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Transfer of Fourier Multipliers into
Schur Multipliers and Sumsets in a
Discrete Group

Stefan Neuwirth and Eric Ricard

Abstract. 'We inspect the relationship between relative Fourier multipliers on noncommutative Le-
besgue—Orlicz spaces of a discrete group I" and relative Toeplitz-Schur multipliers on Schatten—von-
Neumann-Orlicz classes. Four applications are given: lacunary sets, unconditional Schauder bases
for the subspace of a Lebesgue space determined by a given spectrum A C I, the norm of the Hilbert
transform and the Riesz projection on Schatten—von-Neumann classes with exponent a power of 2, and
the norm of Toeplitz Schur multipliers on Schatten—von-Neumann classes with exponent less than 1.

1 Introduction

Let A be a subset of Z and let x be a bounded measurable function on the circle
T with Fourier spectrum in A: we write x € LY, x ~ Y, x2". The matrix of
the associated operator y — xy on L? with respect to its trigonometric basis is the
Toeplitz matrix

1 0 —1

1 . X0 X1 X,

(5r—roezxz = o .o X—1 X X1
—1 X2 X1 Xo

with supportin A = {(r,¢) : 7 — c € A}.

This is a point of departure for the interplay of harmonic analysis and operator
theory. In the general case of a discrete group I, the counterpart to a bounded mea-
surable function is defined as a bounded operator on ¢3. whose matrix has the form
(%re—1)(roerx r for some sequence (x,)yer. This will be the framework of the body
of this article, while the introduction sticks to the case I = Z.

We are concerned with two kinds of multipliers. A sequence ¢ = (@k)keca defines
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* the relative Fourier multiplication operator on trigonometric polynomials with
spectrum in A by

(1.1) D oxd =) o

keA keA
o the relative Schur multiplication operator on finite matrices with support in A by

(12) (xr,c)(nc)EZXZ = (¢r,cxr,c)(r.c)€7l><l7

where ¢, = @r_..
Marek Bozejko and Gero Fendler proved that these two multipliers have the same
norm. The operator (L)) is nothing but the restriction of (I.2) to Toeplitz matrices.
They noted that it is automatically completely bounded; it has the same norm when
acting on trigonometric series with operator coefficients xi, and this permits to re-
move this restriction. Schur multiplication is also automatically completely bounded.

A part of this observation has been extended by Gilles Pisier to multipliers acting
on a translation invariant Lebesgue space L/ and on the subspace S¢ of elements
of a Schatten—von-Neumann class supported by A, respectively; it yields that the
complete norm of a relative Schur multiplier (I.2)) remains bounded by the complete
norm of the relative Fourier multiplier (L.

But L/, is not a subspace of S/}i’,, so a relative Fourier multiplier may not be viewed
anymore as the restriction of a relative Schur multiplier to Toeplitz matrices. We
point out that this difficulty may be overcome by using Szeg6’s limit theorem: a
bounded measurable real function on T is the weak™ limit of the normalised count-
ing measure of eigenvalues of finite truncates of its Toeplitz matrix. This method also
applies to Orlicz norms.

Theorem 1.1 Let ¢: R* — R* be a continuous nondecreasing function vanish-
ing only at 0. The norm of the relative Fourier multiplication operator (LI} on the
Lebesgue—Orlicz space Li{ is bounded by the norm of the relative Schur multiplication
operator (L2) on the Schatten—von-Neumann—Orlicz class S/‘lu

In order to deal with complete norms, we deduce a block matrix variant of Szeg6’s
limit theorem in the style of Erik Bédos ([2]), Theorem Note that other types
of approximation are also available, as the completely positive approximation prop-
erty and Reiter sequences combined with complex interpolation. They are studied in
Section[3in terms of local embeddings of L? into SP. They are more canonical than
Szeg®’s limit theorem, but give no access to Orlicz norms.

Theorem 1.2 Let v: Rt — R be a continuous nondecreasing function vanishing

only at 0. The norm of the following operators is equal:

o the relative Fourier multiplication operator on the Lebesgue—Orlicz space
Lﬁ(Sd’) of S¥-valued trigonometric series with spectrum in /;

e the relative Schur multiplication operator (L2) on the Schatten—von-Neumann—
Orlicz class S/?(S‘D) of S¥-valued matrices with support in A.
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See Theorems 2.1] and 2.7 for the precise statement in the general case of an
amenable group I.

An application of this theorem to the class of all unimodular Fourier multipliers
yields a transfer of lacunary subsets into lacunary matrix patterns. Call A uncondi-
tional in LP if (z%)re 4 is an unconditional basis of Lfl, and call A unconditional in SP
if the sequence (e;) ek of elementary matrices is an unconditional basis of S/Ii’,. These
properties are also known as A(p) if p > 2 (A(2) if p < 2) and o(p), respectively;
they have natural “complete” counterparts that are also known as A(p)q, if p > 2
(K(p)ew if p < 2) and o(p)cp, respectively. (See Definitions[d.Iland [4.2])

Corollary 1.3 Let1 < p < oo. If A is unconditional in SP, then A is unconditional
in LP. A is completely unconditional in SP if and only if A is completely unconditional
in LP.

See Proposition for the precise statement in the general case of a discrete
group I'.

The two most prominent multipliers are the Riesz projection and the Hilbert
transform. The first consists in letting ¢ be the indicator function of nonnegative
integers and transfers into the upper triangular truncation of matrices. The second
corresponds to the sign function and transfers into the Hilbert matrix transform. We
obtain the following partial results.

Theorem 1.4 The norm of the matrix Riesz projection and of the matrix Hilbert trans-
form on S¥(S¥) coincide with their norm on S¥.

e Ifpisapower of 2, then the norm of the matrix Hilbert transform on SP is cot(w /2p).
e The norm of the matrix Riesz projection on S* is /2.

The transfer technique lends itself naturally to the case where A contains a sumset
R + C: if subsets R’ and C’ are extracted so that the r + c withr € R and ¢ € C’
are pairwise distinct, they may play the role of rows and columns. Here are the con-
sequences of the conditionality of the sequence of elementary matrices e, in S? for
p # 2 and of the unboundedness of the Riesz transform on S and S°°, respectively.

Theorem 1.5 If (2*)kea is a completely unconditional basis of LY with p # 2, then A
does not contain sumsets R + C of arbitrarily large sets. If either

o L admits some completely unconditional approximating sequence, or
e the space C of continuous functions with spectrum in A admits some unconditional
approximating sequence,

then A does not contain the sumset R + C of two infinite sets.

The proof of the second part of this theorem consists in constructing infinite sub-
sets R’ and C’ and skipped block sums ) (T, — T,) of a given approximating
sequence that act like the projection on the “upper triangular” part of R’ + C’. See
Proposition and Theorem [7.4] for the precise statement in the general case of a
discrete group I.

In the case of quasi-normed Schatten—von-Neumann classes S with p < 1, the
transfer technique yields a new proof for the following result of Alexey Alexandrov
and Vladimir Peller.
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Theorem 1.6 Let0 < p < 1. The Fourier multiplier o is contractive on LF or on
LP(SP) if and only if the Schur multiplier ( is contractive on SP or on SP(SP) if and only
if the sequence  is the Fourier transform of an atomic measure of the form ) a;04 on
Twith ) |ag|P < 1.

The emphasis put on relative Schur multipliers motivates the natural question
of how the norm of an elementary Schur multiplier, that is, a rank 1 matrix (o,.) =
(x,yc), gets affected when the action of g is restricted to matrices with a given support.
The surprising answer is the following theorem.

Theorem 1.7 Let]1 C R x C and consider (x,),cr and (y.).cc. The relative Schur
multiplier on S3° given by (X,y.)(rc)e1 has norm sup(,,c)el|x,yc|.

