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MODULAR FORMS OF HALF-INTEGRAL WEIGHTS
ON SL(2,7)

YIFAN YANG

Abstract. In this paper, we prove that, for an integer r with (r,6) =1 and
0 <7 < 24 and a nonnegative even integer s, the set

{77(247')rf(247') cf(r) e Ms(l)}

s1352(0.-(2) () 2 (7)

r r .

as Hecke modules under the Shimura correspondence. Here M;(1) denotes the
space of modular forms of weight s on I'g(1) = SL(2,Z), S3;" (6,€2,€3) is the
space of newforms of weight 2k on I'o(6) that are eigenfunctions with eigenval-
ues €2 and ez for Atkin-Lehner involutions W> and W, respectively, and the
notation ®(12/-) means the twist by the quadratic character (12/-). There is
also an analogous result for the cases (r,6) = 3.
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81. Introduction

Let
9(7_) _ anz’ q= 627Ti7-,
nezZ
be the Jacobi theta function. Then Shimura’s theory of modular forms of
half-integral weights can be described as follows. Let k be a positive integer,
let N be a positive integer, and let x be a Dirichlet character modulo 4/V.

Received December 6, 2012. Revised May 17, 2013. Accepted May 17, 2013.
First published online May 8, 2014.
2010 Mathematics Subject Classification. Primary 11F37; Secondary 11F11.

© 2014 by The Editorial Board of the Nagoya Mathematical Journal

https://doi.org/10.1215/00277630-2684452 Published online by Cambridge University Press


http://dx.doi.org/10.1215/00277630-2684452
http://www.ams.org/msc/
https://doi.org/10.1215/00277630-2684452

2 Y. YANG

We say that a holomorphic function f:H={7:Im7 >0} — C is a modular
form of half-integral weight k + 1/2 on I'g(4N) with character y if it is
holomorphic at each cusp and satisfies

)2k+1

for) _ 00T
O

for all v = (2%) € To(4N). Let My 1/2(4N,x) denote the space of these
functions. Shimura [19] showed how the Hecke theory can be extended to
these spaces. More importantly, he showed that if f € M ;/5(4N,x) is a
Hecke eigenform, then there is a corresponding Hecke eigenform of integral
weight 2k with character x? that shares the same eigenvalues. Moreover,
he conjectured that the level of this modular form of integral weight can
be taken to be 2N. This conjecture was later proved by Niwa [16] (see also
[21]). In the literature, this correspondence between modular forms of half-
integral weights and modular forms of integral weights is called the Shimura
correspondence.

In [19], the correspondence was proved by using Weil’s characteriza-
tion of Hecke eigenforms in terms of L-functions. From the representation-
theoretical point of view, this correspondence amounts to a correspondence
from certain automorphic representations of the metaplectic double cover of
GL(2,Aq) to automorphic representations of GL(2,Ag), where Ag denotes
the adele ring of Q (see [6], [10], and [24] for more details).

In general, the Shimura correspondence is not one-to-one. In order to get
a multiplicity-one result, Kohnen, in the fundamental works [13] and [14],
introduced a subspace of Mj,11/2(4N,x) and developed a newform theory
for this subspace that is parallel to the Atkin—Lehner—Li theory of newforms
for modular forms of integral weights. To state Kohnen’s result, let x be a
Dirichlet character modulo 4N, and set e = x(—1). Let S:H/Z(ZLN, (4e/-)x)
be the subspace consisting of cusp forms of half-integral weight £+ 1/2 and
character (4e/-)x on I'g(4N) whose Fourier expansions are of the form

§ : ane27rm7' )

e(—1)kn=0,1 mod 4

Then Kohnen proved that, under the assumptions that IV is odd and square-
free and that x is a quadratic character, the image of S]j+1/2(4N, (4e/-)x)

under the Shimura correspondence is Sor(N). Moreover, there is a canoni-

cally defined subspace S,‘;i“l’/z(élN, (4e/-)x) C SZH/Z(ZLN, (4€/-)x) such that
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Tl /2 (4N, (4e/-)x) =~ Tl /2 () as Hecke modules. In particular, the strong

multiplicity-one theorem holds for Sy (4N, (4¢/-)x). Kohnen’s work was
later extended by several authors in various directions (see [7], [8], [23]).
Modular forms of half-integral weights are closely related to many prob-
lems in number theory. For example, let p(n) denote the number of ways to
write a positive integer n as unordered sums of positive integers. Then the

generating function of the partition function p(n) is equal to

o0 o0 1
> rmed" =] =
n=0 m=1 q

If we set ¢ = 2™, then the infinite product above is essentially the recip-
rocal of the Dedekind eta function, which is well known to be a modular
form of weight 1/2 on I'g(576) with character (12/-). Using this fact, along
with the Shimura correspondence and properties of Galois representations
attached to cusp forms, Ono [18, Theorem 1] proved that for every prime
m greater than 3, there is a positive proportion of primes ¢ such that the
congruence
ml3n +1
P ( 24
holds for all integers n relatively prime to £. This result was later extended
by several authors (see [1], [2], [28]). For example, in [28], the current author
showed that, for every prime m greater than 3 and every prime different
from 2, 3, and m, there is an explicitly computable integer k£ such that

)EOmodm

(mﬁkn +1
P\T o4

for all integers n relatively prime to ¢. A key ingredient in [28] is the Hecke
invariance of the space

(1) Sps = {n(247)" f(247) : f(7) € Ms(1)},

where r is an odd integer between 0 and 24, s is a nonnegative even integer,
and Mj,(1) is the space of modular forms of weight s on I'g(1) = SL(2,Z).
That is, even though the space M}, /9(576,(12/-)) itself has a huge dimen-
sion, it contains several subspaces of small dimensions that are invariant

)EOmodm

under the action of Hecke algebra. The invariance of these spaces was
first proved by Garvan [9, Proposition 3.1] and later rediscovered by the
current author independently (see Section 4 of the arXiv version of [28]
(arXiv:0904.2530 [math.NT]) for a proof of the invariance).
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Now recall that a well-known result of Waldspurger [25, Theorem 1] states
that if f is a Hecke eigenform of half-integral weight k + 1/2 and if F is the
corresponding Hecke eigenform of integral weight 2k, then for square-free
n, the square of the nth Fourier coefficient of f is essentially proportional
to the special value at s =k of L(F ® Xx(_q)r,,$), where x(_q), is the
Kronecker character of the quadratic field Q(y/(—1)*n) (see also [15]). Using
this result of Waldspurger, Guo and Ono [11] related the arithmetic of the
partition function p(n) to the arithmetic of certain motives. Specifically, let
13 < £ <31 be a prime. Let r be the unique integer between 0 and 24 such
that r = —¢ mod 24, and let s = (¢ —r —2)/2. Then the space S, s defined in
(1) is 1-dimensional and spanned by g,(7) = n(247)" E5(247), where Eq(T)
denotes the Eisenstein series. It is known that

(2) gz(T)Ef:p<€n+1>q" mod /.
n=0

24

Then Guo and Ono showed that if we let Gy(7) be the unique Hecke eigen-
form in Sy_3(6) with Fourier expansion

Gol(r) = g + <§>2<e75>/2q2 + (1T_2)3(fzf5)/2q3 .
then the image of gy(7) under the Shimura correspondence is Gy ® (12/-),
which is a newform of level 144. (Note that gy(7) is contained in Kohnen’s
+-space.) In view of Waldspurger’s result and (2), this means that the val-
ues of the partition function modulo ¢ are related to the values at the
center point of the L-function of G, twisted by quadratic Dirichlet charac-
ters. Thus, assuming the truth of the Bloch—-Kato conjecture, the arithmetic
properties of the partition function are related to those of certain motives
associated to Gy.

Now observe that, by [3, Theorem 3], the function Gy(7) is contained
in the Atkin-Lehner eigensubspace of S}°%(6) with eigenvalues —(8/r) and
—(12/r) for the Atkin-Lehner involutions Wy and W3, respectively. In other
words, for the few cases considered in [11], the Shimura correspondence
yields an isomorphism

Se= 85,4 (0.-(3) = (3)) @ ()

as Hecke modules, where S5V (6, €2,€3) denotes the space of newforms of
weight 2k on I'g(6) that are eigenfunctions with eigenvalues €3 and e3 for

https://doi.org/10.1215/00277630-2684452 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2684452

MODULAR FORMS OF HALF-INTEGRAL WEIGHTS ON SL(2,Z) 5

Wy and W3. (Note that the Hecke algebras on the two sides are isomorphic.
Thus, we may talk about isomorphisms as Hecke modules.) It is natural to
ask whether this isomorphism holds in general. The purpose of this paper
is to prove that this is indeed the case.

THEOREM 1. Let r be an integer satisfying (r,6) =1 and 0 <r < 24, and
let s be a nonnegative even integer. Let

Sno = {(247) $(247) : F(7) € My(1)} € 8,0 (576, () ),

where Ms(1) denotes the space of modular forms of weight s on T'o(1) =
SL(2,Z). Then the Shimura correspondence yields an isomorphism

Sro= S5 (6.-(0) - (5)) & (%)

as Hecke modules.

For odd integers r that are divisible by 3, we have also an analogous
result.

THEOREM 2. Let r be an odd integer satisfying 0 <r <8, and let s be a
nonnegative even integer. Let

S = {087V F(87) : F(1) € M(1)} € Sz (64, (_—4))

Then the Shimura correspondence yields an isomorphism

Sar,s 2 S5V 0,1 (27 - (%)) ® (__4)

as Hecke modules.

COROLLARY 1. The multiplicity-one property holds for the spaces Sy s
defined in Theorems 1 and 2.

REMARK 2. Note that the space S}V (6,€e2,€3) ® (12/-) is contained in
SHev (144, —, —), regardless of whether €3, €3 are 1 or —1. Also, S5 (2,€2) ®
(—4/-) is a subspace of S3"(16,—) for both e =1 and e; = —1.

It turns out that the Hecke invariance of S, and the explicit Shimura
correspondence in Theorems 1 and 2 are best explained in terms of mod-
ular forms of half-integral weight of n-type. Namely, in Shimura’s setting,
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a function is called a modular form of half-integral weight if its transfor-
mation is comparable with the Jacobi theta function. In a similar way, we
say that a function f(7) is a modular form of n-type if its transformation is
comparable with the Dedekind eta function, that is, if f(7) satisfies

f(y7)
f(7)

T

sn(y7)
n(r)"
ab

for all v = (%7) in a subgroup I' of SL(2,Z), where s is assumed to be a
nonnegative even integer and r is an odd integer between 0 and 24. Then
it is easy to show that modular forms of n-type on SL(2,Z) are essentially
just the functions in S, ¢ defined in Theorems 1 and 2 (see Proposition 6
below). This explains the Hecke invariance of the spaces S, ;.

At first sight, the introduction of the notion of modular forms of n-type

= (eT+d)

is superficial since if f(7) is such a function, then f(247) is just a modular
form of half-integral weight with character (12/-) in the sense of Shimura,
and we do not get any new modular forms in this way. However, if a modular
form of half-integral weight on a congruence subgroup I'g(4N) in the sense of
Shimura happens to be a modular form of n-type on a larger group, then the
extra symmetries from this larger group will give us additional information
about the function. This is the reason that we can determine such a precise
image of S, s under the Shimura correspondence. (In the proof of Theorems
1 and 2, we will work with modular forms of n-type on SL(2,7Z) instead of
modular forms on the much smaller group I'g(576) in the sense of Shimura.)

Our proof of Theorems 1 and 2 is classical. That is, since the Hecke
modules involved are all semisimple, to prove the theorems, it suffices to
show that the traces coincide for all Hecke operators. It will be interesting
to have a representation-theoretical proof of the results. Note that here we
prove only Theorem 1; the proof of Theorem 2 is similar, but much simpler,
and will be omitted.

The rest of this article has the following organization. In Section 2, we
first define modular forms of n-type in more detail. We then define Hecke
operators and introduce several basic properties of them. We also describe
Shimura’s abstract trace formula (see [20, Theorem 4.5]). In Section 3, which
constitutes the principal part of our paper, we compute the traces of Hecke
operators on the space of modular forms of n-type. In Section 4, we deter-
mine the traces of Hecke operators on Sy% (6, €2, €3). In Section 5, we show
that the traces coincide and thereby establish Theorem 1.
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82. Preliminaries

In this section, we give a more detailed definition of modular forms of
n-type. We then define Hecke operators on these modular forms and review
Shimura’s trace formula for Hecke operators.

