­
metric realizations | T| of V and of the orbit graph F are homotopic; just copy the proof 
in [BG]: first, we choose one fixed arrow in any a -orbit of A(T), and let X be the subspace 
of | r | formed by these arrows and all "degree 2-arrows", so that X is a strong deforma­
tion retract; finally, we shrink all "degree 2-arrows" and obtain the geometric realization 
of orbit graph F (of course, for the geometric realization of a graph Y we have to identify 
a and era, for any a G A(Y).) 

The first homology group / / i ( | r | ) can be calculated as the homology group of the 
following complex 

c2(r)^c,(r)^c0(r), 
where C2(r) is the free abelian group on the set of triangles, C\(F) the free abelian group 
on the set of all (degree 1 and degree 2) arrows, and Co(F) the free abelian group on the 
set of vertices, and 62, <$i are the corresponding boundary maps. To be more precise: any 
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vertex z yields a "degree 2-arrow" TZ—*Z, and 8\(TZ—*Z) — z — rz, whereas 8\(x 
y) = y — x\ any arrow y —• z yields a triangle 

(rz—> v) + (> —>z) — (TZ--->Z). 

The degree map C\(T)—>Z with J(JC —• .y) = 1, d(rz--->z) = 2 vanishes on the image 
of #2> thus it yields a homomorphism d: H\(T) —» Z. Combining d with the canonical 
homotopy equivalence | T| —•> | Tr |, we obtain #p: //i(r" ) —> Z. 

APPENDIX 2. G-INVARJANT COMPLETE SECTIONS 

There is another way to construct the subquiver Q of T. A morphism of quiver f\ B —» 
Q is the disjoint union of two maps V(f): V(B) -> V(Q), and A(f):A(B) -> A ( 0 , with 
f(s(a)) = s( /(a)) , / (e(a)) = e(/(a)Y We call/ a covering provided for any x G V(Q), 
the map V(/) yields a bijection between JC+ and/(jc)+, and between x~ and/(jc)_. The 
quiver B is called an oriented tree, if B is a tree. A covering f:B —> g is said to be 
universal, if # is an oriented tree. Iff: B —+ Q is a universal covering of quivers, then 
/ : 5 —• Q is a universal covering of graphs. A morphism of stable translation quivers 
f: T\ —-• T2 is a morphism of quivers, with /(TJC) = rf(x) for any vertex x in Ti. If 
/ : Ti —> T2 is both a morphism of stable translation quivers and a covering of quivers, 
then it is called a covering of stable translation quivers, and/ is a universal covering of 
stable translation quivers, if, in addition, T\ is a tree. 

Let r = Z Bj G be a non-periodic connected stable translation quiver with trivial 
valuation, where B is an oriented tree, and G is an admissible automorphism group. Here, 
TB—>r is just the universal covering of T (see [BG]). 

Let q.B —̂  P" be defined by sending aT to p(af, thus q is a universal covering of 
graphs, since B is a tree and q is bijective at any star. We have the following commutative 
diagram: 

TB -^ B 

r —> r 
where 7r is the orbit map, sending the vertex JC to xT and the arrow a to aT. 

According to algebraic topology, there is an isomorphism ip : G—>7Ti(r, JC) of groups 
[S]. The isomorphism (p is defined as follows: take a fixed base point a G p~l(x) Ç TB, 
for any g in G, and consider g(a) G /?_1(X)- Let w(a,g(a)} be any walk from a to g(tf) 

in ZJ9. Thus p( w(a, #(#))) is a cyclic walk at JC in F or of length zero, and we take 

V(g) = p(w(a,g(a))j. 

We define a degree map d:G—+T, such that d(g) = E"= 1 £id(aï)9 where w(a, g(a)) = 

d(w(a I a f , . . . ,a^n | g(«))) (see [BG] and Appendix 1). Since TB is simply con­

nected, d is independent of the choice of the walk. On the other hand, d(gh) — 
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d\w{a9gh(a))j = d\w(a,g(a))-w(g(a)9gh(a))j = d(w(a,g(a))j+d(w(^g(a),gh(a))j. 

The walk (g(a) \ g(ai)£],..., g(an)
£n \ gh(a)) is obtained from (a \ ct[x,..., a„n \ h{a)) 

by applyingg. Thus we have d(gh) = d\w{a,g(a))\ +d(w(a,h(a)) J = d(g) + d(h), and 

therefore J is a group homomorphism. 
Since T and F are homotopy equivalent (see Appendix 1), we have an isomorphism 

h: 7ri(T,x) ~ 7r\(TT,xr) sending the homotopy class of (x \ a^\..., a„n | x) to the 
homotopy class of (xT \ (3^,..., f3£n \ xT), where (5l• = a/", i = 1, . . . , n. We have also 
a map/: TT\(F, JCT) —» / / i (F) , sending the homotopy class of (JCT | f3p,..., /J^ | xr ) to 
the cycle £?=, £/ft, and we note that ker/ = 7Ti (P", ;cr )'. Therefore the map #r is induced 
as follows: 

G - ^ 7Ti(r,JC) - ^ 7Ti(P,JCT) - ^ # i ( F ) 

4 . . - . - - - - - " " 

Assume that T is not smooth. Then $r is tempered (Proposition of Section 5.4), and 
there exists an orientation Q of F , with #r = #Q (Proposition of Section 3). 

Let B be an oriented tree. We call a subquiver UofZBa section, if U is connected and 
intersects any r-orbit of vertices at most once. If V — 5, then £/ is said to be complete. 
If GU = U, then U is called G-invariant. 