Let us finally describe the content of this article. Section 2ldevelops transfer tech-
niques for Fourier and Schur multipliers provided by a block matrix Szeg6 limit the-
orem. This theorem provides local embeddings of LY into S¥. Section B]shows how
interpolation may be used to define such embeddings for the scale of L? spaces. Sec-
tion [l is devoted to the transfer of lacunary sets into lacunary matrix patterns; the
unconditional constant of a set A is related to the size of the sumsets it contains. Sec-
tion [5] deals with Toeplitz Schur multipliers for p < 1 and comments on the case
p = 1. The Riesz projection and the Hilbert transform are studied in Section[6l In
Section[/] the presence of sumsets in a spectrum A is shown to be an obstruction for
the existence of completely unconditional bases for L. The last section provides a
norm-preserving extension for partially specified rank 1 Schur multipliers.

Notation and terminology LetT = {z € C: |z| = 1} be the circle.

Given an index set C and ¢ € C, e, is the sequence defined on C as the indicator
function x .} of the singleton {c}, so that (e.).cc is the canonical Schauder basis of
the Hilbert space of square summable sequences indexed by C, denoted by ¢%. We
will use the notation £ = ¢4, , , and (* = (3.

Given a product set I = R x C and g = (r,c), the indicator function e; = e,
is the elementary matrix identified with the linear operator from ¢Z to ¢} that maps
e. to e, and all other basis vectors to 0. The matrix coefficient at coordinate q of
a linear operator x from (¢ to f; is x; = tresx, and its matrix representation is
(Xg)gerxC = D_yerxc Xq€q- The support or pattern of xis {q € R x C : x4 # 0}.

The space of all bounded operators from ¢Z. to ¢ is denoted by B(¢Z, £%), and its
subspace of compact operators is denoted by S°.

Let ¥: Rf — R* be a continuous nondecreasing function vanishing only at 0.
The Schatten—von-Neumann—Orlicz class S¥ is the space of those compact operators
x from £2 to ¢ such that tr)(|x|/a) < oo for some a > 0. If ¢ is convex, then S¥ is
a Banach space for the norm given by

||| = inf{a > 0: trep(|x|/a) < 1}.
Otherwise, S* is a Fréchet space for the F-norm given by

lx|lss = inf{a > 0 : tryp(|x|/a) < a}
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(see [26, Chapter 3]). This space may also be constructed as the noncommutative
Lebesgue—Orlicz space LY (tr) associated with a corner of the von Neumann algebra
]BS(E% @ 8122) endowed with the normal, faithful, semifinite trace tr. If ¢ is the power
function ¢ +— tP, this space is denoted S#; if p > 1, then ||x||s» = (tr \x|P)1/P; ifp <1,
then ||x]|s» = (tr |x[?)"/*P).

If #C = #R = n, then B(¢4, (%) identifies with the space of n X n matrices
denoted S2°, and we write S for S¥. Let (R, x C,) be a sequence of finite sets such
that each element of R x C eventually is in R,, X C,,. Then the sequence of operators
Pyix— > 4ER X Gy Xa€q tends pointwise to the identity on S¥.

For I C R x C, we define the space S}’ as the closed subspace of S¥ spanned by
(e4)qers this coincides with the subspace of those x € S? whose support is a subset of
L

A relative Schur multiplier on S}/) is a sequence ¢ = (94)qer € ! such that the as-
sociated Schur multiplication operator M, defined by e, — g,e, for g € I is bounded

on S}. The norm || Q||M(SIU) of p is defined as the norm of M,. This norm is the supre-

mum of the norm of its restrictions to finite rectangle sets R’ x C’. We used [31,32]
as a reference.

Let I" be a discrete group with identity €. The reduced C*-algebra of I" is the closed
subspace spanned by the left translations )\, (the linear operators defined on ¢4 by
A\yes = e,p) in B(47); we denote it by C, set in roman type. The von Neumann
algebra of I is its weak™ closure, endowed with the normal, faithful, normalised, fi-
nite trace 7 defined by 7(x) = x..; we denote it by L*°. Let ¢o: R* — R* be a
continuous nondecreasing function vanishing only at 0. We define the noncommu-
tative Lebesgue—Orlicz space LY of I" as the completion of L° with respect to the
norm given by ||x||.» = inf{a > 0 : 7(¥(|x|/a)) < 1} if ¢ is convex, and with
respect to the F-norm given by ||x|p» = inf{a > 0 : 7(¥(|x|/a)) < a} other-
wise. If ¢ is the power function ¢t +— t?, this space is denoted L?; if p > 1, then
llx[lr = T(|x|1’)l/p; if p < 1, then ||x||» = T(|x\P)1/(Hp). The Fourier coefficient of
xatyis x, = 7(\Jx) = x,  and its Fourier seriesis ). x,A,. The spectrum of an
element x is {y € I" : x, # 0}. Let X be the C*-algebra C or the space L" and let
A C I'; then we define X4 as the closed subspace of X spanned by the A\, with v € A.
We skip the general question of when this coincides with the subspace of those x € X
whose spectrum is a subset of A, but note that this is the case if 1" is an amenable
group (or if I" has the AP and L*° has the QWEP by [15, Theorem 4.4]) and 1) is the
power function ¢ — tP. Note also that our definition of X, makes it a subspace of
the heart of X: if x € X, then 7(¢)(|x|/a)) is finite for all a > 0.

A relative Fourier multiplier on X, is a sequence ¢ = (¢4)yca € C* such that
the associated Fourier multiplication operator M, defined by A, — ¢, A, fory € A
is bounded on X4. The norm ||¢||mcx,) of ¢ is defined as the norm of M,,. Fourier
multipliers on the whole of the C*-algebra C are also called multipliers of the Fourier
algebra A(I") (which may be identified with L!); they form the set M(A(I")).

The space S¥(S¥) is the space of those compact operators x from ¢* @ (% to
0* @ 0} such that ||x||s.s) = inf{a : tr@ trep(|x|/a) < 1}: it is the noncommuta-
tive Lebesgue—Orlicz space LY (tr ® tr) associated with a corner of the von Neumann
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algebra B(£?) ® B(¢2 @ ¢%). One may think of S¥(S¥) as the S¥-valued Schatten—
von-Neumann class; we define the matrix coefficient of x at g by x; = (Idsv ® tr)

((Ide ® eg)x) € S¥ and its matrix representation by qerxc Xq ® eq. The support

of x and the subspace S! (S*) are defined in the same way as SV .

Similarly, the space LY (tr ®7) is the noncommutative Lebesgue—Orlicz space as-
sociated with the von Neumann algebra B(¢£2) ® L = L°(tr ®7). One may think of
L¥(tr ®7) as the S¥-valued noncommutative Lebesgue space; we define the Fourier
coefficient of x at v by x, = (Idgv ® 7)((Idp2 ® A})x) € S¥ and its Fourier series by
27 cr %y ® Ay; the spectrum of x is defined accordingly. The subspace Lf{(tr ®T) is
the closed subspace of LY (tr ®7) spanned by the x @ A, with x € S¥ and 7 € A.

An operator T on S?’ is bounded on S?(Sll') if the linear operator Idgs ® T defined
byx® y — x® T(y) for x € S¥ and y in S?’ on finite tensors extends to a bounded
operator Idgs ® T on S ($¥). The norm of a Schur multiplier o on SY'(S¥) is defined
as the norm of Idg» ® M,,. Similar definitions hold for an operator T on LY; the norm
of a Fourier multiplier ¢ on Lﬁ(tr ®7) is the norm of Idg) ® M, on L’j{(tr RT).

Let ¢ be the power function ¢t +— t? with p > 1; the norms on S?(S?) and
L?(tr ®T) describe the canonical operator space structure on S? and L?, respectively
(see [31, Corollary 1.4]); we should rather use the notation S?[S”] and SP[L?]. This
explains the following terminology. An operator T on S} is completely bounded (c.b.)
if Idsy ® T is bounded on Sf(SP); the norm of Idsy ® T is the complete norm of T
(compare [31, Lemma 1.7]). The complete norm |[|g||y, (57, of a Schur multiplier o is
defined as the complete norm of M,,. Note that the complete norm of a Schur multi-
plier ¢ on S{° is equal to its norm ([28, Theorem 3.2]): || o||mys2) = || @|lm(see). The
complete norm H‘pHMcb(Lﬁ ) of a Fourier multiplier ¢ is defined as the complete norm

of M. The complete norm of an operator T on C, is the norm of Ids~ ® T on the
subspace of S*° @ C spanned by the x ® A\, with x € §* and v € A. In the case
A =T, pisalso called a c.b. multiplier of the Fourier algebra A(I") and one writes
@ € Mg (A(I)). If I' is amenable, the complete norm of a Fourier multiplier ¢ on
C is equal to its norm: ||¢||mycy) = |l¢llmc,) (this follows from [7, Corollary 1.8]
as shown by the proof of Theorem[2.7).

