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The C*-algebras of Compact
Transformation Groups

Robert J. Archbold and Astrid an Huef

Abstract. We investigate the representation theory of the crossed-product C*-algebra associated
with a compact group G acting on a locally compact space X when the stability subgroups vary
discontinuously. Our main result applies when G has a principal stability subgroup or X is locally
of finite G-orbit type. Then the upper multiplicity of the representation of the crossed product in-
duced from an irreducible representation V of a stability subgroup is obtained by restricting V' to
a certain closed subgroup of the stability subgroup and taking the maximum of the multiplicities
of the irreducible summands occurring in the restriction of V. As a corollary we obtain that when
the trivial subgroup is a principal stability subgroup; the crossed product is a Fell algebra if and
only if every stability subgroup is abelian. A second corollary is that the C*-algebra of the motion
group R" x SO(n) is a Fell algebra. This uses the classical branching theorem for the special or-
thogonal group SO(n) with respect to SO(n — 1). Since proper transformation groups are locally
induced from the actions of compact groups, we describe how some of our results can be extended
to transformation groups that are locally proper.

1 Introduction

Itis well known that a C*-algebra A has continuous trace if and only if (1) the spectrum
A of A is Hausdorff and (2) every i € A satisfies Fell’s condition that there exist a
neighbourhood O of 7 in A and a positive element a of A such that p(a) is a rank-
one projection for all p € O [13, Propositions 4.5.3, 4.5.4]. C*-algebras A for which (2)
holds are called Fell algebras. The Fell algebras are precisely those C*-algebras that are
generated by their abelian elements (the C*-algebras of Type I, [36, §6.1]). Since the
spectrum of a Fell algebra is locally Hausdorft by [6, Corollary 3.2], one may think of
a Fell algebra as having continuous trace locally in the sense that there is a collection
of ideals of A with continuous trace that together generate A [25, Theorem 3.3].

Let G be a compact group acting continuously on a locally compact space X and
consider the associated crossed-product C*-algebra Co(X) x G. Echterhoff showed
in [14, Corollary 2] that Cy(X) x G has continuous trace if and only if its spectrum is
Hausdorff. A comparison with the characterisation of C*-algebras with continuous
trace above raises the question of whether Co(X) x G is always a Fell algebra, and
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indeed this is the case when the compact group G is also abelian [24, Lemma 5.10].
However, [4, Remark 2.6] shows that the answer can be negative even for the finite
permutation group G = S; (see also Example 4.7).

The purpose of this paper is, therefore, to investigate the extent to which irreducible
representations of Co (X)»G may fail to satisfy Fell’s condition. There are several guid-
ing principles for this. The first is that the failure of Fell’s condition implies that the
stability subgroups of G vary in a discontinuous manner [14, Corollary 2]. Secondly,
if x, > z in X, then it follows from the sequential compactness of the space 2(G)
of closed subgroups of G that there is a closed subgroup H of G and a subsequence
(%n, )k such that S,, — H. Moreover, since G acts continuously on the Hausdorff
space X, H c S,. Thirdly, the extent to which an irreducible representation 7 of a
C*-algebra A may fail to satisfy Fell’s condition is measured by the upper multiplicity
My (m); 7 satisfies Fell’s condition if and only if the upper multiplicity My () takes
the value1([2, Theorem 4.6]. Finally, proper transformation groups are locally induced
from compact transformation groups [1]. Thus we begin by investigating the upper
multiplicities of the irreducible representations of Cy(X) % G when G is compact. In
Section 6 we extend some of our results to the more general setting of transformation
groups that are locally proper.

Let G be a compact group acting on a space X. This action is then integrable
in the sense of [24, 40], and so Co(X) » G is a C*-algebra with bounded trace by
[24, Proposition 3.5]. It follows from [7, Theorem 2.6] that the upper multiplicities
of the irreducible representations of Co(X) » G are all finite and therefore take val-
ues in the positive integers. Since G is compact, the orbits are closed in X, and it
follows that every irreducible representation of Cy(X) » G is unitarily equivalent to
one that is induced from an irreducible representation V of some stability subgroup
S;:={geG:g -z=2z} (see $2.2). We write Indgz(nz x V) for such a representation.
Our first main result for compact group actions, Theorem 3.7, states that for z € X
and V € S, there exist a closed subgroup H of G with H c S, and R € H such that

My(Ind§ (7, = V)) = [ V|g:R] <dim V,

where [ V|g:R] is the multiplicity of R in V|g.

Our second main result, Theorem 4.1, gives more detailed information in the fol-
lowing two situations: when G has a principal stability subgroup or when X is locally
of finite G-orbit type. A closed subgroup S of G is a principal stability group if the
G-invariant subset

{x € X : S, is conjugate to S}

is dense in X. The space X is said to be of finite G-orbit type if there exist n € N and
closed subgroups Hy, ..., H, of G such that for each x € X, S, is conjugate to one
of the H;. Then X is said to be locally of finite G-orbit type if every point in X has a
G-invariant neighbourhood that is of finite G-orbit type.

If G is a compact Lie group and X is a topological manifold, then X is locally of
finite G-orbit type [11, Remark after IV.1.2], and if in addition X/G is connected then
there exists a principal stability group [32]. It is well known that if G is compact and
S is a principal stability group, then for each x € X, S, contains a conjugate of S (see,
for example, the argument in Claim B of the proof of Theorem 4.1). It follows from
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[11, Proposition 1.9] that if a principal stability group exists then it is unique up to
conjugacy (cf. [28, Remark 4.1]).

Theorem 4.1 says that if G contains a principal stability subgroup or if X is locally
of finite G-orbit type, then for z € X and V € S, there exists a closed subgroup H of
G with H c S, such that

My( Ind§ (7, » V)) = max[ V|y:R] < dim V.
ReH

Moreover, H may be chosen to be conjugate to a principal stability subgroup if such
exists.

Theorem 4.1 leads to a number of corollaries. For example, when the trivial sub-
group {e} is a principal stability subgroup, then Co(X) % G is a Fell algebra if and only
if every stability subgroup is abelian (Corollary 4.5). The C*-algebra of the classical
motion group R” »x SO(n) is isomorphic to Co(R") » SO(n), and it follows from
Theorem 4.1 and the branching theorem for the special orthogonal group SO(n) with
respect to the principal stability subgroup SO(n — 1) that Co(R") x SO(n) is a Fell
algebra (Example 4.6).

In Section 5, we study irreducible representations Indgz(nz x V) of Co(X) x G,
where z € X and V is the restriction to S, of a character of the compact group G.
We show in Corollary 5.5 that the collection of all such irreducible representations of
Co(X) » G is an open subset of (Co(X) x G)” and that the corresponding ideal of
Co(X) x G is a Fell algebra.

The Cartan transformation groups of [35] are locally proper, and proper transfor-
mation groups are locally induced from compact transformation groups [1]. In Sec-
tion 6 we discuss how this can be used to extend some of our results from compact to
Cartan transformation groups. In particular, Theorem 6.1 extends Theorem 3.7.

2 Preliminaries

Throughout, X is a second-countable, locally compact, Hausdorff space and G is a
second-countable group with a jointly continuous action (g,x) ~ g-x of Gon X. In
Sections 2-5 the group G is compact, and we summarise this set-up as “(G, X) is a
second-countable transformation group with G compact”

Let Co(X) be the C*-algebra of continuous functions f: X — C vanishing at infin-
ity. Then G acts on Cy(X) by left translation via It;(f)(x) = f(s™* - x). The action It
of G on Cy(X) restricts to an action of any subgroup of G on Cy(X), and we denote
these restrictions by It as well.

A pair (7, U), where 7: Co(X) — B(JH) is a representation on a Hilbert space H
and U:G — UB(H) is a representation of G by unitary operators on J, is called
covariant for (Co(X), G, 1t) if Usn(f)U = n(lts(f)) forall f € Co(X) and s € G.
The crossed product C*-algebra Cy(X) 1 G (or simply Cy(X) x G) is the C*-algebra
that is universal for covariant representation of (Co(X), G, 1t); see [43].

Since both G and X are second-countable, the group C*-algebra C*(G) and the
C*-algebras Cy(X) and Co(X) xy; G are all separable. Hence, all of their irreducible
representations act on separable Hilbert spaces.
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We write G for the (equivalence classes of) irreducible unitary representations of
G. We often identify the unitary representations of G and the non-degenerate repre-
sentations of C*(G) in the usual way.