2.1. Modular forms of (", s)-type

NoTATION 3. Throughout the rest of this article, we let r and s be fixed
integers with (r,6) =1, 0 <r <24 and s even. Set also k= (r —1)/2 + s.
Let &1/ be the group of pairs (A4,$(7)), where A= (25) € GL*(2,Q),
¢(7) is a holomorphic function H — C satisfying

[¢(7)] = (det A) /2" jer 4 dF 12,
and the group law is defined by
(4,6(7)) (B, ¥(7)) = (AB,¢(BT)¥(7)).
Consider the subgroup I'* of &; 1/, defined by

T*=T%, = { (’y, ’777(2:)) (er + d)s) Y= (‘Z 2) € SL(Q,Z)} :

For an element ~y in SL(2,Z), we let v* denote the element in I'* whose first
component is 7. Naturally, if G is a subgroup of SL(2,Z), then we let G*
be the subgroup {v*:v € G}.

Here let us recall a well-known formula for n(y7)/n(7).

LEMMA 4 ([26, pp. 125-127)). Let v= (%Y%) € SL(2,Z) with ¢ >0. Then
we have
=e(a,b,c,d)(eT + d)l/z,

where

(%)Z'(l—c)/2627ri(bd(1—c2)+c(a+d)—3)/24 if ¢ is odd,

(3) e(a, b,c, d) - {<5)62m(ac(1d2)+d(bc+3)3)/24 if ¢ is even.

We now define modular forms of n-type.

DEFINITION 5. Let f:H — C be a holomorphic function on the upper
half-plane. We define the action of v* = (v, ¢,(7)) on f by

(F1Y)T) =y (7)) f (7).
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Let G be a subgroup of SL(2,Z) of finite index. If the function f satisfies
(1)) = f(7)

for all v* € G* and is holomorphic at each cusp of G, then we say that f is
a modular form of (0", s)-type on G. If, in addition, f vanishes at each cusp
of G, we say that f is a cusp form of (1", s)-type. The space of cusp forms
of (n",s)-type on G will be denoted by S, (G). If G=T((N), we simply
write it as S, (V).

In the case N =1, the space S, (1) has a very simple description.
PRrOPOSITION 6. For N =1, we have
Srs(1)={n(r)"f(1): f € Ms(1)},
where M(1) is the space of modular forms of weight s on SL(2,7Z).
Proof. Assume that g(7) € S, s(1). We have
g(r+1) =" 2g(7).

Thus, the Fourier expansion of g(7) takes the form ¢"/**(ag + a1q+ ---).
Since 7(7) is nonvanishing throughout H, the function g(7)/n(7)" is holo-
morphic on H. Moreover, it is easy to see that for v = (¢}) € SL(2,Z), one

e (y7) (7)
g\nT g\7
= (et +d)° .
wry S
Therefore, g(7)/n(7)" is a modular form of weight s on SL(2,7Z). This proves
the proposition. 0

2.2. Hecke operators on S, ((N)
NOTATION 7. Let N be a positive integer. For a positive integer n, let

AMn(N)

=) (5 o) Tov)

c d
and let .#,(N)* denote the subset

T (G R E )

:{(a b) :aubyc;d€Z7ad_bC:n7N‘C)(ayN):].,(a,b7C,d):1},

of &y 12
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LEMMA 8. If n is a positive integer relatively prime to 6, then for each
v € Mp2(N), there exists a unique element v* in M,2(N)* such that the
first component of v* is 7.

Proof. Tt suffices to prove the case v = ((1) 7?2) We are required to show
that if A, B € T'g(/N) are matrices such that ((1) 0B~ (1 7?2 ), then

o (8 wn) < (] 8) ) s

Assume that A= (2%). By Lemma 4, we have

A* <<(1) 732) ,nk+1/2>
a bn? r 2 s+r/2, k+1/2
= c an ’ €(a7 ba Cy d) (CT/TL + d) n ’

where €(a, b, c,d) is defined by (3). Now the assumptlon that A(1 9B~ =
(0 %) implies that if A= (25), then B= (6/22 o ) In particular, we have
n? | c. Thus,

(6 2))s

2
_ ((a bn2> ,nkH/Qe(a,bn2,c/n2,d)”(cr/n2 + d)8+r/2> _

¢ dn

Since n is assumed to be relatively prime to 6, we have n? =1 mod 24, and
hence
e(a,b,c,d) = €(a,bn?,c/n? d).

This establishes (4) and the lemma. U

The group I'g(NN) acts on #,2(N) by matrix multiplication on the left.
It is clear that if f € S, s(N) and a and S are two elements of .#,,2(N) that
are equivalent under the left action of I'g(IV), then

fle®=f15"

Moreover, since (5 %)™ To(N)(§,%) and I'g(N) are commensurable, there
are finitely many rlght cosets in I'g(N)\4,2(N). Thus, for each positive
integer n with (n,6) =1, we can define a linear operator on S, s(NN).
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LEMMA 9. The mapping
(M2 (N) |2 f— [ [Mp2(N)] = Z 1
V€L (N)\A,,2(N)
is a linear operator on Sy s(N).
We now define Hecke operators on S, s(IN).

DEFINITION 10. For a positive integer n with (n,6) =1, the Hecke oper-
ator T,2 on S, s(IN) is defined by

T fr— nk=3/2 Z af | [«ﬂ(d/a)Q (N)]
ad=n,ald

PROPOSITION 11. Let p be a prime such that pt6N. Then for f(1)=
Dot C‘f(”)qn/24 € S,.5(N), we have

T2 : f(7)
o 3 (o) (2) (S0t 574 )2
n=1

Proof. One way to prove the proposition would be to utilize the standard
coset representatives of I'g(N)\.#,2(N) given by

20 a 1 b
(% 1), (ﬁ p), (0 p2>, a=1,....,p—1,b=0,...,p% 1,

and then apply formulas similar to those in (5) in the proof of Lemma 17

below to get the conclusion. Here, however, because it is well known that
f(247) is a modular form of half-integral weight on I'g(576) with character
(12/-) in the sense of Shimura, we can actually skip those tedious compu-
tations. Indeed, from the commutativity of the diagram

Tpg
Sr,s Sr,s

|
Si1/2 (576, (E)) B S (576, (1—>)

and the formula given in [19, p. 450] for the Hecke operator T,: on
Sk+1/2(576,(12/+)) in terms of Fourier coefficients, we immediately get the
conclusion. 0

24
o

=o
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REMARK 12. The linear operators [.#, (V)] can also be defined for non-
square integers n and integers that are not relatively prime to 6, but it
turns out that they are actually the zero operator. The reason is that for
such integers n, there is more than one element in ., (V) with the same
first component, and the actions of these elements cancel out each other.

2.3. Shimura’s trace formula

Here we state a trace formula of Shimura [20, Theorem 4.5], adapted
to our setting. Our description of the trace formula mostly follows that of
Kohnen [14, Section 4].

DEFINITION 13. Let N and n be positive integers. For v € ., (N), we

say that v is

(1) a scalar element if y = (& 9) for some integer a (this happens only when
n=1),

(2) a parabolic element if the fixed point of v is a single cusp in P'(Q),

(3) a hyperbolic element if the fixed points of v are two distinct real num-
bers, and

(4) an elliptic element if the fixed points of -y are a pair of conjugate complex
numbers.

Two elements 1 and 7y in ., (N) are equivalent if

(1) 71 and 7y, are scalars and v, = 7s;

(2) 1 and 72 are hyperbolic or elliptic, and there exists an element o €
I'o(N) such that oy10~! =~9; or

(3) 71 and 7 are parabolic, and there exist o € I'g(/N) and « in the stabilizer

subgroup inside I'g(IV) of the cusp fixed by 7o such that oy;0~! = ays.

Now for v € #,2(N), we define a number J(7) as follows.

(1) If v is a scalar, then we set

1 1
I =5 (k - 5) [SL(2,Z) : To(N)].
(2) Assume that v is parabolic with fixed point a/c € P1(Q). Let o €
SL(2,Z) be a matrix such that coco = a/c. Then the stabilizer sub-
group of a/c inside T'g(INV) is generated by o(§ %)oo' and (' °

w = N/(c?,N) is the width of the cusp a/c. Now we write

(%) =(( 1))

| ), where
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with 0 < < 1. If

then let
()= —gpe 2T (1 — 2p) if u€eZ,
—%6_27”““(1 —icotmu) if u¢gZ.
(3) If 7y is hyperbolic and the fixed points are not cusps, then set J(7y) = 0.
(4) Assume that v is hyperbolic fixing (two distinct) cusps. Then the eigen-
values of v are two integers A and ). We assume that |A| > |\|. Let
(%) be an eigenvector associated to ' with a,c € Z and (a,c) = 1. Find
an element o € SL(2,Z) such that o = (24). Then o~ 1yo = (§ ) for

some integer x. If
o* *0_—1* _ Nz
/y - 0 )\ 777 )

=305 1) "

(5) Assume that v = (29%) is elliptic. Then the eigenvalues of y are a pair of
conjugate complex numbers p and p. We assume that sgnlmp =sgnec.

If
* _ a b k+1/2
(0 ) e rapan),

J(7) = (wup* Y2 (p—p)) 7,

where w denotes the number of elements in I'g(N) that commute with ~.

then set

then we set

Then according to Shimura’s formula [20, p. 273], the trace of the operator
[A,2(N)] on S, 4(N) is as follows (compare [14, p. 49]).

PROPOSITION 14. For positive integers N and n with (n,6N) =1, the
trace of the linear operator [M,2(N)*] on S, s(N) is given by

e[z (N)] =3I (),

where the sum runs over representatives of equivalence classes as per Defi-
nition 13 and J () are defined as in the paragraph preceding the proposition.
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§3. Traces of Hecke operators on S, (1)

In this section, we will compute the trace of Hecke operators on S, 4(1).
The contributions of scalar, parabolic, hyperbolic, and elliptic classes will
be determined separately in individual subsections.

Throughout this section, we write .#,,2(1) and #,2(1)* simply as .,
and ., , respectively. All equivalences mentioned here refer to the equiva-
lence relation described in Definition 13.

3.1. Scalar cases
Since any element (%) in .4, satisfies (a,b,¢,d) =1, scalar elements
exist only in .7, and they are (£(§9),1).

PROPOSITION 15. The contribution of scalar elements in M2 to the trace
of [A,] is

T
0 otherwise.

{%(k—%) ifn=1,

3.2. Parabolic cases
The contribution of the parabolic classes to the trace of .Z,,> is summa-
rized in Proposition 21. The proof is divided into several steps.

LEMMA 16. The inequivalent parabolic elements in M2 are

<8 Z), a=1,...,n,(a,n)=1.

Proof. Since SL(2,Z) has only one inequivalent cusp oo, a parabolic ele-

ment is conjugate to
n b
+
(6 o)

for some b with (b,n) = 1. Since the stabilizer subgroup of oo inside SL(2,Z)
is generated by (§1) and (' %), we see that the inequivalent parabolic
elements are given as in the statement. 0

LEMMA 17. Let a be an integer relatively prime to n. The contribution
of the class of (§ 3,) to the trace of [A,] on Sy s(1) is

—(r—12)/24 ifn=a=1,
— (=)= 2(zay e 2O e s,

1—e—2mia/n

where £ = (n? —1)/24.
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)* _ ((1 %) 27rir/24)

Proof. Assume first that n =a =1. We have (}1
f J(y) in Proposition 14

Then the numbers u, 1, and u in the definition o
are

2424 7‘, n= 627r7,7"/24’
respectively. Thus, the contribution to the trace is —(r — 12)/24.