An element whose norm is at most 1 is contractive, and if its complete norm is at
most 1, it is completely contractive.

If I is abelian, let G be its dual group and endow it with its unique normalised
Haar measure m. Then the Fourier transform identifies the C*-algebra C as the space
of continuous functions on G, L as the space of classes of bounded measurable
functions on (G, m), LY as the Lebesgue—Orlicz space of classes of t/-integrable func-
tions on (G, m), 7(x) as f ¢ x(g) dm(g), LY (tr ®T) as the S¥-valued Lebesgue—Orlicz
space LY(S¥), and x, as £(7).

2 Transfer Between Fourier and Schur Multipliers

Let A be a subset of a discrete group 1" and let ¢ be a relative Fourier multiplier on C,
the closed subspace spanned by (), )e 4 in the reduced C*-algebra of I'. Let x € Cy;
the matrix of x is constant down the diagonals in the sense that for every (r,¢) € I'x I,
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Xpe = Xp—1, = X—1. We say that x is a Toeplitz operator on {%. Furthermore, the
matrix of the Fourier product My x of ¢ with x is given by (Myx).. = @,—1%;.. This
equality shows that if we set A = {(r,c) € I' x ' : re™' € A} and ¢ = @,
then Myx is the Schur product Myx of ¢ with x. We have transferred the Fourier
multiplier ¢ into the Schur multiplier (. This proves at once that the norm of the
Fourier multiplier ¢ on C, is the norm of the Schur multiplier (% on the subspace of
Toeplitz elements of B(¢2.) with support in A, and that the same holds for complete
norms.

We shall now provide the means to generalise this identification to the setting
of Lebesgue—Orlicz spaces L¥. We shall bypass the main obstacle, that LY may not
be considered as a subspace of S¥, by the Szegé limit theorem as stated by Erik
Bédos ([2]).

Consider a discrete amenable group I'; it admits a Folner averaging net of sets (I,),
that is,

e cach I is a finite subset of I}
o #(yI[LAL) =o#1I,) foreach~y eI

Each set I, corresponds to the orthogonal projection p, of /3. onto its (# I',)-dimen-
sional subspace of sequences supported by I,. The truncate of a selfadjoint operator
y € B(¢%.) with respect to I', is y, = p,yp;; it has # I', eigenvalues «j, counted with
multiplicities, and its normalised counting measure of eigenvalues is

#1,

1
My = #1, Zéa]

j=1

If y is a Toeplitz operator, that is, if y € L°°, Erik Bédos ([2, Theorem 10]) proved
that (p,) converges weak™ to the spectral measure of y with respect to 7, which is the
unique Borel probability measure p on R such that

T(f(y) = . fle)dpu(a)

for every continuous function f on R that tends to zero at infinity. If I is abelian,
then y may be identified as the class of a real-valued bounded measurable function
on the group G dual to I" and y is the distribution of y.

Let us now state and prove the LY version of the identification described at the
beginning of this section.

Theorem 2.1 Let I be a discrete amenable group and let p: RY — R be a contin-
uous nondecreasing function vanishing only at 0. Let A C I and ¢ € C*. Consider
the associated Toeplitz set A = {(r,c) € I' x I" : =" € A} and the Toeplitz matrix
defined by ¢... = @,.—1. The norm of the relative Fourier multiplier  on LZ is bounded
by the norm of the relative Schur multiplier  on S/‘1

Proof A Toeplitz matrix has the form (x,.-1), ¢ 4. Our definition of the space LL/l
(in the section on Notation and terminology) ensures that we may suppose that only
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a finite number of the x, are nonzero for the computation of the norm of ¢. Then
(-1 )(n e 1s the matrix of the operator x = > e 4%y A for the canonical basis of
02, B

Let y = x*x and let ¢ be a continuous function with compact support such that
¥(t) = (1) on [0, ||y||]. By Szegd’s limit theorem,

vEA

) = Py V) = 7)) = 7).

We have y, = (xp/)*xp}; let us describe how ¢ acts on xp;. Schur multiplica-
tion with ¢ transforms the matrix of xp;, that is, the truncated Toeplitz matrix
(Xre=1) (o) einrx > into the matrix (@r—1%c—1)(, o fnrx ;SO that it transforms xp;
into (Myx)p;. ]

Remark 2.2 In the case of a finite abelian group, no limit theorem is needed.
This case was considered in [22, Proposition 2.5(b)]; compare with [29, Chapter 6,
Lemma 3.8].

Remark 2.3 Our technique proves in fact that the norm of a Fourier multiplier
is the upper limit of the norm of the corresponding relative Schur multipliers on
subspaces of truncated Toeplitz matrices. We ignore whether or not it is actually
their supremum.

Remark[5.2]illustrates that the two norms in Theorem [2.Tlare different in general.
This is not so in the S¥-valued case because of the following argument. It has been
used (first in [5], see [6, Proposition D.6]) to show that the complete norm of the
Fourier multiplier ¢ on C, bounds the complete norm of the Schur multiplier ¢ on
§7°, so that we have in full generality [|¢[lmyc) = [|]lm

b(S7°)+

Lemma 2.4 Let I" be a discrete group and let R and C be subsets of I'. With A C I
associate A = {(r,c) € Rx C : rc™! € A}; given ¢ € C4, define p € C' by
Gre = @re—1. Let 1 RT — R be a continuous nondecreasing function vanishing only

at 0. The norm of the relative Schur multlpher % on S‘/’(S“) is bounded by the norm of
the relative Fourier multiplier ¢ on L A(tr ®T).

Proof We adapt the argument in [31, Lemma 871.4]. Let x;, € S¥, of which
only a finite number are nonzero. The space LY(tr @ tr ®7) is a left and right
L (tr ® tr ®7)-module, and ZweF ey ® A, is a unitary in L°(tr ®7) so that

> x|
H 1 5U(s%)

qE/l

_ H (Id®;em®/\r) (qu@a eq®>\g) (Id®ZeW®A;‘) Hw

i = tr @ tr Q7)
qe

= H Z Xrc ® €rc & )‘rc_l
(r,c)E/f

LV (tr @ tr ®T)
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IS5 weeed

YEA reml=y

tr®tr®7’

This yields an isometric embedding of S‘/ (S¥)in LY (tr Rtr®7). As
S¥(S¥) is the Schatten—von- Neumann—OrhCZ class for the Hilbert space /> @ (2.,
which may be identified with ¢2,

HZXq@QDq LI} Sk(S‘ - HZ( Z xrc®erc) ®§07>\ ’

qeh reml=y

< |10 ®M¢||Hqu ® eq’

qeA

LL (tr @ tr 1)

5759

Remark 2.5 This proof also shows the following transfer: let (r;) and (c;) be se-
quences in I, consider A = {(i,j) € N x N : ric; € A} and define ¢ € €/
by ¢(i, j) = ¢(ric;). Then the norm of the relative Schur multiplier ¢ on S?{(Sd’)
is bounded by the norm of the relative Fourier multiplier Idgs ® M, on Lﬁ(tr ®T)
(compare with [32, Theorem 6.4]). In particular, if the r;c; are pairwise distinct, this
permits us to transfer every Schur multiplier, not just the Toeplitz ones. See [22, Sec-
tion 11] for applications of this transfer.

We shall now prove that the two norms in this lemma are in fact equal. As we want
to compute norms of multipliers on S¥-valued spaces, we shall generalise the Szeg6
limit theorem to the block matrix case, which was not considered in [2]. This is the
analogue of the scalar case for selfadjoint elements y € S2° ® L*, whose S:°-valued
spectral measure 1 is defined by

/f(a)du(a) = Ids @ 7(f(y))
R
for every continuous function f on R that tends to zero at infinity.