By an ideal of a C*-algebra A we always mean a norm-closed two-sided ideal. Let
Id A be the set of all ideals of A. We assume that Id A is equipped with the topology
7,, for which a base is given by the family of sets of the form

{IeldA:1$]forall]eF},

where F is a finite set (possibly empty) of ideals of A (see [3, Section 2] and the ref-
erences cited therein). This topology induces Fell’s inner hull-kernel topology on the
representation space Rep A of [29, p. 206].

2.1 Choice of Measures

Throughout, we fix y = yg to be the unique Haar measure on the compact group G
such that 4(G) = 1. Let £(G) be the space of closed subgroups of G equipped with the
Fell topology from [16]. Thus £(G) is a compact Polish space (see [43, Appendix H]).
In particular, £(G) is second countable and sequentially compact. For every H «
2(G) we choose ug to be the Haar measure on H such that yg(H) = 1. Then H
[ f(s) dun(s) is continuous for every f € C(G) by [43, Lemma H8]. This is a very
special “continuous choice of Haar measures on X, since the constant function 1 on
G has compact support. There exists a unique quasi-invariant measure vy on G/H
such that for f € C(G),

Jor@duy= [ [ F(st) dun() dvia(si)

(see, for example, [38, Lemma C.2]; we can take the p functions appearing there to be
identically 1, because G is compact). In particular, vy (G/H) = 1.

By our choice of Haar measures on the closed subgroups of G, integration over
G/H may be viewed as integration over G. If f is a function on G/H regarded as a
function on G that is constant on left cosets of H, then

oy GEY aviatsty= [ [ (sh) dyaa(0) dvi(st) = [ 5(5) du(s)

2.2 Induced Representations

Let H be a closed subgroup of the compact group G, and let Zg = C(G, C.(X))
be Green’s right-Hilbert (Co(X) »; G) — (Co(X) »; H) bimodule obtained from
his ((Co(X) ® Co(G/H)) g1t G)-(Co(X) x1¢ H) imprimitivity bimodule (see [21,
Proposition 3] or [43, Theorem 4.22]). Let (7, V) be a covariant representation of
(Co(X), H,1t). We write Ind$; (7 x V) for the representation of Co(X) x; G induced
from the representation 7 x V of Cy(X) »y H via Zy.

We will usually apply Green’s induction process in the following situation. Sup-
pose that H is contained in the stability subgroup S, for some x € X. Let V be a
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representation of H on a Hilbert space 3{y. Define 7, v: Co(X) = B(Hy ) by
fe,v(f)h = f(x)h for f e Co(X)and h e Hy.

Then (7,,v, V') is a covariant representation of (Co(X), H, 1t). We will often write 7,
for m,,v when we think no confusion will arise.
Next we recall Mackey’s induction process. Let V € H and let

Ly :={£€C(G,Hy): &(sh) = Vj-1(&(s)) for he Hand s € G}.
Then
E18):= [ () [€())e, dvi(sH)

defines an inner product on Ly. We denote by L%, the completion of Ly with respect
to the norm induced by the inner product. The representation Ind$; V of G induced
from V is the representation on L2, defined by ((Ind$; V), &)(r) = &(s™'r) for £ € Ly.
It is proved, for example in [43, Proposition 5.4], that if (7, V) is covariant for
(Co(X),1t, H), then Ind$; (7 x V) is unitarily equivalent to 7 » Ind$; V, where

(ﬁ(f)f) (r) = n(ltrfl(f))(f(r)) for fe Co(X),EecLyandreG.

(In particular, if X = {#}, then C(*) = Cand C(*) %G = C*(G) and Ind¥ (7, » V)
is unitarily equivalent to Ind¥; V.)

Even though our set-up uses the compactness of G, the following two lemmas also
hold for non-compact groups. In particular, both lemmas apply to the locally proper
transformation groups discussed in Section 6. Lemma 2.1 says that when the orbits G-
x ={gx:geG}areallclosed in X (which is the case when G is compactor (G, X) is
locally proper), every irreducible representation of Co(X) »; G is unitarily equivalent
to one that is induced from an irreducible representation of a stability subgroup S of
G. Its proof can be pieced together from, for example, the results in [42].

Lemma 2.1 Let (G, X) be a transformation group such that all orbits are closed.

(i) LetmxU:Co(X)x1tG - B(H) be an irreducible representation. Then there exist
xeXandV €S, suchthatmx U ~ Ind?x(nx x V).

(i) Letx € X and V,W € S,. Then IndSGx(rrx xV) =~ Indgx(n,C x W) if and only if
VW,

Lemma 2.2 Let (G, X) be a transformation group. Let x € X, g € G and V € S,.
Write g - V for the representation of Sg.. defined by (g-V)(t) = V(g~'tg). Then

IndSGx(nx % V)=~ Indscg'x(r[g.x x(g-V)).
Proof See [43, Lemma 5.8] for a proof in greater generality. ]
2.3 Fell’s Topology for Subgroup Representations

Following [17,§2],let Y = {(H,s) : H € £(G),s € H}. Then Y isa closed subset of the
compact, Hausdorff space (G) x G. Thus Y is compact and Hausdorff. Since G and
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2(G) are second-countable, so are 2(G) x G and its subspace Y. Let f,g € C.(Y).
Equipped with the operations defined by

frg(Hs) = [ FH)gH.C) dun(t), £ (Hos) = F(Hs ),

Cc(Y) becomes a x-algebra. The formula | f|c,(v) = SUPyex () [ [f (H> )| dun(s)
defines a norm on C.(Y). A unitary representation V of a closed subgroup H in G on
a Hilbert space Hy can be lifted to a *-representation WV of C.(Y) via WV (f) =
V(f(H,-)); notice that WV is norm decreasing. The universal norm on C.(Y) is

[ £l =sup{|l(f)]|l : 7 is a nondegenerate

norm-decreasing representation of C.(Y)},

and Fell’s subgroup C*-algebra C§(G) is the completion of C.(Y') in this norm. Notice
that CS(G) is separable, because Y is second countable.

Define S(G)" = {(H, V) : H e £(H), V ¢ H}. The assignment (H, V) - WHV
induces a bijection from S(G)" onto C5(G)" [17, Lemma 2.8]. The pull-back to
S(G)" of the topology on Cg(G)" is called Fell’s topology for subgroup representa-
tions on S(G)". Since Cg(G) is separable, C5(G)" is second countable, and hence so
is Fell’s topology on S(G)".

2.4 A Continuous Sum of Hilbert Spaces

Let H be a closed subgroup of the compact group G and V € H. We now summarise
the construction of the continuous field of Hilbert spaces over G/H and the associated
Hilbert space given in [24, §3]. The construction simplifies, since G is compact.

Define a relation on G x Hy by (s,v) ~ (u, w) if and only if there exists ¢ € H such
that 4 = st and w = V;-1v. Then ~ is an equivalence relation. Define

q:GxHy/~—> G/H

by q[(s,v)] = sH. Each fibre Hy := q~*(sH) is a Hilbert space, and q;: H,y — Hy
given by gs([s,v]) = v is a unitary operator.

Let L2, be the Hilbert space described in Subsection 2.2. For & € L?,, define the
vector field o(&) by a(&)(sH) = [s,&(s)] € Hsp. To form a continuous field of
Hilbert spaces, ({H;u }speg/m» AA), we take the fundamental family to be

A= {0(&):& e L% is continuous}.

(Then A is complete in the sense required in [10].)
For g: G/H — [0, ), define fG*/Hgde =inf{ /5y f v} where the infimum is
taken over measurable functions f dominating ¢ almost everywhere, and then extend

the definition of [ to complex-valued functions by linearity. For any vector field ¢
over G/H set

N:(9) = [ 16(H) e, dvm(sH).

Then ¢ is square-summable if N;(¢) < co and ¢ is the N,-limit of vector fields in A.
Let £%(A) be the space of all the square-summable vector fields. A vector field ¢ is
measurable if it satisfies Lusin’s property: for all compact subsets K of G/H and € > 0,
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there exists a compact subset K’ such that ¢|xs € A and u(K \ K’) < e. Thus a vector
field ¢ is an element of £*(A) if and only if N,(¢) < co and ¢ is measurable.

