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Abstract

We characterize four-dimensional generalized complex forms and construct an Einstein and weakly
*-Einstein Hermitian manifold with pointwise constant holomorphic sectional curvature which is not
globally constant.
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1. Introduction

Let M = (M, J, g) be a 2n-dimensional almost Hermitian manifold with Riemannian
connection V and let the curvature tensor of M is given by

R(X,)Z =[Vx, Vy]Z — Vix nZ,
RX,Y,Z, W) =g(R(X,YV)Z, W)

for X, Y, Z, W € x(M), where y (M) is the Lie algebra of all smooth vector fields on
M.

The holomorphic sectional curvature is defined by H(X) = —R(X, JX, X, JX)
for X € T,M (p € M) with g(X, X) = 1. If H(X) is constant u(p) forall X € T,M
at each point p of M, then M is said to be of pointwise constant holomorphic sectional
curvature. Further, if 1 is constant on all of M, then M is said to be of constant
holomorphic sectional curvature.
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An almost Hermitian manifold (M, J, g) is said to be a generalized complex space
Sform if the Riemannian curvature tensor R satisfies the condition R = f wr; + hm, for
some functions f and h, where 7, and =, are given by

m(X,Y,Z) =¢g(X,Z2)Y — g(¥, 2)X,
(X, Y, Z) =28(JX, NJZ +g(JX,Z)JY — g(JY, Z)JX,

for X, Y, Z € x(M).

In [8, p. 389], Tricerri and Vanhecke stated the following problem: Do there exist
4-dimensional manifolds (M, J, g) with R = fm, + hm,, where h is a nonconstant
C* function? They remarked that if 4 is a nonzero constant, then M is a complex
space form. Also they proved that f + & is a constant and M must be Hermitian
on U = {m € M|h(m) # 0}. Olszak showed that the above question has a positive
answer [5]. One of his results is the following.

THEOREM 1.1 ([5]). Let (M, J, g) be a Bochner flat Kaehlerian manifold of dimen-
sion 4. Assume, additionally, that the scalar curvature T of g is nonzero everywhere on
M and nonconstant. Let g = ¢° g, where o = —1og(C(%)?), C is a positive constant.
Then the Hermitian manifold (M, J, g) is a generalized complex space form for which
the function h # 0 everywhere on M and h = C/24(%)? # constant.

Curvature identities are a key to understanding the geometry of various classes of
almost Hermitian manifolds. In this paper we shall be concerned with the following
curvature identity:

(%) RX,Y,Z,W)y=R(UX,JY,Z, W)+ RUUX,Y,JZ, W)
+RUX,Y, Z,JW),

which implies
RX,Y,Z, WYy=R(X,JY,JZ,JW).

Gray and Vanhecke [2] posed the following question: Let % be a given class of almost
Hermitian manifolds. Suppose that M € £ with dimM > 4 and assume that M is
of pointwise constant holomorphic sectional curvature 4 = u(p) (p € M). Must
u be a constant function? In 2] Gray and Vanhecke gave a negative answer to the
question for the class of Hermitian manifolds. They have constructed an example of
a 4-dimensional Hermitian manifold with pointwise constant holomorphic sectional
curvature which is not globally constant. In [4], the present author, Kim, and Jun
showed that this example is a weakly *-Einstein manifold, but it is not Einstein.

In the present paper we characterize 4-dimensional generalized complex space
forms as the almost Hermitian manifolds with pointwise constant holomorphic sec-
tional curvature whose curvature tensor satisfies the identity (x). Also we construct
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a 4-dimensional Einstein and weakly *-Einstein Hermitian manifold with pointwise
constant holomorphic sectional curvature which is not globally constant.