The orthogonal projection p, = Idg ® p, defines the truncate y, = p,yp; €
Sy ® B({7,), and the Sy°-valued normalised counting measure of eigenvalues ju, by

/Rf(a)du,,(a) = lds> ® #%(f()/,,))

for every continuous function f on R that tends to zero at infinity.

Theorem 2.6 (Matrix Szeg6 limit theorem) Let I” be a discrete amenable group and
let (I')) be a Folner averaging net for I'. Let y be a selfadjoint element of S;° @ L>°. The
net (u,) of Si°-valued normalised counting measures of eigenvalues of the truncates of y
with respect to I', converges in the weak™ topology to the spectral measure of y:

fla)dp,(a) — Tdse @ 7(f(y))
R

for every continuous function f on R that tends to zero at infinity.
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Sketch of proof We first suppose that y = 3 ver ¥y ® A, with only a finite number
of the y, € S;° nonzero. The S;°-valued matrix of the truncate y, of y for the
canonical basis of £}, is (yrc-1)(roerxr,- As y and its truncates y, are uniformly
bounded, it suffices to prove that

tr

Id
®#FL

F) = 1d e 75

for every k. This is trivial if k = 0. If k = 1, then

1

tr
I _— = — == I
d® Yo (y.) il EF Vee =1d @ 7(y)

as Yoo = Vet = Ye. If k > 2, the same formula holds with y* instead of y:

tr
#I,

Ao (") =1d® —(p.y*p5),

so that we wish to prove
1d® t(py*p; — (pyp)") = ol# 1),
Note that
ld @ t(pr' s — B |l < 155 = Buypd) lssy:
Lemma 5 in [2] provides the following estimate. As
Py Bl = Buyp) = By T B = B ByP) + (BB = o) ey
an induction yields

g % ~ o~k — % . S
.75 = (Pyp!) llsisy < (k= DIylls<torelyp; — B puyp; llsicsy-

It suffices to consider the very last norm for each term y, ® A, of y: let h € (2 and
B € Ias

5 h 5 J(he,; if8€landyB¢ I,
((}’7@’)‘7)177PTPL()’w@/\w)PT)(h@eﬁ){())/’( Jeys 5 €T andf ¢

otherwise,
the definition of a Felner averaging net yields

H(J’W Y )‘W)Ek - 1;/*1;/()/7 ® Av)ﬁ”sl(sp < #(F/, \771E,)‘|Yv||s}1 = 0(#E)-

An approximation argument as in the proof of [2, Proposition 4] permits us to con-
clude for y € S;° @ L. ]
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Here is the promised strengthening of Lemma[2.4]together with three variants.

Theorem 2.7 Let I be a discrete amenable group. Let A C I" and ¢ € C/. Consider
the associated Toeplitz set A = {(r,c) € I' x I : rc™! € A} and the Toeplitz matrix

defined by $r. = pr—1.

(a) Letyp: R — R be a continuous nondecreasing function vanishing only at 0. The
norm of the relative Fourier multiplier ¢ on Lj(tr ®T) and the norm of the relative
Schur multiplier ¢ on SE(S”") are equal.

(b) Let p > 1. The complete norm of the relative Fourier multiplier ¢ on L and the
complete norm of the relative Schur multiplier ¢ on S/};, are equal:

||<pHMCh(Lf;) = H¢||Md,<s§)-

(¢) The norm of the relative Fourier multiplier  on C, its complete norm, the norm of
the relative Schur multiplier ¢ on ST°, and its complete norm are equal:

el = lelmacn = 1@lmaisz) = 1@lhuese)-

(d) Suppose that A = I'. The norm of the Fourier algebra multiplier o, its complete
norm, the norm of the Schur multiplier ¢ on S*°, and its complete norm are equal:

lelmamy) = llelmaaay = [18lmas<) = [IElaes>)-
Proof (a) Combine the argument in Theorem[2.I]with the matrix Szegé limit theo-
rem and apply Lemmal[2.4]

(c) Recall that the complete norm of a Schur multiplier ¢ on S¢° is equal to its
norm ([28, Theorem 3.2]). Recall also that the norm of a Fourier multiplier x on C
is equal to its complete norm, because I is amenable. Moreover, it coincides with
the norm of x in A(I") ([7, Corollary 1.8]). Let ¢ be a relative contractive Fourier
multiplier on C,; compose it with the trivial character of I" to obtain a contractive
form on C,. Then, by the Hahn-Banach extension theorem, ¢ is the restriction of a
contractive element x in A(I"). Now Y is a completely positive Fourier multiplier on

C, and so is ¢ on C4. The conclusion follows from (a) and (b). [ |

3 Local Embeddings of L? into S?

The proof of Theorem 2.1] can be interpreted as an embedding of L¥ into an ultra-
product of finite-dimensional spaces S}, that intertwines Fourier and Toeplitz Schur
multipliers. If we restrict ourselves to power functions ¢: t — t? with p > 1, such
embeddings are well known and the proof of Theorem 2.7 does not need the full
strength of the matrix Szeg6 limit theorem but only the existence of such embed-
dings. In this section, we explain two ways to obtain them by interpolation.

The first way is to extend the classical result that the reduced C*-algebra C of a
discrete group I” has the completely positive approximation property if I is amen-
able. We follow the approach of [6, Theorem 2.6.8]. Let I" be a discrete amenable
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group and let I, be a Folner averaging net of sets. As above, we denote by p, the
orthogonal projection from ¢4, to E%. Define the compression ¢, and the embedding

¥, by

(3.1) ¢.: C—B((},) and ¢,: B() —C
X = pXp; e (1/# )N 1.

If we endow ]B%(@l) with the normalised trace, these maps are unital completely pos-
itive, trace preserVing (and normal), and the net (¢),¢,) converges pointwise to the
identity of C. One can therefore extend them by interpolation to completely pos-
itive contractions on the respective noncommutative Lebesgue spaces. Recall that
LP(B((},), (1/# 1) tr) is (# E/)fl/pSf;E. We get a net of complete contractions

G P — @#0)7VPSE, and o #1)7VPSL — 1P

such that (QZ,,QE,,) converges pointwise to the identity of L?. Moreover, the defini-
tions (3.I)) show that these maps also intertwine Fourier and Toeplitz Schur multipli-
ers.

This approach is more canonical, as it allows us to extend the transfer to vector-
valued spaces in the sense of [31, Chapter 3]. Recall that for any hyperfinite semifinite
von Neumann algebra M and any operator space E, one can define L?(M, E). For
p = 00, this space is defined as M @i E; for p = 1, this space is defined as My’ QE;
these spaces form an interpolation scale for the complex method when 1 < p < oc.
For us, M will be B(¢?) or the group von Neumann algebra L>°. As the maps 1,
and ¢, are unital completely positive and trace preserving and normal, they define
simultaneously complete contractions on M and M,. By interpolation, the maps
1, ® Idg and ¢, ® Idg are still complete contractions on the spaces L,(E) and SP[E].
Let ¢ € C”; the transfer shows that the norm of Id; ® M, on L?(E) is bounded by
the norm of Idg ® My on SP[E] and that their complete norms coincide. In formulas,

[1de @ My |[Br @) < [[Ide @ Mg||pse(g),
[Tde ® My [levwr(ey) = [[Tde ® Mg |[ebse())-

The compression ¢, provides a two-sided approximation of an element x, whereas
the proof of Theorem 2.T] uses only a one-sided approximation. This subtlety makes
a difference in our second way to obtain embeddings, a direct proof by complex in-
terpolation.