PROPOSITION. Let T = ZBJ G be a non-periodic connected stable translation 
quiver, with a non-zero subadditive function I with values in No and assume that F is 
not smooth. Let Q be an orientation ofT7, with i?r — $Q> and let (/?, £1) be the universal 
covering o / \ F , £1). Then there exists a G-invariant complete section UofZB, which is 
homomorphic to (S, £1). 

PROOF. Assume that we have a section UQ of ZB, which is isomorphic to a full 
oriented subtree (B0,Q), of (£,Q), with a G V(U0). Then aT G V(B0,Q), and a G 
A{UQ). Then aT G A(B0,Q.). If (50,Q) C (B,Q), then there exists a vertex « € V(t/0), 

such that bT n VWo) = 0- But t n e r e *s a °"-orbit between aT and Z?T. Let fr = e(a) in 
case we have aT —» Z?T in (B, 12), and a is the unique arrow between aT and bT with 
^(a) = a, and let Z? = s(a) in case we have bT —> aT in (5, Q), and a is the unique arrow 
between aT and bT with <?(a) = «. Let U\ be the subquiver with V(U\) = V(Uo) U { b}, 
A(t/!) = A(£/0) U { a } . Then £/i is a section, and £A ~ (#i,Œ), where V(£i,Q) = 
V(B0,Q) U {bT}, A(BUQ,) = A(B0,Cl) U {aT}. By induction, we obtain a section 
[/ ~ (5, Q). Since £7 = B, we see that (7 is a complete section of ZB. It remains to prove 
that (/ is G-invariant. 

For any a G V^î/), and g G G, assume that g(a)T H V(£/) = {b}. Let w(fl,6) = 
(a | af1,..., a„n \ b) be the unique geodesic from a to b inside U (see Section 2). 
We see that 7T(W(Û,6)) = (aT \ /3f,... ,/3n

£n \ bT) is the unique geodesic from aT 

to bT in (#,Q), and d(w(<2,fr)) = £?=1 £,-. On the other hand, let W{a,g(a)) be any 
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walk from a to g{a) in IB. Since bT — g{a)T, it follows that 7r( w/(tf,g(a))j is equal 

to wi • w^1 • jflf1 • w2 • w^1 • /32
£2 /3n

e" • wn+\ • w~+\, where w„ / = 1, . . . , w + 1, 
are walks in (5, £2), and where we also consider /?.e/, / = 1, . . . , n, as walks. Therefore 

qniW) — ^7r(w), but 7r/?(V) = ^7r(w/). Thus we have np(wf) = qir(w). Now d(g) = 

#T'f'h.<p(g) = tir-f'h-JW) = i»r-/(7rp(M/)) = 0r •/(**(")) = 0 r(E?=i *03«)e«) = 

£?=i £j, since $r = #Q- Thus J( w(a,g(fl)) J = d(w(a,Z?)). Since g(a)T = bT, we have 

g(a) = & G V(U) as required. 
For the construction of Q, let g = U/(G\U). Then T = ZB/G = ZU/G = 

Z(U/{G\U)) = ZQ. 

ACKNOWLEDGEMENT. This work is the author's thesis written under the direction 
of C. M. Ringel. He payed special attention to this paper and was most helpful with the 
mathematics and written language. The author wishes to express her gratitude to him, 
to D. Happel, J. A. de la Pena, and to her Chinese supervisor Liu Shao-Xue. She thanks 
Mrs. Kollner for typewriting. Finally she wishes to acknowledge the financial support 
by the Deutsche Forschungsgemeinschaft. 

REFERENCES 

[A] M. Auslander, Applications of morphisms determined by objects. Proc. Conf. on Representation Theory. 
Philadelphia (1976), Marcel Dekker (1978), 245-327. 

[B] C. Berge, Graphs and hypergraphs. North-Holland Publishing Company, 1973. 
[BG] K. Bongartz and P. Gabriel, Covering spaces in representation theory, Invent. Math. 65(1982), 331-378. 
[BS] R. Bautista and S. O. Smal0, Nonexistent cycles, Comm. Alg. 11(1983), 1755-1767. 
[BR] M. C. R. Butler and C. M. Ringel, AR-sequences with few middle terms and applications to string alge­

bras, Comm. Alg. 15(1987), 145-179. 
[D] W. Dicks, Groups, trees and projective modules, LNM 790(1980). 
[GZ] P. Gabriel and M. Zisman, Calculus of fractions and homology theory, Erg. Math. 35, Berlin-Heildelberg-

New York, Springer, 1967. 
[HPR1 D. Happel, U. Preiser and C. M. Ringel, Vinberg's characterization ofDynkin diagrams using subad­

ditive function with application to DTr-periodic modules, LNM 832(1979), 280-294. 
[Re] K. Reidemeister, Einfuhrung in die kombinatorische Topologie. Reprint, Chelsea Publishing Company, 

New York, N.Y., 1950. 
[Ri] Chr. Riedtmann, Algebren, Darstellungskôcher,Ûberlagerungen und zuriick, Comm. Math. Helv. 55 

(1980), 199-224. 
[R] C. M. Ringel, Tame algebras and integral quadratic forms. Springer LNM 1099(1984). 
[S] E. H. Spanier, Algebraic Topology. McGraw Hill Book Company, 1966. 

Department of Mathematics 
Beijing Normal University 
Beijing, China 100875 

https://doi.org/10.4153/CJM-1991-038-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1991-038-1