Now assume that n > 1. We have (n,a) = 1. Let a and ( be integers such
that an + fa =1 and S > 0. We have

G 2)=0 )0 )7 )

By Lemma 4, we have
a —a\’ _((® —« AN r(1—n)/2 _2mir(n(a+B)—3)/24 k+1/2
<n ﬂ) ((n 5)’(71)1 € (n7 +5)

and .
—nf -1\ _ ((—nB -1 p2mir(—nf—3)/24_k+1/2
1 0 1 0)’ ’
Then

-1 0\ [(-n8 -1\ _((nB 1 2mir(—nB—3)/24(, \k+1/2
(o ) (7 9) = (0 ) - o)

and

p= u=1,

_ n o a AN .r(1—n)/2 _2mir(na—6),/24 _i k+1/2 k+1/2
(5) N <<O n)’(n)Z ¢ ( m‘) (n7)

_((n a AN orir(n(a—3)+3)/24
<<0 n) ’ (n)e > '

Now the stabilizer of oo is generated by ((}1),e2™/24) and (' %)), 1).
Thus, according to Proposition 14 and (5), the contribution of the class of
(G o) to the trace is

1 . .
- (g) e—27rzr(n(a—3)+3)/24e—?ma(24—7‘)/(24n) (1 _ iCOt(TF(L/TL)) )

2\n

Simplifying the expression, we get the lemma. 0
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The proof of Proposition 21 involves sums of the form }_,y/; x(u) for
some Dirichlet character x. Here we recall a formula from [22, (6), p. 276] for
such sums. Note that for a Dirichlet character x modulo M, the generalized
Bernoulli numbers B, , are defined by the power series

6Mt _ 1 Z va

a=1

If x is the trivial character modulo 1, then B,, , is just the Bernoulli num-
bers B,,. We have

otherwise.

M e
M)/M if x is principal,
(6) E {

Also, By, =0 if x is an even character. Moreover, if x is an imprimitive
Dirichlet character induced from y1, then we have the relation

(7) B = B1y, Zu(d)m(d) =By H (1—=x1(p))-

d|M p|lM

Also, if d < 0 is a fundamental discriminant, then we have

(8) By 47y =—H(d),
where H(d) is the Hurwitz class number.

LEMMA 18 ([22, (6), p. 276]). Let M be a positive integer, and let x be a
Dirichlet character modulo M. Let N >0 be a multiple of M, and let j be
a positive integer relatively prime to N. Then we have

S ww) =B+ XS GENB LY,

0<u<N/j () ¥ mod j

where the sum runs over all Dirichlet characters 1) modulo j and

Bl,xw(N )
= Bo,xyN + Bixy
) Bixy if x¥ is a nonprincipal character modulo jM,
No(GM)/iM  if x4 is the principal character modulo jM.
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Proof. If M > 1, then the formula is just [22, (6), p. 276] with m = 1.
If M =1, that is, if x(u) =1 for all u € Z, then we should modify the
definition of £, (t) of [22, p. 274] to Ly(t) =Y o2 x(n)e™. Then following
the argument of [22, p. 274, up to (6)], we see that our formula holds. The
details of the proof are omitted. H

LEMMA 19. Let n be a positive odd integer greater than 1. If n =1 mod 4,

then
Z (g) 1 ) é(n)/2 ifn is a square,
n/ 1 — e2mia/n 0

otherwise.
a mod n

If n=3 mod 4, then

S (%) = WA ()

a mod n

Here H(—n) is the Hurwitz class number, that is, H(—3)=1/3, H(—4) =
1/2, and H(—n) is the ideal class number of the quadratic order of the
discriminant —n if n # 3,4.

Proof. Assume that n =1 mod 4. Then (-/n) is an even function. Let S
denote the sum. We have

25 = Z (%)(1—627”“/"—1_1—6}2ﬂia/n): Z <%>

a mod n a mod n

If n is a square, then (-/n) is the principal Dirichlet character modulo n
and we have S = ¢(n)/2. If n is not a square, then (-/n) is a nonprincipal
Dirichlet character modulo n and the sum S vanishes.

2mi/n

Now assume that n =3 mod 4. Set z =¢ . We first consider the case

n is square-free. For an integer t, set
ta

s0- 3 () 0= 5 (@)

a mod n a mod n

The two sums are related by

S -Sit+1)= Y (%)%: 3 (ﬁ)zm:T(t).
a mod n a mod n
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Since n is assumed to be square-free, we have T'(t) = (t/n)iy/n. It follows
that

S (2

a=0

= inv/nH(—n).

Since

n n @y 4D
>osi=3(7) =0

t=1 a=1

we conclude that S =5(0) =iy/nH(—n) for the case n is square-free.
Now if n is not square-free, we write n as m?ng with square-free ng. Then
using the partial fraction decomposition

A~
1—at _Zo 1 — xe2mii/t’
]:

we get
n/d ad 1
§=ud) Do () T
dim a=1
no—1 n/dno—1

:C”Zmu(d)<%> ; <nio) jzo 1 762”‘11(““"0)/"
=S ()3 ()

dim a=1

:imQJ%H(—"O)dZn;@(nio)’
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where in the last step we use the result for the square-free case computed
earlier. Now recall that, for d > 0 with d =0,3 mod 4, the Hurwitz class
numbers H(—m?D) and H(—D) are related by the formula

1/-D
H(—m?D) = H(—D)myn(l - (7))
o P ()

dlm

(9)

Therefore,
S =imy/noH(—n) =iv/nH(—n).

This completes the proof of the lemma. U

LEMMA 20. For a positive integer n > 1 with (n,6) =1, let £ = (n? —
1)/24. If n=1 mod 4, then

e2mi(ré+1)a/n

7 = ()

a mod n

—1E) X 030 ()

u=—3,—4,—8,—24

(10)

If n=3 mod 4, then

2m(r€+1)a/n

zf Z < )W
=%<%> > (G)=(7) (- (7)),

u=1,8,12,24

(11)

Proof. Let S denote the sum in question, and for a positive integer ¢, let
2z denote the £th primitive root of unity e2™/¢. Also, write n as n =m?ng

with square-free ng. We have, say,

. 7(Lr€+1)a
S:_am%n(%)l 1z—zg +ar§jn<%)1jzg
(12) rf
S D ER S O RS SR
t=0a mod n a mod n t=
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The sum S’ has been evaluated in Lemma 19. We now consider T'(¢). We
have

NI S F
dm

a mod njd 0
d m?2/d—1
) 5 @ E
m a mod ng

The inner sum is 0 if (m?/d){t. Then

ro-w $ (L) (e

dm,(m?/d)|t
" —entvin Y u(d)(i)( /(m 2/d))
0 d no no ’
dlm,(m?/d)|t
where
1 if n=1 mod 4,
€ =
1 if n=3 mod 4.
From (13), we obtain
rd
o2 p(d) ¢ d v
ZT(t)—em \/n_OZ d (Tlo) Z (no)
t=0 dlm 0<u<rt/(m?/d)

Now £ = (n? —1)/24, and r is assumed to be in the range 0 < r < 24. There-
fore, the sum above can also be written as

(14) iT(t) :em2\/n_02#(nio) 3 (nio)
=0 dm 0<u<(rn2d/m2)/24

Now we apply Lemma 18 to (14) with x = xn, = (+/n0), M =ng, N =
rn2d/m?, and j = 24. We consider the three cases

(1) ng = 1,

(2) n=1mod 4 and ng # 1,

(3) n=3 mod 4,
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separately.
When ng =1, an application of Lemma 18 yields

ZT(t):mZZ’u(dd)( Bl+— Y U m2d31¢(rm2d))

t=0 dlm 1 mod 24

= —mqﬁ —|— —m? Z pld Z Y(—rm2d) By, (rm?d).

dlm v mod 24

If we let xo denote the principal Dirichlet character modulo 24, then the
Dirichlet characters 1) modulo 24 are given by

(16) bu = x0(-) (3) uw=1,8,12,24, -3, —4, -8, —24.
By (6), (7), and (8), we have
Blym(erd)

rm2d$(24) /24 = rm?2d/3 ifu=1,
=<0 if u=8,12,24,
—(1=3)A = (¥)H(u) if u=-3,-4,-8,—24.

(17)

The contribution from the character ¥y to (15) is

rm4
(18) TS uld) =

dm
since m = y/n is assumed to be greater than 1. The contributions from t,,,
for u=—-3,—4,—8,—24, are

2

2(2) (1 (5) (- (o £H(3)
-2(2)(1- (3) (- () on

where we have utilized (9). Combining (12), (15), (17), (18), and (19) and
using the formula for S” given in Lemma 19, we get formula (10) for the
case n =m?.

Now let us consider the case n =1 mod 4 but not a perfect square. That

is, n = m?ng with square-free ng # 1 and ng = 1 mod 4. In this case, we
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have By (./no) = B1,(./ng)p, = 0 for u=1,8,12,24, where 1, are defined by
(16). Then an application of Lemma 18 to (14) yields

e 2 /=
ST ) 2

X Z Yu(=rn*d/m*) By (. ng )y
u=—3,—4,-8,-24

my/n (24 5= pld) (1o
S

< 2 Ga)Bueen (- () (- ()

u=—3,—4,—8,—24

where we have used (7). Then by (8) and (9), we get

Sro-L2) 5 (40 (5))0- (4))re,

) ) )

This gives the evaluation of the sum of T'(¢) in (12). The term S’ in (12) is
shown to be 0 in Lemma 19. This establishes (10) for the case n is not a
square.

Now assume that n =3 mod 4. Then By (. /)y, =0 for u=—-3,-4,-8,
—24, and an application of Lemma 18 to (14) gives us

4

. w(d) rd
DTt =imyn) == (n—o) (~Bu/na
t=0 dm
1,24 Y
+ g(n—o) Z ¢u(—Tn d/m )BL('/no)tbu)'

u=1,8,12,24

Using (7), (8), and (9) again, we get

rl

S T(t) =iV (H(—n)

) T (O () (C)rm).

u=1,8,12,24

1O

Combining this, (12), and Lemma 19, we arrive at the claimed formula. This
completes the proof of the lemma. H
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PROPOSITION 21. The total contribution of the parabolic classes of M,
to the trace of the linear operator [A,] on Sy s(1) is

% (%) >y (_746) (1 _ <‘T€”)) (H (—4en) — H(—en)),

e=1,2,3,6

where, for a negative integer —d, we let H(—d) denote the Hurwitz class
number of the imaginary quadratic order of the discriminant —d. (If —d is
not a discriminant, then set H(—d) =0.)

Proof. We first consider the case n = 1. By Lemmas 16 and 17, we find
that the total contribution is —(r — 12)/24. We then verify case by case that

55, 2 (59)0- () e -aeo)

e=1,2,3,6

We next consider the cases n > 1. Again, using Lemmas 16 and 17, we
find that the total contribution is

e—2mi(rt+1)a/n

_(—jr(n=D)/2 <—_a) e~
( Z) ; n 1 — ¢—2mia/n °
Now for n =1 mod 4, we have

8
_ayr(n=1)/2 _ (_)
& >
Thus, by (10), the contribution to the trace is

B2 S (00 ()0 ()

u:_3’_4’_ [

Since H(—12n) = H(—3n)(2 — (—3n/2)), H(—n) = H(—2n) = H(—6n) =0,
the formula above is equal to that in the statement of the proposition.
Now assume that n =3 mod 4. We have

- (2)(E)

Then from Lemma 17, (11), and H(—4n) = H(—n)(2—(—n/2)), we get the
claimed formula. This proves the proposition. 0
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3.3. Hyperbolic cases
LEMMA 22. A complete set of representatives of inequivalent hyperbolic
elements in M2 whose fixed points are cusps is

a b+ma\
=0 )
b:1,...,h,(b,h)zl,mzl,...,(d—a)/hwithh:(a,d)},

where in the set we let a and d run over all integers satisfying ad =n? and
0<a<d.