Proposition 3.1 Let I' be a discrete amenable group and let (11,) be a Reiter net of
means for I':

e each p, is a positive sequence summing to 1 with finite support I, C I' and viewed
as a diagonal operator from (7, to (7}, so that

HMI,”S‘ = Z (u,,)w, =1;

el
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e the net (u,) satisfies, for each ~y € I', Reiter’s Property P;:

Z |(M”)“F‘{3 - (NL)[1| — 0.

per
Letx € S° @ L™ = L>®(tr®7) and p > 1. Then
lim sup ||x/i},/p||sp(sﬁ) = [|xllr(tr @r)-

Proof Consider x = }_ ;. x, ® A, with only a finite number of the x, € S3°
nonzero. As

S0 = ) < S [y — ()]

per per
Property P; implies Property P,:
I\ = w22l — 0,

so that
1/2 1/2
||x:U‘L/ - :u‘// x”SZ(Sﬁ) — 0.
As the S$°-valued matrix of x for the canonical basis of /7. is (X,c—1 ) (re)erx >

b Pl = D0 e &) = D (e Y Il

(ne)el’xI” cel rel’

= Z (/LL)CHx”iz(tr@)fr) = Hx”%ﬂ(tr@‘r)'
cel’

By density and continuity, the result extends to all x € L*(tr ®7).
Let us prove now that for x € L*°(tr ®7),

lim sup [z, [|sist) < 1%l e om)-

1/2

The polar decomposition x = u|x| yields a factorisation x = ab with a = u|x|'/* and

b = |x|'/? in L°(tr ®7) such that

1/2
lallie r) = Ibllzaren = 150 or)»

1/2
lalle=en = %012 @ -

Then xu, = a(buf/z—uf/zb)uf/z+auf/2buf/2, so that the Cauchy-Schwarz inequality
yields
g llsispy < Nlallis e [1(bp/® = pl20) ) lsisyy + lap byt |51 sy
< llallis o llbp’> = pl?blls2(s) + N1l n 1Bl @)
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and therefore our claim. Now complex interpolation yields

lim sup Hx/lf/PHsP(sﬁ) < e om)
forx € L®(tr®7) and p € [1,00]. In fact, consider the function f(z) = u|x|P*u?

analytic in the strip 0 < 8z < 1 and continuous on its closure; then f(it) is a product
of unitaries for ¢ € R, so that || f(it)||L(r @) = 1. Also

1+ i)l sy) = [1el? el sy -

As SP(Sh) is the complex interpolation space (S*°(S2°), SHSI1/ps

1
Iersd Pllesgy = 111/ D)ty < el snlsily-
Then, taking the upper limit and using the estimate on S'(S}),

. : 1
lim sup ||xu2/p||sp(s£) < lim sup || |x|p/~h||51/(%‘n)

< el it g = Illeen:
The reverse inequality is obtained by duality; first note that for y € L>(tr ®7),
limtr @ tr(yp,) = tr@7(y).
With the above notation and the inequality for p’,
1 e @y = T(%l7) = Tim e [x[P g, = limm tr ! =P |l P~ a7

< limsup Hﬂiil/p|x|pilep’ ) ||x,u}/p||5p(sﬁ)

= limsup ||[x[P "' I/PHSP ') (9% PHSP sh)

<l ey e gy lim sup gy sy

so that
lim sup [lx2/?llsocsey = 1%l e o - u

Remark 3.2 Let p be any positive diagonal operator with tr p = 1 and p > 2; then
2 |5 s7) < |lx[lur for all x € L (tr ®7). The Reiter condition is only necessary
to go below exponent 2.

We could also have used interpolation with a two-sided approximation by Reiter
means. We would have obtained

llmsup HML/Z‘Dxlu//ZPHSP (shy — ||'x||LP(tr®7)'

This formula is in the spirit of the first approach of this section.
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4 Transfer of Lacunary Sets into Lacunary Matrix Patterns

As a first application of Theorem 2.7] let us mention that it provides a shortcut for
some arguments in [12], as it permits us to transfer lacunary subsets of a discrete
group I into lacunary matrix patterns in I" x I". Let us first introduce the following
terminology.

Definition 4.1 Let I' be a discrete group and A C I'. Let X be the reduced
C*-algebra C of I' or its noncommutative Lebesgue space L for p € [1, ool.

(a) The set A is unconditional in X if the Fourier series of every x € X, converges
unconditionally; i.e., there is a constant D such that

H E XyEx Ay

yeA!

< Dllxlx
X

for finite A’ C A and e, € T. The minimal constant D is the unconditional
constant of A in X.

(b) IfX = C, let X = S®° ® C;if X = L?, let X = LP(tr ®7). The set A is completely
unconditional in X if the Fourier series of every x € X, converges uncondition-
ally; i.e., there is a constant D such that

H Z Xy ®57/\7H)~( < Dlx|¢
yEA!

for finite A’ C A and e, € T. The minimal constant D is the complete uncondi-
tional constant of A in X.

Unconditional sets in L? have been introduced as “A(p) sets” in [12, Defini-
tion 1.1] for p > 2. If I' is abelian, they are Walter Rudin’s A(p) sets if p > 2
and his A(2) setsif p < 2 (see [3,36]). Asma Harcharras ([12, Definition 1.5, Com-
ments 1.9]) called completely unconditional sets in L? “A(p)q, sets” if p € ]2, 00|,
and “K(p)a sets” if p € ]1, 2]; her definitions are equivalent to ours by the noncom-
mutative Khinchin inequality.

Sets that are unconditional in C have been introduced as “unconditional Sidon
sets” in [4]. If I is amenable, Fourier multipliers are automatically c.b. on Cy4, so that
such sets are automatically completely unconditional in C, and there are at least three
more equivalent definitions for the counterpart of Sidon sets in an abelian group. If
I" is nonamenable, these definitions are no longer all equivalent, and our notion of
completely unconditional sets in C corresponds to Marek Bozejko’s “c.b. Sidon sets.”

Definition 4.2 Let1 < p < oo and I be a subset of the product R x C of two index
sets.

(a) The set I is unconditional in the Schatten—von-Neumann class S? associated with
B(¢%, £3) if the matrix representation of every x € S/ converges unconditionally;
i.e., there is a constant D such that

H Z xq5qeqH ) < D|lx|[,

qel’
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for finite I’ C JT'and ¢, € T. The minimal constant D is the unconditional constant
of Iin SP.

(b) The set I is completely unconditional in S? if the matrix representation of every
x € Sf (s¥) converges unconditionally; i.e., there is a constant D such that

H qu ® quqH < D[l
qel’ ?

for finite I’ C I'and ¢; € T. The minimal constant D is the complete uncondi-
tional constant of I in SP.

Harcharras called unconditional and completely unconditional sets in S? “o(p)
sets” and “o(p)q sets”, respectively ([12, Definitions 4.1 and 4.4, Remarks 4.6 (iv)]);
she supposed p < 00, so that her definitions are equivalent to ours by the noncom-
mutative Khinchin inequality.

Proposition 4.3 Let I' be a discrete group. Let A C I and consider the associated

Toeplitzset A = {(r,c) e ' x I" : ¢~ € A}. Let p € [1,00].

(a) If I is amenable, then A is unconditional in L? if A is unconditional in SP.

(b) If A is completely unconditional in LP, then A is completely unconditional in SP.
The converse holds if I is amenable.

Proof The first part of (b) follows by the argument of the proof of [12, Proposi-
tion 4.7]; let us sketch it. Consider the isometric embedding of the space S};(SP )
in L/ (tr ® tr ®7) that is given in the proof of Lemma 4] and apply the equivalent
[12, Definition 1.5] of the complete unconditionality of A: this gives the complete
unconditionality of A'in the equivalent [12, Definition 4.4].

Unconditionality in L? expresses the uniform boundedness of relative unimod-
ular Fourier multipliers on L%; complete unconditionality expresses their uniform
complete boundedness. Unconditionality in S? expresses the uniform boundedness
of relative unimodular Schur multipliers on S5 complete unconditionality expresses
their uniform complete boundedness. The second part of (b) follows therefore from
Theorem[2.7Z(b), and (a) follows from Theorem[2.1] [ |

Remark 4.4 This transfer does not pass to the limit p = oo in (b) and is void
in (a). Nicholas Varopoulos proved that unconditional sets in S° are finite unions
of patterns whose rows or whose columns contain at most one element, and this
excludes sets of the form A for any infinite A ([37, Theorem 4.2], see [22, §5] for a
reader’s guide).

Remark 4.5 See [22, Remark 11.3] for an illustration of Proposition 4.3(b) in a
particular context.