2. Preliminaries

Let (M, J, g) be a 4-dimensional almost Hermitian manifold. Then we have

(2.1 J’X =X, g(UX,J)=gX, 1),
(VxNJY = =J(VxJ)Y, g((Vx )Y, Z) = —g(Y, (VxJ)2),
g((Vx)Y, Y) =0, g(Vx Y, JY) =0
for X, Y, Z € x(M). The x-Ricci tensor p* and the x-scalar curvature t* of M are
defined respectively by
2.2) P(X,Y)=g(Q*X,Y) =trace(Z —» R(X,JZ)JY)

o*(X,Y) = trace Q*

forall X, Y,Z € T,M, p € M. For a Kaehler manifold (VJ = 0), p* coincides with
the Ricci tensor p but this does not necessarily hold on a general almost Hermitian
manifold. Furthermore, M is said to be a weakly *-Einstein manifold if p* = (t*/4)g
holds. In particular, M is called a *-Einstein manifold if, in addition, t* is constant.
We define three linear operators L;, i = 1, 2, 3 as the following [8]:

1

(LIRMX,Y,Z, W)= E{R(JX, JY,Z, W)+ R(Y,JZ,JX, W)
+RUJZ,X,JY, W},
1

(LRY(X, Y, Z, W) = 5{R(X, Y,Z, W)+ R(UJX,JY,Z, W)

+RUX,Y,JZ, W)+ RUX, Y, Z,IW)},
(Ls;RY(X,Y,Z, W) =R(JX,JY,JZ,JW).

Tricerri and Vanhecke proved the following.

THEOREM 2.1 ([8]). Let M be an almost Hermitian manifold with real dimension
Jfour and curvature R. Then we have the following identities:

1
(2.3) (I =L+ L)+ L3)R= —Z(r - 1)(@3m, — m),
1
p(R+ L3;R) — p*(R+ L3R) = 5 - t)g

where [ is the identity transformation.
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On the other hand Gray and Vanhecke obtained the following.

LEMMA 2.2 ({2]). Let M be any almost Hermitian manifold which satisfies curva-
ture identity (x), and assume that M has pointwise constant holomorphic sectional
curvature . Then

(24  R(W,X,Y,Z)= %{g(W, Z2)g(X,Y) — g(W, Y)g(X, Z)
+g(JW,2)g(JX,Y)— g(JW, V)g(JX, Z)
-28(JW, X)(JY, 2)} + %{ZA(W, X,Y,2)
-MW,Z,X,Y) - MW, Y, Z,X)},

where \(W, X, Y,Z) = R(W,X,Y,Z) — R(W,X,JY,JZ).

The Kaehler form € of the almost Hermitian manifold is defined by Q(X, ¥) =
g(X,JY), X,Y € x(M). The Nijenhuis tensor N of the almost complex structure J
is a tensor field of type (1, 2) defined by

NX, Y)=[JX,JY]-[X,¥Y]-JJX, Y]-J[X, JY]
for X, Y € x(M). The Lee form of (M, J, g) is the 1-form defined by
2.5) dQ=w AR, w=802-J

We denote by B the Lee vector field which is defined by g(B, X) = w(X) for
X € x(M). In an almost Hermitian manifold, it is known that the following equality
holds:

(2.6) g((Vx )Y, 2Z) = %{dQ(X, JY,JZ)—-dQ(X,Y, Z)
+ g(N(Y, 2), IX)}
for X, Y, Z € x(M) [7, 10]. Thus by (2.5) and (2.6), we get

Q.7 28((Vx Y, Z) = o (JY)g(X, Z) + 0 (Y)Q(X, Z)
—w(J2)gX, V) —w(Z)QX,T)
- QX,N(, Z2)).

From (2.7) and (2.1) we obtain

(2.8) 28((Vx )Y, Z) = g(B,JY)g(X,2) — g(B, Y)g(UX, Z)
+8(X, V)g(JB,Z) — g(X, JY)g(B, Z)
—8((VyyDIX,Z) - g(JX, (V,z])Y)
+8(X, (V2/)Y) + g((Vy )X, Z).
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If the Lee form w of (M, J, g) is closed (that is, dw = 0), then a 4-dimensional
Hermitian manifold (M, J, g) is said to be a locally conformal Kaehler manifold.