Let N = {¢ € I;geg/uHsn: ¢ = 0 vy-ae.}. Then L?(A) := L>(A)/N is a Hilbert
space, called the continuous sum over G/H, with inner product

@il g = [ ((6H) [62(6H)) oo, dvnlsH) (91,02 L2(8).

We will write ¢ for the class of ¢ in L?(A). Itis easily seen that the map 0: L3, — L*(A)
is a unitary operator.

3 Trace Formulae
In this section we establish a number of trace formulae for later use.
Proposition 3.1 Let (G, X) be a second-countable transformation group with G com-
pact. Let x € X, let H be a closed subgroup of G with H c Sy, and let V € H. Let

a € C(G,C.(X))* c Co(X) i G. Then the operator IndS; (. x V)(a) is trace class
and

3.1 tr( Indg(nxxV)(a)) = fG/HfHa(rt‘lr—l)(r-x)tr(Vt*)d‘uH(t) dvy(rH).

Proof We will use a vector-valued version of Mercer’s Theorem to compute the trace
in (3.1). This theorem is obtained by combining [10, Remarque 3.2.1, Théoreme 3.3.1,
Proposition 3.1.1]; there is quite a lot of work to be done to check that these results

apply.

ppLZ'( ({Hsu}sneg/m> A) be the continuous field of Hilbert spaces over G/H and
let L*(A) be the continuous sum described in Subsection 2.4. We start by realis-
ing Ind$, (7, » V)(a) as a kernel operator on L>(A). First, Ind$ (7, % V) is uni-
tarily equivalent to 7, x Ind§; V on L3 where (7 (f)€)(r) = f(r- x)&(r) and
((Ind$; V), &)(r) = &(s™'r). We compute for & € Ly c L2, and r € G:

(e Indf V) (@) () = ([ Fe(a())(1nd§ V). Edu(s)) ()
:La(s)(r~x)f(5_lr)dﬂ(5)
:fc;a(ru_l)(r'x)f(u)d.“(”)

which, using 2.1, becomes
L/HLa(rt‘lu—l)(r.x)E(ut) dup (t) dvy (uH)
:fG/H(fHa(rrlu—l)(r.x)vtfldyH(t))f(u)de(uH),
:/G/HKx(r,u)E(u)de(uH),

where
Ke(r,u) = La(rt‘lu_l)(%x)V[l dug(t) € B(3y).
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We note here, for future use, that the calculation above implicitly shows that for fixed
r,u € G, the function t = a(rt'u™)(r- x)V; " is a uy-measurable B(L? )-valued
function.

The maps 0: L} - L*(A) and q,: H,z — Hy defined by o(§)(rH) = [r,&(r)] €
H,g and q,([r, v]) = v, respectively, are unitary operators. Let

K. (rH,uH) = ;'K (r,1)q,.
We claim that ¢(7, % Ind¥ V) (a)o* is the operator in B(L>(A)) determined by the
kernel K, in the sense of [10, §3.1]. Thus we need to verify that
(a) K, is a well-defined function on G/H x G/H;
(b) for ¢y, ¢, € A, the function
(3.2) (rH,uH) = (K. (rH,uH)(¢1(uH)) | 2(rH))31,,

is vy x vy-integrable and
((U(ﬁx s UV)(“)O'*)gbl | (/)Z)LZ(A) =
fG/H fG/H(Ex(rH, uH)($1(uH)|$a(rH)) o dvig(uH) dvis(rH).

To see that K, is well defined, we observe that q,, = V;'q, and K, (rh, uk) =
V'K, (r,u) Vi for h,k € Hand r,u € G. Thus,

K. (rhH,ukH) = q;; Ky (rh,uk) qur = q;" Va Vi, 'Ky (1, 4) Vi Vi ' g, = K (rH, uH),

giving (a). For (b), we begin by showing that K, is continuous in the sense that the
function at (3.2) is continuous. Write ¢; = o(¢&;), where &; € L% is continuous for

i=1,2. Then q,(0(&;)(uH)) = qu([(u, &i(u))]) = & (u) for u € G. Thus,
(K. (rH,uH)(¢:1(uH)) | ‘Pz(rH))g{,H = (Ke(r,u)qu(¢1(uH)) | Qr(‘PZ(rH)))ﬂ{v
= (Ke(r,u)(&(u)) | fZ(r))ﬂfv'

Since the canonical map G — G/H is open and the ; and the inner product are
continuous, it suffices to show that K, is a continuous function on G x G. So suppose
that r, - rand u,, - u in G. Set

E(t)=a(rt™u™)(r-x)V;' and  F,(t) = a(rat ™ u;))(ry - x) V7L

As observed above, F and F, are yy-measurable. Since a, regarded as a function on
G x X, is jointly continuous, F,, — F pointwise. Since H is compact, t — | F,(¢)]
is dominated by the function t + |ae in L'(H), where ||a o = maxee | a(s)]|co-
The vector-valued dominated convergence theorem (see, for example, [43, Proposi-
tion B.32]) now implies that K (ry, us) = [ Fu(t) dun(t) — [ F(t)dun(t) =
K, (r,u). Thus K, is continuous. Hence, the function at (3.2) is continuous and there-
fore vy x vy-integrable, since G/H is compact. The displayed equation in (b) follows
from the definition of the inner product in L} together with the earlier calculation
that

(7, » Ind$ V)(a)&)(r) = /;/H Ky (r,u)é(u) dvg(uH).
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Now we need to argue that the results of [10] apply. Since K, is a continuous kernel
defining a positive operator, K, (rH, rH) is positive for all rH € G/H by the first part
of [10, Théoréme 3.3.1]. Next we compute fG*/H tr(K,(rH,rH)) dvy(rH). For this,

let {;}*_, be an orthonormal basis for Hy. Then

rHHtr(I?x(rH, rH)) =tr(Ky(r,7)) = i(Kx(T, i | 71i)

i=1 Iy

is a continuous function on G/H and hence is vy-measurable. Thus
(3.3)
*

fG | T(R(HL rH)) dv (7 11)

- fG/Htr(fx(rH, rH))dvy(rH) = fG/H i(Kx(r, i | 1), dva(rH)

i=1

k
= Lo S Z GO 0 s dps (1) dvia(rH)
<klaloopr(H)vu(G/H) < oo.

We write H, g, for the set of operators from H, i to I, 5, which are all Hilbert-
Schmidt, because each H,y is finite dimensional. Then ({H, g, 1,2 = A® A) isa
continuous field of Hilbert spaces. (Here X is the fundamental family generated by
(rH,uH) - ¢(rH) ® w(uH), where ¢,y € A and ¢(rH) ® y(uH) is the rank-one
operator v = (v | y(uH))g¢,, ¢ (rH) for v € H,p.) Since G is second-countable and
Jy is finite-dimensional, hence separable, the fundamental family A is countable in
the sense that there is a sequence {¢,} c A such that {¢,(rH)} is dense in 3,y
for all rH € G/H. Remarque 3.2.1 in [10] says, first, that  is countable as well, and
second, that K, is measurable as a vector field on G/H x G/H. Now the third part
of [10, Théoréme 3.3.1] applies and states that the operator (7, x Ind% V))(a)o*
defined by K, is trace class. Finally, by [10, Proposition 3.1.1], ﬁx(rH ,rH) is trace
class for almost all rH € G/H, and

tr( o (7x Ind, V))(a)o*) = // tr( K (rH,rH)) dvi(rH),
G/H
which we calculated in (3.3) above. Finally, we note that
(3.3) = f f a(rt Y (r - x) (V) dug (1) dv (rH). n
G/HJH
We thank Iain Raeburn for pointing us to the following lemma.

Lemma 3.2 Let (G, X) be a second-countable transformation group. Let z € X, H
be a closed subgroup of G with H c S, and k e N U {oo}. Suppose W = @*_, W;: H
U(Hw) is a unitary representation of H. Then

ndS (7, % W) = @ IndS (.., % Wi).
i

Proof Here 7, x W is unitarily equivalent to @;7,,w, x W;. The lemma follows,
because induction preserves direct-sum decompositions. ]
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For two representations V and W of a subgroup H of G, we write [V : W] for the
multiplicity of W in V.