Remark 4.6 Let p be an even integer greater than or equal to 4. The existence
of a o(p)e set that is not a g(q) set for any g > p ([12, Theorem 4.9]) becomes
a direct consequence of Walter Rudin’s construction ([36, Theorem 4.8]) of a A(p)
set that is not a A(q) set for any g > p, because this set has property B(p/2) ([12,
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Definition 2.4]) and is therefore A(p)s, by [12, Theorem 1.13] (in fact, it is even
“I-unconditional” in L? because B(p/2) is “p/2-independence” ([22, § 11])).

Remark 4.7 In the same way, [12, Theorem 5.2] becomes a mere reformulation
of [12, Proposition 3.6] if one remembers that the Toeplitz—Schur multipliers are
1-complemented in the Schur multipliers for an amenable discrete group and for all
classical norms. Basically, results on A(p)q, sets produce results on o (p) sets.

Let us now estimate the complete unconditional constant of sumsets. In the case
I' = 7, Harcharras ([12, Prop. 2.8]) proved that a completely unconditional set in
L? cannot contain the sumset of characters A + A for arbitrary large finite sets A. In
particular, if A D A + A with A infinite, then A is not a completely unconditional set
in L?. Thus, her proof provided examples of A(p) sets that are not A(p)g, sets.

We generalise Harcharras’ result in two directions. Compare [18, § 1.4].

Proposition 4.8 Let I be a discrete group and p # 2. A completely unconditional set
in LP cannot contain the sumset of two arbitrarily large sets. More precisely, let R and
C be subsets of I' with #R > nand #C > n3. Then, for any p > 1, the complete
unconditional constant of the sumset RC in L? is at least nl'/>=1/7,

Proof Letr,...,r, be pairwise distinct elements in R. We shall select inductively
elements ¢, ...,c, in C such that the ric; are pairwise distinct. Assume there are
€1, ..., Cm—1 such that the induction hypothesis

Vik<nVjl<m—1 (i,j) # k) = ric;# na
holds. We are looking for an element ¢,, € C such that
Vijk<nVI<m—1 ricy, # rc.

Such an element exists as long as m < n, because the set {rflrkcl i,k <nl <
m — 1} has at most (n(n — 1) + 1)(m — 1) < n’ elements.

The end of the proof is the same as Harcharras. The unconditional constant of
the canonical basis of elementary matrices in SEis nlt/2=1/pl; in particular, there is an
unimodular Schur multiplier ¢ on & of norm »!'/2=1/?l (which is also its complete
norm, by the way; see [31, Lemma 8.1.5]). Let A be the sumset {ricj 11,§ < n};as
the rjc; are pairwise distinct, we may define a sequence ¢ € C” by Pre; = $ij- By
Remark 23] the complete norm of the Fourier multiplier ¢ on L is bounded below
by the complete norm of the Schur multiplier ¢ on S?. ]

Example 4.9 A = {28 — 2/ : i > j} does not form a complete A(p) set for any
p # 2. Indeed, {2' — 27/} = AU —A does not, and if A did, then so would — A and
AU—A.

5 Toeplitz—Schur Multipliers on S? for p < 1

When 0 < p < 1, a complete characterisation of bounded Schur multipliers of
Toeplitz type has been obtained by Alexey Alexandrov and Vladimir Peller in [1, The-
orem 5.1]. This result was an easy consequence of their deep results on Hankel Schur
multipliers. The transfer approach provides a direct proof.
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Corollary 5.1 Let0 < p < 1. Let I' be a discrete abelian group with dual group G.
Let @ be a sequence indexed by I" and define the associated Toeplitz matrix ¢ € C* by
@(r,¢c) = @(rc™ ) for (r,¢c) € I' X I'. Then the following are equivalent:

(a) the sequence  is the Fourier transform of an atomic measure 1 = ) az0, on G
with ) |ag|? < 1;

(b) the Fourier multiplier o is contractive on LP;

(c) the Fourier multiplier ¢ is contractive on LP(SF);

(d) the Schur multiplier (% is contractive on SP;

(e) the Schur multiplier ( is contractive on SP(SP).

Proof The implication (d) = (b) follows from Theorem[2.1} The equivalence (c)<
(e) follows from Theorem [2.7(a). The characterisation (a) < (b) is an old result of
Daniel Oberlin ([23]). It is plain that (e) = (d). At last, (a) = (c) is obvious by the
p-triangular inequality. ]

Remark 5.2 As a consequence, we get that the norm of a Toeplitz—Schur multiplier
on SP(SP) coincides with its norm on S? when p < 1. If p € {1, 2, 00}, this holds for
every Schur multiplier. Let p € ]1,2[ U ]2, 00[. Then we still do not know whether
Schur multipliers are automatically c.b. on SP. But from [31, Proposition 8.1.3], we
know that (b) and (c) are not equivalent: if I" is an infinite abelian group, there is
a bounded Fourier multiplier on L? that is not c.b. This counterexample is easy to
describe: if an infinite set A C I is lacunary enough, the sumset A + A is uncondi-
tional in L? (see [18, Theorem 5.13]). By Proposition [4.8] it cannot be completely
unconditional. In particular, this shows that in Remark 23] we cannot remove the
restriction to truncated Toeplitz matrices in the computation of the Schur multiplier
norm; that is, (b) = (d) does not hold.

Remark 5.3 Our questions may also be addressed in the case of a compact group
like T. A measurable function ¢ on T defines

¢ the Fourier multiplier on measurable functions on T by x — ¢x;
¢ the Schur multiplier on integral operators on L*(T) with kernel a measurable
function x on T x T by x — @x, where ¢(z, w) = p(zw™!).

Victor Olevskii ([25]) constructed a continuous function ¢ that defines a bounded
Fourier multiplier on the space of functions with p-summable Fourier series en-
dowed with the norm given by ||x|| = (X |%(n)|?) P for every p € 11, 00[, while
the corresponding Schur multiplier is not bounded on the Schatten—von-Neumann
class SP of operators on L?(T) for any p € ]1,2[ U ]2, c0].

6 The Riesz Projection and the Hilbert Transform

In this section, we concentrate on I" = 7, the dual group of T.

Proposition 6.1 Let o be a linear combination of the identity and the upper triangular
projection of N X N; i.e., there are z,w € Cso that o;; = zif i < j, and 0;; = wif
i > j. Then the norm of the Schur multiplier o on SV coincides with the norm of the
Schur multiplier o on S¥(SY).
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Proof Leta € S¥(SY); a may be considered as an m x m matrix (a; ;) whose entries
a;; are n X n matrices, and may be identified with the block matrix

0 an 0 ap

0 0 0 O

g=10 an 0 ax

0 0 0 O
In this identification, Idsg’ ® Mp(a) is M,y(a). [ |
The Hilbert transform 5 is the Schur multiplier obtained by choosing z = —1

and w = 1. The upper triangular operators in S? can be seen as a noncommutative
H? space, and J# corresponds exactly to the Hilbert transform in this setting (see
[19, 33]). Using classical results on H? spaces, all Hilbert transforms are c.b. for
1 < p < oo (see19,33,38]).

On the circle T, the classical Hilbert transform H corresponds to the Fourier mul-
tiplier given by the sign function (with the convention sgn(0) = 1), and its norm on
L? is cot(m/2 max(p, p')) = csc(n/p) + cot(w/p) for 1 < p < oo. The story of the
computation of this norm starts with a paper by Israel Gohberg and Naum Krupnik
([10]) for p a power of 2. The remaining cases were handled by Stylianos Pichorides
([30]) and Brian Cole (see [8]) independently. The best results in this subject are
those of Brian Hollenbeck, Nigel Kalton, and Igor Verbitsky ([13]), but they rely on
complex variable methods that are not available in the operator-valued case. When
p is a power of 2 (or its conjugate), a combination of arguments of Gohberg and
Krupnik ([9]) with some of Laszl6 Zsid6 ([38]) yields the following result.

Theorem 6.2 Let p €]1,00[. The norm and the complete norm of the Hilbert trans-
form F on SP coincide with the complete norm of the Hilbert transform H on LP: if
sgn(i, j) :=sgn(i — j) fori, j > 1,

[ sgn [[mese) = [ sgn [Ivy(s0) =[] sgn [ (wr)-

If p is a power of 2, then these norms coincide with the norm of H on LP:

| sgn [|mesr) = [ 5En (Mg (sr) = [ 580 Iy wry = [ g0 [[mry = cot(m/2p).

