
ON SUBSETS WITH INTERSECTIONS OF EVEN CARDINALITY 

E . R . B e r l e k a m p 

( rece ived F e b r u a r y 14, 1969) 

This pape r so lves a ques t ion posed by P . E r d o s : 

THEOREM. If A i , A , . . . , A a r e d i s t inc t s u b s e t s of n 
- 1 ' 2 

e lements and if |A . O A. | = 0 mod 2 (i / j) , then 

M < 

n + 1 

n 
2 

1 + 2 

n -1 
2 

if n < 5 

if n even and n > 6 

if n odd and n > 7 

and for each n , t h e r e ex i s t s a co l lec t ion of subse t s which ach ieves 
this bound with equal i ty . 

Proof . Without loss of gene ra l i t y , we a s s u m e the se t s a r e 
o r d e r e d so that for s o m e k , 

| A. | = 1 mod 2 if i = 1 , 2 , 

and 

M = 0 mod 2 if i = k + 1 , . . . , M 

Let A , A , . . . , A be the c o r r e s p o n d i n g n - d i m e n s i o n a l b i n a r y 

(GF(2)) row v e c t o r s . We m a y fur ther a s s u m e that the se t s a r e o r d e r e d 

so that A, , . , A, , . . . . ,A, in f o r m a b a s i s of the se t A, , t , A, i o , . . . 
k+1 k+2 k+i k+1 k+2 

so that 

(1) M < k + 2 
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Since the binary dot product A.»A. gives the par i ty of |A. H A. | 

we know that i f l £ i , j < C k + i , then 

(2) A. -A. 
1 J 

if i = j < k 

otherwise 

We also claim that the vectors A, , A^ , . . . , A, „ a re l inearly 
1 2 k+i y 

independent, for if there were an integer i <_ k and binary elements 
b . t , b . ^ , . . . , b „ such that 

i+1 i+2 k+i 

^ k + i 
(3) A. = 2 b.À. 

1 j = i + l J J 

then we could take the dot product of A. and each side of Equation (3) 

to obtain the contradiction 

-> -> k + i -> -* k + i 

1 = A. «A. = 2 b.A -A = S 
1 1 j=i+l J j i j=i+l 

If i is in the interval k < i <̂  k + i and if j ^ i , then we may 
—> —> —> 

replace A. by A. + A and obtain a new set of k + I l inearly 
J J i 

independent binary vectors which also satisfy Equation (Z). if we select 

a column in which A. has a 1 and then add A. into each A. which has 

a 1 in that column (j ^ i) , we obtain a set of vectors in which only 

A. has a 1 in the selected column. If we repeat this procedure for all 

i in the interval k < i < k + I , and then permute columns 
appropriately, we obtain a set of vectors of the form 
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- n - ! _ > « 

k+1 

k+i 

Let B . B 
1 2 

, B, . b e the n - i d i m e n s i o n a l b ina ry v e c t o r s 

obtained by de le t ing the l a s t & co lumns of t hese A f s . Since t h e s e A ! s 
sa t isfy Equat ion (2), we have 

B . - B . 
i J 

if i * j 

if i - j 

for a l l l < C i , j < k + i . Since the B ' s a r e o r t h o n o r m a l , they a r e 
l i n e a r l y independent and we have that k + i. £ n - i or I £ [ | - ( n - k ) j 
w h e r e [x] deno tes the g r e a t e s t in teger not exceeding x . Equat ion (1) 
now b e c o m e s 

M < k + 2 ^ ( n - k ) ] 

Since k is a r b i t r a r y , we w r i t e 

M < m a x 
0 < k < n 

k + 2[*<-*>r 
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if n < 5 , a m a x i m u m is a t ta ined a t k = n; if n > 6 , a m a x i m u m 
is a t ta ined at k = 0 or 1 , depending on the p a r i t y of n . This p r o v e s 
the bound s ta ted in the t h e o r e m . 

It i s e a s y to c o n s t r u c t co l l ec t ions of s u b s e t s sa t i s fy ing the bound. 
F o r n < 5 , the empty s u b s e t and the n o n e - e l e m e n t s u b s e t s suff ice . 

F o r n :> 6 , we m a y s e l e c t a l l 2 s u b s e t s in which each of [fn] 
d i s jo in t p a i r s of e l e m e n t s a lways occur t o g e t h e r . If n is odd, we m a y 
a l so inc lude the se t cons i s t i ng of the s ing le unpa i r ed e l e m e n t . 

R e m a r k . P r o f e s s o r J . E . G r a v e r of S y r a c u s e U n i v e r s i t y a l so 
solved this p r o b l e m , independent ly of the a u t h o r . 

B e l l Te lephone L a b o r a t o r i e s , I n c o r p o r a t e d 
M u r r a y Hi l l 
New J e r s e y 
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