Proposition 3.3  Let (G, X) be a second-countable transformation group with G com-
pact. Let z € X, let H be a closed subgroup of G such that H c S,, and let V € H. Then

Indjj (v » V) = @ [W]y:V] Indg (m,w x W).
WeS,

Proof Since H c S, c G, by induction in stages for the induction process Ind$;
([43, Theorem 5.9]), we have

Indg(nz,v V)~ Indgz ( Indlsj(nz,v X V))

The key now is to observe that we can realise Indz’ (7,,v » V) on the Hilbert space
L%, of Indfj Vas 7,y Ind?j V and that 7,y = 7, v. To see the latter, we compute

foréeLyandreS,:
(7 v(N)E) (r) = f(r-2)&(r) = f(2)&(r) = (m2,v()E) ().

Thus 7,y = 71,,v. Now
(3.4) Indfl(nz,v V)~ Indgz (ﬁz,v X Indi} V) = Ind?z (ﬂz,v X Indfj V).

The induced representation Indfj V of the compact group S, is a direct sum of ir-
reducible representations. Using Frobenius Reciprocity (see, for example, [12, Theo-
rem 7.4.1]) we get
Indj; V=@ [Ind; V:W| W= @ [W]g:V]W.
WeS, WeS,
Since S, is second-countable and compact, S, is second-countable and discrete. Thus
the direct sum above is countable. Now

(G4) =1nd§ (my % ( @ [Wlw:VIW)) = @ [Wlu:V] Indg (7w # W)
WeS, WesS,

using Lemma 3.2. |

The following result replaces an earlier version (involving a constant sequence of
stability subgroups and representations) that sufficed for the proof of Theorem 4.1.
We are grateful to the referee for suggesting the use of Fell’s topology for subgroup
representations in this more general version.

Proposition 3.4  Let (G, X) be a second-countable transformation group with G com-
pact. Suppose that x,, — z in X and that (Sx,, V) = (H, V') in Fell’s topology for sub-
group representations, where H is a closed subgroup of G, V € Hand V, € S, (n > 1).
Then H c S, and for all a € C(G, C.(X))* c Co(X) x1t G,

(3.5) tr( Indgxn (4, % Va)(a)) = tr( Ind¥ (7, x V)(a))

(3.6) = ¥ [Wlg: V] tr( Ind§ (m.,w = W)(a)).

We§z
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Proof Letae C(G,C.(X))". By astandard argument of general topology, in order
to establish (3.5), it suffices to consider an arbitrary subnet (x,, ) of (x,) and to show
that there is a subnet of this subnet for which the corresponding convergence of traces
holds. By [9, Lemma, p. 205], we can pass to a subnet of (x,,)s and relabel so that
Sx,, = Hin 2(G) and tr(Vy, (tn,;)) = tr(V(t)) whenever t,, —5 tin G with t € H
and £, € S"n;; for all . In particular, since S, — H and G acts continuously on the
HausdorfT space X, it follows that H ¢ S, and hence that (7., V') is indeed a covariant
pair.
Foreachn>1,teS,, andreG,let

E (t,r) = a(rt™ v ) (r-x,) tr(V,,(£)).

Then E,(t,r) is precisely the integrand at (3.1) with x replaced by x,,, H replaced by
Sx,> and V replaced by V,,. Since a is continuous and the finite-dimensional repre-
sentation V,, is norm-continuous, E, is continuous on Sy, x G. Similarly, for t € H
and r € G, set

E(t,r) = a(rt ™ r ) (r-2) te(V(1)*).
Then E is continuous on H x G. Suppose that (t,,,75) — (t,r) in G x G, where
(t,r) e Hx G and (t,,7p) € S, X G for each . Then E,; (t,,,75) — E(t,7) by the
continuity of a and the convergence of tr(Vy,(t,4)) to tr(V(t)). Furthermore, since
Sx,, = Hin 2(G), we have Sx,, G~ HxGin 2(G x G). By [9, Proposition 4,
p- 184] and Fubini’s theorem,

fos E"“(t’r)dysx”ﬁ(t)d”(r)—’fG/HE(tJ)d#H(t)dy(r).
tng

By our choice of Haar measures on the subgroups,

f/ x"[i /an!; ( ’ ) x"ﬁ (t) ang (]anﬁ)
— f f E(t>7)d[4H(t) d1’H(1’H),
G/H H

Hence Proposition 3.1 gives (3.5) with n replaced by ng. As indicated at the outset,
this suffices to establish (3.5). Then (3.6) follows by Proposition 3.3. [ |

Proposition 3.5 Let (G, X) be a second-countable transformation group with G com-
pact. Suppose that x, - z in X and suppose that (S, ,R,) = (H, R) in Fell’s topology
for subgroup representations, where H is a closed subgroup of G, R € H and R,, € S,
(n>1). Then Hc S, and forall V € S,

My( Ind§ (7, % V)) 2 [ V]a:R].
Proof Write p, = Ind§, (7y, * R,). Let a € C(G,Cc(X))" c Co(X) i G. By
Proposition 3.4, H c S, and
tr(pn(a)) - X [W]u:R] tr ( Ind?z(nz,w x W)(a)).

WeS,
[Wlu:R]#0
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Let V € S,. If [V|g:R] = 0, then the result follows trivially. Otherwise, [V|g:R] > 1.
Then [7, Theorem 4.1] implies that Ind?z (7, » V) is alimit of (p,,) and

[ V]a:R] = M( Indst(rrZ x V), (pu)) < My( Indgz(ﬂz xV)). [ |

Lemma 3.6 Let (G, X) be a proper second-countable transformation group. Suppose
that Ind?x (71y, ¥ Rp) = Indst(nz x V) in (Co(X) % G)". By passing to a subsequence
and movirﬂzg within orbits, we may assume that x, — z in X, and that there exist a closed
subgroup H c S, and an irreducible subrepresentation R of V|y such that (Sy,,R,) —
(H, R) in Fell’s topology for subgroup representations.

Proof We start by describing the homeomorphism of [34, Theorem 5.3.3] of a quo-
tient space of

Stab(X)" := {(x, S, W) :x € X, W e S, }

onto the spectrum of Co(X) » G. The topology on Stab(X)" is defined in terms of
a closure operation in [34, Definition 2.3.1, Proposition 2.3.3]. For A c Stab(X)",
the closure of A consists of all (z,S,, V) € Stab(X)" for which there exist a closed
subgroup H c S, an irreducible subrepresentation R of V|, and a net (x4, Sy, Ry)
in A such that x, - zin X and (Sx,,Ry) — (H, R) in Fell’s topology for subgroup
representations. It follows from [34, Theorem 6.1.4] that Stab(X)" is homeomorphic
to the spectrum of a separable C*-algebra and hence is second countable.

The map (g, (x,Sx, W)) = (g x,Sgx, g W) gives a continuous action of G on
Stab(X)”. Notice that by Lemma 2.2,

Indgx(nx W)~ Ind?g.x(ng.x x(g-W)).

It is well known that the map (x, S, V) — Indgx (7x x W) factors through a bijec-
tion Ind® of G\Stab(X)" onto the spectrum of Co(X) x G. The content of [34, Theo-
rem 5.3.3] is that the assignment [ (x, S, V)] — Indgx (71, x W) defines a homeomor-
phism from G\Stab(X)" with the quotient topology onto the spectrum of Co(X) x G
(the main work involves showing that the map is open).