Proof. Let M be a hyperbolic element in .#,2 whose fixed points are
cusps. Then the eigenvalues of M are two integers a and d satisfying ad = n?.
Without loss of generality, we assume that |d| > |a| > 0. Let « be the cusp
corresponding to the eigenvalue a, and choose an element ~ € SL(2,Z) such

that coo = . Then
b
Mo t=("
oMo (O d)

for some integer b. The integer b must satisfy (a,b,d) = 1. In other words,
a hyperbolic element in .#,> whose fixed points are cusps is conjugate to
a matrix of the form (¢Y) with ad =n?, |d| > |a| >0, and (b, (a,d)) =1. It
is clear that if two such matrices (&%) and (‘6’ g/,) are conjugate, then we
must have a = a’ and d = d’. Furthermore, by considering the eigenvector
(§), it is easy to see that two matrices (&%) and (&Y ) are conjugate if and
only if they are conjugate by ({7) for some m € Z, that is, if and only if
(d—a)| (b —b). With this information, it is straightforward to verify that
the set in the lemma is a complete set of representatives. This proves the

lemma. U

PROPOSITION 23. The total contribution of hyperbolic elements in M2
to the trace s 0.

Proof. By Shimura’s formula, the contribution from hyperbolic elements
whose fixed points are not cusps is 0. Furthermore, by Lemma 22, a complete
set of inequivalent hyperbolic elements whose fixed points are cusps is

[ )

b=1,...,h,(b,h)=1,m=1,...,(d — a)/h with h—(a,d)},
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where in the set we let a and d run over all integers satisfying ad = n? and
0 < a < d. Now we have

a b+ma\ (a b\ (1 m
<0 d >_<o d) <o 1)'
Thus, if the contribution from the conjugacy class (&%) is A, then the
contribution from the class (& **7) is e?mrm/24 A Since 24 | (d — a)/h, as
m runs from 1 to (d —a)/h, the contributions from the classes ({ bt}”“)
cancel out each other. We therefore conclude that the total contribution

from hyperbolic elements is 0. U

3.4. Elliptic cases

The contribution of elliptic classes to the trace of [.#,] will be calcu-
lated according to the greatest common divisor of 24 and the trace t =a+d
of (¢ g) € My2. After relating conjugacy classes of .Z", with equivalence
classes of quadratic forms in Section 3.4.1 and some preliminary computa-
tion in Section 3.4.2, we evaluate the contribution of elliptic classes case
by case. The computation is tedious. Here we will give details only for the
case (t,24) =1 and a subcase of the case (¢,24) = 2. For the calculation
in other cases, we refer the reader to the arXiv version of this paper (see
arXiv:1110.1810v1 [math.NT]).

3.4.1. Quadratic forms. Assume that v = (¢ g) € M,z is elliptic. Then
t=a+d, f=(bc,d—a), and sgnc are invariants under conjugation by
elements of SL(2,Z). This can be seen from the one-to-one correspondence
between the set

FWJ:{(Z Z) E.//nz:a+d:t,f:(b,c,d—a),c>0}

and the set Q2_4,2)/s2 of all primitive positive definite quadratic forms of
the discriminant (¢ —4n?)/f?, where

Qp ={Az? + Bxy + Cy*: B> —4AC = D, A > 0},
and the correspondence is given by

(20) <CCL Z) — %(cxz + (d — a)zy — by?).

Elements v of SL(2,Z) act on I'y 4y by conjugation and on Q2_yp2y/s2
by change of variable (3 )+ (% ). Moreover, the two group actions are
compatible with respect to the correspondence above.
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LEMMA 24. The total contribution of elliptic elements in A, to the trace
of the linear operator [M,] on Sy (1) is

2> Y I,

t.f v€ln 1,/ SL(2,Z)

where the outer sum runs over all integers t with t*> < 4n? and all positive
integers f such that (t* —4n?)/f?>=0,1 mod 4; the inner sum runs over
all class representatives of I'y 4 ¢ under conjugation by SL(2,Z); and J(7)
1s defined as in Definition 15.

Proof. From the discussion preceding the lemma, we easily see that every
elliptic element in .4, falls in precisely one of I',, ; y and —I';, ; ¢. Also, it is
clear that if v1,...,7,, are class representatives of I, ; ¢, then —yq,..., =y,
are class representatives of —I',, ; r. We now show that J(—v) = J(v). Then
the lemma follows.

Assume that v = (2%) €T, and that

y* = ((Z Z) ,u(er + d)k“/?) .

Then by Proposition 14, the contribution of the class of v to the trace is

pl/2—k
J(v)=———,
) wu(p —p)

where p = (t + Vt? — 4n?) /2. Now we have

= (7 Bt

_ <<—a :Z) 2R/ d)k+1/2) _

—c
Thus,
(—p)L/2F e2mi(2k=1)/4 51/2k
(=)= 2mi(2k+1)/4 —— 2mi(2k+1)/4 —=J()
wue Crtp)  wue r+7)
This proves the lemma. 0

REMARK 25. Since for (24) € 4,2 we have (a,b,c,d) =1, the integers
n, t, and f need to satisfy the following conditions.
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(1) The common divisor (n,t, f) must be 1.

(2) The integer (t, f) can only be 1 or 2. Moreover, if (¢, f) = 2, then because
(t> — 4n?)/4 is a discriminant, we must have 2| ¢, but 4{¢.

(3) The integer (f,t+ 2n,t — 2n) can only be 1, 2, or 4, and if the latter
two cases occur, then 2| ¢, but 41¢.

We first choose a suitable representative 7 in each conjugacy class in

[y ¢ r and determine v*.

LEMMA 26. Each conjugacy class of L'y, ; y contains an element (¢ fl) such
that ¢ = fp for some prime p > 4n and (¢,d) =1.

Moreover, in the case 2| f (which occurs only when 2 || t), we may further
require that d satisfies the congruences

t’ mod 8 if 2| £,

t' mod 16 if 4|l f,

t’ mod 8 if 8 || f and (t?> — 4n?)/64 is even,
t'+4 mod 8 if8| f and (t> — 4n?)/64 is odd,
t’ mod 8 if 16| f,

=Y
Il

where t' =t/2.

Proof. 1t is well known that a primitive positive definite quadratic form
represents infinitely many primes, which implies that each class of quadratic
forms in Q2_4p2)/2 contains elements of the form px? + uzy + vy? for
infinitely many primes p. The matrix corresponding to this form under (20)

is
((t —fu)/2  —fv > .
fp (t+ fu)/2
Now if p > 4n, then the relation
f2(u® = 4pv) =t — 4n?

implies that p{ (¢t + fu), and hence (fp,(t + fu)/2) = (f,(t + fu)/2). By
Remark 25, this can only be 1 or 2. However, because the determinant of
the matrix is the odd integer n2, (fp,(t+ fu)/2) cannot be even. That is,
(fp, (t+ fu)/2) = 1. This proves the first part of the statement.

Now assume that 2 || f. From

(0D ),

it is clear that we can further assume that d =+ mod 8.
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Assume that 4 || f. Since 32 | (t2 —4n?) and (t?> —4n?)/16 are discriminant,
we must have 64 | (2 — 4n?). Then the equality ¢*> — 4n? = (d — a)? + 4bc
shows that 64 | (d — a)?, that is, that 8 | (d — a). Then

d= %(t—i—(d—a)) =t mod 4.
By (21) again, we may assume that d =t mod 16.

Assume that 8 || f. We have 64 | (t2 — 4n?) and 8| b,c. Then (d — a)? =
t?2 — 4n? — 4bc = (t2 — 4n?) mod 256. If (t2 — 4n?)/64 is even, then d =
a mod 16 and d = (t +d — a)/2 =t mod 8. If (t* — 4n?)/64 is odd, then
d=a+8 mod 16 and d =t + 4 mod 8.

Finally, if 16 | f, by a computation similar to the case 8 || f we find that
d=t" mod 8. This proves the lemma. 0

For our purpose, we also need to recall some properties of genus characters
of integral binary quadratic forms. Let D < 0 be a discriminant; that is,
D =0,1 mod 4. For each odd prime divisor p of D, one can associate to Qp
a character by

*

X : Az® + Bxy + Cy* — (%) = (pz), p*=(—1)P1/2p,

For D =0 mod 4, there may also exist characters of the form
u
A

depending on the residue of D /4 modulo 8. Any product of these characters
is called a genus character. All genus characters can be written as

D
XD : Az? + By + Cy? — <71)
for some (positive or negative) divisor D; of D such that D, and D/D; are

both discriminants and vice versa. General properties of genus characters

Az? + Baxy + Cy? — < ), ue{—4,8,-8},

can be found in [4, Chapter 1]. Here we only quote some properties relevant
to our calculation of traces.

LEMMA 27. Let D and Dy be as above, and let xp, : Qp — {£1} be a
genus character. Then we have the following properties.

(1) The value of xp, for a quadratic form Az?+ Bxy+ Cy? € Qp depends
only on the genus in which the quadratic form lies. In particular, every
quadratic form in the same class takes the same value of xp, .
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(2) We have that xp, is a trivial character (i.e., mapping every quadratic
form to 1) if and only if Dy or D/Dy is a square.

(3) The sum of xp, over a complete set of class representatives of Qp/
SL(2,Z) is

Z Dy {h(D) if D1 or D/Dy is a square,

Aa?+Bay+Cy?€Qp/SL(2,Z) 0 otherwise,

where h(D) is the number of classes in Qp.
Finally, the following formula frequently occurs in our computation.

LEMMA 28. Let D be the discriminant of an imaginary quadratic order.
Let u be a positive integer. Then we have

%:(?)H(;—ZD) — uH(D).
Proof. We have

S(F)H(Ep)=ro S(7)F X (D)

T Tl mi@)
D
=H(D)Y_ (=)= > ulm).

The sum »_,,, p(m) is nonzero only when n =1. From this, we get the
claimed formula. {

3.4.2. Preliminary calculation and notation.

LEMMA 29. If (2%) € M, satisfies (¢,d) =1 and ¢> 0, then

a b *_ a b —k—1/2 r k+1/2
(c d) _<<c d),n e(a,b,c,d)" (et + d) ,

where

( )627ri(bd(1—c2)+c(a+d—3))/24

%l if ¢ is odd,
(5)e2m’(ac(17d2)+d(bfc+3)73)/24

if ¢ is even.

e(a,b,c,d) = {

https://doi.org/10.1215/00277630-2684452 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2684452

MODULAR FORMS OF HALF-INTEGRAL WEIGHTS ON SL(2,Z) 29

Proof. Let «, 8 € Z be integers such that ad + fc=1. We have
a b\ _ (1 af+ba n? 0\ (a -8
c d) \0 1 0 1)/\e¢ d /)’
(@) =((8 ) etapoarer+arar)

1 af+ba\ _( (1 aB+ba 2mir(af+ba) /24
0 1 0 1 ’ '

Then from

1 af+ba) fa =
G “C D)

we deduce that

and

<a - (10— n?)a b+ (njl— 1)5)

62””(“5%‘1)/246(@ —B,¢,d)" e(a + (1 —=n*a,b+ (n? —1)B,¢, d)r

e(a,b,c,d)".

Then the lemma follows. []

All the 24th roots of unity can be expressed in terms of Jacobi symbols,
which we give in the next lemma for future reference.

LEMMA 30. If (t,24) =1, then

2P () E) )

If (t,12) =1, then

; 3712
p2mit/12 _ {( )+

If (t,8) =1, then
omitys _ V2 (8 | V28
© T <t>+ 2 ( )
If (t,6) =1, then

627rzt/6 _
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If (t,4) =1, then
. 4
2mit/4 _ -
¢ Z( t >
If (t,3) =1, then

2 2

. 1 3/-3
eQWZt/gz——+lf( t)

Let class representatives (¢ 9) of ', ¢ s be chosen as in Lemma 26. Then
by Proposition 14 and Lemma 29, the contribution of the class of (¢ %) to

the trace is

k+1/2 1/2—k
L (abye,d)—,
wn,t,f p—p

(22) J(v) =

where

6 if (12 —4n?)/f?= -3,
(23) Wpe =44 if (12 —4n?)/f? = -4,

2 otherwise

is the number of elements in SL(2,Z) commuting with -,

e(a,b,c,d) = (ﬂ) o~ 2mic/8 2mi(bd(1-c?) +ct) /24
C

and p = (t+ V1% — 4n?) /2. In view of Lemma 30, sums of the form Y (d/c) x
(e/c), e==+1,42,4£3,4+6, will appear frequently in our computation. So we
first compute such sums.