Proof Let p > 2. The norm of H on L? is cot(7/2p), and the three other norms
are equal by Theorem [2.7] and the above proposition. We only need to compute the
complete norm of H. Let H = 1dg» ® H be the Hilbert transform on L (tr 7). We
shall use Mischa Cotlar’s trick to go from L? to L*: the equality (sgnisgn)j + 1 =
sgn(i + j)(sgni+ sgn j) shows that

(6.1) (Hf)(Hg) + fg = H((Hf)g + f(Hg)) .

Step 1. The function sgn is not odd, because of its value in 0; this can be fixed in the
following way. Let A = 27 + 1. The norm of H on L?(tr ®7) is equal to its norm on
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Lfl(tr ®7). In fact, let D be defined by Df(z) = zf(z*); D is a complete isometry on
L? with range L/} that commutes with H.

Step 2. Let S be the real subspace of L/} (tr ®7) consisting of functions with values
in S? so that f(z) is selfadjoint for almost all z € T. Let us apply Vern Paulsen’s
off-diagonal trick ([27, Lemma 8.1]) to show that the norm of Honl’is equal to its
normon S. Let f € Lﬁ(tr ®T). Identifying Sf(Sp) with SP,

_( 0 f®
g(z)<f(z)* 0)

defines an element of S. As the adjoint operation is isometric on S?,

lglls = 2"7 1l fllvr e om-

~ 0 Hf
Hg=| ~ .
¢ (H(f*) 0 )
As 0 ¢ A by Step 1, the equality sgn(—i) = —sgni holds for i € A: this yields that
H(f*) = —(Hf)*. Therefore

Let us now consider

1Hglls = 2P I H f s -

Step 3. Let u, be the norm of H on L?(tr @7); then uyp < up + /1 +up. It suffices
to prove this estimate for f € S, and by approximation we may suppose that f is a
finite linear combination of terms a; ® z' + a ® z~' with a; finite matrices. Note that
Hf = —(Hf)*. Formula (6.I) with f = g combined with Holder’s inequality yields

||(ﬁf)2||LP(tr®T) < ”fz”Lﬂ(tr@T) + 2”p||fHL2P(tr®T)||Hf||L2P(tr®T)'
Since f and H f take normal values,

£ lr e wry = 1 Ear e m)

IH ) lrar@n = I1HF I om-

Therefore, if || f||i2r(rwr) = 1o |Hf |12 (tr r) must be smaller than the bigger root of
t* — 2upt — 1; that is,

||Hf|‘izﬂ(tr®7) Sup+ \/M%,T and Up S Up + u%) +1.

Step 4. The multiplier H is an isometry on L?(tr ®7), so that u, = 1 = cot(r/4). As
cot(9/2) = cot?d + Vcot? ¥ + 1 for ¥ €]0, 7[, we conclude by induction. [ |
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Unfortunately, we cannot deal with other values of p > 2 by this method.

The Riesz projection 7 is the Schur multiplier obtained by choosing z = 0 and
w = 1 in Proposition It is the projection on the upper triangular part. On the
circle, the classical Riesz projection T, that is the projection onto the analytic part,
corresponds to the Fourier multiplier given by the indicator function xz+ of nonneg-
ative integers; its norm on L?, as computed by Hollenbeck and Verbitsky ([14]), is
csc(m/p). As for the Hilbert transform, we know that the norm and the complete
norm of .7 on S are equal and coincide with the complete norm of T on L?, but, to
the best of our knowledge, there is no simple formula like (6.I)) to go from exponent
p to 2p. We only obtained the following computation.

Proposition 6.3 Let p €]1,00(. The norm and the complete norm of the Riesz pro-
jection T on SP coincide with the complete norm of the Riesz projection T on LP: if
Kz (i j) = X (i = j) fori, j 2 1,

¢

Xz+

Xz [Imsey = | Ma(s7) = [IX7* IMyy (1r) -

If p = 4, then these norms coincide with the norm of T on L?:

M) = Xz s = V2.

%7+ sy = %2+ Imas = [z |

Proof We shall compute the norm of .7 on S*. Let x be a finite upper triangular
matrix and let y be a finite strictly lower triangular matrix. We have to prove that

Vet ylls = s

Let us make the obvious estimates on S* and use the fact that the adjoint operation is
isometric:
17 el = 17 (e 4 )2 s < e+ yllse 1l

and similarly,
[lad — ) (xx™)||s2 = [|(Id — T)(x(x + y))ls2 < |1x][se ||+ »||se-
As 7 and Id — .7 have orthogonal ranges,

lxllse = [lxex[I5: = 110d — T)ex)Ig: + |7 Cex) g < 2lxlGallx+ yllse. m

7 Unconditional Approximating Sequences

The following definition makes sense for general operator spaces, but we choose to
state it only in our specific context.

Definition 7.1 Let I be a discrete group and A C I'. Let X be the reduced

C*-algebra of I" or its noncommutative Lebesgue space L? for p € [1, oo[.

(a) Asequence (T) of operators on X is an approximating sequence if each Ty has fi-
nite rank and Tix — x for every x € X . It is a complete approximating sequence
if the T} are uniformly c.b. If X, admits a complete approximating sequence,
then X4 enjoys the c.b. approximation property.
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(b) The difference sequence (ATy) of a sequence (Tj) is given by AT; = T; and
ATy = Ty — Ty—; for k > 2. An approximating sequence (T}) is unconditional if
the operators

(7.1) ZekATk withn > land g € {—1,1}
k=1

are uniformly bounded on X,; then X, enjoys the unconditional approximation
property.

(c) An approximating sequence (T%) is completely unconditional if the operators
in are uniformly c¢.b. on X,; then X, enjoys the complete unconditional
approximation property. The minimal uniform bound of these operators is the
complete unconditional constant of X .

We may always suppose that a complete approximating sequence on C, is a
Fourier multiplier sequence (see [11, Theorem 2.1]). We may also do so on Lﬁ if
L has the so-called QWEP (see [15, Theorem 4.4]). More precisely, the following
proposition holds.

Proposition 7.2 Let I' be a discrete group and A C I'. Let X either be its reduced
C*-algebra or its noncommutative Lebesgue space LF, where p € [1,00[ and L*>° has
the QWEP. If X, enjoys the completely unconditional approximation property with
constant D, then for every D' > D there is a complete approximating sequence of Fourier
multipliers (i) that realises the completely unconditional approximation property with
constant D': the Fourier multipliers Y, _, exAy are uniformly completely bounded by
D' on X,.

Let us now describe how to skip blocks in an approximating sequence in order to
construct an operator that acts like the Riesz projection on the sumset of two infinite
sets. The following trick will be used in the induction below (compare with the proof
of [20, Theorem 4.2]):

1 1]0 1 0 1 11 1 1
0 1|0 —11 0]+11 1 1)]=101
0 0|0 1 0 1 1 0 0

Lemma 7.3 Let I' be a discrete group and A C I'. Suppose that A contains the
sumset RC of two infinite sets R and C. Let (Ty) be either an approximating sequence
on LY with p € [1, 00(, or an approximating sequence of Fourier multipliers on C .
Let € > 0. There is a sequence (r;) in R, a sequence (c;) in C, and there are indices
L <ky <l <ks <--- suchthat, for every n, the skipped block sum

(7.2) Un = Tl1 + (T]2 — Tkz) + -+ (Tln — Tkn)

acts, up to &, as the Riesz projection on the sumset {ricj}i j<n:

”Uﬂ()‘fif,‘) - )\r,'c]-” <e ifi<j<
||Un()\r,-c]-)|| <e€ 1f] <i<
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Proof Let us construct the sequences and indices by induction. If n = 1, let r; and
¢ be arbitrary; there is Iy such that || T}, (A,¢,) — Arq || < €. Suppose that ry, ..., 1y,
C1y.ooyC iy, Lyand ks, . . ., k, have been constructed. Let § > 0 be chosen later.

* The operator U, defined by equation has finite rank. If it is a Fourier mul-
tiplier, one can choose an element 7,4; € R such that U, (A ) =0forj < n.
If it acts on Lfl with p € [1,00[, one can choose an element 7,4; € R such that
|Un(Ar,...c;)|| < 0 for j < nbecause (\,),er is weakly null in L?.