Since Indgn (g, ¥ Ry) = Ind?z(nz x V), we have [(x, Sx,, Rn)] = [(2, S, V)]
in G\Stab(X)". The quotient map Stab(X)"* — G\Stab(X)" is open and
Stab(X)" is second-countable, and hence there is a subsequence ((xy,, Sx,, > Vi, ) )
of ((x4, Sx,> Vu))n and a sequence (gx) in G such that

8k - (xﬂk’ ank > R”k) = (gk “Xnyo> Sgk'xnk » 8k - Rnk) - (Z’ Sz V)
in Stab(X)". But
Il’ldgx"k (ﬂxnk ~ Rnk) = Indggk,xnk (ﬂgk-xnk X gk Rnk)

by Lemma 2.2. Thus we may replace x,,, by gx-x,, and R,, by gi-R,,, and relabel, and
then assume that (x,, Sx,, R,) = (2,S;, V) in Stab(X)". Now by the definition of the
closure operation in Stab(X)", there exist a closed subgroup H c S, an irreducible
subrepresentation R of V| and a subnet (xy,, Sx,_, Ry, ) such that x,, - zin X and
(Sx, »Rn,) = (H,R) in Fell’s topology for subgroup representations. But both X

Xny
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and S(G)" are second countable, and a routine argument gives a subsequence (x,;)
(indexed by j € N) of (x,) such that x,,; - z and (anj , Rxnj) - (H,R). [ |

Theorem 3.7  Let (G, X) be a second-countable transformation group with G com-
pact. Let z € X and V € S,. Then there exist a closed subgroup H of G with H c S, and
an irreducible subrepresentation R of V| such that

My(Ind§ (. % V)) = [V]g:R] <dim V < co.
Moreover, if the stabiliser map X — 2(G), x — S, is continuous at z, then

My( Indgz(ﬂz xV)) =L

Proof Setp := Indgz (7, x V). By [4, Lemma 1.2] there exists a sequence (p,) such
that the upper multiplicity My (p) equals the common upper and lower multiplicity
M(p, (pn)) of p relative to the sequence (p,, ). Implicit in this assertion is that p,, — p,
because the lower relative multiplicity is nonzero (see [8, §2]). We note here, for multi-
ple future uses, that if (p,,, ) is a subsequence of (p, ), then M(p, (pu,)) = M(p, (pn))
(see [8, Equation 2.3]), and that the multiplicity numbers depend only on the class of
the irreducible representation. For each n there exists x, € X and R, € §xn such that
Pn = Indgx" (7%, ¥ Ry).

By Lemma 3.6, by passing to a subsequence and moving within orbits, we may
assume that x,, - z in X, and that there exist a closed subgroup H c S, and an irre-
ducible subrepresentation R of V| such that (S,,R,) — (H,R) in Fell’s topology
for subgroup representations.

By Proposition 3.4, for all a € C(G, C.(X))* c Co(X) »1x G we have

tr ( IndSGXn (mx, % Ry)(a)) - Zg[W|H:R] tr ( Indgz(nz,w x W)(a)).

Now, [7, Theorem 4.1] implies that

[Via:R] = M(p. (pn)) = Mu(p).
Finally, suppose that the stabiliser map is continuous at z. Then Sy, - S, in (G).

On the other hand, it follows from [17, Lemma 2.5] that S,, — H. Since Z(G) is
Hausdorff, H = S,. Then the irreducibility of V implies that

My(Ind§ (7, % V)) =1. n

Corollary 3.8 Let (G, X) be a second-countable transformation group with G com-
pact.

(i) Letze XandV €8S, be a character. Then

My( Ind§ (m, = V)) =1.
(i) Suppose that S, is abelian for all z € X. Then Co(X) xy; G is a Fell algebra.
Proof (i) By Theorem 3.7 there exist a closed subgroup H of S, and an irreducible
subrepresentation R of V| such that

My(Ind§ (7, % V)) = [ V]u:R].
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The right-hand side is 1 because V has dimension 1.

(ii) It follows from (i) and Lemma 2.1 that every irreducible representation of
Co(X) »1¢ G has upper multiplicity 1. Hence Co(X) »y; G is a Fell algebra by [2, The-
orem 4.6]. [ |

4 Main Results

We now turn to the two situations described in the introduction: when G has a prin-
cipal stability subgroup or when X is locally of finite G-orbit type. The following is
our main theorem.

Theorem 4.1 Let (G, X ) be a second-countable transformation group with G com-
pact. Let z € X and V € S,. Suppose that either

(i) G contains a principal stability subgroup S or

(ii) X is locally of finite G-orbit type.

Then there exists a closed subgroup H of G with H c S, such that

My( IndSGz(rrZ x V)) =max| V|g:R] <dim V < oo.
ReH
Furthermore, in case (i) the subgroup H may be chosen conjugate to S.

Before we can prove Theorem 4.1, we need several lemmas.

Let x U € (Co(X) »i G)*. As shown in the proof of Lemma 2.1, there exists
X(r,uy € X such that ker 7 consists of the functions vanishing on the orbit G - x(,, v).
Since G is compact, the orbits in X are closed. Furthermore, the stability subgroups
of G are compact and hence amenable and liminal. Thus Cy(X) »j¢ G is liminal by
[42, Theorem 3.1], and so Prim(Cy(X) %1 G) and (Co(X) »; G)" are homeomorphic.
Let g: X — X/G be the quotient map. It now follows that the function @ of [18, Theo-
rem 4.8] from Prim(Cy(X) ¢ G) to the Ty-isation (X/G)"~ of X/G can be viewed as
a function @: (Co(X) »1 G)" - X/G, and then ® (7 U) = q(%x(»,u))- In particular,

(4.1) @(Ind§ (7, % V)) = (7, x Ind§ V) = q(z),
since ker(7;) = {f € Co(X) : f(G-z) = {0}}. Since G is amenable, it follows from
[18, Theorem 4.8] that @ is open.
Lemma 4.2 Let (G, X) be a second-countable transformation group with G compact.
Suppose that Y is a dense subset of X. Then

IndY := {Indgy(ﬂy xU):yeY,Ue :9}}
is dense in (Co(X) x1; G)™.
Proof Let O be a non-empty open subset of (Co(X) x3; G)". Then ¢~ }(®(0)) is
non-empty and open in X. Since Y is dense in X, there exists y € ¢7}(®(0)) n Y.
Now g(y) = ®(p) for some p € O. By Lemma 2.1, p = Ind?z(nz x V) for some z € X

and V € S,. Then q(y) = ®(p) = q(z), and so there exists g € G such that y = g- z.
By Lemma 2.2, p = Ind?y(n}, xg-V)eIndY,andso OnIndY # &, as required. M
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Lemma 4.3 Let (G, X) be a second-countable transformation group with G compact.
Letz,x, e Xforn>1,V €S, Q€ Sx,, and set

pi= Indgz(ﬂz xV) and p,:= Indgxn (715, ¥ Qn)-
Assume p, — p in (Co(X) xix G)". Then kerInd?x,l Q. —~ kerInd?z VinldC*(G).

Proof Let p and p, be the unique extensions of p and p, (respectively) in
(M(Co(X) x1tG))". Thenp, — p. Letig: C*(G) - M(Co(X) 1 G) be the canon-
ical homomorphism. Then p o ig = Ind?z Vandp, oig = IndsGXn Q, for all n. So it
suffices to show that ker(p,, o ig) = ker(p o ig) in Id C*(G).

Let W be a basic open neighbourhood of ker(po i) in Id C*(G). Then there exist
keNandI,..., I} € Id C*(G) such that

W={KeldC*(G):K$I, for 1<j<k}.
Let K; be the closed two-sided ideal of M(Co(X) »1; G) generated by ig(I;). Since
p(ic(I;)) # {0} we have p(K;) # {0}. Since p is irreducible, ker p is prime, and
hence p(KiK; ... K) # {0}. Sincep,, — p, there exists N € Nsuch that n > N implies

p,(KiK;...Ky) # {0}. Thus for n > N and 1< j < k, we have p, (ig(I;)) # {0} and
hence ker(p, o ig) € W. ]

Proof of Theorem 4.1 Set p := Indgz(nz x V).
Case (i). Suppose that S is a principal stability subgroup of G. Then
Y := {x € X : S, is conjugate to S}
is a dense G-invariant subset of X. By Lemma 4.2,
IndY := {Indgy(ﬂy xU):yeY,UeS,}

is dense in (Co (X) »y G)".

By [4, Lemma 1.2] there exists a sequence (p,) in the dense subset Ind Y such
that the upper multiplicity My (p) equals the common upper and lower multiplicity
M(p, (pn)) of p relative to the sequence (p,). We note again that if (p,, ) is a sub-
sequence of (p, ), then M(p, (pn,)) = M(p, (pn)) and that the multiplicity numbers
depend only on the class of the irreducible representation. Since each p, € IndY,
there exist x,, € Yand Q,, € §xn such that p,, = IndSGXn (75, ¥ Qy).

Claim A By passing to a subsequence and moving within orbits, we may assume that
Xp > Z.