NOTATION 31. For e = +1,+2, 43, +6 and nonnegative integers £, we set

1/2—k 1 d
P e
L, , 1) = — YA
O Sl YN 1
f24f,(nt, f)=1 (@ g)ern,t,f/SL(z,Z)
(24) 1 d\ /e
oy = Y (E)
FRAUL3IL(nat S)=1 7 (@ byer, | /SL(2,2)

where in the inner sums, the representatives (¢ Z) are chosen according to

Lemma 26, ¢ = ¢/2¢ (i.e., ¢ is the odd part of ¢), and p = (t+ /12 — 4n2) /2.
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Moreover, for e =1,2,3,6 and integers u, we set

Me,m,u);:W( > H(M)

T—T . g2
g:2%g,(n,u,g)=1

(25) 2.2
sy m(C ey,
9:2%]|9,31g,(n,u,9)=1 g
and
_ 1—-2k 22
co(n,u) = %( Z H(%#>
- 9:2%)1g,(n,u,g)=1

2

4 Z H(e u2—4en>>’

2
9:2¢19,31g,(n,u,g)=1

where 7 = (eu + vVe?u? — 4den)/2 and where g runs over all positive integers
satisfying the given conditions such that (e?u? — 4en)/g? is a discriminant.

LEMMA 32. Let n be a positive integer relatively prime to 6, and let t be
an integer satisfying t> < 4n®. Let

{+1,43}
{£1,42,+3, 46} if (¢,24

(

(

o) if (t,24
f (

(

(

i (t,24

7
’

Y

3
{£2,+6} f (t,24) =4 or (t,24) =8,
{£1,+2} if (£,24) =6
12

{+2} if (t,24

9

)=
)=
)=
)=
)
)

or (t,24) = 24.

If e(t +2n) is a discriminant, that is, if e(t +2n) =0,1 mod 4, then there
exists a rational number s such that t> — 4n® decomposes into a product of
two discriminants s?e(t +2n) and (t —2n)/(es?).

Proof. Here we consider only the case (t,24) =2. When e = 1, we have
4| (t+2n), (t—2n), and the statement holds obviously. When e = +2, we can
decompose t2 —4n? as 2(t+2n) - (t—2n)/2 or (t+2n)/2-2(t —2n) according
to whether 8 | (t —2n) or 8| (t + 2n). When e = 43, the decomposition is
3(t+2n)-(t—2n)/3 or (t+2n)/3-3(t —2n) according to whether 3 | (t —2n)
or 3| (t+2n). When e = £6, the rational number s can be one of 1, 1/2,
1/3, or 1/6, depending on whether 8 | (¢ + 2n) and whether 3| (¢t +2n). []
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We now evaluate L ¢(n,t). The computation mostly follows that in [14,
Section 4].

LEMMA 33. Let n be a positive integer relatively prime to 6. For e €
{1,2,3,6} and integers u, let

)1 if 31w,
pe(nu) = {1+(%) if 3| u.

Then we have the following formulas.
(1) Lett and e be integers satisfying the assumptions in Lemma 32.

If e(t+2n)=0,1 mod 4, then

(27)  Leglnt)= ;{

0 if e(t 4+ 2n) is not a square,
pre(n, u)Me o(n,u) if t + 2n = eu?,

where u is the positive square root of (t+ 2n)/e.
Also, if —e(t +2n)=0,1 mod 4, then

L_e70(’rl, t)
(28) o (—4) 0 if e(2n —t) is not a square,
2\ r pre(n, u) M. o(n,u) i 2n —t = eu?,

where u is the positive square root of (2n —t)/e.
(2) Assume that 2 ||t and that e € {£1,£3}. Then

1
Le,l (n, t) = §L6’0 (TL, t).

(3) Assume that 2| t, e € {1,3} and that £ >2. Then

0 if e(t+2n) is not a square,
Lo o(n.t) = 1) pe(n,u)Meg—1(n,u)/2  if t+2n= eu? and 2 || u,
’ 2 | pe(n,u)Meq(n,u) /2570 if t+2n = eu? and 2°71 || u,
fre(n,w) M, o(n,u) /2 if t +2n =eu? and 2°| u,
and
L,el(n, t)

0 if e(2n —t) is not a square,
=4\ Jpe(nu)Mg, o (n,u)/2 if2n—t= eu? and 2 || u,
§< ) pre(n,u) M, | (n,u) /2571 if 2n — t = eu? and 271 || u,
,ue(n,u)MéO(n,u)/ZK if 2n — t = eu® and 2° | u.
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Proof. We first prove (27). Note that in the sum defining L. (n,t), the
integers f are always odd, and according to the choice of representatives
given in Lemma 26, we have ¢/ = ¢. Then from Remark 25, we know that
(f,t +2n,t —2n) = 1. Thus, if f; = (f,t+ 2n) and fo = (f,t — 2n), then
f=Ffifo, f21(t+2n) and f2|(t —2n). Write (d/c) as

(=GR G

Since

(C/if> (t;l—/;n) _ (ad+i7/’b;l+d2) _ <n2—|—i7/’b;i—|—d2) 1

we have
n)/ f2
()= ()
By the same token, we also have
o)/ £2 n)/ 2
(7= (55 () =7,

and hence

(29) (é) (%) _ (e(t +c§;>/f1 ) (e(t —;ln)/fz ) (e(t +;2n)/f1 )

c

Now e(t+2n) is assumed to be a discriminant. By Lemma 32, we can decom-
pose t2 — 4n? into a product es?(t +2n) - (t — 2n)/es? of two discriminants.
So by Lemma 27,

1 e(t+2n)/f?
wn’t’f b Z ( C/f )
(Z d)ern,t,f/SL(2vZ)

_ {H((t2 —4n?)/f?)/2 if e(t+2n) = (eu)? is a square,

0 otherwise.

(30)

In the case e(t + 2n) = (eu)?, we have

p:t+m:<\/e(t+2n)+\/e(t—2n))2:<

(31) - 7

)’

Sl
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and

(32) p—p=\12—4n2 =u\/eu? — den = u(r —7),

where 7 = (eu 4+ v/A)/2 with A = e?>u® — 4en. Then for the first sum pF
defining L o(n,t) in (24), we have

> LLs)

(f’z):L(n,t,f):l

1 e(t+2n)/f2\ re(t—2n)/f2 2 ap2
sy =3 () ()
(f,2)=1,(n,t,f)=1
L AJf2N u? A
~3 > (L2,
2 (f2,2)=1,(n,t,f2)=1 f1|“:(f1,2)=1,(n,t,f1):1< fl ) <f12 f22)

The inner sum running over f; is the same as

o S (53)

since if 2| f1 or (n,t, f1) > 1, then (%522) =0. Then by Lemma 28, the first
sum in (24) is equal to

WY LsOO-r s ()

(F2)=L(nt =1 bf T (F2.2)=L(mt. f2)=1

For the second sum in (24), we have two cases:

3‘f1,3)[f2 if3|u,
3| f2,31f1 if3tw.

If 31 u, then a computation similar to (33)—(35) yields

w T Ly@Oar x w(d)

(F2)=13[f (.t f)=1 b TS (f2:2)=13/fa,(n,t, f2)=1
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If 3| u, then

> =y

(F2) =13 (nt,f)=1 b S

1 Z <e(t+2n)/f12>(e(t—2n)/f22)H(t2—4n>

2 ;
(f,6)=3,(n,t,f)=1 fa fi f

1 A/f%) u? A
n(2s)
D DI VR G v 7
(f2:2)_17(n:t7f2)_1flluv(f176)_37(n7tvf)_1
By Lemma 28, the inner sum is equal to

o (et =56)(R)

h|(u/3),(h,2)=1,(n,t,h)=1

and we have

> =y

(F2)=L3F(nt =1 mbd S

u /A A
-5(3) X #(H)

(f2,2)=1,(n,t,f2)=1
Combining (29)—(32) and (35)—(37), we get (27).
The proof of (28) follows the same line of calculation. Equation (29)
continues to hold when we replace e by —e. By Lemma 27, (30) also remains
valid, provided that the condition that e(t + 2n) is a square is changed to
the condition that e(2n — t) is a square. The computations in (32), (35),
(36), and (37) are almost the same. The only significant difference lies at

(31). Instead of (31), we have

(37)

t+ V12 —4n? Ve2n —t) — /—e(t +2n)\2 T \2
;= S ) =(%)

and

V2 — An2\ 1/2—k T\ 12k - T\ 12k
@ () e () ()
2 Ve Ve
where 7 = (eu+v/A)/2 with A = e?u? — 4en. Here in the last step, we have
used the assumption k = (r — 1)/2 4+ s. This establishes (28).

r
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We now prove the second part of the lemma. Here we consider only the
case e = 1,3. The integers f in the sum defining L. 1(n,t) satisfy 2 || f. Let
f'=1f/2, and set f1 = (f",t+2n) and fo = (f’,t — 2n). Then as before, we
have f' = fifa, f2|(t+2n) and f2|(t —2n), and (29) remains valid if we
replace ¢ by ¢ and f by f’. For the first sum in L. ¢(n,t), the computation
in (30)—(32) remains unchanged. Now instead of (33), we have

R o (O

ollf (ot f)=1 bS S
_1 e(t+2n)/f\ relt=2n)/f3\ . t* = 4n®
22|f,(§f)=1< f2 )( h ) ( 72 )
1 A/F3N (/2?2 A
e e )

(f2,2)=1,(nt,f2)=1 f1lu,(f1,2)=1,(n,t,f1)=1
Now since 4 | (A/f2) = (e?u® — 4en)/ f3, we have

p(W2RR) Ly 2y

i 137 2 NS
Following the remaining computation, we easily see that the first sum in
L¢1(n,t) is equal to one-half of that of L. (n,t). Similarly, the second sum
in L 1(n,t) is equal to one-half of that of L. o(n,t). This proves the second
part of the lemma.

The proof of the third part is also similar. Again, we consider only the
case e > 0. The computation for the first sum in L, ¢(n,t) differs from that
for the first sum in L. o(n,t) mainly at (33). In the case 2 || u, instead of
(33), we have

Oy T

2|t =1 S
_ 1 A/f3 (u/2)? A
2 Z ( fi )H( fi (23*1f2)2)’
(f2a2):1’(n?tvf2):1f1|“7(f112):17(n’t7f1):1

where A = e2u? — 4en. Then, by Lemma 28, it is equal to

Y YOO X #(geg)

2|t f)=1 S (f2.2)=1,(m,t,f2) =1
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The computation for the case 2/~! || u is almost the same. In this case, we

Y asr@@-r X alg)

2Z||f1(n=t7f):1 wn7t7f v (f27 ) (nth) 1

have

Now if 2| u, then instead of (33), we have

>y

o £t f)=1 o]
- A/f3 (u/292 A
K h A ( 2 fg)'

(f2:2)=1,(n.t,f2)=1 f1lu,(f1,2)=1,(nt,f1)=1
Since 4 | (A/f2), we have

B2 2) Ly (2)
;o) 2\
and by Lemma 28,

S anZ@@)egm X u(g)

2| f(mtf)=1 S (F2s2)=1 (ot f2) =1

Together with (31) and (32), this completes the computation for the first
sum in L ¢(n,t). The computation for the second sum is analogous and is
skipped. O

We now utilize Lemma 33 to compute the contribution of I',; s to the
trace of [#,,2]. This will be done according to the greatest common divisor
of t and 24. To summarize our computation, we fix the following notation.

NOTATION 34. Given a positive integer n relatively prime to 6, e €
{1,2,3,6}, and an integer u with e?u? < 4en, we let

2k—1 _ =2k—1 2,2 _ 4
(39) Pylenu) ="l p= CTVEE TSN

T—T

For nonnegative integers ¢ and m, we set

= () S(5(2) -5 (2)
B0 E) S

3lu
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where A = u? — 4n, the outer sums run over all integers u satisfying
u? < 4n, 2 || w,

and the given conditions, and the inner sums run over all positive integers
g such that

A/9250,1 mod 4, 2™ | g, (n,u,g) =1,

and the specified conditions are met. We also set

Apm(n) =D, Ajm(n).

{<j<00
Similarly, we define

5 = () () (8 () - 1 (3)) ez

3lg

T e o

u
where A = 4u? — 8n, the outer sums run over all integers u such that
4u? < 8n, 28 | u,
and the inner sums run over all positive integers g such that
A/g?>=0,1 mod 4, (n,u,g)=1.