* Thereisk,;; > I, suchthat || Ty, (X)) =\, || < dfory € {ricj: 1 <i<n+l,1<
j < n}.

e Again, choose ¢c,+1 € C such that ||[(U, — Ti,,,)(Mrc,,)|| < dfori <n+1.

e Again, choose l,41 > kpy1 such that || T;,,, (\,) =\, || < dfory € {ric;: 1 <i,j <
n+1}.

Let Uy = U, + (T

Tnt+1€j

n+1

—T,..)- Ifi <n+land j < n,then

n+l n+1

HAUHH(AT,’C)’)” < ||Tl,,+1(AT,’Cj) - )\T,‘Cj” + H>\r,>cr,' - Tk,,ﬂ()\r,‘cj‘)” < 26a

so that
NUni1(Nrie;) — A |l < e +26 ifi<j<n
[Uns1 )|l < €+28 ifj<i<n
||Un+1()\r,,+1cj-)|| < 36 lf] < 1.

Ifi <n+1,then

HU”Jrl()\rifnﬂ) - >\7‘15n+1 H < Il([]”7 - Tkml)()\"xcml)” + ||Tln+l(ATiCn+l) - )\"xcnﬂ ||
< 26.

This shows that our choice of 7,41, ¢441, kn1 and 1,11 is adequate if § is small enough.
|

This construction will provide an obstacle to the unconditionality of sumsets.

Theorem 7.4 Let I be a discrete group and A C I'. Suppose that A contains the
sumset RC of two infinite sets R and C.

(a) Let 1 < p < oo. The complete unconditional constant of any approximating se-
quence for L? is bounded below by the norm of the Riesz projection on SP, and thus
by cscm/p.

(b) The spaces LY and C, do not enjoy the complete unconditional approximation prop-
erty.

(c) If I is amenable, then the space C, does not enjoy the unconditional approximation
property.

Proof Let (T}) be an approximating sequence on L‘fl. By Lemmal[7.3] for every e > 0
and every n, there are elements r,...,7, € R, ¢, ..., ¢, € C such that the Fourier
multiplier ¢ given by the indicator function of {ric;}i<; is near to a skipped block
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sum U, of (T}) in the sense that [|U,(Ac;) — @re;Are; || < €. But U, is the mean of
two operators of the form (ZI)): its complete norm will provide a lower bound for

the complete unconditional constant of X4. Let us repeat the argument of Lemma[2.4]
withx € SE. As

| 25wl = N (R ewvere) (R mieisoa) (R esi o)
! i=1 j=1

ij=1 i,j=1
n
= H E Xij€ij ® Ay
i1

L2 (tr ®T)

LP(tr ®7)

and

n
H in,jei,j ® (Un()‘riCj) - Sﬁr,q)‘rici) < ”25”x”55’
i=1

LP(tr ®T)

the complete norm of U, is nearly bounded below by the norm of the Riesz projection
on S

—rellxlly =

n
H > xijeij ® Un(Aye) ,
O Lr(tr ®7)

> H D xijei; ® A
LP(tr ®7) i<
<

17 @)ls — n*el|x]ls; -

This proves (a) as well as the first assertion in (b), because the Riesz projection is
unbounded on S'. Let (T) be an approximating sequence on C; by Lemmal[Z.2] we
may suppose that (T) is a sequence of Fourier multipliers. Thus the second asser-
tion in (b) follows from Lemma[Z.3] combined with the preceding argument (where
S5 is replaced by S2° and L (tr ®7) by S° ® C) and the unboundedness of the Riesz
projection on S*. For (c), note that the Fourier multipliers T are automatically c.b.
on Cy if I" is amenable (proof of Theorem 2.7)). [ |

Theorem [Z4(b) was originally devised to prove that the Hardy space H!, corre-
sponding to the case A = N C Z and p = 1, admits no completely unconditional
basis (see [34,35]). Theorem[Z.4)c) both generalises the fact that a sumset cannot be
a Sidon set (see [18, §§ 1.4, 6.6] for two proofs and historical remarks, or [17, Propo-
sition IV.7]) and Daniel Li’s result [16, Corollary 13] that the space C, does not have
the “metric” unconditional approximation property if I" is abelian and A contains a
sumset. Li ([16, Theorem 10]) also constructed a set A C 7Z such that C, has this
property, while A contains the sumset of arbitrarily large sets. This theorem also
provides a new proof that the disc algebra has no unconditional basis and answers
[21, Question 6.1.6].

Example 7.5 Neither the span of products {r;r;} of two Rademacher functions in
the space of continuous functions on {—1,1}° nor the span of products {s;s;} of
two Steinhaus functions in the space of continuous functions on T° has an uncon-
ditional basis.
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8 Relative Schur Multipliers of Rank One

Let o be an elementary Schur multiplier on S*°, that is,

0=xQy= (xryc)(r.c)eRXC-

Then its norm is sup,¢ g || sup.c|yc|. How is this norm affected if ¢ is only partially
specified, that is, if the action of g is restricted to matrices with a given support?

Theorem 8.1 Let]I C R x C and consider (x.),cr and (y.)cec. The relative Schur
multiplier on S7° given by (x,y¢)(rc)e1 has norm sup(,,c)e,|x,yc|.

Note that the norm of the Schur multiplier (x,y.)(.c)er is bounded by sup, . |x:| x
sup.cc|ye|, because the matrix (x,y.)(rc)erxc is a trivial extension of (x.y.)(rers the
proof below provides a constructive nontrivial extension of this Schur multiplier that
is a composition of ampliations of the Schur multiplier in the following lemma.

Lemma 8.2 The Schur multiplier (Z"') has norm max(|z|, |w|) on S5°.

Proof This follows from the decomposition

2w\ Bl ey oy B (RO o
w oz 2\t 2\~ ’

where ¢, u € T are chosen so that z = |z|t? and w = |w|u?. [

N

Proof of Theorem[8.1] We may suppose that C is the finite set {1,...,m} and that
R s the finite set {1, ..., n}, that each y. is nonzero, and that each row in R contains
an element of I. We may also suppose that (|x;|);er and (|y.|)ccc are nonincreasing
sequences. For each r € R, let ¢, be the least column index of elements of I in or
above row r; in other words,

¢, = minmin{c: (', c) € I}.

r’'<

The sequence (c,),cr is nonincreasing. Let us define its inverse (r.).cc in the sense
thatr, <r < ¢, < c Poreachc € C,letr, = min{r : ¢, < c}. Givenr, letr’ < rbe
such that (', ¢,;) € I; then |x,y. | < %y, |, so that sup,plx.y. | < sup(,’c)61|x,yc|
and the rank 1 Schur multiplier g = (x+¥.,)(r.c)erxc With pairwise equal columns is
bounded by sup, ,;|x:yc| on S2°. We will now “correct” g, without increasing its
norm so as to make it an extension of (x,y.)(.cer- Let r € Rand ¢’ > ¢,; then

Ye+1 Ve _ Vel _ Yet+l

T =X%Ye =% Ye .
r_

& Yer=1 o<LeLe’—1 Ve r>re Ve

' >ct+l

XrYe! = XrYe,
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This shows that it suffices to compose the Schur multiplier g, with the m — 1 rank 2
Schur multipliers with block matrix

1--c ctl - m
R S
)|
Ve
re—1
o=, 7
1 )/Hl
Ve
n
each of which has norm 1 on S2° by Lemma[82] [ |

Remark 8.3 We learned after submitting this article that Timur Oikhberg proved
Theorem[B.Ilindependently and gave some applications to it; see [24].

Remark 8.4 Asan illustration,letC = R = {1,...,n}and I = {(r,¢) : r > ¢},
and let a; be an increasing sequence of positive numbers. Take x, = a, and y, =
1/a.. Then the relative Schur multiplier (a,/a.),<. has norm 1. The above proof
actually constructs the norm 1 extension (min(a,/ac, a./a,)) 0. If we put a; = ¥,
we recover that (e~ 1% )(r¢) 1s positive definite; that s, | - | is a conditionally negative
function on R.
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