To see this, let ©: (Co(X) x;x G)* - X/G be the function defined at (4.1). Then
q(xn) = ®(pn) = ©(p) = q(z). Since q is open, there is a subsequence (X, )1
and a sequence (gx) in G such that y; := gx - x,, — z. Each y; isin Y, because Y is
G-invariant. By Lemma 2.2,

Pry & Ind?yk (Tl'yk X (gk . an)) .

Thus by replacing x,, by yx and Q,, by gk - Qu,, and relabeling, we may assume that
Muy(p) = M(p,(pn)), xn € Y and x,, — z. This completes the proof of Claim A.
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Claim B By passing to a subsequence and moving within orbits, we may assume that
there is a closed subgroup H of G contained in S, such that S, = H foralln > 1.

Since § is principal and each x,, € Y, there exists r, € G such that S, = r,,'Sr,, for
n > 1. Since G is compact, by passing to a subsequence we may assume that r, — r in
G. Then u, :=r'r, > eand y, == u, - x, - z. Now

Sy, = unanu;1 = r‘lrnan r;lr =r'Sr,
which is constant. Set H = r"'Sr. For h € H we have h - y,, = y,, for all n, and hence
h-z =z Thus H c S,. By replacing x, - z by y, - z and invoking Lemma 2.2, we
may assume Sy, = H. This completes the proof of Claim B.

Let R be any irreducible subrepresentation of V|y. By Proposition 3.5, applied with
the constant sequence (H, R), we obtain

(4.2) My(p) > [ V]u:R].

It remains to show that there exists an irreducible subrepresentation Q of V|g such
that My(p) = [ V]u:Q].

Claim C By passing to a subsequence, we may assume that there is an irreducible
representation Q of H such that Q, = Q for all n.

Since p, — p in (Co(X) »y; G)" and S, = H, we have ker Ind¥, Q, — ker IndSGz Vv
in Id C*(G) by Lemma 4.3. Since H c S, induction in stages gives

Indf; Q, ~ Indg (Indj Qn).

Writing V,, := Indj; Q,, we have kerInd§ V,, — kerInd§ V in IdC*(G). Let R be
an irreducible sub-representation of Indgz V. Thus ker IndSGZ V c ker R, and it follows
that ker Indgz Vi — ker R. By [15, Lemma 4.8], there exists N such that, for all n > N,
R is equivalent to a sub-representation of Indgz V, = Indg Q,,. Since Q,, isirreducible,
by Frobenius Reciprocity, Q, is equivalent to a sub-representation of R|y for all n >
N. But R is an irreducible representation of the compact group G, hence is finite
dimensional. It follows that R|; has finite support in H, and so there exists [Q] in
H such that the class [Q,] of Q,, is frequently equal to [Q]. By Lemma 2.1, Q, ~ Q
implies that p,, ~ Ind$(7,, x Q). So by passing to a subsequence we may assume that
Q. = Q for all n. This completes the proof of Claim C.

Now Proposition 3.4 applies with the constant sequence (Sy,, Q,) = (H, Q), and
so for all positive a in the dense subalgebra C(G, C.(X)) of Co(X) %1t G,

tr(pu(a)) > X [Wla:Q] tr ( Ind?z(nz,w x W)(a)).
(Wi Gl

By Lemma 2.1, Ind?z(nz,wz x W' ~ Ind?z(nz,w x W) implies W ~ W’. Thus, [7,
Theorem 4.1] implies that the set of limits of (p, ) is

{Indgz(ﬂz,w X W) :We §z’ [W|HQ] % 0}
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and that for each such limit, M( Indgz(nz,w x W), (pn)) = [W]x:Q]. Applying
this to the limit p = Ind?z(nz x V) gives My(p) = M(p,(pn)) = [V]u:Q] as re-
quired. Combining this with (4.2) gives My (p) = max, g [ V| H:R] . This completes
the proof of case (i).

Case (ii). Suppose that X islocally of finite G-orbit type. Then there exist a G-invariant
open neighbourhood U of z in X, k € N and closed subgroups Hy, ..., Hi of G such
that, for all x € U, S, is conjugate to one of the H;.

By [4, Lemma 1.2], there exists a sequence p,, € (Co(X) x1; G)" such that My (p) =
M(p, (pn)). Arguingas in Claim A above, we may assume that p,, = Indgn (7%, % Qy)
where Q,, € §xn forn >1land x,, — zin X. (In case (i) we had the p, in a distinguished
dense subset of (Cy(X) x1; G)”" and needed to keep them there under the Claim A
manoeuvre; this is the only difference.)

Eventually x,, € U and there exists j € {1,..., k} such that S, is frequently con-
jugate to H;. By passing to a subsequence, we may assume that there exists j such
that Sy, is conjugate to H; for n > 1. By passing to a further subsequence and moving
within orbits as in Claim B above, we may assume that there is a closed subgroup H
of G contained in S, such that S, = H for all n > 1. Let R be any irreducible sub-
representation of V|g. By Proposition 3.5, applied with the constant sequence (H, R),
we obtain My (p) 2 [V|g:R] asin (4.2) in case (i). The remainder of the proof follows
as in case (i). |

Corollary 4.4 Let (G, X) be a second-countable transformation group with G com-
pact and with a principal stability group S. Let z € X, suppose that S is conjugate to S
andlet V € S,. Then

My( Indgz(ﬂz xV)) =L

Proof By Theorem 4.1 there exist a closed subgroup H of G such that H is conjugate
to Sand H c S,, and Q ¢ H such that MU(Indgz(ﬂz % V)) = [V|g:Q]. In particular,
[V]g:Q] > 1. But S, is also conjugate to S. Hence H c S, = gHg™! for some g € G.
Since G is compact, H = gHg™" [11, Proposition 1.9]. Thus H = S,. Now [V|5:Q] =
[V:Q] =1, since V is irreducible. [ |

The next corollary applies, in particular, in the case where the trivial subgroup is a
principal stability subgroup of G (see Examples 4.7 and 4.8).

Corollary 4.5 Let (G, X) be a second-countable transformation group with G com-
pact. Suppose that G has a principal stability subgroup S contained in the centre Z(G)
of G.

() Letze XandV €S,. Then MU(Indgz(ﬂz xV))=dimV.

(i) Co(X) xi G is a Fell algebra if and only if S, is abelian for every z € X.

Proof Letze X and V €S,. By Theorem 4.1 there exists a closed subgroup H of G,
conjugate to S, such that H c S, and

My( Indgz(ﬂz x V)) =max[ V|g:R].
ReH
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Since S ¢ Z(G), we have H = S. But V(S) is contained in the commutant Clg¢, of
V(S.), and so V|s = (dim V)7 for some 7 € S. This gives (i).

It now follows from [2, Theorem 4.6] that Co(X) »y; G is a Fell algebra if and only
if dim V = 1for all such z and V. Since S, is abelian if and only if every irreducible
representation is 1-dimensional, (ii) follows. [ |

Example 4.6  Let G be the special orthogonal group SO(#n) of orthogonal matrices
in M, (R) with determinant 1. Then G is compact, and G acts on X = R” by matrix
multiplication A - x = Ax. We will show, using Theorem 4.1, that Co(X) »; G is a Fell
algebra.

Since each element of G is an isometry, the orbits are parametrised by r € [0, c0)
with O, = {x € R" : |x|| = r}. The orbit O is {0} and the stability subgroup at
0is So = G. Fix r > 0. Take x, := r(1,0,...,0) to represent the orbit O,. Then
Sy, = 1@ SO(n — 1), the subgroup of G leaving the first coordinate fixed. If y € O,,
then the stability subgroup S, is conjugate to S, . Thus, 1 & SO(n — 1) is a principal
stability subgroup with dense subset

Y:={xeX:S,isconjugatetol®SO(n—-1)} =R" ~ {0} c X.

By Corollary 4.4 we have MU(Indgy (m,»V))=1forallye Yand Ve§,.
However, for these representations, more is already known. Since Y is open and

G-invariant, Co(Y') »y¢ G is an ideal in Co(X) »y; G. The stabiliser map y + S, is

continuous on Y by, for example, [5, Lemma 1.2]. Thus, Co(Y) xj; G has continuous

trace by [14, Corollary 2]. Thus, MU(Indgzg;:?y(ny xV)) =1forall y € Y and

Ve 3;,. By [7, Lemma 2.7], the corresponding irreducible representation Indgy (my
V) of Co(X) »y¢ G also has upper multiplicity 1, as we have already seen above.