Also, we set

Bj(n)= Y Bin).

{<j<00

Likewise, define

Cont) == ()(F) X ()t

Ju2<12n,2¢|u 9
where A = 9u? — 12n, and the inner sum runs over all positive integers g

with
A/92£0,1 mod 4, 2" | g, (n,u,g) =1,
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and let

Cem Z C7

1<j<oo

Finally, we let

i =g=(F) () X a(Z)ace.

36u2<24n,2¢|u 9

where A = 36u? — 24n, and the inner sum runs over all positive integers g
such that

A/g?>=0,1 mod 4, (n,u,g) =1.
Also, let

1<j<oo

Here we give alternative expressions for Ay ,,(n) and By(n), which will
be used later.

LEMMA 35. For a discriminant A of an imaginary quadratic order, we

let Ay denote the discriminant of the field Q(v/A). Then we have
A A
ta=s(Z)S(-(2) T #(3)Acan
u 030/ (R0g?) Y

where

1 ifn=1 mod 3,
5(”)—{1/2 if n=2 mod 3

and the double sum runs over the same u and g as in the definition of Ag
satisfying the additional condition that 3 does not divide A/(Aog?), where
A =u? — 4n. Analogously, we also have

=32 (DOT0-(3) > #(G)nea,

9:31A/(Aog?)

1/2 ifn=1mod 3,
v(n) = Lo
1 if n=2 mod 3.
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Proof. Here we prove only the case Ay, (n). Consider the case n = 1 mod 3
first. Assume that 31u. We have A =0 mod 3. If 3| A, then 3 | Ay and the
sum 23‘ g 1s empty, which yields

sa(2)-Tu(2)-(- () Sa()
If 9| A, we have

Si(g)-s3n(3)

3lg

— 3" H(WA) —32H<h29AO>

3|k

Y o) + X (1020 301 (02)

(h,3)=1 3|h

> Hoeso -3 (F3)u (")

(h,3)=1 3|h

_ H(?A) — Y (@)H(h%o)

(h,3)=1 (h,3)=1
- (1 - (@)) 3 H(hA).
3
(h,3)=1
Either way, we find that the first double sum in the definition of Ay, (n) is

equal to
S-(3) > #()nam,

3fu 9,312/ (g%Ao)

Now if 3| u, then A is not a multiple of 3, and hence

AN A
(5)=-(5)
There is nothing to do in these cases. This proves the case n =1 mod 3.
Now assume that n =2 mod 3. We have 3{A. Thus, the sum 5 is

empty and
) (u24n>_ 2 if 3tu,
3/ 10 if3|u

>
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That is, the second sum in the definition of Ay ,,(n) vanishes. The assertion
follows. {

3.4.5. Case (1,24)=1.

LEMMA 36. For the case (t,24) =1, we have

2 2. 2 W

(t,24)=1 f ~€T,, ;/SL(2,Z)

B _n3/2_k (Aoo(n) +Copo(n)) ifn=1mod 3,
B 8 Coo(n) if n =2 mod 3.

Here the outermost sums run over all integers t satisfying t* < 4n® and
(t,24) = 1, the middle sums rTun over positive integers f such that (t* —
4n?)/ f* is a discriminant, and the functions Ago(n) and Coo(n) are defined
as in Notation 3/.

Proof. Since (t,24) = 1, the integers f are always odd. Let class represen-
tatives (2 9) of 'y 4 r/SL(2,Z) be chosen as per Lemma 26. By Lemma 29,
we have

a b *_ a b —k—1/2 r k+1/2
(&) = (¢ 0) s dabcar s afee),

e(a,b,c,d) = (g) o2mi(bd(1—c?)+c(at+d—3)) /24

where

If 31f, then (c,6) =1 and bd(1 — ¢?) =0 mod 24. If 3| f, then 3| b and
8] (1 — ¢?). Either way, we get €(a,b,c,d) = (d/c)e*™/? e =2mi¢/8 and

k+1/2 1/9—k
(40) J(’y) _n / (g) 627T’iTC/8€—27rirct/24L

B Wn,t,f p—p

9

where p = (t + Vt? — 4n?) /2.
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Now for 31 f, we have, by the formulas in Lemma 30,

627rzrc/8 e—27rz7‘ct/24

+ 1 '4
2O (B0 +m0(2) + 22 (2) (510 +
where
. 5010 i

For 3| f, we have 3 | ¢ and

-8

s (3 +i(20) ()
SO

t
— ot )(%) iy (t

() (%)

Thus,
DD DD D)
(t,24)=1 f ~€T,, ;/SL(2,Z)
nk+1/2
=—3 Z (53(t)<§)L1,0(nvt)
(t,24)=1
(42)

g1 (t) (%4) (%)L—I,O(mt)
+v30(0 () (2) aotn.1
+iV/303(t )( 3)(24>L 3,0(7%75)>7
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where L ¢(n,t) are defined by (24). (Note that the second sums in the
definition of L3 g(n,t) and L_30(n,t) are empty.)

For the term 03(t)L1,0(n,t), 03(t) # 0 implies that ¢t +2n is a discriminant,
and Lemma 33 applies. That is, d5(¢)L1,0(n,t) is nonzero only when ¢t +2n =
u? for some (odd) integer u. If this situation occurs, then ¢ +2n =1 mod 8
and

(43) (§> = (_1)(t2—1)/8 — (_1)n(n—1)/2 _ (—_4)

t n

Also observe that since (t,24) =1, if n =2 mod 3, any integer u such
that u? =t + 2n must be divisible by 3. This information, together with
Lemma 33, yields

253 ()Llo(nt) n( )ZMlonu

(t,24)= (u,6)=

+%<%4) 3 <1+<%))M1,o(n,U),

(u,6)=3

(44)

where the sums run over all positive integers u such that u? < 4n satisfying
the given conditions, M, ¢(n,u) are defined by (25), and for j =1,2,

1 if n=4 mod 3,
45 Ai(n) =
(45) ]( ) {0 otherwise.

Likewise, for the term 61 (t)L_1 o(n,t) in (42), §1(¢) # 0 implies that —(t+
2n) is a discriminant. Therefore, assuming that ;(¢) = 1, Lemma 33 shows

2

that L_10(n,t) is nonzero only when 2n —t = u® is a square. In such cases,

(43) continues to hold. Then Lemma 33 yields

2 807 bratn) =5 (1) F wgtn
(u,6)=1

(46) (t,24)= . i
+5(0) ZS(” (5)) Mo

The computations for the rest of terms in (42) are similar. We find that,
for ¢t with d1(¢) =1, 3(t + 2n) is a discriminant. For such t, L3(n,t) is
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nonzero only when 3(¢ + 2n) = (3u)? is a square. Then ¢ + 2n =3 mod 24
and
()= - (e
n

Then by Lemma 33,

(47) S e ( )Lso(nt ( )Z Mao(n, u),

(£,24)=1

where the sum runs over all positive integers u satisfying 9u? < 12n and the
given conditions. By a similar computation and the same lemma, we also
have

94 .
(48) Z d3(t <7>L 30(n,t) = ( )( ) Z M3 o(n,u).
(t,24)= (u,2)=1
Combining (42), (44), and (46)—(48), we get

)DED DD DRI
(t,24)=1 f ~€Ty . r/SL(2,Z)

M<j> Z (M1,o(n,u)—M{,0("’u))

4 n
(u,6)=1
(49) k+1/2
n —4 n ,
) S (1 (2)) O 0
(u,6)=3
3rnk /2 12y (12
+ () (5) X (Maonu) = Miy(n,u).
u,2)=1
Notice that for 7 = (eu + ve?u? — 4en) /2 we have
12k _ ilf% ey F2k—1 _ f%fl
T—T T—T

Now if n =1 mod 3, then (—4/n) = (12/n) and

)OI D) DY (o) Ik

t24)=1 f v

(Ao 0( ) + Co,o(n)).
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(Note that in the definition of Ay,,(n), the integers u can be positive or
negative, but in (49), the integers u are always positive. This explains the
additional factor 1/2 above.) If n =2 mod 3, then the factor 1+ (n/3) in

the middle sum in (49) is equal to 0, and we have

n3/2—k
>, ZZJ Coo(n).
(¢,24)=
This completes the proof.
3.4.4. Case (t,24) =3.
LEMMA 37. We have
n?/2=k {0 if n=1 mod 3,
.2 D> J=—— A P
(t,24)=3 f ~€l, . s/SL(2,Z) 0.0(n) ifn=2mod 3,

where Ago(n) is defined as in Notation 5.
3.4.5. Case (t,24) =4.
LEMMA 38. We have
Dyo(n) ifn=1mod 4,

> D > J(7)=—n167 0 if n=7 mod 12,

(t24)=4 f ~7€Tn5/SL(2,Z) By(n) ifn=11 mod 12.

3.4.6. Case (t,24) =8.
LEMMA 39. We have

0 if n=1 mod 12,
n3/2—k
Z Z Z J(y)=— 16 By(n) ifn=5 mod 12,
(t24)=4 f ~€Tn,.5/SL(2,Z) Dy(n) if n=3 mod 4.

3.4.7. Case (t,24) =12.
LEMMA 40. We have
3/2—k if n=7 mod 12,

. n Bo(n)
Z Z Z 8 {O otherwise,

(t,24)=12 f ~€ly . 1/ SL(2,Z)

where By(n) is defined as in Notation 3.
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3.4.8. Case (t,24) =24.
LEMMA 41. We have
Z Z Z J(V):—w {Bo(n) ifnzl‘mod 12,
(t,24)=24 f ~€l, . ;/SL(2,Z) 8 0 otherwise,

where By(n) is defined as in Notation 3.
3.4.9. Case (t,24) =2 and 21 f.
LEMMA 42. When (t,24) =2 and f is odd, we have

DD DI DEIC)

(t724):2 fodd Wern,t,f/ SL(27Z)

n3/2=k [ D¥(n) ifn=1 mod 3,
16 | (Bf(n)+ Di(n)) ifn=2 mod 3.
3.4.10. Case (t,24) =2 and 2| f.

LEMMA 43. Assume that 2 || t, and write t = 2t'. For class representa-
tives (¢5%) of Ty s/ SL(2,Z) given in Lemma 20, define e(a,b,c,d) as in
Lemma 29. Denote the odd part of ¢ by c.

(1) If 2 f, then

e(a,b,c,d) = (%) (CE/)6—27Tic’t’/12627ri(t’—1)/8‘

(2) If41] f, then

/
C - Il S
)627rzct /3627r7,(t 1)/8.

e(a,b,c,d) = _(_1)(t2_4n2)/64 ( .

(3) If2°| f, v=3, then

e(a,b, ¢, d) = (Z)v(%)627ri2“_20’t//3627ri(t’—1)/8‘

Proof. We have
(ac(l —d*)+d(b—c+3)—3) — (bd(1 — ) + c(a+d))
—(n? +2)ed + 3d — 3= —3cd + 3d — 3 mod 24.
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Thus,

(50) e(a,b, c,d) = (2)627ri(bd(1702)+ct)/2462m'(fcd+d71)/8_
From now on, we let ¢/, f’, and ¢’ be the odd parts of ¢, f, and ¢, respectively.
Consider the case 2 || f. By Lemma 26, we may assume that 2 || ¢ and that
d =t mod 8. For such representatives, we have a =t —d = 2t/ —d =t mod 8
and
t? —4n? = (d — a)* + 4bc = 4bc mod 64.

Now
t2_4n2:32(t’)2—n25 32 mod 64 if (2)(2)=—1,
0 mod 64 if (£)(2)=1,

8
which shows that b is divisible by 4 and 8 | b if and only if (2/t')(2/n) =1.
Now if 31 f, then ¢? =4 mod 24 so that

12 mod 24 if 4| b,
0 mod 24  if 8b.

bd(1—c*) = {

The same congruences also hold when 3 | f. Therefore, from (50), we have

e(a,b,c,d) = (%) (%) (%) (;)627ri0't'/6627ri(—ct’+t’—1)/8

/
_ (%) (%)e—27ric’t’/12627ri(t’—1)/8.
This proves statement (1) of the lemma.