3. A characterization of generalized complex space forms
Let M = (M, J, g) be a 4-dimensional almost Hermitian manifold and let the
curvature tensor of M satisfy the condition

3.1 RX,Y,Z, W)y=R(UX,JY,Z, W)+ R(JX,Y,JZ, W)
+R(JX,Y,Z,JW)

for X, Y, Z, W € x(M). Then we have, with the help of Theorem 2.1, L,R = R and
L3R = R,

(3.2) 4R(X,Y,Z, W) -2{R(JX,JY,Z, W)
+R(Y,JZ,JX, W)+ R(JZ,X,JY, W))

1
= Z(f' ~ 0){38(X, Z)g(Y, W) — 3g(¥, Z)g(X, W)

-28(JX,Vg(JZ, W) —g(UX,Z)g(JY, W)
+g(JY, Z)g(JX, W)}.

Using Bianchi’s identity, (3.1), L,R = R and L;R = R, we obtain

3.3) RUX,JY,Z, WY+ R(Y,JZ,JX, W)+ R(JZ,X,JY, W)
=-R(X,Y,Z W)+2R(X,Y,JZ,JW)—R(X, W,JY,JZ)
-R(X,Z,JW,JY).

Moreover, we assume that M is of pointwise constant holomorphic sectional cur-
vature u. Then we have, by the Lemma 2.2,

(3.4) R(X,Y,Z, W) =pulg(X, W)g(Y, Z) — g(X, Z)g(Y, W)
+8(JX, W)g(JY,Z)—g(UX,Z)g(JY, W)
—28(JX, Ng(JZ, W)} — 2RX, Y, JZ,JW)
—R(X,Z,JW,JY)—R(X, W, JY,JZ)}.

Comparing (3.2), (3.3) and (3.4), we obtain
(3.5) RX,Y.Z, W)

3
_ {ﬁ(r* - i:-] {8(X, 2)g(Y, W) - g(¥, 2)g(X, W)}
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1
+ [ﬁ(r* —0)+ %} (X, Wg(JY,Z) - g(JX, Z)g(J Y, W)

—28(JX, Ng(JZ, W)}.

By the assumption (3.1) (and hence L3R = R), M is a R K-manifold with pointwise
constant holomorphic sectional curvature . Hence it is known [6] that

(3.6) o(X, V) +30%(X, Y) = 6ug(X,Y), t©+3r"=24u.
From (3.5) and (3.6), we get
3.7 RX,Y,Z, W)

= (& - 2) (aX. 222, W) — g (X, Wi (¥, 2))

2 8
* ('214 - g’) {260UX, g Z, W) +g(JZ, W)g(JY, W)
—g(JX, W)g(JY, Z)},
that 1s,
R = fm + hm,
where the functions f and g are given by
T T
(3.8) fzg_g’ h=ﬁ“%~

Thus M is a generalized complex space form.

REMARK. In [3], the present author and Jun obtained (3.7) in another way.

Conversely, suppose that (M, J, g) is a 4-dimensional generalized complex space
form whose curvature tensor R is given by

R = fm + hm,

where f and A are certain smooth functions on M. We can easily check that R satisfies
the condition (3.1) and the holomorphic sectional curvature is given by

H(X)=-R(X,JX,X,JX)=—(f +3h),

which shows that H (X) is constant for each unit tangent vector X € T,M (p € M).
Hence H (X) depends only on p € M. Therefore, M is an almost Hermitian manifold
with pointwise constant holomorphic sectional curvature —(f + 3h). Thus we have,
from (3.8),

(3.9) R= (% _ %) T+ (;—4 - %) o,

where we have put —(f 4 3h) = . Thus we have the following characterization.
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THEOREM 3.1. A 4-dimensional almost Hermitian manifold (M, J, g) is a gener-
alized complex space form if and only if M is of pointwise constant holomorphic
sectional curvature and the curvature tensor R of M satisfies

RX,Y,Z,Wy=RUX,JYV,Z WY+ R(UJX,Y,JZ, W)+ R(UJX,Y,Z,JW)
forX, Y, Z, W e x(M).