It remains to consider po,y := Indg"0 (mog» V) = mp x V, where V € So = G.
By Theorem 4.1 there exists a closed subgroup H of G such that H is conjugate to
1® SO(n — 1) and a representation R € H such that My (po,v) = [V|H:R]. Since
H is conjugate to 1 ® SO(n — 1), there exists g € G such that g - R is an irreducible
sub-representation of (¢ V)|igso(n-1) and My (po,v) = [(g- V)leso(n-1):8- R]. By
the branching theorem for SO(#) with respect to SO(n—1) (see [30, §1, §3] and [33]),
each irreducible sub-representation of (g - V')1gso(n-1) 0ccurs with multiplicity 1. It
follows that My (po,v) = L

We have shown that My (p) = 1forall p € (Co(X) %3 G)*. Thus, Co(X) 1 G isa
Fell algebra by [2, Theorem 4.6].

Example 4.7 The symmetric group G = S3 acts on X = R3 by 0 - (x5, x2,x3) =
(Xo(1)s Xo(2)> Xo(3))- Here, {e} is a principal stability subgroup with

Y ={xeR’: S, is conjugate to {e}} = {x e R’ : x; # x; if i # j}.

By Corollary 4.4, MU(Ind?y(ﬂy 1ls,)) = 1forall y € Y. (Again Y is open in X,
and we note that, moreover, Co(Y) x3; G has continuous trace by [21, Theorem 17],

because the action of G on Y is free.)
Letz € X\ Y. Then the stability subgroup S, isone of {e, (12) }, {e, (13) }, {e, (23) }
or G. If S, has order 2, then every irreducible representation of S, is 1-dimensional,
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and MU(Indgz(ﬂz x V)) = 1for every V € S, by Corollary 3.8. If S, = G then

S, = {1, sign, Q} where Q is the 2-dimensional representation of S; associated with
the partition (2,1) of 3 (see, for example, [27, Theorem 4.12, Example 5.1]). By Corol-

lary 4.5(i),
1 ifv=l,
My(Ind§ (m, % V)) =41 if V = sign,
2 ifV=Q.

In particular, Co(X) »y; G is not a Fell algebra.

Example 4.8 We consider [15, Example 3.5] in which G = Dy, the 8-element di-
hedral group, acts on X = T?. The trivial subgroup is a principal stability group and
the only non-abelian stability subgroup is Dy itself, occurring at the points (1,1) and
(-1,-1) in T?. Let A be the “standard” 2-dimensional irreducible representation of
Dy. It follows from Corollary 4.5(i) that the only non-Fell points in the spectrum of
C(X) »1; G are (1,1 » A and 77(_y,_1y » A, and that both have upper multiplicity equal
to 2.

Remark 4.9 Motivated by the previous two examples, we briefly consider the case
of a second countable transformation group (G, X) in which G is finite. Although
there need not be a principal stability group, the space X is automatically of finite G-
orbit type. By either Theorem 3.7 or Theorem 4.1, for z € X and V € S, there is a
closed subgroup H of S, and R € H such that

My( Ind§ (m; % V)) = [ V|g:R] = [ Indj; R: V],
where the second equality follows from Frobenius Reciprocity. Thus,
My( Ind§ (7, » V)) (dimR) < dim V,
My( Ind§ (7, % V)) (dim V) < dim(Indj; R) = (dim R)[S,:H].

It follows from these inequalities that M ( Ind?z (m, x V))? < [S.:H]. If there does
exist a principal stability group S, then H may be chosen conjugate to S (Theorem 4.1)

and hence
G 2 |S]
My( Indg (m, % V)" < == <[G:S].

The final inequality is somewhat similar to the estimate for the upper multiplicity of
irreducible representations of Moore groups in [4, Corollary 2.3].

5 Open Subsets of Fell Points in the Spectrum

Let (G,X) be a second-countable transformation group with G compact. In
this section we consider interesting open subsets of irreducible representations in
(Co(X) »yt G)" satisfying Fell’s condition. For example, the set we consider in
Lemma 5.2 (see also [31, Theorem 3.3] and [15, §3]) is homeomorphic to the spec-
trum of the fixed-point algebra.

We start by recalling some background. Let G be a compact group and let a: G —
Aut Abea continuous action of G by automorphisms of a C*-algebra A. Define p: G —
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M(A) by p(t) = 1forall t € G. As pointed out in [41], pL'(G, A)p is the closed
subalgebra of L' (G, A) consisting of constant functions from G into the fixed-point
algebra

A% :={aecA:a,(a)=aforallseG}.
Thus, f = f(e)isanisomorphism of pL'(G, A) p onto A*. Passing to the completion,
we get p € M(A %, G) such that the hereditary subalgebra p(A x, G)p of A x4 G is
isomorphic to A*. It follows that the ideal

Ira = (A %y G)p(Axa G)

is Morita equivalent to A* via the imprimitivity bimodule (A x, G)p. An action
of a compact group on A is in particular a proper action on A in the sense of [39,
Definition 1.2]. When G is compact, the Morita equivalence built in [39] reduces to
the Ipa—A% Morita equivalence of [41] discussed above.

The Ipp-A” Morita equivalence has been exploited widely. For example, Gootman
and Lazar use non-abelian duality in [19, Theorem 3.2] to prove that for the action of
a compact group on A, the crossed product A », G is liminal (postliminal) if and only
if the fixed-point algebra A* is liminal (postliminal). The “if” direction of this sort of
result fails for Fell algebras, as the following example shows.

Example 5.1 Let (G,X) = (S3,R?) be the transformation group of Example 4.7.
We showed there that Co(X) x; G is not a Fell algebra. But the fixed-point algebra
Co(X)", being commutative, is a Fell algebra.

Lemma 5.2 Let (G, X) be a second-countable transformation group with G compact.
Then the ideal Igy is a C*-algebra with continuous trace and spectrum homeomorphic
to

{Ind§ (7, % 1]s,) 1 x € X}.
Proof Since Iy, is Morita equivalent to Co (X )lt, which is commutative, I has con-
tinuous trace. Theorem 3.3 of [31] says that
Iga = ﬂ{kerIndgx(ﬂx xV):xeX,VeS,,V+1}.

But the proof of [31, Theorem 3.3] shows slightly more, i.e., that Ira C ker Ind?x (75 »
V) ifand only if V # 1. Thus {Ind?x(nx xV):xeX,VeS,,V #1}isclosed in
(Co(X) x1 G)", and the lemma follows. [ |

Lemma 5.3 Let (G, X) be a second-countable transformation group with G compact
and T a character of G. Let z, x,, € X and V,, € S for n > 1. Suppose that Ind?x (71, »

Vy) — IndSGZ(nZ  1]s,) in (Co(X) 21t G)". Then V,, = 1|5, eventually.
Proof ByLemma 4.3,
ker Inngn V, — ker Ind?z(ﬂsz)

in IdC*(G). Since G is amenable, we have ker Indgz(1|52) c ker by [29, Theo-
rem 6.9], and hence ker Inngn V. — ker7in Id C*(G). By [15, Lemma 4.8], there
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exists N such that forall n > N, 7 is equivalent to a sub-representation of Ind§  V,,. By
Frobenius Reciprocity, V,, is equivalent to a sub-representation of the 1- dimensional
representation 7|, ,and hence V,, = 7|5, whenn > N. [ |

Proposition 5.4  Let (G, X) be a second-countable transformation group with G com-
pact and T a character of G. Then

;= {Indgx(nx xV):xeX, V=1 }
is open in (Co(X) xy G)™.

Proof Fix p € O;. Suppose, by way of contradiction, that there is no open subset U
of (Co(X) x1t G)" such that p € U c O;. Let (U, ) be a decreasing sequence of basic
open neighborhoods of p. Then for every n, U, ¢ O, and so there exist x,, € X and
/AN {1ls,, } such that Indgn (mx, » V,) € Uy. Then Indgn (75, » V) = p. By
Lemma 5.3, V,, = 7|5, eventually, a contradiction. It follows that O is open. ]

Corollary 5.5 Let (G, X) be a second-countable transformation group with G com-
pact. Then the subset

Ochar = {Indgx (my @ V) :x€X,V = 1|5, for some character T of G}
of (Co(X) x1¢ G)" is open and the corresponding ideal of Co(X) x11 G is a Fell algebra.