We next consider the case 4 || f. By Lemma 26, we may assume that
d =t mod 16. For such representatives, we also have a = 2t/ —d = ¢’ mod 16.
Thus, from 2 — 4n? = (d — a)? + 4bc, we see that 4bc =t — 4n? mod 256.

That is,
be 12 —4n?
——=————mod 4
41 64 OO
from which we obtain ¢27d(1=c*)/24 — (_1)b/4 = (—1)(®=4n*)/64 Tt follows
that
_ (_1\#2=an?)/64 ( C\ 2mict/24 ,—2micd/8 2mi(d—1)/8
e(a,b,c,d)=(-1) (d)e e e
/
_ _(_1\@=an?) /64 (C\ 2mic't' /3 2mi(t'—1)/8
(—1) (d)e e .
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This proves statement (2).
For 8| f, class representatives given in Lemma 26 satisfy either d =
t' +4 mod 8 or d =1t mod 8. In either case, we have

2\ 2mi(d-1)/8 _ (2 2rit-1)/8
(2) (7)e

Then from (50), we get

ela,b,c,d) = (%) (d) 2mict/24 ,2mi(d—1)/8 _ (3) (CE/)64m’c/t//3€27ri(t’—1)/8'

This proves the case 8 || f. The proof of the case 16 | f is similar and is
omitted. []

LEMMA 44. We have

2.2 2 W

(£,24)=2 2||f Y€ .1 s/ SL(2,Z)

(n)+Cro(n) ifn=1mod 12,

n3/2=k | Cy(n) if n=>5 mod 12,
16 ) A1o(n) +Cso(n) if n=7mod 12,
(n) if n =11 mod 12.

Proof. Let class representatives v = (¢ ) be chosen as per Lemma 26. In
particular, we have d = (¢/2) mod 8. Let ¢/ and ¢’ denote the odd parts of ¢
and t, respectively. By (22) and Lemma 43, we have

k+1/2 1/2—k

n 2 d Tirc't/ —2mir(t —
J(7) = (_) (E)€2 ¢'/12 ,—~2mir(t'~1)/8 P —
W, t, f p—p

where p = (t + Vt2 — 4n?)/2. We check directly using the quadratic reci-
procity law that

o (G- (GO, i

rc’
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If 31 f, then
(CE/)627ri7'c/t//12€—27rir(t’—1)/8
=3(2) (D) (B(a) + i) (e + i) (23)
=3(2)(7) () + ) (7))
D)) e ().
where 1 (') and d3(t') are defined by (41). If 3| f, then 3| ¢ and
(e e <i(5) (5) (raps) (30 i (55)
)

It follows that

> 2. 2.J0)

(t,24)=2 2||f

o0 2R (2) 5 ()0 50 () )

(t,24)=2

+ \/§<2t4) ( ) (51( "Ly (nt) + ids(t') <_74>L_371(n,t)>>.

By Lemma 33, L1 1(n,t) is nonzero only when ¢+ 2n is a square. If t+-2n =
u? is indeed a square, then we have u?/2 =%+ mn =0,2 mod 8. Then the
condition d3(t) # 0 forces u to satisfy

4|u if n=1 mod 4,
(53)

2||lu if n=3 mod 4,

and also

o 5)-GIE)

Furthermore, since 31¢, when n =2 mod 3, we must have 3 | u.
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Similarly, L_; 1(n,t) is nonzero only when 2n —t is a square. If 2n—t = u?
is indeed a square, then the condition d;(¢) = 1 forces (53) and (54) to hold.
Furthermore, if n =2 mod 3, then we must have 3 | u. Thus, by Lemma 33,
when n =1 mod 4,

(%) 3 (;)(ag(t')Lm(n,t)+i51(t')(_74)L_1,1(n,t))

(t,24)=2
1
(55) = M) > (Mio(n,u) — M (n,u))
4|u,3tu

+ i Z(l + (%)) (Mi0(n,u) — Mi o(n,u)),

12|u

and when n =3 mod 4,

(%) Z (S)(53(75/)L1,1(n=t)+i51(tl)(_74>L—1,1(n7t)>
2

(t,24)=
G =) Y (Mio(n,u) — Mig(n,w)
2||u,3tu
— i Z (1 + (g)) (MLO(n,u) — M{vo(n,u)),
2||u,3|u

where the sums run over all positive integers u satisfying u? < 4n and the
specified conditions and Aj(n) is defined by (45).

Likewise, L3 1(n,t) (resp., L_31(n,t)) is nonzero only when (¢ + 2n)/3
(resp., (2n —t)/3) is a square. If (t +2n)/3 =u? (resp., (2n —t)/3 = u?) is
indeed a square, then ¢ +n=0,6 mod 8 (resp., n —t' =0,6 mod 8). The
condition 61(¢') # 0 (resp., d3(t") # 0) forces that

2||lu ifn=1mod 4,
4|u if n=3 mod 4,

and also checking case by case, we find that

(7))
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Then by Lemma 33, for n =1 mod 4,
(2), 3 () o050 () 1-sa00)
t,24)=

4

1 (E> Z(M&O("’“) — Mj(n,u)),

n
2||u

and for n =3 mod 4,

() 5 (&) amnn s (2)e-nn)
(t,24)=2
(58)
L) St~ M),
4lu

where the sums run over all positive integers u such that 9u? < 12n and the
specified conditions are met. Substituting (55)—(58) into (52) and simplify-
ing, we obtain the claimed formula. U

3.4.11. Case (t,24)=2 and 4 || f.

LEMMA 45. We have

)OS DD DR C)

(¢,24)=2 4||f vETn 1,y / SL(2,Z)

(241,1(n) — Ca0(n) + C54(n))  if n=1 mod 24,

(C20(n) — C34(n)) if n=5 mod 24,

(A20(n) — A3 o(n) +2C11(n))  if n=7 mod 24,
032k 20 (n) if n =11 mod 24,
32 ) (2411(n) + Cap(n) — Ce(n))  if n=13 mod 24,
(=C20(n) + C54(n)) if n =17 mod 24,
(=Az20(n) + A3 o(n) +2C11(n)) if n=19 mod 24,
(2C11(n) if n =23 mod 24.
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3.4.12. Case (t,24) =2 and 8| f.
LEMMA 46. Assume that v>3. When n=1 mod 4,

2.2 ) W

(£,24)=22"|| f yET 4.1/ SL(2,Z)

A 9 I G VA

_1\v—1 _1\v—1
- tenm - S cm),

Qu+2 Qu+3

and when n =3 mod 4,

)OS DR R C)

(£,24)=227 || f v€T, 1./ SL(2,Z)

P (A

n Qu+2

n _1\v—1
20 g+ o),

where A1(n) is defined by (45).
3.4.13. Case (t,24) =6 and 21 f.
LEMMA 47. We have

n3/2—k {Bi“(n) if n=1mod 3,

22 2 Jo)=-Tg 0 ifn=2mod 3.

(t,24)=6 fodd €T, 1.1/ SL(2,Z)
3.4.14. Case (t,24)=6 and 2 || f.
LEMMA 48. We have

5 0 if n=1 mod 3,
n3/2-k
Z Z Z J(y)=— 3 A50(n) if n="5mod 12,
(£,24)=6 2| f v€Tn ¢, s/ SL(2,Z) Aip(n) if n=11 mod 12.
3.4.15. Case (t,24) =6 and 4 || f.
LEMMA 49. We have
0 if n=1 mod 3,
Z ZZJ n3/2=k 1 241 1(n) if n=>5 mod 12,
(8,24)=6 4[| f (=A20(n) + A35(n)) if n=11 mod 24,
(A20(n) — A3p(n))  if n=23 mod 24.
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3.4.16. Case (t,24) =6 and 8| f.

LEMMA 50. Let v > 3 be an integer. When n=1 mod 3,

> 2.2 0=

(t,24)=62v||f 7
When n =5 mod 12,
e 8\ 1A —1(n)
— 32k 2 Lo\
> X =nt (D)
(t,24)=627||f
When n =11 mod 12,

> S Y =) (R - S,

(t,24)=62v||f

§4. Traces of Hecke operators on S5;%(6)

Let W,, e =1,2,3,6, be the Atkin-Lehner involutions on Sy (6). For
€9,€3 € {£1}, let Sor(6,€2,€3) be the Atkin—Lehner eigensubspace of Say(6)
with eigenvalues e and e for Wy and W3, respectively, and let S3e% (6, €2, €3)
be its newform subspace. We have

tr(T |Snew (6 62,63))
= tI‘(Tn ‘ Sgk(6,€2,€3)) — tI‘(Tn ‘ Szk(3,63))
—tr(T;, | Sor(2,€2)) + tr(Tn | Sax(1))

1
(59) 4
Feotr(TWe | S(6))) — 5 (1 (Th | S¢(3))

(tr(Tn } Sgk(6)) + e tr(Tnt ‘ Sgk;(G)) + €3 tr(Tnt ‘ Sgk(6))

+ €3 tr(Tnt | Sgk(3)))
— S (0 (T | $4(2)) + 2 tr(TuWs | S21(2) + tr(To | S2x(1),

where €5 = ese3. Thus, in order to obtain a formula for the trace of 7, on
SHeY (6, €2,€3), we need to evaluate tr(T;,We | Sor(IN)) for various N and e.

The traces of tr(7), | Sor(N)) have been computed by [5] and [12], while
those of tr(T,,W, | Sox(N)) are given by [27]. The formulas are summa-
rized in the following proposition. Note that in [27], the numbers of optimal
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embeddings are expressed simply as the number of solutions to some con-
gruence equations. Here we use the formula for the numbers of optimal
embedding from [17, Section 1]. Note also that here we give the formulas
only in cases relevant to our discussion; the general cases are much more
complicated.

ProOPOSITION 51. Let N be a positive square-free integer, let e be a posi-
tive divisor of N, and let k be an integer greater than 1. For a discriminant
A <0 of an imaginary quadratic order, we let Ay denote the discriminant

of the field Q(v/A), and for a prime p, let

wag~ [1TE THa/),
P2 if | (A/Ao).

Then for a positive divisor e of N and a positive integer n relatively prime
to N, we have

(T We | Sar(IN))
1

SR YD S | YY)

A=e2u?—4en<0g?|(A/Ao),p|(N/e)
(g.6)=1

2%k—1 _ =2k—1

-
H(g*Ao) —
T—T
N=15,(e) Zmln a,nja)®*1 4+ 2k 162(6 n)nk1 H(p+ 1)
| 12 ’ N ’
ajn p

where T = (eu+ VA) /2, w(N) is the number of prime divisors of N and

1 ife=1, 1 ife=1 andn is a square,
51(6)—{ / 52(e,n)—{ / 1

0 otherwise, 0 else.

Using this formula, we now compute the trace of T,, on Sax(6, €2, €3).
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PROPOSITION 52. Let n be a positive integer relatively prime to 6. Then
for ez, e3 € {£1}, the trace of T), on S3¥(L'o(6),€2,€3) is

< X (-0 (BY) a0

u2<4n,(g,6)=1

R S (NG T
4u?<8n,(g,3)=1

reger X (- () Hesone )

9u2<12n,(g,2)=1

€263 2 %—1_, 4

- H(g*Ay) P - -

3. GF1 > (9720)Pi(6,m,u) + — —d(n)n" ",
36u?<24n,g

where

0 otherwise.

5(n) = {1 if n is a square,

Proof. We first consider the terms

L (T, | $0(6)) — L (T, | S0(3))
(60) 4 1 2
— 5t (Tn | S2(2)) + tr(Th | Sar(1))

in (59). By Proposition 51, we have

(T | Sau(1)) = —%ZZH(gQAO)Pk(l,n,u)
u g

(61) N
— %Zmin(a,n/a)%_l + 2]{:1—21(5(71)”]6_1’
aln
tr (T, | Sor(2))
3 ST+ (14(F)) S Ha)
(62) u 2‘9 2{9

2k —1

X Pg(1,n,u) — z:rnin(a,n/a)ﬂ{“‘*1 +—

aln

S(n)nk=1,
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tr (7, | S2x(3))

_ _% Z(QZH(gQAo) + (1 + (%)) ZH(gng))

(63) u 3lg 3tg

2k —1
x Py(1, R R T o
e (1,m,u) E min(a,n/a) 3 (n)n"~ 7,

aln

tr (Tn } Sgk(G))

=521 X metag ez Y (14 (F)Higta)
W

9,6)=6 (9,6)=3

+2 ) (1+(%>)H(92A0)
(g,6)=2

(64)
-3 (o () 1+ () o)t
(9,6)=1
+ ZZmin(a,n/a)%_1 + (2k — 1)3(n)n*,
aln
where

1 if n is a square,
6(n) = .
0 otherwise.