Now let M be a 4- dimensional generalized complex space form, or equivalently M
is a 4-dimensional almost Hermitian manifold with pointwise constant holomorphic
sectional curvature u whose curvature tensor satisfies (3.1). Then the curvature tensor
R is given by

R =fT[1 +h-7t21

where f and h are given by (3.8). And M is both Einstein and weakly *-Einstein
[3, 8]. If the function % is nonzero constant, then M is a complex space form [8].
If the function & # O at each point of M and h # constant, then M is globally
conformal to a Bochner flat Kaehler surface [S]. Now let O = {p € M | h(p) # 0}
andT" = {g € M | h(q) = 0}. Suppose that O # P andI" # 9. If weput ¥ = X in
(2.8), then we have, with the help of (2.1),

(3.10) (Vx DX + (Vyx )IX = g(B, JIX)X — g(B, X)JX
+g(X,X)JB.

We choose two unit vectors W and X which define orthogonal holomorphic planes
{W,JW}and {X, JX}. In [8, Equation (12.5)], it is shown that

(3.11) 2W(h) 4+ 3hg((Vx DX + (VyxJ)JX,JW) =0.
Substituting (3.10) into (3.11), we obtain
2W(h) + 3ho(W) =0,
which implies
(3.12) 3hwo+2dh =0, dhAno+hde =0.

Hence we have w = —%d log(h?) and dw = O on O. Since (M, J, g) is a generalized
complex space form, the Bochner curvature tensor vanishes on M [8]. And the
Bochner curvature tensor is an invariant of a conformal transformation. Therefore the
open set O is locally conformal to a Bochner flat Kaehler manifold.

Let g be any point of " and let dw # 0 at q. Then dw # 0 on an open neighborhood
% of q in M. If there exists a point p in % such that & # 0 on an open neighborhood
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¥ of p,thendw = O on ¥ by the previous argument. But this is impossible. Therefore
h =0 holds on all of % and R = f m; on %. Hence % is locally conformal to the
4-dimensional Euclidean space.

Summing up the above results and Olszak’s [5, Theorem 2] we have the following

THEOREM 3.2. Let (M, J, g) be a 4-dimensional almost Hermitian manifold with
pointwise constant holomorphic sectional curvature | and let the curvature tensor of
M satisfies

RX,Y,Z,W)=R(UX,JY,Z W)+ R(TX,Y,JZ, W)+ R(JX,Y,Z,JW)

for X, Y, Z, W e x(M).

(1) Ifh =1t/24 — u/2 = 0 holds everywhere on M, then M is of constant sectional
curvature (.

(2) Ifh = t/24 — /2 is a nonzero constant, then M is a complex space form, that
is, a Kaehlerian manifold with constant holomorphic sectional curvature.

(3) Ifh =1/24 — u/2 # O at each point of M and h is not constant, then (M, J, g)
is a Bochner flat Kaehler manifold, where we haveput g = e °g, 0 = —% log(C h?),
C, is a positive constant.

@ flpeM|Ih(p)#0}#0, {peM|h(p)=0#0and{peM|h=
Oanddw =0 at p} = @, then M is locally conformal to Bochner flat Kahler manifold
or Euclidean space.

4. An example

In this section, using Derdzinski’s results and Olszak’s theorem we shall give an
example of an Einstein and a weakly *-Einstein Hermitian manifold with pointwise
constant holomorphic sectional curvature.

Let (M, J, g) be a Bochner flat Kaehlerian manifold of dimension four. Assume,
additionally, that the scalar curvature T of g is nonzero everywhere on M and non-
constant. Such an example was constructed by Derdzinski in [1, 5]. Let g = €7g,
where ¢ = —1log(Ct?), C is a positive constant. Then (M, J, g) is a Hermitian
manifold and M is a generalized complex space form for which h = (C/24%)7® # 0.
h is not constant since T is not constant. Since & is not constant, we have from (3.9)
/24 — /2 # const. Since M is a generalized complex space form, it is Einstein
and weakly *-Einstein. Hence we have 1 is a constant. Therefore the holomorphic
sectional curvature p is not constant. Thus (M, J, g) is an Einstein and weakly *-
Einstein Hermitian manifold with pointwise constant holomorphic sectional curvature
which is not globally constant.
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