Proof By Proposition 5.4, O,y is a union of open sets and hence is open. Since V' is
a character of S, each Inng (7% V') in Ocpar has upper multiplicity 1 by Corollary 3.8.
Thus, the ideal corresponding to Ocp,y is a Fell algebra. [ |

Remark 5.6 Suppose that G is abelian. Then every irreducible representation of
G is a character, and every character of a stability subgroup extends to a character
of G (see, for example, [22, Corollary 24.12]). Thus Ocp,, is all of the spectrum of
C() (X ) x G.

Remark 5.7 'The set Ocp,, is not necessarily Hausdorff. To see this, let (G, X) =
(S3,IR?) be the transformation group of Example 4.7. Let x, = (0,2/n,1/n) and
z=1(0,0,0). Thenx, — z, Sy, = {e}and S, = S5. Setp,, = Ind{e}(nxn x1|¢ey). Apply
Proposition 3.4 with the tr1v1a1 sequence ({e},1)), to get

tr(pa(a)) - X [Wley ey ] tr (7w % W)(a))

for all a € C(G,C.(X))". Note that [W](y:1|(,y] > 1forall W e Ss. By [7, Theo-
rem 4.1], the set of limits of (p,) is {7,,w » W : W € S3}. In particular, (p,) is a
sequence in Ocp,y converging to the distinct points 7z, 1 and 7, % sign in Ocpay. Thus
Ochar is not Hausdorft.
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6 Extension to Cartan Transformation Groups

In this section, we consider a second countable transformation group (G, X) in which
the group G is not necessarily compact. A subset Y of X is wandering if

{seG:s-YnY # 3}

is a relatively compact subset of G (such subsets Y are called “thin” in [35, Defini-
tion 1.1.1] and “wandering” in, for example, [20, Definition, p. 88]). The transforma-
tion group (G, X) is proper (or G acts properly on X) if every compact subset of X
is wandering. Equivalently, (G, X) is proper if the function (g,x) — (g - x, x) from
G x X to X x X is proper in the sense that inverse images of compact sets are com-
pact. More generally, (G, X) is said to be Cartan (or X is a Cartan G-space) if every
element of X has a wandering neighbourhood. Indeed, (G, X) is Cartan if and only
if it is proper and the orbit space X/G is Hausdorff [35, Theorem 1.2.9]. The exam-
ple on [35, p. 298], in which the Hausdorff space X is indeed locally compact, shows
that a Cartan transformation group may not be proper. If (G, X) is Cartan, then all
the stability subgroups are compact and the orbits are closed [35, Proposition 1.1.4].
Moreover, if U is a non-empty wandering open subset of X, then (G, G - U) is proper
by [35, Proposition 1.2.4]. Hence the Cartan transformation groups (G, X) are pre-
cisely those that are locally proper in the sense that each point of X has a G-invariant
open neighbourhood on which G acts properly.

Proper transformation groups are locally induced from compact transformation
groups [1], and we now discuss how this can be used to extend some of our results to
the more general setting of Cartan transformation groups. We thank the referee for
pointing this out to us.

Let (G, X) be a Cartan transformation group. Let z € X and let Uy be a G-invariant
neighborhood of z such that (G, Uy) is proper. By [1, Theorem 3.3 ] there exist an open
G-invariant neighbourhood U of z in Uy, a compact subgroup K of G with S, c K
and a G-equivariant map f: U — G/K with f(z) = K. Then the closed K-invariant
subset Y := f7}(K) of U contains z and has the property that U is G-equivariantly
homeomorphic to an induced space (G x Y)/K [1, Lemma 3.5]. It follows from the
G-equivariance of f that for y € Y, the stability subgroup in G is the same as in K.

Since Y is closed in the locally compact space U it is locally compact. It then fol-
lows from a special case of Raeburn’s Symmetric Imprimitivity Theorem ([37], see
[43, Corollary 4.17]) that Co(U) »;; G and Cy(Y) xy¢ K are Morita equivalent. We
refer to [15, §1] and the preamble to [15, Proposition 3.13] for the details. We can now
show how to generalise Theorem 3.7 from compact to Cartan transformation groups.

Theorem 6.1 Let (G, X) be a second-countable Cartan transformation group. Let
z e Xand V € §S,. Then there exist a closed subgroup H of G with H c S, and an
irreducible subrepresentation R of V|y such that

My( Ind§ (m, % V)) = [V|:R] <dim V < co.
Moreover, if the stabiliser map X — 2(G), x — S, is continuous at z, then

My(Ind§ (7, = V)) =1.
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Proof By the discussion above, there exist an open G-invariant neighbourhood U
of zin X, a compact subgroup K of G containing S,, a K-invariant closed subset Y of
U containing z such that S, c K forall y € Y, and an (Co(U) 1t G) = (Co(Y) »1¢ K)
imprimitivity bimodule Z arising from the Symmetric Imprimitivity Theorem.

By [7, Lemma 2.7], the upper multiplicity of Indgz g;:i (71, x V') can be computed
in the spectrum of the ideal Co(U) xy¢ G of Co(X) %1t G. By [15, Proposition 3.13],

Co X Co xG
Z—Ind( Indcog;xi(nz ><1 V)) and Indcogg;xsz(ﬂz x V)

are unitarily equivalent, and by [26, Corollary 13] the upper multiplicities of

Co(Y)x Co(Y)x
Z-Ind ( Indcog;xi(”z x«V)) and Indcoggxi(nz xV)

coincide. Theorem 3.7 applied to the second-countable transformation group (K, Y)
gives a closed subgroup H of K contained in S, and an irreducible subrepresentation
R of V|y such that

Co xG Co X .
MU( Indcoggxsz(nsz)) = MU( Indcogixi(nsz)) = [V|H:R] <dimV < oo.

Finally, suppose that the stabiliser map X — 2(G) is continuous at z. Then the
stabiliser map Y — X£(K) is also continuous at z, and hence

Co(X)xG _ Co(Y)xK _
My(Index)us, (1 % V) = My ( Indy s (e 2 V) =1

by Theorem 3.7. ]
By using Theorem 6.1 in place of Theorem 3.7, the proof of Corollary 3.8 extends

to give the following result. Part (ii) improves [24, Lemma 5.10], which dealt with
compact abelian groups G.

Corollary 6.2 Let (G, X) be a second-countable Cartan transformation group.
(i) Letze XandV €8S, be a character. Then

My( Ind§ (m, = V)) =1.
(ii) Suppose that S, is abelian for all z € X. Then Co(X) xi; G is a Fell algebra.

The next result is an immediate corollary of Theorem 6.1 and extends part of an
earlier result for free actions [23, Theorem]. Note that Example 4.6 shows that the
converse is false.

Corollary 6.3 Let (G, X) be a second-countable Cartan transformation group. If the
stabiliser map X — 2(G), x = Sy, is continuous, then Co(X) xy G is a Fell algebra.

Finally, it seems worthwhile to record explicitly the generalisation of [14, Corollary
2] from actions of compact groups to proper actions, which may well be known to
some experts. Indeed, the equivalence of conditions (i) and (ii) is shown in [34, The-
orem 5.5.1].

Theorem 6.4 Let (G, X) be a proper transformation group. The following conditions
are equivalent.
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(i)  The stabiliser map X — 2(G), x > Sy, is continuous.
(i)  The spectrum of Co(X) x1; G is Hausdorff.
(iii) Co(X) xy G has continuous trace.

Proof Assuming (i) (and hence (ii)), let z € X and V « S,. To see (iii), it suffices
to show that Indgz(nz x V) satisfies Fell’s condition. In the second countable case,
this follows from Theorem 6.1. In general, using the notation of this section, it follows
from [14, Corollary 2] that Co(Y) »¢ K has continuous trace. Then Co(U) xy; G
also has continuous trace, since this property is preserved by Morita equivalence [26,
Proposition 7]. In particular, the restriction of Indgz (7, % V) to Co(U) xy; G satisfies
Fell’s condition, and hence so does Indst (7, x V) itself. That (iii) implies (ii) follows,
since all C*-algebras with continuous trace have Hausdorff spectrum. ]
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