Substituting (61)—(64) into (60) and simplifying, we get

1 1
Ztr(Tn | So1(6)) — §tr(Tn | So1(3)
1

— §tr(Tn ‘ Sgk(2)) —|—tr(Tn } Sgk(l))
(65) 5
IS S (G0 ()
212; 15(n)nk_1.

We next consider the terms

¢ tr(TnWQ | Sgk(ﬁ ) — —tr(T Ws } Sgk
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in (59). We have, by Proposition 51,

tr(TnWQ‘SQk(6>)— W Z (22}[ 2A0

4u2<8n 3|g

F (14 (50)) H 20 Pet2.m,w)

3tg
and
1
tr (T, Wo | Sok(2)) = — T > D H(gAo)Pi(2,n,u).
4u2<8n g
Thus,
%tr(TnWQ } Sgk(6)) - 6—2tr(TnW2 ‘ Sgk(Q)
(66)

BEY Qk 1 Z Z (1_<_)>H(92A0)Pk(2,n,u).

4u2<8n (g,3)=

Similarly, we have

%”tr(Tnt | Sar(6)) — %”tr(Tnt | Sor(3))

67

o7 2L Y Y (- () ran G
9u2<12n (g,2)=1

and

(68) %ﬁtr(Tnt | S21(6)) = — - Gk - ST ST H(4PA0)Pu(6,n, w).

36u2<24n 9

Summarizing (59) and (65)—(68), we obtain the claimed formula. This proves
the proposition. H

§5. Comparison of traces

In this section, we will prove

(T2 | Srs(1)) = (B) (T,

n

s (6-(5) - ()

for positive integers n relatively prime to 6 and thereby establish Theorem 1.

The verification is done case by case according to the residue of n modulo 24.
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Here we work out only the cases n =1 mod 24 and n =11 mod 24 and omit
the proof for the other cases.
Recall that the Hecke operator 7,2 on S, 4(1) is defined by

TnQ:f'_>nk_3/2 Z CLfH d/a k- 3/2Zaf| n/a2

ad=n,ald alm

where m is the positive integer such that n/m? is square-free and where
the action of [//Z(Z/GQ)Q] = [M(,)q2)2(1)"] is defined as in Lemma 9. We first
consider the case n =1 mod 24. Write ¢ = n/a?. Note that we have ¢ =
1 mod 24. According to Propositions 15, 21, and 23 and Lemmas 24, 36-42,

and 44-50, we have

tr[//lfz]zg 3 (_—46)(1—(;))(H(—ziee)—H(—ee))

e=1,2,3,6 "
63/27k 63/27k 63/27k
- (Ao,0(€) + Coo(0)) — 3 o(€) — 1 By(£)
(3/2—k i p3/2—k
- TD1(€) -3 —=—(A30(0) + C1(0))
(69)
£3/2—k
T (241,1(0) = Ca,0(6) + C54(0))
_ 1 —1)® —1)
Fer S a0+ Ce 0 + U er)
v>3
32—k 2k —1
- TBl(f) +61(¢) o1
where
1 ife=1
01(0) = ’
10 {0 otherwise.
For the first sum above, we observe that
2k—1 _ 1-2k
ok e e (4 -1
Pyle£,0) = (ef) = (e == (=) (e,
and the sum, including the factor v/¢ /8 in front, can be written as
032k 1 /e —e

e=1,2,3,6
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Now we have H(—el) =0 except for e =3, in which case we have

H(—120) — H(—30) = (1 - (%%))H(—BE).

Thus,
§ 5 (G0 () urien e
=S (- (FD0- () esonaco
T ()0 (F)csone

v % (%) (1- (_TM»H(—?)E)P;C(?),E,O)
% (24>H(—24€)Pk(6,£,0)>.

-
We next consider the terms A; ;(¢) in (69). Here we remind the reader that
the summations »_, >~ in the subsequent discussion are all subject to the
condition (¢,u,A/g?A¢) =1 inherited from the definition of 4; ;(¢).

For an integer u contributing to the sums A; ;(¢), let A =wu? —4¢, and
let Ag be the discriminant of the field Q(v/A). For Ag(¢), we have

5)-()-
and by Lemma 35,

(71)  Ago(l) = %Z@ - (%)) (1 ~ (%)) S H(g*Ag)Pi(l. £, u).

2tu (g,6)=1

For A3 (£), we have 4| A¢ and

1) A3,0=3(1-(3)) (1~ () T H@20)R, L)

4|u g,6)=1

For Ay ;(¢), we let v =orda(A/Ag)/2, that is, the 2-adic valuation of the
conductor of A. If v = 1, then since 32 | (u? — 4n) for u with 2 || u, we have
8| Ap and

W pa(R)=-(-(3) Saese

2llg 2tg
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If v > 2, then
H(p) ()
2llg 4lg
v—2
=— > H(@®Ao)+) > H(g*Ao)
(74) 2v~ g J=02i||g

SE (e ()« e (3) + s
20 ()0

2tg

It follows from (73), (74), and Lemma 35 that

A (0 + > A0

2<j<0

XS (- ()0 (3) s o

2lju (g,6)=1

(75)

In summary, from (71), (72), and (75), we get

—iAo,o(f) A2 oll) — Z Ay;(0)
(76) N
i (- (e
u#0 (g,6)=

where the outer summation runs over all nonzero integers u with u? < 4¢ and
the inner summation runs over all positive integers g dividing the conductor
of A =u?— 4/ such that (g,6) =1 and (¢,u,A/g*A¢) = 1.

The terms Bj(¢) in (69) are easy to deal with. By Lemma 35, we have

—Bo(¢) - Bi ()

(77) :_WL(E)Z 3 (1_(%))1&1(9%0)&(2,5,@.

u#0 (g,3)=1
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Here, as above, the outer summation runs over all nonzero integers u with
4u? < 8¢ and the inner summation runs over all positive integers g dividing
the conductor of A = 4u? — 8¢ such that (g,3) =1 and ({,u,A/g*Ag) = 1.

We next consider C; ;(£) in (69). If A =9u? — 12n with 2{u, then Ay =
5 mod 8, and we have

(18)  Coolt) = # (%) S(1- (%)) " H(g? M) Py(3,0,1).
g

2tu

If A=9u? —12n with 2 || u, then 4 | A¢ and

(19)  Cro(f) = # (%) S(1- (%)) " H(g? Do) Py(3,0,1).
g

2|u

If A=9u?—12n with 22 || u, then Ag =1 mod 8, and for any odd integer
g, we have H(49?Ao) = H(g?Ag). Thus,
Ca0(l) —C2,1(0)
=0

7= ()2 0-(3) T awsonee

2%||u (9,2)=1

(80)

If A =9u?—12n with 8| u, then Ag =5 mod 8, and for any odd integer g,
we have H(4g°Ao) =3H(g*Ao). It follows that Cjo(¢) =3C;1(¢) and that

1 . (- )
_EC&O(O_ Z 9j+2 Cja ) + Z ]+2 JO

3<j<0o0 3<j<o0
1—603,1(@— Z 2,+2 5.1(0) + Z ]+2 Z Cin(f
(81) 3<j<o0 3<j<o0 J<i<oo
- | 3 (-1 B(-1)7y _
_3<iz<ooCZ71(‘€)<_E_ 21 +3g'<l 202 >_ 3<zz<ooc'21
A
) £ (-(3) £ mesnocn
8lu,u0 (g,2)=1
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Combining (78)—(81), we get

1
gcl,o(@ - 16020(@

L
(82) * Z( 2v+1 Co-1,1(6) + (2v+)2 Cy @))

v>3

(BT T (- (3 s

u#0 (g,2)=1

~1Coo(0) - S Ciol)

16

Again, here the outer summation runs over all nonzero integers u with
9u? < 12¢, and the inner summation runs over all positive divisors of the
conductor of A satisfying (g,2) =1 and (¢,u,A/g?Ag) = 1.

The terms D;(¢) in (69) are easy. We have

83)  —Do(0) = Di(0) =y () 325 H(g80) PL(6, ).

u#0 g

Here the summation over g is subject to the condition (£,u, A/g*A¢) = 1.
Substituting (70), (76), (77), (82), and (83) into (69), we get

[ ] =—W kZ Z (“(ﬁ))( (3) (6 80Pt
P —
(84) 03/2=k 19 o A
—mmz(; (- (2)aomisco
u (g,2)=1

3/2—k B
_;-6’“*1( )ZZH 2A0Pk6gu)+51(€)2k L

Here the summations ) are all subject to the condition (¢, u, A/g?Ag) = 1.
Now recall from the definition of 7,2 that

tr(T,e ‘ST,S( nk= 3/2Zatr (n/a2)?

alm
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where m is the integer such that n/m? is square-free. Thus, we need to sum
up (84) over all £ =n/a?. Observe that

Pi(e,n/a?,u) = a®> % Py(e,n,au).

Take the fourth sum in (84), for example. We find that

nk73/22a(n/a2)3/27kz Z H(g*Ao)Py(6,n/a? u)

alm U (n/a?,u,A/g%Ag)=1

:ZZ Z H(%)Pk(&n,au)

alm U (n,au,ah)=a

=Y ") H(g’A0)Pu(6,n,u),
u g

where there is no longer any restriction to ¢ in the inner sum. Similar
formulas hold for other three sums in (84). Also,

k-1 .

n if n is a square

W25 ab (nfa?) = {o demvise,
otherwise.

alm
Therefore, we find that

tl”(Tn2 ‘ Srys(l))

1S3 (- (39)0- () mrsondn

u (g,6)=1

8.2k 1< >zu: > ( ( >>H(92A0)Pk(2,n,U)

(9,3)=1

=BT S (1 () sonisn

U (9,2)=1

1 /24 ) %—1_ .
_8,6k1<7)zujzg:H(g Ag)Py(6,m,u) + 21 d(n)n .

Comparing the trace of T}, on Sax(6,€2,€3) given in Proposition 52, we find

that
5.0 = (2) (1 56~ (2))
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This proves the case n =1 mod 24. (Note that in this case (12/n) =1.) We
now consider the case n =11 mod 24.

Assume that n =11 mod 24. By Propositions 15, 21, and 23 and Lemmas
24, 36—42, and 44-50, we have

tr[///;g]zg 3 (_746) (1- (_§e€>)(H(—4e€)—H(—e€))

e=1,2,3,6

YaR! 1 1 L s
4+ ¢3/? k(—iAo,o(f) — ZALO(E) + §A2,0(f) ~3 3.0(0)
(1) (-1)" L.
+ Z ( o Av—l,l(é) + WAv,O(E)) - gBO (ﬁ)
3<v<oo
1 1, 1 1 1,
_ ZCO’O(g) — 50270(6) - gcl,l(g) + g ZCI,U(K) - §D0(€>>

The computation for A; ;(¢) (resp., C;;(¢)) is parallel to that for C; ;(¢)
(resp., A;j(¢)) in the case n =1 mod 24. The computation for Bgj(¢) and
Dj(¢) is almost the same as before. (The reader is reminded that there is a
difference of 1/2 between the case n =1 mod 3 and the case n =2 mod 3 in
the formulas for A; ;(¢) and B;(¢) in Lemma 35.) For the first sum above,
instead of (70), we have

§ 2 (GO0 (G- nie

(- (%))(l—(%))HP@PM%O)
rae(3) (1= () Heson@.L0
+ 3,3 . (12) (1 _ (%%))H(—uapk(:a,z,o)
%(%)H(—QU)PMG,E,O)).
Therefore, (81) remains valid, from which we conclude that
(=)= ()

This proves the case n =11 mod 24. We skip the proof of the other cases.

+

tr(Ta | 8,6(1)) = tr (T,
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